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1. Bi-Lagrangian manifolds 

A bi-Lagrangian structure on a symplectic manifold ( M , w )  is a decom- 
position T M  = L+ + L- of the tangent bundle into a direct sum of 
integrable Lagrangian distributions (see Ref. 3). Notice that, given a bi- 
Lagrangian structure T M  = L+ + L- on ( M , w ) ,  the field of endomor- 
phisms Iz E r(End(TzM)),  defined by ItL$ = &Id for z E M ,  is invo- 
lutive ( I 2  = Id), skew-symmetric w.r.t. to the pseudo-Riemannian metric 
g = w ( I . ,  .) and parallel w.r.t. the Levi-Civita connection V of g .  

Conversely, a pair ( g , I )  formed by a metric g and a parallel field I of 
involutive skew-symmetric endomorphisms (called para-Kiihler structure) 
defines a symplectic structure w = g ( . ,  I . )  together with a bi-Lagrangian 
structure TM = L+ + L- ,  where Lk are the (f1)-eigendistributions of I .  

We list now some properties of a bi-Lagrangian manifold ( M ,  w , T M  = 
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L+ + L-) .  

I )  For any pair of vector fields X +  E I'(L+) and Y- E I'(L--), 

vx+y- = (VX+Y-)L- = (VY-X+ + [x+,Y-])L- = [x+,y-],- (1) 
where ( . ) L -  denotes the projection onto L- .  

We denote by N* = N * ( s )  the maximal integral leaves of the distri- 
butions T*M passing through a point J: E M .  Then (1) implies that the 
connection induced by V on L - ( N +  = T * N -  is flat. The identity 

g(vx+Y+, Z-) = -g(Y+, vx+z-) , for x+,Y+ E r (L+) ,  z- E r(L-)  , 

shows that also the induced connections on T N +  = L + I N +  and on 

TMIN+ = L+IN+ + L-IN+ = T N +  -t T * N +  

are flat. 

11) Assume that each maximal integral leaf N k ( z ) ,  s E M ,  is simply con- 
nected and that the flat linear connection VlrN*(,) is complete. Then, by 
(I), each leaf has the structure of an affine space and the exponential map 
exp : L*l, + N * ( z )  is an isomorphism of affine spaces. Moreover, if we fix 
a maximal integral leaf N +  = N + ( x )  and we denote by exp : L - ) N +  ---f M 
the restriction of the exponential map of g a t  the bundle L-IN+, then the 
map exp : L - / N +  --f M is a local diffeomorphism. 

This last property follows from the fact that a vector field Jt = JI,, 
along the geodesic -yt = exp(tv-), for some w- E L - ~ N + ,  is a Jacobi field if 
and only if the components J h  E Lk of J = J+ + J -  satisfy the equations 

V+V, J +  = 0 , V+V+ J -  + R ( j ,  J + )  . j = 0 . (2) 

From (2) it follows that if Jo = 0 and J $ 0, then either JZ or JF  never 
vanishes on R \ (0). Hence exp, Iz) has trivial kernel for any w E L-IN+. 

In general, exp : L-IN+ + M is a local diffeomorphism and we use the 
map exp-l to identify a sufficiently small neighborhood ZA c M of N +  with 
a tubular neighborhood V c L-IN+ = T * N +  of the zero section. Consider a 
system of coordinates (4') on N +  and the associated system of coordinates 
(q ' ,p , )  on T*N+.  Then the integral leaves N' of the distributions Lh are 
identified with the submanifolds 

N+ = { p 1  = . . .  = p n = O } ,  N - = { q l =  . . . = q n  = O }  (3) 

and the symplectic form w is of the form w = Z;dp,  A dqJ. From dw = 0, 
we get that w = &dp, A dq3 for some smooth function f ( q , p )  and the 
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def a coordinates (q i ,p$  = $) are so that w = dp$ A dqi ,  i.e. they represent a 
system of symplectic coordinates. From (3),  in such system of symplectic 
coordinates, the Lagrangian distribution L- is of the form L- = span{ &}. 
111) Let M = G / K  be a 2n-dimensional homogeneous space of a Lie group 
G and (w ,  T M  = L+ + L-)  a G-invariant bi-Lagrangian structure. Assume, 
for simplicity, that the maximal integral leaves N * ( z ) ,  z E M ,  are simply 
connected. As in (11) we can choose a diffeomeorphism cp : U c M ---f U c 
T*R" between an open neighborhood of U of a point x E M and an open 
set U of the cotangent bundle T*R" of Rn such that: 

i) cp*(w) = w,,, = dpi A dqi; 
ii) cp,(L-) is the vertical distribution on U c T*R"; 

iii) any transformation g E G induces (via the diffeomorphism cp) a 
local fiber preserving symplectic transformations ij of U c T*Rn. 

2. Invariant Bi-Lagrangian structures on adjoint orbits of 
semisimple groups and gradations of semi-simple Lie 
algebras 

In the following, for any semisimple Lie algebra g, we will denote by B the 
Killing form of g. 

2.1. Homogeneous symplectic manifolds of a semisimple 
Lie group 

In this section, we describe the structure of homogeneous bi-Lagrangian 
manifolds of a semisimple Lie group. 

Theorem 2.1 (Kirillov-Kostant-Souriou). Let ( M  = G/K, w) be a 
symplectic homogeneous space of a semisimple Lie group G. Then, up to a 
covering, M is the adjoint orbit M = AdG h = G/K C g, with K = Zc ' h ) ,  
of some element h E g = Lie(G). Moreover, for any 2 E M c g, the 
symplectic form w is given by  

w z ( X , Y )  = B(Z ,  [ X , Y ] )  , for any X , Y  E T z M  c g . 
Theorem 2.2 (Hou-Deng-Kaneyuki-Nishiyama4). 
Let G be a semisimple (real or complex) Lie group and ( M  = AdG h, w )  
an adjoint orbit of an element h E g = Lie(G), equipped with invariant 
symplectic structure w. The manifold M admits a bi-Lagrangian structure 
if and only if h is a semisimple element. 
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A Z-gradation 

(4) g = g - k  + . . . + g-1 + go + g1 + . . . + g k  , 

g- = * - k  + . . . + g-l 

[*",8j] c gi+8j 

of a semi-simple Lie algebra g is called fundamental if the subalgebra 

is generated by g-'. 

The following theorem reduces the classification of homogeneous bi- 
Lagrangian manifolds of a (complex or real) semisimple Lie group G to the 
description of fundamental gradations of its corresponding Lie algebra g. 

Theorem 2.3 (Alekseevsky-Medori2). Let ( M  = Adc h = G / K , w )  be 
as in the previous theorem and let t = Z,(h) = Lie(K).  There exists a 
natural one-to-one correspondence between 

i) invariant hi-Lagrangian structures T M  = L+ @ L-; 
ii) K -invariant decompositions (called bi-isotropic) of the Lie algebra 

g = n - + t + n + ,  (5) 

where n* are subalgebras such that Bin, = 0; 
iii) fundamental K-invariant Z-gradations (4) with go = t. 

More precisely, the bi-isotropic decomposition (5), which corresponds to the 
fundamental gradation (4), is given by n* = &,ogi and t = go, while 
the bi-Lagrangian decomposition T M  = L+ + L- associated with (5) is 
the natural invariant extension of the K-invariant decomposition TOM = 

n+ + n- of the tangent space of M = G / K ,  o = eK (under the standard 
identification TOM = g/t = n+ + n-). 

2.2. Fundamental gradations of a (complex or real) 
semisimple Lie algebra g 

Let g = b+ColER go, be a root space decomposition of a complex semisimple 
Lie algebra g with respect to a Cartan subalgebra 0. We fix a system of 
simple roots II = { c Y ~ , .  . , at}  c R, that is a basis of b *  such that any root 
CY E R has integer coefficients with respect to II of the same sign (2 0 or 

Any disjoint decomposition II = no U II' of II defines a fundamental 
5 0 ). 

gradation of g as follows. First, define the function d : R -i Z by 

dlno = 0 , dint = 1 , d(a)  = k id (a i )  , for any cy = kicq E R . 
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Then the fundamental gradation is given by 

aER,  d(a)=O aER,  d ( a ) = 1  

Notice that any fundamental gradation of g is conjugated to a unique 
gradation of such a form. 

Any real semisimple Lie algebra g is a real form of a complex semisimple 
Lie algebra 7 ,  that is 0 is the fixed point set 0 = g' of some antilinear 
involution CI of g, i.e. an antilinear involutive map CI : g --f g, which is an 
automorphism of g as a Lie algebra over R. We can always assume that CI 
preserves a Cartan subalgebra IJ of g and induces an automorphism of the 
root system R. A root a E R is called compact (or black) if C I ~  = -a. I t  is 
always possible to choose a system of simple roots II = {all + .  9 , at}  such 
that,  for any non-compact root a, E II, the corresponding root c~a, is a 
sum of one non-compact root a3 E II and a linear combination of compact 
roots from n. The roots a, and a3 are called equivalent. 

Proposition 2.4 (Alekseevsky - Medori'). Let g be a complex semi- 
simple Lie algebra g, cr : g + g an antilinear involution and g" the cor- 
responding real form. The gradation of g, associated with a decomposition 
II = no U II', defines a gradation g" = C(gz)" of g' i f  and only if 111 
consists of non-compact roots and any two equivalent roots are either both 
in no or both in II*. 

2.3.  Examples of fundamental gradations 

2.3.1. Fundamental gradations of 5K(V) 

Let V be a (complex or real) vector space and V = V 1  + . . .  + V k  a 
decomposition of V into a direct sum of subspaces. I t  defines a fundamental 
gradation 51(V) = C:=-, gz of the Lie algebra 5I(V), where 

g i  = { A  E 5I(V), AVj c V i + j ,  j = 1 , .  . . , Ic } . 

Any fundamental gradation of sI(V) is of this form. 

2.3.2. Fundamental gradations of g2 

The root system of the complex exceptional Lie algebra g2 has the form 
R = { & ~ i ,  k ( ~ i  - ~ j ) ,  i , j  =, 2 ,3}  where the vectors ~i satisfy 

2 ~1 + E Z  + ~3 = 0, ~i = 2/3, ( ~ i , ~ j )  = -1/3, i # j . 
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Consider the system of simple roots I2 = {a1  = - E ~ ,  a2 = E~ - E ~ } .  The 
corresponding system of positive roots is 

R+= { 0 1 , ~ 2 , ( ~ 1  + a 2 , 2 a 1 + a 2 , 3 ~ 1 + ( ~ 2 , 3 a 1 $ 2 a 2 } .  

There are three fundamental gradations for the complex Lie algebra 82. For 
any of such gradations, we give below the subset 111 c II and the level sets 
Ri := {a  E R, d ( a )  = i }  of the grading function d : R + Z. 
1) nl = II: 

Ro = 0, R1 = { ( * 1 1 , ~ 2 } ,  R2 = {a1 + Q}, 

R3 = {2a1+ a2}, R4 = {3ai+ w } ,  R5 = {3ai + 2 ~ ~ 2 ) ;  

2) n1 = {a1}: 

3) IIl = {az}: 

0 -  2 R - {a2},R1 = {al ,al+az},R = {2al+a2},R3 = (3oli+C~,3ai+2a2}; 

1 Ro = { w } ,  R = ( ~ 2 ,  a1 + a2 ,201  -I- a2,3a1 + a2}, R2 = { h i  + 2 ~ x 2 ) .  

There are just two real forms of the complex Lie algebra 8 2 :  the compact 
form, which has no non-trivial gradation, and the normal form g;, which 
has a diagonalizable Cartan subalgebra and no compact roots. The above 
listed gradations of the complex Lie algebra 8 2  define three gradations of 
the real Lie algebra 8;. 

3. Generalized Monge- AmpBre equations and effective 
forms on contact manifolds 

Let J' = be the space of 1-jets of real functions u : Rn -+ R, 
with standard coordinates ( q l , .  . . , qn,  u , p l , .  . . , p n )  and natural contact 
form 19 = d u  - pidqi. V. Lychagin' associates with any differential n-form 
0 E P(J1) a differential operator 

A 0  : Cw(Rn;R) 4 O n ( R n ) ,  Ae(h) ef 0 l j 1 ( h )  , for any h E Cw(Rn;R) 

called Monge-Ampdre operator determined by 0. Denote by F e ( z , j 2 ( h ) )  = 

F e  (x, h, s, the unique function such that 
ah 

Ae(h) = F e ( x , j 2 ( h ) ) d x 1  A . . . A d z n  . 
The corresponding second order equation F e ( s , j 2 ( h ) )  = 0 is called gener- 
alized Monge-Ampdre equation associated with 0. 
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Example 3.1. (i) Let n = 2 and 0 = dpl A dp2. The associated equation 
is the standard Monge-Ampkre equation F g ( x , j 2 ( h ) )  = det 

(ii) Let 0 = C i ( - l ) i S 1 d p i A d z l A . .  . i.. .Adz".  The associated equation 
is the Laplace equation 

= 0. 
h 

F@(z,j2(h)) = Ah = 0 . 

Two n-forms 0 and 0' that define the same Monge-AmpBre operators are 
called equivalent. 

Recall that the restriction w ef d 0 1 ~  of d0 to the contact distribution 
V := ker 0 is non-degenerate. Denote by 7 be the Reeb vector field on J1, 
i.e. the vector field defined by 

6(7)  1 , 7J d6  = 0 . (6) 

(7) 

A differential n-form 0 , ~  on J1 is called efSective if 

T_J Oeff = O , 
Theorem 3.2 (Lepage - Lychagin5). A n y  n-form 0 E O n ( J 1 )  is equiv- 
alent t o  a unique effective n-form @,fit  given by 

( U ) - ' J  (0,fiI.O) = o . 

0 , ~  = 0 - .IyA (TJ 0)  + d6  A 0 1  

where 01 is a uniquely defined (n - 2)-form. In particular, the generalized 
Monge-Ampkre equations are in natural one-to-one correspondence with the 
effective n-forms on J1. 

Let now M be a (2nfl)-dimensional manifold endowed with a contact form 
0 and denote by I and V the Reeb vector and the contact distribution ID = 
ker9 determined by 0. We call effective form any n-form 0 , ~  E R n ( M )  that 
satisfies (7). By Darboux's theorem, there are local coordinates (qi, u , p j )  
on M such that 0 = d u  - C p i d q i .  In other words, we can always locally 
identify ( M ,  0) with the space J1, equipped with the standard contact form. 
In particular, any such local identification allows to consider generalized 
Monge- Ampkre equations associated with effective n-forms on M .  

4. Invariant Monge-AmpBre equations on homogeneous 
bi-Lagrangian manifolds 

4.1. Invariant efSective forms o n  contactifications of 
homogeneous symplectic manifolds 

Let ( M ,  w )  be a 2n-dimensional symplectic manifold. A differential n-form 
0 on M is called effective if u-'J 0 = 0. 
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Consider a homogeneous symplectic manifold ( M  = G / K , w ) .  It is 
possible to associate with ( M , w )  a homogeneous contact manifold (fi = 
G/K,O), called contactification of ( M , w ) .  It is defined as a homogeneous 
principal R-bundle over M = G / K ,  with an invariant connection form 
8 : TM + R, whose curvature form d0 is equal to do = n*w (see e.g. 
Ref.l). By definition, 8 is a G-invariant contact form on 2. Such a ho- 
mogeneous contactification is uniquely determined (up to a covering) and 
it is described as follows. The LieLgebra is a central extension 
g = RZ + g of g, with Lie brackets [., .] defined by 

of - 
Iv 

[ X , Y ]  = w e K ( X , Y ) Z  + [ X , Y ]  , X , Y  E g = L i e ( G )  , 

where X ,  Y E X ( M )  are the infinitesimal transformations associated with 
X ,  Y E g, while 0 is the unique &invariant contact l-form such that 

O , K ( z )  = 1 , BeKlg = 0 . 

By construction, the Reeb vector 7 of 8 is the infinitesimal transformation 
7 = 2 associated with Z and the contact distribution D coincides with the 
unique G-invariant distribution 

D e K  = Span{ X e K  7 X 6 g 1 
Proposition 4.1. Let (A4 = G / K , w )  be a homogeneous 2n-dimensional 
symplectic manifold and (M = G / K ,  0) the associated contactification. 
Then, there exists a natural 1-1 correspondence between G-invariant ef-  
fective n-forms 0 on M and G-invariant effective n-forms OM on M .  

Furthermore, if the subgroup K is connected and the homogeneous man- 
ifold M = G / K  is reductive, with a reductive decomposition g = t + m ,  then 
the invariant effective n-forms on M are in natural one to one correspon- 
dence with the ado-invariant exterior n-forms 0, E hnm* that are effective, 
i e .  so that 

w ; L J  0, = 0 , (8) 

where we denoted by  w, E h2m* the value of w at the point o = e K  E G I K .  

From this proposition, the problem of describing the invariant effective n- 
forms on the homogeneous contact manifold (&' = G / K ,  0) and associated 
invariant generalized Monge-AmpBre equations reduces to the classification 
of ado-invariant effective n-forms on the vector space m. In the next section, 
we describe such invariant effective forms on homogeneous bi-Lagrangian 
manifolds of the normal real form of the exceptional group Gz. 
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4.2. Invariant effective forms o n  homogeneous 
bi-Lagmngian manifolds 

Consider the homogeneous bi-Lagrangian manifolds MI, M2 and M3 of 
the normal real form G; of the exceptional group Ga, associated with the 
fundamental gradations (l),  (2) and (3) in s2.3. 

The manifolds Ma and M3 are both 10-dimensional. The space of invari- 
ant 5-forms on M3 is 2-dimensional. In order to give explicit expressions of 
two generators 0 and 0’ for this space, let us pass to the complexification 
and consider a basis (E:) of (mc)*, which is dual to a basis of root vectors 
(E,) of m@ = Czfogi. Let also 

In this notation, one generator is 

while the other 5-form 0’ is obtained from 0 by changing all + signs into 
- and vice versa. Both forms 0 and 0’ are effective, i.e. satisfy (8) w.r.t. 
to the unique (up to a scalar multiple) invariant symplectic form w, of M 3 .  

The manifold M2 also has a 2-dimensional space of invariant 5-forms. 
A pair of generators is given by the 5-form 

A (E3*al+az A E+3al-Cxz - E3*Cx1+2az A E * 3 ~ l - 2 C x 2 )  

and the form 6’, obtained from 6 by replacing any element E ~ 1 , 1 + k 2 , 2  by 
ETk la l - k zaz .  However, neither 6 nor 6’ is effective w.r.t. to the unique 
invariant symplectic form of M2. 

Finally, consider the 12-dimensional manifold M I .  This manifold admits 
several invariant 6-forms and a 2-dimensional space of invariant symplectic 
forms. The following is an example of an invariant 6-form, which is effective 
w.r.t. any of the invariant symplectic forms: 

- 
0 = E3*a1+2az A E;al+az E L ,  A Era,  A ETa,-a, A ET-3al -012 ’ 

The complete classification of invariant symplectic forms and related effec- 
tive forms can be obtained by direct computations. 
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