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We are talking about the “harmony problem.” What is the harmony?
Well-known Russian philosopher Shestakov in his remarkable book Har-
mony as an Aesthetic Category | 7] emphasizes that “in the history of aesthet-
ic doctrines, the diversified types of understanding of harmony were put
forward. The concept of “harmony” is multiform and used extremely widely.
It meant the natural organization of nature and space, a beauty of the hu-
man physical and moral world, principles of art works’ design or the law of
aesthetic perception.” Among the various types of harmony (mathematic,
aesthetic, artistic), which arose during the development of science and aes-
thetics, we will first be interested in mathematical harmony. In this sense,
harmony is understood as equality or proportionality of the parts between
themselves and the parts with the whole. In the Great Soviet Encyclopedia,
we can find the following harmony definition, which expresses the mathe-
matical understanding of the harmony: “The harmony of an object is a pro-
portionality of the parts and the whole, a merge of the various components
of the object to create a uniform organic whole. In harmony, the internal
order and the measure of the object had obtained external revealing.”

In the present book we concentrate our attention on mathematical harmo-
ny. It is clear that the mathematical understanding of harmony accepts, as a
rule, the mathematical kind, and it is expressed in the form of certain numer-
ical proportions. Shestakov emphasizes [ 7] that mathematical harmony “fixes
attention on its quantitative side and is indifferent to qualitative originality
of the parts forming conformity... The mathematical understanding of the har-
mony fixes, first of all, quantitative definiteness of the harmony, but it does
not express aesthetic quality of the harmony, its expressiveness, connection
with a beauty.”

6. The Numerical Harmony of the Pythagoreans

Pythagoreans, for the first time, put forth the idea of harmonious organiza-
tion of the universe. According to Pythagoreans, “harmony is an internal con-
nection of the things, without which the Cosmos could not exist.” At last,
according to Pythagoras, harmony has numerical representation, namely that
harmony is connected with the concept of number. The Pythagoreans had
created the doctrine about the creative essence of number and their number
theory had a qualitative character. Aristotle, in his “Metaphysics”, emphasiz-
es this feature of the Pythagorean doctrine:
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“The so-called Pythagoreans, studying mathematical sciences, for the
first time have moved them forward and, basing on them, began to
consider mathematics as the beginnings of all things... Because all
things became like to numbers, and numbers occupied first place in
all nature, they assumed that the elements of numbers are the begin-
ning of all things and that all universe is harmony and number.”

Pythagoreans recognized that a form of the universe should be harmoni-
ous, and all elements of the universe are connected with harmonious figures.
Pythagoras taught that the Cube originates the Earth, the Tetrahedron the
Fire, the Octahedron the Air, the Icosahedron the Water, the Dodecahedron
the sphere of the universe, that is, the Ether.

The Pythagorean doctrine about the numerical harmony of the universe
had influenced the development of all subsequent doctrines about the nature
and essence of harmony. It was reflected upon and developed in the works of
great thinkers. In particular, the Pythagorean doctrine underlies Plato’s cos-
mology. Plato developed the Pythagorean doctrine; specifically emphasizing the
cosmic importance of harmony. He remained firmly convinced that world har-
mony can be expressed in numerical proportions. The influence of Pythagore-
ans s especially traced in Plato‘s “Timaeus”; whereby, Plato developed the doc-
trine about proportions and analyzed the role of Regular Polyhedrons (Platon-
ic Solids), from which—in his opinion—God had created the world.

The main conclusion, which follows from the Pythagorean doctrine, con-
sists of the following. Numerical or mathematical harmony is objective prop-
erty of the universe, it exists irrespective of our consciousness and is expressed
in the harmonious organization of all in the real world starting from cosmos
and finishing by microcosm.

7. A “Harmony Problem” in Euclid’s Elements

We ask how Pythagoras and Plato’s harmonious ideas were reflected in antique
mathematics. To answer this question we analyze the greatest mathematical
work of Greek mathematics: the Elements of Euclid. As is known, the Elements
of Euclid is not an original work. A significant part of Elements was written by
Pythagorean mathematicians. Their contribution to the theory of proportions—
in which all ancient science and culture is based—is especially great. As the
further progression of science had shown, the Pythagoreans, using numerical
representations, did not leave the real world, but rather came nearer to it.
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The 13th,and final, Book of Euclid’s Elements is devoted to the theory of
the regular polyhedrons, which is expressed in ancient science as universe har-
mony. The regular polyhedrons were used by Plato in his Cosmology and there-
fore they were named Platonic Solids. This fact originated the widespread hy-
pothesis formulated by Proclus—one of the most known commentators of
Euclid’s Elements. According to Proclus’ opinion, Euclid created the Elements
not with the purpose to present geometry as axiomatic mathematical science,
but with the purpose to give the full systematized theory of Platonic Solids, in
passing having covered some advanced achievements of the ancient mathe-
matics. Thus, the main goal of the Elements was a description of the theory of
Platonic Solids described in the final book of Elements. It would not be out of
place to remember that seemingly, the most important material of a scientific
book is placed into the final Chapter of the book. Consequently, the place-
ment of the Platonic Solids theory in the final book of the Elements is indirect
proof surrounding the validity of Proclus’ hypothesis; meaning that Pythago-
ras’ Doctrine about the numerical harmony of the universe got its brightest
embodiment in the greatest mathematical work of the ancient science: Eu-
clid’s Elements.

In order to develop a complete theory of the Platonic Solids, in particular
the Dodecahedron, Euclid formulated in Book II the famous Theorem II,11
about the division in the extreme and mean ratio (DEMR), which is known in
modern science under the name of the golden section. DEMR penetrated all
Books of Euclid’s Elements, and it had been used by Euclid for the geometric
construction of the following “harmonic” geometric figures: equilateral trian-
gle with the angles 72°,72° and 36° (the “golden” equilateral triangle), regular
pentagon and then the Dodecahedron based on the golden section. Taking
into consideration Proclus’ hypothesis, and a role of the DEMR in Euclid’s
Elements, we can put forward the following unusual hypothesis: Euclid’s Ele-
ments was the first attempt to create the “Mathematical Theory of Har-
mony” which was the main idea of Greek science.

It is clear that the formulation of the division in the extreme and mean
ratio (the golden section) can be considered as the “key” mathematical dis-
covery in the field of the “harmony problem.” The Great Russian philosopher
Alexey Losev wrote in one of his articles that: “From Plato’s point of view,
and generally from the point of view of all antique cosmology, the universe is
a certain proportional whole that is subordinated to the law of harmonious
division, the Golden Section.”

Thus, we have to add the “harmony problem” to the list of the “key” prob-
lems of mathematics regarding the stage of its origin. Such approach leads us
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This list confirms a great interest in the golden mean in 21st century science.

13. The Lecture: “The Golden Section and Modern
Harmony Mathematics”

By the end of the 20th century, the development of the “Fibonacci numbers
theory” was widening intensively. Many new generalizations of Fibonacci
numbers and the golden section had been developed [20]. Different unexpected
applications of Fibonacci numbers and the golden section particularly in the-
oretical physics (the hyperbolic Fibonacci and Lucas functions [51, 98, 106]),
computer science (Fibonacci codes and the codes of the golden proportion
[20, 24, 87,89, 102]), botany (the law of the spiral biosymmetries transforma-
tion [37]), and even philosophy (the law of structural harmony of systems
[25]) were obtained. It became clear that the new results in this area were far
beyond the traditional “Fibonacci numbers theory” [13, 16, 28]. Moreover, it
became evident that the name “Fibonacci numbers theory” considerably nar-
rows the subject of this scientific direction—which studies mathematical mod-
els of system harmony. Therefore, the idea to unite the new results in the theory

THE MATHEMATICS OF HARMONY - From Euclid to Contemporary Mathematics and Computer Science
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6635.html



Alexey Stakhov  MATHEMATICS OF HARMONY

XXXIV

of the golden mean and Fibonacci numbers and their applications under the flag
of the new interdisciplinary direction of the modern science, named “Harmony
Mathematics,” appeared. Such idea had been presented by Alexey Stakhov in
thelecture “The Golden Section and Modern Harmony Mathematics” at the
Seventh International Conference on Fibonacci Numbers and their Applications
in Graz, Austriain July 1996. The lecture was later published in the book Appli-
cations of Fibonacci Numbers [100].

After 1996, the author continued to develop and deepen this idea [101-
119]. However, the creation of “Harmony Mathematics” was a result of col-
lective creativity; the works of other prominent researchers in the field of the
golden section and Fibonacci numbers Martin Gardner [12], Nikolay Voro-
byov [13], H. S. M. Coxeter [14], Verner Hoggat [16], George Polya [17],
Alfred Renyi [23], Stephen Vaida [28], Eduardo Soroko [25, 56], Jan Grzedz-
ielski [26], Oleg Bodnar [37, 52], Nikolay Vasutinsky [31], Victor Korobko
[43], Josef Shevelev [46], Sergey Petoukhov [59], Roger Herz-Fishler [40],
Jay Kappraff [47, 50], Midhat Gazale [45], Vera W. de Spinadel [42], R.A.
Dunlap [38], Scott Olsen [54], Mohammed S. El Nashie [60-72], and other
scientists had influenced the author’s research in this field.

“Harmony Mathematics,” in its origin, goes back to the Euclidean problem
of “division in the extreme and mean ratio” (the golden section) [40]. Harmony
Mathematics is a continuation of the traditional “Fibonacci numbers theory”
[13, 16, 28]. What are the purposes of this new mathematical theory? Similar to
“classical mathematics,” which is defined sometimes as the “science about mod-
els” [5], we can consider Harmony Mathematics as the “science about the
models of harmonic processes” in the world surrounding us.

14. Two Historical Ways of Mathematics Development

In research, returning to the origin of mathematics, we can point out the two
ways of mathematics development, which arose in the ancient mathematics.
The first way was based on the “count problem” and the “measurement prob-
lem” [1]. In the period of mathematics origin two fundamental discoveries
were made. The positional principle of number representation [2] was used
in all known numeral systems, including the Babylonian sexagecimal, deci-
mal, and binary systems. Ultimately, the development of this direction culmi-
nated in the formation of the concept of natural numbers; it also led to the
creation of number theory—the first fundamental theory of mathematics. In-
commensurable line segments discovered by Pythagoreans led to the dis-
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covery of irrational numbers and the creation of measurement theory
[3, 4]—which was the second fundamental theory of mathematics. Ultimate-
ly, natural and irrational numbers became those basic mathematical concepts
that underlie all mathematical theories of “classical mathematics,” including num-
ber theory, algebra, geometry, and differential and integral calculus. Theoretical
physics and computer science are the most important applications of “classical
mathematics” (see Fig. 1.1).

The “key” problems of the ancient mathematics
Count Measurement Harmony
problem problem problem
Positional principle of Division in the
Incommensurable
number . extreme and mean
. line segments X
representation ratio
A 4 A 4 v
Number theory Measurement theory 7'/7eory oii
and natural and irrational Fibonacci
numbers numbers IS EE .the
golden section
y
Harmony Mathematics
Classical mathematics The “golden” theoretical
Theoretical physics physics
Computer science The “golden” computer
science

Figure I.1. Three “key” problems of the ancient mathematics and new directions in
mathematics, theoretical physics and computer science

However, parallel with the “classical mathematics” in the ancient science
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another mathematical theory—Harmony Mathematics—had started to devel-
op. Harmony Mathematics originated from another “key” idea of antique sci-
ence—the “Harmony problem.” The Harmony Problem triggered the “Doc-
trine about Numerical Harmony of the Universe” that was developed by
Pythagoras.

A division in the extreme and mean ratio (the golden section) was the
“key” mathematical discovery in this area [40]. The development of this idea
resulted in the Fibonacci numbers theory [13, 16, 28] in modern mathemat-
ics. However, the extension of the Fibonacci numbers theory and its applica-
tions coupled with the generalization of Fibonacci numbers and the golden
section produced the concept of “Harmony Mathematics” [100] as a new
interdisciplinary direction of modern science and mathematics. This can re-
sult in the creation of the “golden” theoretical physics, based on the “gold-
en” hyperbolic models of nature [51, 98, 106, 116, 118], and the “golden”
computer science, based on new computer arithmetic [20, 24, 30, 87, 89, 94,
104] and a new theory of coding and cryptography [55, 113, 114].

15. The Main Goal of the Present Book

It seems that the dramatic history of the DEMR (the golden section) - that
continued over several millennia - has ended as a great triumph for the golden
section in the beginning of the 21st century. Many outstanding scientific dis-
coveries that are based on the golden section (quasi-crystals, fullerenes , “gold-
en” genomatrices and so on) gave reason to conclude that the golden section
may be considered as some kind of “metaphysical knowledge,” “pre-num-
ber,” or “universal code of Nature,” which could become the basis for the
future development of science; particularly, theoretical physics, genetics,
and computer science. This idea is the main concept of the book [57] and the
articles [59, 84]. These scientific facts demand reappraisal of the role of the
golden section in contemporary mathematics.

The main purpose of the present book is to revive the interest in the gold-
en section and Pythagoras, Plato, and Euclid’s “harmonic idea” in modern
mathematics, theoretical physics, and computer science. It also strives to dem-
onstrate that the Euclidean problem of the “division in extreme and mean
ratio” (the golden section) is a powerful and fruitful source of many funda-
mental ideas and concepts of contemporary mathematics, theoretical physics,
and computer science. We consider different generalizations of the golden
mean, in particular, the generalized golden p-proportions (p=0, 1, 2, 3, ...) and
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the generalized golden means of the order m (m is a positive real number) as
Jundamental mathematical constants similar to the numbers  and e. We show
that this approach resulted in: a new class of elementary functions—the Ay-
perbolic Fibonacci and Lucas functions; a new class of the recursive numerical
sequences—the generalized Fibonacci and Lucas p-numbers (p=0, 1, 2, 3, ...)
and the generalized Fibonacci and Lucas numbers of the order m (m is a positive
real number); and it also led to a new class of square matrices—the Fibonacci
and “golden” matrices. Also, this approach resulted in a new measurement the-
ory, algorithmic measurement theory, in a new class of number systems with
irrational radices that are codes of the golden p-proportions. Additionally, a
new kind of computer arithmetic, the Fibonacci and “golden” arithmetic and
the ternary mirror-symmetric arithmetic, was developed, as well as a new cod-
ing theory based on the Fibonacci matrices and a new kind of cryptography—
the “golden” cryptography.

The book consists of three parts. Part I “Classical Golden Mean, Fibonacci
numbers, and Platonic Solids” consists of three chapters, Chapter 1 “The Gold-
en Section”, Chapter 2 “Fibonacci and Lucas Numbers”, and Chapter 3 “Regu-
lar Polyhedrons”. Part I is popular introduction into the Fibonacci numbers
theory and its applications. Part I is intended for a wide audience including
mathematics teachers of secondary schools, students of colleges and universi-
ties. Also, Part I can attract attention to the representatives of various branches
of modern science and art that are interested in both creative and practical ap-
plications of the golden mean, Fibonacci numbers, and Platonic Solids.

Part IT “Mathematics of Harmony” consists of three chapters, Chapter 4
“Generalizations of Fibonacci Numbers and the Golden Mean,” Chapter 5
“Hyperbolic Fibonacci and Lucas Functions,” and Chapter 6 “Fibonacci and
Golden Matrices”. Part II calls for special knowledge in mathematics and is
intended, first of all, for mathematicians and scientists in theoretical physics.

Part III “Applications in Computer Science” consists of five chapters,
Chapter 7 “Algorithmic Measurement Theory”, Chapter 8 “Fibonacci Com-
puters”, Chapter 9 “Codes of the Golden Proportion” , Chapter 10 “Ternary
Mirror-Symmetrical Arithmetic,” and Chapter 11 “A New Coding Theory
Based on Matrix Approach.” Part III is intended for mathematicians and spe-
cialists in computer science.

Note that Parts IT and IIT are, in the main, results of original researches
obtained by the author in about 40 years of scientific work.
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