Chapter 1

Spin Waves and Equations of
Ferromagnetic Spin Chain

1.1 Physics Background for the Equations of
Ferromagnetic Spin Chain

1.1.1 Motion Equations for Magnetization

Studying the dispersive theory of magnetization of ferromagnets, Landau—Lifshitz
proposed the following motion equation of magnetization

gt:Algx.ﬁe—AQgX (§Xﬁe>, (11].)

where S = (S1,52,53) is the vector of magnetization, He® is the effective magnetic
field applied to magnetic moment,

.9 ,
He= Ze . (9). 1.1.2
55 Cmes(S) (1.1.2)

Here emag(g ) denotes the density of the total magnetic energy, He is also related to
Maxwell equations, A\i, Ay are constants, Ay > 0.

If a bounded multiply connected domain Q C R? is occupied by a ferromagnet
under the constant temperature below Curie temperature, and if mechanics effects are
not taking into account, one can consider the following magnetic energy functional:

1. Anisotropic energy

Anisotropic energy reads as

Ean = / o(3)da, (1.1.3)

in which ® : R? — R* is a convex function and depends on the crystal structure of
the materials.
Near the Curie temperature, taking first order approximation, one has

(S) = bynSiSom, (1.1.4)
Im
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2 LANDAU-LIFSHITZ EQUATIONS

where {by,} is a symmetric, positively definite tensor. ®(S) = k|S|?(sin )2 for ex-
ample for the uniaxial crystal, where 6 is the angle between S and the direction of
“easy” magnetization, k is a positive constant.

2. Exchange energy

The behavior of ferromagnets is that the quantum force makes the magnetic field
of molecules arrange in order. the most important quantity is the exchange energy

oS 35
ex = _Z lm/ axl axm (115)

in which {a;,,} is a symmetric, positive definite tensor.
3. The energy to the magnetic field H
The energy of magnetic field H is:
- 1 9
Eu(S) = — H dz, (1.1.6)
8T
where H and S being given by Maxwell’s equations. Note that here the integral is
extended to the whole space R® since H does not vanish outside the domain €.
The total magnetic energy has the form

Emag(S) = Ean(S) + Ex(S) + En(S) (1.1.7)

and at equilibrium state &£, attains an absolute minimum. The magnetostatic
Maxwell equation is:

V. (H +47S5) =0, in R® (1.1.8)
VxH=0 in R (1.1.9)
where V- = div, Vx = curl, “” denotes the inner product and “x” denotes the

vector product. S satisfies the non-convex condition:

1S(z)| =Sy, in (1.1.10)

1.1.2 Landau—Lifshitz Equations

One model of dynamical system is the Landau-Lifshitz equation:

asS

= =S x HE — X8 x (8 x HY), in Qx(0,7), (1.1.11)

. ®(S G .

ge.— 9 (§ +3 aas +H, in Qx(0,7), (1.1.12)
l,m L10Tm

in which A\{, A9 are constants in physics, Ay > 0. The first term on the right-hand side
of (1.1.11) which is not dissipative but resulted from the motion of S around H ¢, has
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SPIN WAVES AND EQUATIONS OF FERROMAGNETIC SPIN CHAIN 3

a constant angle; the second term expresses the ordered arrangement of S according
to H¢ and it is due to the viscosity and then dissipative.
The initial condition is as follows

S(x,0) = So(z), e (1.1.13)
It follows from (1.1.11) that
0 a0 208
— =25—=0. 1.1.14
50 =255 =0 (1.1.14)

Then, if Sy(z) satisfies (1.1.10), one has |S(z,t)| = So, z € Q, t > 0; if § x H® # 0,
S x H® and S x (5 x H ¢) is an orthogonal base which are on the tangential plane of
the sphere |S| = S,. Hence, (1.1.11) is a dissipative nonlinear evolutionary equation
of S on the surface of sphere.

The fields H and S solve the Maxwell equation

VxH= fa—E+4—Wf, in R*x[0,7], (1.1.15)
c Ot c
VxE= —EE(MOH +47S5), in R*x[0,T]. (1.1.16)

It follows from Ohm law that:
J=o(E+f), (1.1.17)

where E represents the electric field, J the density of current, o the conductivity,
magnetization rate of the electric medium, ¢ the speed of light and f is the given
non-induction electric force. Usually there holds: B:= ,uoﬁ +4xS.

The initial data are

E:(x,c)) = Ey(), . (1.1.18)

B(z,0) = By(z), V-By=0. (1.1.19)

1.2 A Simple Derivation of Landau—Lifshitz
Equation

1.2.1 Magnetically Ordered Crystals

Many crystals have an ordered magnetic structure. This means that in the absence
of an external magnetic field, the mean magnetic moment of at least one of the atoms
in each unit of cell of the crystal is non-zero. In the simplest type of magnetically
ordered crystals, i.e. ferromagnets such as Fe, Ni, Co and Dy, the mean magnetic
moments of all the atoms have the same orientation provided that the temperature of
the ferromagnet does not exceed a critical value, i.e. the Curie temperature. For this
reason ferromagnets have spontaneous magnetic moments, i.e. non-zero macroscopic
magnetic moments, even in the absence of an external magnetic field.
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4 LANDAU-LIFSHITZ EQUATIONS

In antiferromagnets, these include carbonates, anhydrous sulphates, oxides and
fluorides of transition metals Mn, Ni, Co and Fe, the mean atomic magnetic moments
compensate each other within each unit cell (in zero external magnetic field). In other
words, an antiferromagnet consists of a set of sublattices (called magnetic sublattices),
each of which has a non-zero mean moment. This type of magnetic order occurs if
the temperature of the antiferromagnets is less than a critical temperature, known as
the Neel temperature.

Finally, there is one further type of magnetically ordered crystal — that of the fer-
rites — which consists of a number of magnetic sublattices whose magnetic moments
are uncompensated (in contrast to antiferromagnets); thus ferrites exhibit sponta-

neous magnetic moments. Examples of this type are compounds of transition metals
such as the salts MnO.Fe;O3, 3Y2035.5Fe;Os5.

1.2.2 The Wave Function and Spin Operator for the System
of Two Electrons

Let us consider a simple molecule model. Assume the molecule of Argon has two
electrons and two protons between which there is no interaction with each other
since the mass of the protons is much larger. The interaction of this system is as in
Figure 1.2.1 in which a, b denote protons, 1, 2 represent electrons provided that there
is Coulomb force between them.

1 (electron) 7, 2 (electron)
Ta2
Tal
b2
R
a (proton) b (proton)

Figure 1.2.1. Interaction of oxygen molecular system.

1. Wave function of electrons
Consider two-body problem:

e, €

(= 93— ) olrm) = Eutra). (12
h? e?

(= 578 = )otrm) = Bl 122)

where ¢(r,,) is the wave function of electron “17, ¢(ry,) is the wave function of
electron “2”7, h is the Planck constant, m is the mass of the electron and e is the
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SPIN WAVES AND EQUATIONS OF FERROMAGNETIC SPIN CHAIN 5

charge. The Hamiltonian for this system is H = 7:(0 + 7:(1 where:

2 62 62

. h
Ho=—-——(Vi+V3) —— — — (1.2.3)

2 Tal rbl

e e e e?

Hi=—+—— —— —, 1.2.4
! R+7" Tay  Tby ( )

H, is a small perturbation. To find the eigenvalue F such that HY = EV, we take
single electron approximation:

¥1 = (,D(Tal)QD(’l“bQ), P2 = 90(7"@2)90(7”171)7 (125)

which is the wave function of the system. Let

w = 01@1 + 02()02, (126)

and assume that o1, o are normalized. It follows from the identical principle that
electrons “1” and “2” are identical or are invariant after two exchanges. Thus we
have

[eittide = [ Boivda
= E/SOT(OISOI + Cgtpg)dl’
= CIEO + 02E01/2 5 (127)

where
v = [ (1) (e )@ ol ).

The left-hand side of (1.2.7) is

/cp”{ﬂ@/)dx = /cp*{ﬂcpldx + Cy /go’{?ffcpgdx = Chaq1 + Caaa, (1.2.8)
with
Qi = /@ 7,) " (ray ) Hop (ra, ) (s, ) drydry
+/<p Tby )™ (Tay) };go(ral)go(rb)drldrg
+ /ap (7)™ (T'ay) <6; - % - %Z)ap(ral)go(rb)dmdrg
—2F,+ = I +A( ), (1.2.9)
here
/ap (T5y) 0" (T4, <672 — % — %)ap(rul)w(%)dﬁdm, (1.2.10)
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6 LANDAU—-LIFSHITZ EQUATIONS

and
Q12 = /(10 Tb2 Tal HOQO(Ta2>90(Tb1>dT1dT2
R /SO er raz Sp(ra2>90(rb1)drldr2
e e e
+ /cp Ty )" (Tay <7 - E — a)cp(rbl)cp(r@)drldm
<2E0 + R)I/ + B(r), (1.2.11)
here
e e e
B(r) = /w*(er)gp*(ral) (7 - E) o (rp, ) (T, )dridrs. (1.2.12)

Hence we have from (1.2.7) and (1.2.8) that

Crayy + Coarg = C1Ey + CoEgr/?. (1.2.13)
Similarly it follows from @iHi) = Eopith that

Ciaoy + Coage = C1Eg? + CoE, (1.2.14)
where

{all = (2Eo + F)v* + B(r), (1.2.15)

Qg9 = 2E0 + % +A(’f‘)
We have from (1.2.13) and (1.2.14) that

Cl(EO — 0411) + OQ(E()V — Oé12 = 0

R | P e | T

If C;, Cy # 0, one has

2
Ey — oy Eov® — g

=0 (1.2.16)
Eov* — a1 Ey — aigo
and the corresponding eigenfunctions are
(]-) Ol - _02 - Og,,
Ya = Calp(ra,)p(rs,) = ©(raz)(rs,)]. (1.2.17)
(2) CYl = 02 = 087
s = Cslp(ra, ) (rs,) + ©(Taz) (e, )]. (1.2.18)

LANDAU-LIFSHITZ EQUATIONS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/6658.html



SPIN WAVES AND EQUATIONS OF FERROMAGNETIC SPIN CHAIN 7

Since [0k = [0 =1, we have

1 1
C, = Jﬁ C, = \/2(T772) (1.2.19)
where
7= [ @ra)e(r,)dn. (1.2.20)

2. Spin wave function
The wave function v for the system of two electrons can be written as a product
of the space and the spin wave functions

W(rio1,m909) = @(r1,re)x(01, 02), (1.2.21)

where o1, 09 are the projections of the electron spins along a given axis. In accordance
with the Pauli principle, the wave function ¥ must be antisymmetric with respect to
the simultaneous interchange of the coordinates and of the spin variables of electrons.
This means that an antisymmetric space function will be associated with symmetric
spin function, and conversely, a symmetric space function will be associated with an
antisymmetric spin function.

The function x will be symmetric if the resultant spin .S of the two electrons is
equal to unity (S = 1) and antisymmetric if S = 0. Therefore the space wave function
will be antisymmetric for S = 1 and symmetric for S = 0. We shall denote these
wave functions by ¢, (for S = 1) and ¢, (for S = 0):

Vo = Col@(ra))(rs,) — 0(ray)(re,)], S =1 (1.2.22)
Vs = Cs[@(Ta,)p(1h,) + 0(ray)0(re,)], S =0. (1.2.23)

The energies of the molecules in states corresponding to S = 1 and S = 0 are related
to the functions ¢, and ¢, by

Ep(r) = /%(ﬁ,rz)ﬂsoa(ﬁ,r2)dhdr2, (1.2.24)

ETi(T) = /‘Ps(ﬁ,7”2)7:(1903(7‘1,7‘2)657‘1657‘2 (1.2.25)

in which we have omitted the symbol indicating complex conjugate in the integrals,
since ¢, and ¢, are real functions (the atoms are assumed to be in the ground states).
Substituting the expressions of ¢, and v, into (1.2.24) and (1.2.25), we find that

E(r) = 2E0+6—;+%£(T), S=1, (1.2.26)

By (r) :2E0+6—;+%£(T), S =0. (1.2.27)
Choosing wave functions such that v = 0, we have

En(r) =2Ey + 6—}; + (A(r) = B(r)), S=1, (1.2.28)

Ey (r) =2Ey + 6—]; + (A(r) + B(r)), S=0. (1.2.29)
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8 LANDAU—-LIFSHITZ EQUATIONS

E A

FE
M
By

-

Figure 1.2.2. Total energy of a system of two electrons.

\/

As shown in Figure 1.2.2, the total energy of the system can be represented by

2
R B L
E=H=9%F+>=+A-=_9BS,.3,

R 2
= Ho + He, (1.2.30)
where 7:{696 — —2BS 1° S o is called exchange Hamiltonian which was first obtained by

Dirac in 1929. S 1 and S o are electron spin operators. We want to prove that (1.2.30)
is identical to (1.2.28) and (1.2.29).

In fact,
5 & lay 1z | &
51'52255 —§(S1+S2)
1 3
==-95(5+1)—-
2 (S+1) 4
-3 S5=0
= (1.2.31)
i? S: ]‘7

therefore we get Eyp (S = 1) and By (S = 0). We see that the term —2BS; - S,
denote the multibody effect.
For any operator F' we can obtain the following motion equation:
dF  9OF 1., -
—_— = =4 = 1.2.32
= O IR (1232
where H is the Hamiltonian operator, [7:{, F | = HE — F'H. For the spin operator S,
we have

dS, 9S, 1. - o
d—tl:a—tl E[Husl]:[HWSl]
L[ W s o 1 .
:E —%(V1+V2)—A—§B—235152,51
1 > = o= —2B. - - =
= %[—Qle'SQ,Sl] = m [ 52,51],
1S -54,51] =151 S, S1.)i + [S1- S, S1,)7 + [S1 - Ss, S1.)k,
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SPIN WAVES AND EQUATIONS OF FERROMAGNETIC SPIN CHAIN 9

where
[S1 527§1r] = [§1I'§2m+§1y'§2y+§1z'§2z,§1m]
= [gly'§2y+§lz'§227§1:c]
= [Slyuglz §2y + [§1z,§1x]§2z

- ih(§1y§2z - glzggy)

and the other terms can be derived in the similar manner. Hence we finally obtain

s, = . 2 =
d—tl = 51 x (=2BS,) = S| x He, (1.2.33)
where )
He - —2351 . SQ - Sl(—2BSQ) = Sl . Heﬁ‘. (1234)

1.2.3 Multi-electron Wave Function and Spin Operator

1. Equation for the isotropic ferromagnetic chain

Now we consider the spin operator for multi-electron system, i.e. one-dimensional
homogeneous Heisenberg model (see Figure 1.2.3): Assume that the ferromagnets are
isotropic.

A —

k
H.=—-2BS;-> S; =-2BS;(S;i_1 + Si11). (1.2.35)
j=1

1 — 1 i 1+ 1

Figure 1.2.3. One-dimensional homogeneous Heisenberg model.

S S + agia + 3251@2
Ox ox?
o . a8, S, ,
Si_l—Si axa—i- ax2a s

therefore
& e L
7 :SZXHQZSZX(—QB)<QSZ+CL ax2>
. o 925,
= —2Ba’S; - S; . 1.2.36
a X 92 ( )
Passing to the continuous case: S, — S (x,t) and setting the total energy of the
system to be
11 (05\
== — | d 1.2.37
T 2 <6:E> “ ( )
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10 LANDAU—LIFSHITZ EQUATIONS

we get the magnetization spin motion equation as follows:

oS -

a_t =9 % Hef‘f; (1238)
- OH

Har =~ (1.2.39)

For the nonhomogeneous isotropic Heisenberg chain, the nonhomogeneous
isotropic Heisenberg exchange Hamiltonian is

N-1
H=—=J> fiSi S, (1.2.40)
i=1
The motion equation of S, is
ot = JfZ(SZ X Sz’+1) + sz_l(SZ X Sz’—l)- (1.2.41)

Considering the continuous situation: S; — S(x,t), f; — f(z,t) and S;, f; varies
slowly in the same lattices (with length a), taking Taylor expansions for S(z + a,t),
f(z —a,t), we have from (1.2.41) that S(z,t) meets the motion equation

Si(z,t) = f(2)(S x Spa) + fo(2)(S x S,), (1.2.42)

where the variable of times has the scaling factor .Ja?.

2. Anisotropic ferromagnetic chain equations

Now let us consider the continuous anisotropic chain equation for the nonhomo-
geneous ferromagnets:

1 a3\’
M= 5/ K%) C OS2 1,82 — Jy52. (1.2.43)
It follows from this that .
aa_f — G x g (1.2.44)
in which
J. 0 0 S
OH

He=-——==|0 J, 0|-]|s|. (1.2.45)
0 0 J3) \ S

1.3 Equations for the Antiferromagnets

1.3.1 Antiferromagnetic Moments and Magnetic Energy

Some ferromagnets exhibit the so-called antiferromagnetic property if placed under
the temperature much less than the Curie temperature. These ferromagnets are called
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SPIN WAVES AND EQUATIONS OF FERROMAGNETIC SPIN CHAIN 11

Figure 1.3.1.  Orientation of electron spin.

antiferromagnets. Their electron spins are in different directions and compensate with
each other as shown in Figure 1.3.1.

We can divide antiferromagnets into two systems: moment densities M (r,t) and
Moy (r,t), and [My(r,t)| = [ Ma(r,t)|. The energy of magnetic dipole interaction W,
and the energy Wy of the ferromagnet in the external magnetic field are given by the
following formulae

—1
W,, = —/ (M + Mo) H™dF, (1.3.1)
2 Jv

Wy = — /V(M1 + M) HYdrF, (1.3.2)

where H(™ represents the magnetic field due to the magnetic moment of the atoms
in the antiferromagnets and the integrals are evaluated over the volume of the ferro-
magnet.

1.3.2 Equations for the Antiferromagnets

The density of the exchange energy W, of an antiferromagnet is therefore of the form

We = f(My, Moy, M}, M3) +

104- 8M18M1+8M28M2
o ik ox; Oxp ox; Oxi

COM, OM,

), ——
* Ox; Oxp

(1.3.3)

where f is a symmetric function of the magnetic moments Mj, My and ay, o, are
tensors. The first term in this expression represents the exchange energy density of
uniformly magnetized sublattices, and the second and the third terms represent the
exchange energy density connected with the non-uniformity of the magnetic moments.
At the same time, the second term describes the exchange interaction in each of the
sublattices, and the third term the exchange interaction between the sublattices.
At sufficiently low temperatures the squares of the magnetic moment densities are
practically constant and the function f can be regarded as depending only on the
single variable M - M5. In the simplest model of an antiferromagnet it is assumed
that

f(Ml,MQ,M%,Mg) = 5./\/1../\/12, 6> 0. (134)
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12 LANDAU-LIFSHITZ EQUATIONS

The total exchange energy of an antiferromagnet is therefore of the form
W, = / wedr

B 1 OM;O0M;  OMqyOM, , OM; OM,
/{5/\/{ Mo+ Oém( Oox; Oy + Oox; Oy ) + ik ox; Oz }dr,

(1.3.5)
and the total exchange energy of an isotropic antiferromagnet is
s |1 OM;0OM;  OMyOM, OM; OM,
= | &x|=q4 !
H / :1:[ ak( ox; Oy + ox; Oy ) ik ox; Oxi
1 e
+OMy My = (M, + Mo)H™ — (M + My)H] >1, (1.3.6)
In some simplified situations, we have
M= /V Bk [V M + | VMo + k1o V My - VM), (1.3.7)
In this case the motion equation is of the form
oM
L= My x 2k, VEM + k1o V2M,),
ot
(1.3.8)
OM, 2 2
ot = MQ X [2k2V MQ + k12V Ml]
1.4 Spin Waves in Ferromagnets
1.4.1 Equilibrium State of Ferromagnets
1. Equilibrium state conditions of ferromagnets
Consider a uniaxial ferromagnet. Assume that
M(r,t) = Mo(r,t) + m(r,t), (1.4.1)
HO(r,t) = HY + h(r, 1), (1.4.2)

where m, h are small derivations from M, and H éi), M, is the equilibrium magne-
tization, H ((f) denotes the magnetic field inside the ferromagnet. According to the
equilibrium conditions one has

HY + Bii(M, - i) — 2Mo f'(M3) = 0, (1.4.3)
or
Y + Bit(Mo - ) — 47N - Mo — 2Mo f(M3E) = 0, (1.4.4)
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SPIN WAVES AND EQUATIONS OF FERROMAGNETIC SPIN CHAIN 13

A

where (3 is a constant, 77 is a unit vector along the anisotropy axis, N = N (r) is the
demagnetization tensor with elements

1 02 dr’

N; = — . 1.4.5
k(r) A Qx;0xy Jv |r — 1| ( )
When the ferromagnet is an ellipsoid, M = constant, and then
dr’ < ds x? y? 22
_ 7ab / LN _ _ , 1.4.6
v |r—r| e, Rs< a?+s bV+s A+s ( )

where R, = \/(a2 + 5)(=b% + s)(c® + s), a, b, c are the semi-axes of the ellipsoid, z, y, 2
are the projection of the radial vector 7 in any point of the ellipsoid onto the main
axses. The elements on the diagonal of the tensor N are

1 00 ds
Ny =gabe [T 2
SR (a® + s)Ry’
1 00 ds
Vo L [T .
2= 0y R+ s)R. (14.7)
1 00 ds
Ny = Sabe |
3737, (c2+s)R

It is clear that Ny + Ny + N3 = 1. If the ferromagnet occupies a sphere, then N; =
Ny = N3 = 1/3. If it occupies a cylinder (a = 00,b = ¢), Ny =0, Ny = N3 = 1/2.
What we are concerned are the equilibrium states when (1.4.7) admits solution:

N3 > Ny > Ny, if 6>0; N3< Ny < Ny, if <0,

see Figures 1.4.1 and 1.4.2.
2. The equation of motion for the magnetization
The expression of effective magnetic field related to (1.4.1) and (1.4.2) is

B 0*m 1 ) o
H h + alkaxzaxk W{MO . HO + ﬂ(MO . ’n,) }m
+ B (i - ) — AMof"(MZ) (Mg - 11). (1.4.8)

Therefore the equation of motion for the magnetization in the case of small departures
from the equilibrium value, which we shall refer to as the linearized equation of
motion, will be of the form

om 0*m 0)
T g Moy b+ ap——— +ﬂﬁ(m-ﬁ>——{Mo Hy + B(My - 7)1 | .
ot Ox;0xy,

If the ferromagnet exhibits magnetic anisotropy of the “easy axis” type (6 > 0) and
H(()Z) is parallel to 7, the linearized effective magnetic field is given by

i

il G AMof" (M) (- it)n. (1.4.9)

. H(i)
H=h- <5+M—°0>m+aik

LANDAU-LIFSHITZ EQUATIONS
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14 LANDAU-LIFSHITZ EQUATIONS

B — 4n(N, — N)) >0

1 H(()‘f)
or

> — B+ 4m(N; — N,) >0

B —4n(N, — N;) >0

H(‘f)
or — > —fB+4n(Ny,— N) >0
0

1 my

sinf = <1
mo( -6+ 47r(N3 - N))

Figure 1.4.1. Equilibrium states of a ferromagnet-1 N3 > No > Ny, if 3> 0.
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15

B+ 4m(Ny — Ny) >0

I{(()e) my
> — [+ 4n(Ny— Npy) >0

0//

(€)
Hy"n

or

H(‘f)
cos = 0 <1
m(]( —B+ 4m(Ny — Ny))

2
(¢ 1o
1
cosbh = 0 <1 1 cosf = 0 <1
m()( _ﬁ+ 477(N2 - Nl)) m(]( 7/6+ 47T(N2 - Nl))

Figure 1.4.2. Equilibrium states of a ferromagnet-2 N3 < No < Ny, if 8 < 0.
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16 LANDAU—LIFSHITZ EQUATIONS

If the ferromagnet exhibits magnetic anisotropy of the “easy plane” type (8 < 0) and
H(()Z) is perpendicular to 77, the linearized effective magnetic field is given by

o= L 4 ,ﬁj%m* 7) — AMof" (ME) (Mo - i), (1.4.10)
— MO m alkaxlagjk nim-n 0 0 o-m). A

The linearized equation of motion for the magnetization (1.4.8) must be augmented
by the boundary conditions for the magnetization. The general boundary condition
for the magnetization was formulated as

oOF

oM o) ¥y~ —

where F is the energy density of the ferromagnet:

OM;\ _ 1 OM; OM,, OM,
]:<M’ oy, ) B 2a2k’lm(M) oxr Ox, + i (M) oy,
1
+ §ﬁik/\/1i - My + fF(M?), (1.4.12)

where v is the unit vector along the outward normal to the surface of the ferromagnet.
Since we are interested in small departures of the magnetic moment from the
equilibrium value and small magnetization gradients, we have

oF . '(97?Lz-+ . N
DOM,JOry) P oxy T T TR G MMy

and the boundary condition assumes the form

ami
+ Yike My | Vi

ki 0x;
J

=0. (1.4.13)
S

The linearized equation of motion for the magnetization is then of the form

om
o = g[Mo, H], (1.4.14)
where _
H =h— [(z)m + aAm. (1.4.15)

Assuming that the function (3(z) increases rapidly in the thin layer of thickness ¢
in which m and h are practically constant, we obtain after integrating this equation
with respect to z between 0 and 9,

o L o
0 = g[./\/lo,h-é—m/o B()dz + a- 3
8w 8%
+a<a$2 n W)&], (1.4.16)
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SPIN WAVES AND EQUATIONS OF FERROMAGNETIC SPIN CHAIN 17

where we have taken into account the fact that

om
— =0. 1.4.17
0z |,_, ( )
Assuming further that as  — 0, the integral
5
/ B(2)dz < oo, (1.4.18)
0
we obtain from the last equation the following effective boundary condition:
om
42" il =0, 1.4.19
o il (1.4.19)
where
d=——2 (1.4.20)
f05 B(z)dz

In order to be able to neglect in (1.4.16) terms proportional to 4, it is clearly
necessary that the frequency w of the variation in the magnetization, the wavelength
A and the quantity ((0) must satisfy the conditions:

w <K gMoB(0), A> MW’ B(0) > 1. (1.4.21)

Then
o*m .
oy~ B(0)m = 0,
it can readily be concluded that
«
<K
3(0)
or
)< d.

If the wavelength X satisfies the inequalities v/0d < A\ < d, the effective boundary
condition assumes the form

9| Ved< A< d. (1.4.22)
0z |,_,
If on the other hand A > d, then
Mmoo =0,  A>d. (1.4.23)
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18 LANDAU—LIFSHITZ EQUATIONS

1.4.2 Spin Waves in Ferromagnets

1. Motion of spin waves in ferromagnets
Now we consider the propagations of spin waves in ferromagnets. Using the Fourier
representations

() = /m(z%’,w) expli(k - 7 — wt)|dkdw ,
N j . (1.4.24)
h(r,t) = /h(k;, W) expli(k - 7 — wt)dkduw |

we have from (1.4.8) that

g S2)
—iwm(k,w) = g| Mo, h(k,w) — ozz-jk;z-k:j—i—MO f‘) +5(M0 2”) ik, w)
M3 M3

+ B (i - m(k, w))]. (1.4.25)

This equation gives the relationship between the Fourier components m(%, w) and
h(k,w) which we shall write in the form

— — —

mi(k,w) = xij(k,w)h;(k,w), (1.4.26)
where
Xew Xey 0
Xij (K, W) = | Xy Xyw O | (1.4.27)
0 0 0
g Mol gMo€2y twgMy

S o o

M, - HY

Ql = g./\/lo <C¥Z’jkik’j + MS

+ B3 cos? w> ,
© (1.4.28)
QQ = gM() <Oéij]€ik3j + M + ﬁCOS 21/)) s
Mg
and v is the angle between the anisotropy axis 7 and the vector M; the z-axis lies
along My and the z-axis lies in the plane containing the vector 7 and M;,. The
quantities Xij(/;, w) form a tensor called the high-frequency magnetic susceptibility
tensor of the ferromagnet.
If the ferromagnet exhibits anisotropy of the “easy axis” type (5 > 0) and my, 7,
Héi) are parallel with each other, then

Ql = QQ - Q, (1429)
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SPIN WAVES AND EQUATIONS OF FERROMAGNETIC SPIN CHAIN 19

where

B
—gM0<aUkk YN +ﬁ> (1.4.30)

The formulae corresponding to this case are valid also for ferromagnets with cubic
symmetry. All that is required is to replace 3 by 23’ M2, if the easy magnetization
axis lies along the edge of the cube, and by §| B'| M3, if the easy magnetization axis
lies along the space diagonal of the cube, where (' is the anisotropy constant.

If the ferromagnet exhibits magnetic anisotropy of the “easy plane” type (8 < 0)
and My Ln, M, is parallel to Héi),

[0

Q _gM()(%kk + 2 )
M,

(1.4.31)

7
QQ_gM()(%kk + =9 +|m>

2. Dispersion of spin waves

We must now establish the dependence of the frequency w of the spin wave on
its wave vector k. This requires the use of both the equation of motion for the
magnetic moment and the Maxwell equations. However, spin waves are low-frequency
magnetic waves, so that the electric field can be neglected and the magnetic field may
be assumed to be irrotational. In other words, spin waves can be treated in terms of
the magnetostatic approximation, i.e. we can assume that 17(r, t) and h(r,t) satisfy
the equations

rot h(r,t) = 0,

- (1.4.32)
div A(r,t) = 4w div m(r, t).
Transforming to the Fourier components in these equations, we obtain
k, h(k,w)] = 0,
E ﬁ(ﬁ ) . . (1.4.33)
k- h(k,w) =4k - m(k,w).

From the first equation it follows that the magnetic field E(/Z,w) is parallel to the
wave vector £ :

hk,w) = —ik - p(k,w),
where gp(l;:, w) is the Fourier component of the magnetic potential. Since

(R w0) = x(F,w)h(F,w),

we can write the second equation in (1.4.33) in the form

—

(k% + Arksk;xs; (K, w))p(k,w) = 0

and hence
k? + drkikixi; (k,w) = 0. (1.4.34)
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20 LANDAU—LIFSHITZ EQUATIONS

This equation relates w and the wave vector k of the spin wave (it is called the
dispersion relation). Using (1.4.27) we can reduce the dispersion relation (1.4.34) to
the form
47Tg./\/l0§21 k)g 47Tg./\/1092 k);

1 Dz Y
T 2R T 00, — 2k K2

=0

and hence

ws (k) = /49 + 4m g Mo(Q cos? gy, + Qs sin® ;) sin® b, (1.4.35)

where 6 and ¢y are the polar and azimuthal angles of the wave vector k. We recall
that the z-axis lies along the vector My and the x-axis lies in the plane containing
M, and 7i. For wave vectors with ak? > 1, the equation for the frequency of the
spin wave becomes much simpler:

wS(IZ) = gMoOéijkikj. (1436)

In the isotropic case this formula assumes the form
ws(k) = == (ak)?, (1.4.37)

where 0c = higMoa/a® (Oc is of the order of the Curie temperature). It follows that
for large wave vectors (ak® > 1), the spin wave frequency is proportional to the
square of the wave vector.

1.4.3 Damping of Spin Waves

1. Expression of the damping of spin waves

Now we consider the damping of spin waves. Damping is due to the interaction of
spin waves with each other and also with lattice vibrations and conduction electrons.
The phenomenological description can be obtained from the equation of motion for
the magnetization, containing the relaxation term R:

1 1
R=—H——In,[n, H]], (1.4.38)
T2 71
where 1 = |A/\;1[8| and 7, 7o are constants which have the dimensions of time, (% > 0,

T—ll + % > 0). Then the equation for M will be the form

oM 1 1 . ..
= 0M M) it [ A (1.4.39)

the effective magnetic field is

H=h— 6+H—(§i) N+ O + (B8 — AMof" (M) (i - )i, (1.4.40)
= M m alk@xi&vk 0 o))lm -n)n, 4.
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SPIN WAVES AND EQUATIONS OF FERROMAGNETIC SPIN CHAIN 21

here we mainly focus on the uniaxial ferromagnet and assume that the field Héi)

is parallel to the easy magnetization axis. The quantity f”(M3) in the expression
for H can readily be related to the static susceptibility of the ferromagnet, x°, =
oM,/ 8HOZ). We have seen that in the state of equilibrium

HY + BMy — 2Mof (M2) =0 (1.4.41)
and hence ,
2 p! 2 1 HOZ)

From these formulae we obtain the following expression for the high-frequency sus-
ceptibility tensor y:

Xzz Xazy O
X(k,w) =1 xp xou O | (1.4.43)
0 0 Xz

in which
o gMeQ — (iw/T) + (/g MoT?)
Xex = Xyy = 02 — (w —+ zQ/gM07)2

_ X2
1+ ng(aijkikj — Z'WTQ)7
_ _ iwg/\/lo
Nay = "Xy = (w+1iQ/gMoT)?’

XZZ

(1.4.44)

1 11 HY
;—7_—14-7_—2, Q—gM0<O‘mkzk]+Wo+6>
We note that 1/gMyr < 1. We also note that the component y,, on the tensor
x(k,w) is not zero, whereas it does vanish when 7, = co. Substituting (1.4.44) into
(1.4.34) we obtain the equation for the frequency of the spin wave as a function of
its wave vector. When R # 0, this equation has complex roots whose real part
determines the frequencies of the spin waves and whose imaginary part determines
the damping rate.
2. Damping rate
Since Q/gMoT < |w|, the damping rate ’yS(E) is given by

1

vs(k) = Tr (2 + 2 M sin? §;,). (1.4.45)
If ak? < 1, then
7 3 poMo (T ?
= —; 1.4.4
(k) = oMo 5o | (1.4.46)
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if, on the other hand ak? > 1, then

vs(k) = =2 (ak)? | =), hws(k) > T. (1.4.47)
h Oc
Substitute

M =My +m

into (1.4.39), here i is a small addition to the equilibrium magnetization My, which
we shall assume that My = M,(t) is independent of . The effective magnetic field
is given by, to within terms linear in m,

(e) e)
4 H N 4 HY 1Y\,
H=—2 2o LR 2 -
<3 + 0+ M0>m+<ﬁ 3 + Mo X2Z>(m

§
St

and the solution of (1.4.39) is of the form

m. = m.oexp(—.t), (1.4.48)

my + imy, = (Mg + tmyo) exp(—y.1t) exp(iwot),

1 [(4r 1 1 1 H
===+ =], == +=|[{s+=2], 1.4.49
! T2<3 X‘;) " <Tl 72><ﬁ M0> ( )

and mo and mg + imy are the initial values of the longitudinal and transverse
(relative to M) components of the deviation of the magnetization 7 from the
equilibrium value M.

The quantities

where

1 1
Ty =—, TL=_—, (1.4.50)

Ve YL
are the relaxation times for the longitudinal and transverse components of the mag-
netic moment. Since My is only slightly dependent on H.”, it follows that \?, < 1

and consequently v, ~ 1/mx%,. If 5+ Hoe) /Mg > 1, we have

e)

1 11 H
= 7 . 420 1.4.51
v E— Y1 (n @) <ﬂ Mo> ( )

1.5 Spin Waves in Antiferromagnets

1.5.1 Equilibrium States of Antiferromagnets

1. Motion equations of magnetic moments
If we do not take dissipation of energy into account, the equation of motion
for the magnetizations M (r,t) and My(r,t) of the two magnetic sublattices will
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be of the form
oM,

oM o
at2 :g[M27H2]7

where ¢ is the gyromagnetic ratio and H; and Hs are the effective magnetic fields
acting on the moments M (r,t) and Mo(r,t)

W H_(SW
oM T My

W is the energy of the antiferromagnets. Using the expression of W, we obtain

o0F & oF
M, g 9(OM, JOr)’
oF &  oF

oM Dp 0(0OMy ) Or)’

H (1.5.2)

Hy=HO —
(1.5.3)
Ho = HO —

where H® is the magnetic field inside the antiferromagnets.

We note that the equations of motion for the magnetizations are consistent with
the conservation of energy and lead to the following expression for the energy flux
density in a ferromagnet

o CiE gy [OMiOMy OMy OM,
" LB, HT: a”( dr; Ot Oor; Ot
/ a~/\/ll 8M2 aMQ a./\/ll
_ O%j( axj ot axj ot ) (154)

2. Equilibrium states of antiferromagnets

Consider the equilibrium values of the magnetizations Mg, Mg of the two sub-
lattices about which the oscillations of the magnetizations M; and M, take place.
To do this we must equate the effective magnetic fields to zero. The equilibrium
state of the antiferromagnets corresponding to the direction of magnetic moments of
sublattices for which the energy density of the antiferromagnets

w= oMy - Mgy — %5[(/\/{1 1)+ (My - 71)?)
— (M- 7D) - (My - 1) — H (M) + M)

reaches a minimum. We have neglected in this expression the energy w,; which is
responsible for the appearance of weak ferromagnetism and the energy

2r(My — My)N (M 4+ M,)

which depends on the shape of the body. Let us assume that the external magnetic
field is zero. If at the same time, G — 3’ > 0, it is readily to verify that the minimum

LANDAU-LIFSHITZ EQUATIONS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/6658.html



24 LANDAU-LIFSHITZ EQUATIONS

of w is reached when the magnetic moments of the sublattices lie along the anisotropy
axis and Mp+Msyy = 0. Such antiferromagnets are said to have magnetic anisotropy
of the “easy axis” type.

When 3 — (' < 0, the minimum of w is reached when the magnetic moments of
the sublattices are perpendicular to the anisotropy axis and My + My = 0. In this
case it is said that the antiferromagnets has a magnetic anisotropy of “easy plane”
type. Examples of the “easy axis” anisotropy are CuCly.2H50, CryO3 and FeCOg;
antiferromagnets with magnetic anisotropy of the “easy plane” type are hematite in
its low temperature phase, the carbonates and fluorides of transition metals.

The equilibrium directions of My and My, are readily determined even in the
presence of an external magnetic field H(()e). The results of the corresponding calcu-
lations are given in Figures 1.5.1 and 1.5.2.

1.5.2 Spin Waves in Antiferromagnets

1. Motion of spin waves in antiferromagnets
Consider the spin waves in antiferromagnets. Substitute

My (r,t) = Mg + mia(r, t),
MQ(T, t) = M20 + ’fﬁg(?", t), (155)
HO(r t) = H + h(r,1).

into (1.5.1) where 7y, 79 and h are small deviations from the equilibrium values M,
My and H(gi), and then linearize these equations. This results in a set of two linear
differential equations for m; and my. We can now express the Fourier component of
the deviations of the magnetic moments by 7’711(12, w), T?LQ(E, w) and E(E, w)

ﬁi(/g,w) = ml(la w) + mQ(Euw) = X(va)ﬁ(guw)7 (156)

where X(lg, w) is a tensor which depends on k and w and on the quantities char-
acterizing the equilibrium state of the antiferromagnets. If the magnetic field Hée)
is parallel to the anisotropy axis and H(ge) < Hy, Hi = Mgy\/26(8 — '), then the

linearized equations for 17 (k,w) and 1, (k,w) are of the form

HY

—zwml(k LU) = Q{M10> (k w) <5 +—+ ﬂ - ﬁ/ + Oéijkik’]) : Tﬁl(l;:, w)

— (8 + ol hik; )b (F, w }
2 , L -
—Zu}m2(k5 w) = g{Mgo, , W <(5+ V ﬁ — 6 +aijkikj> . m2(k},W)
0

— (8 + oykik;)ia (k,w) 3,
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my
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H" < H,

3

Y < H,

Figure 1.5.1.  Numerical results for the equilibrium states of an antiferromagnet (1).
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f—-p'<0

m mo

n n
HO(B) — HO(E) < [{2 Hée) > H2
H(‘f)
Hy =myV25(6— '), Hy=20my, cosh= HL
2
H(ge).n
(
Hoe),n A
m
A 1 my

H" < H,
H" > H,

Figure 1.5.2. Computational results for the equilibrium states of an antiferromagnet (2).
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Xzz Xzy 0
Xk,w) = Xye Xgw O |5 (1.5.8)
0 0 0

where

1 (9. —gHYY 9 (Q_ + gHP
szxyy:_x()(+<+ i), 9 D\

2 Qi —w? 0% — w2
e) e)
Xzy = —Xyz = WXo ( Qi_ — w(g) + QQ_ — wg s ( )

Oy = gMO\/%(Oéij — ay)kik; + (Hy [ M)? £ gHoe),

in which yo = 6%
Proceeding in an analogous fashion, we can determine the high-frequency magnetic
susceptibility tensor of an antiferromagnet when the magnetic field Hél) is at right

angles to the anisotropy axis:

Xazz O 0
)Q(k,w) = 0 Xyy Xyz | (1.5.10)
0 Xoy Xa=
where
0 o
Xzz = Xom y o Xyy = XOW )
AN Zy 'Q2 — WP (1.5.11)

Ql == gMo\/Q(;(Oéij - Oéij/)k?ikj + (Hl/M0)2 + (H(()e)/./\/lo)2,

Qg = gMo\/Q(F(ozij — Oéij/)k}ikj + (Hl/M0)2.

It is assumed that Hoe) < Hy and Hy = 20 M, (the z-axis lies along the anisotropy
axis and the z-axis lies along H\%).

Consider now an antiferromagnet with magnetic anisotropy of the “easy plane”
type. If the field H\” is perpendicular to the anisotropy axis and H\? < Ha, the
high-frequency magnetic susceptibility tensor is given by

Xazz O 0
X(kw)=1 0 xy X | (1.5.12)
0 Xazy Xz
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where
Xzz = )(079/22 Xyy = )607(91%6))2
Tz 9/22 — 2 vy 9/12 — 2
=T Xogm 2 A 2y Oz — w2 (1.5.13)

) = gMo\/20(as; — i )iy + (HY) /Mo)?,

Q’2 = gMO\/25(aij - aij’)kikj + (Hl/MO)2

(the z-axis lies along the anisotropy axis and the z-axis lies along the magnetic field
H.
If the magnetic field Hée) is parallel to the anisotropy axis, then

Xez Xay O
XEw) =1 Xy Xoy O | (1.5.14)
0 0 Xe
where
(9Hy")’ %

Xzz = X0 s Xyy = X0 5
Q- w? Q- w?

Q052 gHY”
2z = S22 2= Xy = WXomnz 3
Xoz = Xogua— 7> X Xzy Xoqrz — 2 (1.5.15)

Q= gMoy/28(as; — iy kik; + (Hi/My)? + (HS [ Mo)?,

Here the z-axis lies along the anisotropy axis and the z-axis lies in the plane of the
magnetic moments of the sublattices.

2. The spin-wave spectrum in antiferromagnets

If we know the high-frequency magnetic susceptibility tensor of an antiferro-
magnet, we can readily find its spin-wave spectrum. To do this we must use the
general dispersion relation (1.4.42) which determines the spin-wave spectrum in the
magnetostatic approximation of both ferromagnets and antiferromagnets,

However, in the case of an antiferromagnet, this equation needs not be solved since
the components of the tensor Xij(E, w) for an antiferromagnet are proportional to a
small parameter x, and therefore to within terms of the order of gMgyo, the spin-
wave frequencies must coincide with the poles of the tensor )Z(E, w). Hence it follows,
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for example, that in the case of antiferromagnets with magnetic anisotropy of the
“easy axis” type, the spin-wave frequencies are given by

ws1 =y = gMO\/%(Oézj — o )kik; + (Hy/Mo)? + gH{?,

K © (1.5.17)
wea = Q- = Mo /26 — afy)kik; + (Hi1/Mo)? — gHy”,
if the field Hoe) is parallel to the anisotropy axis and Hée) < Hy, and by
w1 = O = oMoy 20(0is — ol iy & (/Mo + (Mo

wgp =y = gMO\/25(Oéij — o) kik; + (Hy/Mo)?,
if the field H(ge) is perpendicular to the anisotropy axis.
In the case of antiferromagnets with magnetic anisotropy of the “easy plane” type,
the spin-wave frequencies are given by

ws1 = Y = gMoy/20(ay; — aly)kik + (Hy /Mo)? + (H /M),

(1.5.19)
wWeo = Qg = gMo\/Qg(O(Z] — O(;])klk](l — (Hl/M(])Z),

if the magnetic field Hée) is parallel to the anisotropy axis, and by

weg1 = Qll = gMo\/Q(S(OZZ] — Oé;j)k?ikj + (HOE)/MO)%

Wwgo = Ql2 = gMO\/Q(S(OZZ] — Oé;j)k?ikj + (Hl/MO)Z

if the magnetic field Hée) is perpendicular to the anisotropy axis.

1.5.3 Electromagnetic Waves in Magnetically
Ordered Crystals

1. Dispersion relation for electromagnetic waves
First of all we discuss the dispersion relation for electromagnetic waves. Assume
that the magnetic moments have magnetostatic oscillations. This leads to

— — —

m(k,w) = Y(k,w) - h(k,w), (1.5.20)

where 1 (k,w) and h(k,w) are the amplitudes of the oscillating components of the
magnetization and the the magnetic field, and )Q(IZ, w) is the high-frequency magnetic
susceptibility tensor of a ferromagnet or an antiferromagnets.

Maxwell’s equations for plane waves with allowance for (1.5.20) are of the form

kel = <b, [k h] = —%d, (1.5.21)

Cc
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where b = /lﬁ and d = ée are the amplitudes of the oscillating components of the
magnetic and electric induction, /l(lg, w)=1 +47r)2(l_5, w) is the magnetic permeability
tensor and € is the permittivity tensor. We shall assume for simplicity that €;; = €d;;
and that e is independent of k and w. Equating the determinant of (1.5.21) to zero,
we obtain the dispersion relation connecting the frequency and the wave vectors of
the electromagnetic waves in magnetically ordered crystals

D(k,w) = A(k,w)n* + B(k,w)n® + C(k,w), (1.5.22)

where n = ck/w+/e is the refractive index,

o 41 .
A(k,UJ) =1 + ﬁkiijij(k‘,w),
B(k,W) = 12 — 5ij Aij(k,W), (1523)

C(Fw) = ety (F,w),

and A;;(k,w) are the minors of the determinant |p;;(k,w)|. This dispersion relation
will in general define not one but several frequencies for a given wave vector k. For
a ferromagnet there are three such frequencies, whereas for an antiferromagnet there
are four. Different frequencies corresponding to the same k define different branches
of the oscillations. In fact, dividing (1.5.22) by n?, and allowing n to tend to infinity,
we obtain

Ak, w) =0, (1.5.24)
which is the same as the dispersion relation
4 -
1+ k—fkiijz-j(k, W) (1.5.25)

for the spin waves.
Since the spin wave frequency wg(k) is of the order of g My, it may be said that

—

spin waves correspond to wave vector k satisfying the inequality

gMy

Cc

k>

(1.5.26)

or in terms of wave length

\ c
< My

When k£ > QMTO, in addition to the spin wave there are also two proper electromagnetic

waves characterized by the dispersion relation

ck
e
Our problem now is to determine the properties of the branches of electromagnetic

oscillations for k < ¢4

[

w= (1.5.27)

LANDAU-LIFSHITZ EQUATIONS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/6658.html



SPIN WAVES AND EQUATIONS OF FERROMAGNETIC SPIN CHAIN 31

Since ﬁ > g/\c/lo, it follows that in this region of wave vectors ak < 1 and, conse-

quently, the spatial dispersion of the high-frequency magnetic susceptibility tensor is
unimportant. This means that the coefficients A, B and C' in the dispersion relation
(1.5.22) will depend only on the frequency in the direction of the wave vector when
k< g/\c/lo, but not on its magnitude.

Under these conditions the dispersion relation can conveniently be looked upon
as the equation for n or, what amounts to the same thing, as an equation for the
modulus of the wave vector k for given frequency and directions of propagation.

The solution of this equation is of the form

n?, = (1.5.28)

)

- <@>2 _ —B(k,w) £ \/B2(I€, w) — 4A(k,w)C(k,w)
wy/€ 2A(K,w) ’

Ed el

where kK =
Real refractive indices n; correspond to waves propagating with phase velocity

c
vi(R,w) = W, (1.5.29)
which is a function of k and w.

2. Interaction between proper electromagnetic waves and spin waves
Further study of the branches of electromagnetic oscillations for k < QMTO requires
detailed knowledge of the high-frequency magnetic susceptibility tensor. Here we
shall confine our attention to a uniaxial ferromagnet and will assume that the external
magnetic field lies along the anisotropy axis. The tensor /l(E, w) is then of the form

pooap 0
A=< —ig pu 0y, (1.5.30)
0 0 1
where Sra Mo
TG/ Modig
=14 2270
lu(w) + QO o wQ 9
47rg./\/low
pw) =1+ R (1.5.31)
Hy”
Qy = gM +— 1
0 = g/Mbo (5 M, )
and the z-axis lies along the anisotropy axis.
Using the unit vectors
L:[TJ,AZ[J@JRKA:ﬁ (1.5.32)
|7, ]| |k, (73, k]| k
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where 77 is a unit vector along the anisotropy axis, we can write the vectors b, h and
€ in the form

= b1ji + b2f27
= hyJy + hos + hyJs, (1.5.33)
g = 6117_11 + 62172-

S ST

Eliminating the vector € from (1.5.21) we obtain

RN we -
k(k-h) —k*h = —C—Qb, (1.5.34)
and hence
bl = n2h1, b2 = n2h2. (1535)
Since b = /lﬁ, it follows that
a2 peos? Oy, + (u? — p'?) sin® 6 b 1 cos 0y, 0
psin? 0y, + cos? 0, b sin? 0y, + cos? 0y, ’

(1.5.36)

/
1 cos Oy 9 I
) by +{n° — — by =0,
psin® @), + cos® 0, ! { psin? 6y, + cos® 6, } 2

where 6, is the angle between the wave vector k and the anisotropy axis.
If we eliminate the amplitudes b; and b, from these equations, we obtain the
following values for the refractive index

2

1
ni, = =(usin® Oy + cos® Op) " u(1 + cos® ) + (u* — p'*) sin® 4,

2 = 2(
+ \/ ) sin® 0y, + 4" cos® 0. }. (1.5.37)

These formulae are a special case of (1.4.79) for a uniaxial crystal. The value of b,
and by for waves with refractive index n; are related by

o
ﬁ = 1Py, (1538)
bs
where . Yy
ns cos® 0, — pu(l —n2sin“ 6
p, = 1008”0 = 1 = g sin” ) (1.5.39)
1 cos Oy
We note that
and consequently
o (1.5.41)
— = =1p 1.5.41
bgn b(2 1
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It follows from (1.5.36) that

hgj) ' hgj) p' sin O + (p — 1) sin 0y, cos Oy)
— =i, —= =
hé]) Pi> hé]) 1 sin® 0, + cos? 0y, ’

where as before the subscript j represents waves with refractive index n;.

Let us now return to the expressions given by (1.5.37) for the refractive indices
and find the values of w for which the wave vector is zero. Since the right-hand sides
of (1.5.37) have finite limits, which are equal to p(0) and

1(0)

1.5.42
cos? O + p(0) sin® 6’ ( )
it follows that k will be zero together with w, and when w < gM,,
e (0 e (0 1
kl = w Iu( ), kg = w Iu( ) ) (1543)
¢ ¢ \/0052 O + 1(0) sin® 0y,

Moreover, the wave vector will vanish for a certain value of w of the order of g M,
and, in particular, for

w=wy= g(H(gi) + 47t Mo + BM,). (1.5.44)

3. Properties of the branches of electromagnetic oscillations in ferromagnets

The above results can be used to obtain a schematic representation of the
properties of the branches of electromagnetic oscillations in uniaxial ferromagnets.
In Figure 1.5.3 spin waves correspond to the broken curve w = wS(E), whilst the
proper electromagnetic waves correspond to the broken curve w = ck//e. This curve
tends asymptotically to a part of branch I for & > gM,/c, and the straight line is the
common asymptote of branches II and III (also for k > gM,/c). It is readily shown
that the deviation of these curves from the straight line w = ck/+/e for k > gM,/c

is given by

k 2
WIT,IIT = % <1 + Wi;wo\ﬁcos 9kz>- (1.5.45)

Consider now the polarization properties of the above branches of electromagnetic
oscillations. It is readily shown that as £ — 0, the induction vector b lies along the
vector J; for oscillations in branch I, and along the vector .J; for oscillations in branch
IT. Branch III is characterized by elliptical polarization for £ — 0, and

o

bt cosfy,

For large k > gM,/, branches II and II have circular polarizations.

For large k the magnetic field for branches IT and III is transverse and for branch I
longitudinal. For small &k, on the other hand, there are both transverse and longitu-
dinal magnetic field components, and both are of the same order of magnitude.
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Figure 1.5.3. Electromagnetic oscillating bifurcation property of a uni-azial ferromagnet.

1.6 Bibliography Comments

In this chapter, we give the physics backgrounds and the derivations for the Landau—
Lifshitz equations. There are two different approaches to derive Landau—Lifshitz equa-
tions. One is to consider the macroscopic motion of the ferromagnets and evaluate
the total energy, then derive Landau-Lifshitz equations from the Hamiltonian (see
the original paper by Landau and Lifshitz [102], [140]). The other is to begin with the
microscopic aspects. Applying the quantum-mechanical spin theory, one can make
out the Hamiltonian for the Heisenberg chain, and then get the Landau-Lifshitz
equations and at the same time the equations of ferromagnets. For the ferromagnetic
equations for multi-media and the propagations and interactions of spin waves in
ferromagnets, we refer to the book “Spin waves” by Akhiezer et al. [3] and references
therein.
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