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CHAPTER I

ELLIPTIC COMPLEX EQUATIONS

OF FIRST ORDER

In this chapter, we mainly discuss the discontinuous Riemann-Hilbert
boundary value problem for some degenerate elliptic systems of first or-
der equations. Firstly we reduce the above systems to a class of complex
equations with singular coefficients, give the representations and a priori es-
timates of solutions of the boundary value problem for the class of degener-
ate elliptic complex equations, and then prove the existence and uniqueness
of solutions for the boundary value problem.

1 The Discontinuous Riemann-Hilbert Problem for

Nonlinear Uniformly Elliptic Complex Equations

of First Order

First of all, we reduce general uniformly elliptic systems of first order equa-
tions with certain conditions to the complex equations, and then give es-
timates of solutions of the discontinuous Riemann-Hilbert problem for the
complex equations, finally we verify the solvability of the boundary value
problem.

1.1 Reduction of general uniformly elliptic systems

of first order equations to standard complex form

LetD be a bounded simply connected domain in R
2 with the boundary ∂D.

Without loss of generality we can assume that ∂D is a smooth closed curve,
because the requirement can be realized through a conformal mapping. We
first consider the linear uniformly elliptic system of first order equations

a11ux + a12uy + b11vx + b12vy = a1u+ b1v + c1,

a21ux + a22uy + b21vx + b22vy = a2u+ b2v + c2,
(1.1)

where the coefficients ajk, bjk , aj , bj , cj(j, k=1, 2) are known real bounded
measurable functions of (x, y) ∈ D. The uniform ellipticity condition in D

1
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2 Elliptic, Hyperbolic and Mixed Complex Equations

is as follows

J = 4K1K4 − (K2 +K3)
2

= 4K5K6 − (K2 −K3)
2 ≥ J0 > 0, K1 > 0 in D,

(1.2)
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From J > 0 it follows that

K1K6 > 0, or K1K6 < 0, i.e. K1 > 0, K6 6= 0.

We can assume that K6 > 0. Hence from the elliptic system (1.1), we can
solve vx, vy and obtain the system of equations

vy = aux + buy + a0u+ b0v + f0,

−vx = dux +cuy +c0u+d0v +g0,
(1.3)

where a = K1/K6, b = K3/K6, c = K4/K6, d = K2/K6, and the uniform
ellipticity condition (1.2) is transformed into the condition

∆ =
J

4K2
6

= ac− 1

4
(b+ d)2 ≥ ∆0 > 0, a > 0, (1.4)

here ∆0 is a positive constant and a, b, c, d are bounded for almost every
point in D. Noting that

z=x+iy, w=u+iv, wz =
1

2
(wx−iwy), wz̄ =

1

2
(wx+iwy),

ux =
1

2
(wz + wz̄ + wz̄ + wz), uy =

i

2
(wz − wz̄ − wz̄ + wz),

vx =
i

2
(−wz + wz̄ − wz̄+wz), vy =

1

2
(wz + wz̄ − wz̄−wz),

the system (1.3) can be written in the complex form

wz̄ = Q1(z)wz +Q2(z)wz̄ +A1(z)w +A2(z)w +A3(z), (1.5)
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Chapter I Elliptic Complex Equations of First Order 3

where

Q1(z) =
−2q2

|q1 +1|2−|q2|2
, Q2(z)=

|q2|2−(q1−1)(q1 +1)

|q1 + 1|2 − |q2|2
,

q1(z) =
1

2
[a+ c+ i(d− b)], q2(z) =

1

2
[a− c+ i(d+ b)].

On the basis of

|q1 + 1|2 − |q2|2 =
1

4
[(2 + a+ c)2 + (d− b)2]

−1

4
[(a−c)2+(d+b)2]=1+a+c+

(

d−b
2

)2

+∆≥1+∆,

the uniform ellipticity condition (1.4) can be written in the complex form

|Q1(z)| + |Q2(z)| ≤ q0 < 1, (1.6)

in which q0 is a non-negative constant. If the coefficients ajk, bjk ∈
W 1

p (D), p > 2, j, k = 1, 2, then the following function η(z) can be ex-
tended in DR = {|z| ≤ R} (⊃ D, 0 < R < ∞), such that η(z) ∈ W 1

p (DR),
thus the Beltrami equation

ζz̄ − η(z)ζz = 0,

η(z)=
2Q1(z)

1+|Q1|2−|Q2|2+
√

(1+|Q1|2−|Q2(z)|2)2−4|Q1|2
(1.7)

has a homeomorphic solution ζ(z) (∈ W 2
p0

(DR)), and its inverse function
z(ζ) ∈ W 2

p0
(GR), herein GR = ζ(DR) and p0 (2 < p0 ≤ p) is a positive

constant. Setting w = w[z(ζ)], the complex equation (1.5) is reduced to
the complex equation

wζ̄ = Q(ζ)w̄ζ̄ +B1(ζ)w +B2(ζ)w̄ +B3(ζ), (1.8)

in which

Q(ζ) =
Q2[z(ζ)]

1 − η[z(ζ)]Q1[z(ζ)]
,

B1(ζ)={A1[z(ζ)]+A2[z(ζ)]Q(ζ)η[z(ζ)]}z̄ζ̄ ,

B2(ζ)={A2[z(ζ)]+A1[z(ζ)]Q(ζ)η[z(ζ)]}z̄ζ̄ ,

B3(ζ)={A3[z(ζ)]+A3[z(ζ)]Q(ζ)η[z(ζ)]}z̄ζ̄ .

Setting W (ζ) = w(ζ)−Q(ζ)w(ζ), the complex equation (1.8) can be trans-
formed into the complex equation

Wζ̄ = C1(ζ)W + C2(ζ)W + C3(ζ), (1.9)
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in which

C1(ζ)=
B1+(B2−Qζ̄)Q

1−|Q|2 , C2(ζ)=
B1Q+B2−Qζ̄

1 − |Q|2 , C3(ζ) = B3,

(see [86]9), [87]1)). This is a standard complex form of the uniformly ellip-
tic system (1.1), which is called the nonhomogeneous generalized Cauchy-
Riemann system, and the solution of homogeneous generalized Cauchy-
Riemann system in D is called the pseudoanalytic function (see [9]1)) or
the generalized analytic function (see [81]1)).

For the nonlinear uniformly elliptic system of first order equations

Fj(x, y, u, v, ux, vx, uy, vy) = 0 in D, j = 1, 2, (1.10)

under certain conditions, we can transform the system into the complex
form

wz̄ =F (z, w, wz), F =Q1wz +Q2wz̄+A1w+A2w̄+A3, z∈D, (1.11)

where Qj = Qj(z, w, wz), j = 1, 2, Aj = Aj(z, w), j = 1, 2, 3 (see [86]9),
[87]1)). We assume that equation (1.11) satisfy the following conditions.

Condition C :

1) Qj(z, w, U) (j = 1, 2), Aj(z, w) (j = 1, 2, 3) are measurable in z ∈ D
for all continuous functions w(z) inD∗ = D̄\Z and all measurable functions
U(z) ∈ Lp0

(D∗), and satisfy

Lp[Aj , D] ≤ k0, j = 1, 2, Lp[A3, D] ≤ k1, (1.12)

where Z = {z1, ..., zm}, z1, ..., zm are different points on the boundary ∂D
arranged according to the positive direction successively, U(z) ∈ Lp0

(D∗)

means U(z) ∈ Lp0
(D̃∗), D̃∗ is any closed subset in D∗, and p0, p (2 < p0 ≤

p), k0, k1 are non-negative constants.

2) The above functions are continuous in w ∈ C for almost every point
z∈D,U ∈C, and Qj =0 (j=1, 2), Aj =0 (j = 1, 2, 3) for z 6∈D.

3) The complex equation (1.11) satisfies the uniform ellipticity condition

|F (z, w, U1) − F (z, w, U2)| ≤ q0|U1 − U2|, (1.13)

for almost every point z ∈ D, in which w,U1, U2 ∈ C and q0 (< 1) is a
non-negative constant.
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1.2 Representation of solutions of discontinuous

Riemann-Hilbert problem for elliptic complex

equations

Let D be a bounded domain in C with the smooth boundary ∂D = Γ.
Now we formulate the discontinuous Riemann-Hilbert problem for equation
(1.11).

Problem A The discontinuous Riemann-Hilbert boundary value prob-
lem for (1.11) is to find a continuous solution w(z) in D∗ satisfying the
boundary condition:

Re[λ(z)w(z)] = r(z), z ∈ Γ∗=∂D\Z, (1.14)

where λ(z), r(z) satisfy the conditions

Cα[λ(z),Γj ]=sup
Γj

|λ(z)|+ sup
z1 6=z2

|λ(z1)−λ(z2)|
|z1−z2|α

≤k0

Cα[Rj(z)r(z),Γj ] ≤ k2, j = 1, ...,m,

(1.15)

in which λ(z) = a(z) + ib(z), |λ(z)| = 1 on ∂D, and Z = {z1, ..., zm} are
the first kind of discontinuous points of λ(z) on ∂D, Γj is an arc from the
point zj−1 to zj on ∂D, and does not include the end points zj−1, zj (j =
1, 2, ...,m), herein z0 = zm, Rj(z) = |z − zj−1|βj−1 |z − zj |βj , α (1/2 <
α ≤ 1), k0, k2, β = min(α, 1 − 2/p0), βj(0 < βj < 1), γj are non-negative
constants and satisfy the conditions

βj + γj < β, j = 1, ...,m, (1.16)

where γj(j = 1, ...,m) are as stated in (1.17) below. Problem A with
A3(z) = 0 in D, r(z) = 0 on Γ∗ is called Problem A0.

Denote by λ(zj − 0) and λ(zj + 0) the left limit and right limit of λ(z)
as z → zj (j = 1, 2, ...,m) on ∂D, and

eiφj =
λ(zj−0)

λ(zj +0)
, γj =

1

πi
ln
λ(zj−0)

λ(zj +0)
=
φj

π
−Kj,

Kj =

[

φj

π

]

+ Jj , Jj = 0 or 1, j = 1, ...,m,

(1.17)

in which 0 ≤ γj < 1 when Jj = 0, and −1 < γj < 0 when Jj = 1, j =
1, ...,m. The index K of Problems A and A0 is defined as follows:

K =
1

2
(K1 + · · · +Km) =

m
∑

j=1

[

φj

2π
− γj

2

]

. (1.18)
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6 Elliptic, Hyperbolic and Mixed Complex Equations

If λ(x) on Γ is continuous, then K = ∆Γ argλ(x)/2π is a unique integer.
Now the function λ(x) on Γ is not continuous, we can choose Jj = 0 or 1,
hence the index K is not unique. If we choose K = −1/2, then the solution
of Problem A is unique.

In order to prove the solvability of Problem A for the complex equation
(1.11), we need to give a representation theorem for Problem A.

Theorem 1.1 Suppose that the complex equation (1.11) satisfies Con-

dition C, and w(z) is a solution of Problem A for (1.11). Then w(z) is

representable by

w(z) = Φ[ζ(z)]eφ(z) + ψ(z), (1.19)

where ζ(z) is a homeomorphism in D̄, which quasiconformally maps D onto

the unit disk G = {|ζ| < 1} with boundary L = {|ζ| = 1}, such that three

points on Γ are mapped onto three points on L respectively, Φ(ζ) is an

analytic function in G, ψ(z), φ(z), ζ(z) and its inverse function z(ζ) satisfy

the estimates

Cβ [ψ, D̄]≤k3, Cβ [φ, D̄]≤k3, Cβ [ζ(z), D̄]≤k3, Cβ [z(ζ), Ḡ]≤k3, (1.20)

Lp0
[|ψz̄| + |ψz|, D̄] ≤ k3, Lp0

[|φz̄ | + |φz|, D̄] ≤ k3, (1.21)

Cβ [z(ζ), Ḡ] ≤ k3, Lp0
[|χz̄ | + |χz |, D̄] ≤ k4, (1.22)

in which χ(z) is as stated in (1.27) below, β = min(α, 1−2/p0), p0 (2 < p0 ≤
p), kj = kj(q0, p0, β, k0, k1, D) (j = 3, 4) are non-negative constants depen-

dent on q0, p0, β, k0, k1, D. Moreover, if the coefficients Qj(z) = 0 (j = 1, 2)
of the complex equation (1.11) in D, then the representation (1.19) becomes

the form

w(z) = Φ(z)eφ(z) + ψ(z), (1.23)

and when K < 0, Φ(z) satisfies the estimate

Cδ [X(z)Φ(z), D̄] ≤M1 = M1(p0, δ, k,D) <∞, (1.24)

in which

X(z)=
m
∏

j=1

|z − zj |ηj , ηj =

{

|γj | + τ, γj < 0, βj ≤ |γj |,
|βj | + τ, for other case,

(1.25)

here γj (j = 1, ...,m) are real constants as stated in (1.17) and τ, δ (0 < δ <
min(β, τ)) are sufficiently small positive constants, k = (k0, k1, k2), and M1

is a non-negative constant dependent on p0, δ, k,D.
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Chapter I Elliptic Complex Equations of First Order 7

Proof We substitute the solution w(z) of Problem A into the coefficients
of equation (1.11) and consider the following system

ψz̄ =Qψz+A1ψ+A2ψ̄+A3, Q=







Q1+Q2
wz

wz
for wz 6=0,

0 for wz = 0 or z 6∈ D,

φz̄ =Qφz+A, A=











A1+A2
w−ψ
w−ψ for w(z)−ψ(z) 6=0,

0 for w(z)−ψ(z)=0 or z 6∈D,

Wz̄ = QWz , W (z) = Φ[ζ(z)].

(1.26)

By using the continuity method and the principle of contracting mapping,
we can find the solution

ψ(z) = Tf = − 1

π

∫ ∫

D

f(ζ)

ζ − z
dσζ ,

φ(z) = Tg, ζ(z) = Ψ[χ(z)], χ(z) = z + Th

(1.27)

of (1.26), where f(z), g(z), h(z) ∈ Lp0
(D), 2 < p0 ≤ p, χ(z) is a homeomor-

phism in D̄, Ψ(χ) is a univalent analytic function, which conformally maps
E = χ(D) onto the unit disk G (see [81]1)), and Φ(ζ) is an analytic func-
tion in G. We can verify that ψ(z), φ(z), ζ(z) satisfy the estimates (1.20)
and (1.21). It remains to prove that z = z(ζ) satisfies the estimate (1.22).
In fact, we can find a homeomorphic solution of the last equation in (1.26)
in the form χ(z) = z + Th such that [χ(z)]z, [χ(z)]z̄ ∈ Lp0

(D̄) (see [87]1)).
Next, we find a univalent analytic function ζ = Ψ(χ), which maps χ(D)
onto G, hence ζ = ζ(z) = Ψ[χ(z)]. By the result on conformal mappings,
applying the method of Lemma 2.1, Chapter II in [87]1), we can prove that
(1.22) is true. When Qj(z) = 0 in D, j = 1, 2, then we can choose χ(z) = z
in (1.27), in this case Φ[ζ(z)] can be replaced by the analytic function Φ(z),
herein Ψ(z), ζ(z) are as stated in (1.27), it is clear that the representation
(1.19) becomes the form (1.23). Thus the analytic function Φ(z) satisfies
the boundary conditions

Re[λ(z)eφ(z)Φ(z)] = r(z) − Re[λ(z)ψ(z)], z ∈ Γ∗. (1.28)

On the basis of the estimate (1.20), by using the methods in the proof of
Theorems 1.1 and 1.8, Chapter IV in [87]1), we can prove that Φ(z) satisfies
the estimate (1.24).
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8 Elliptic, Hyperbolic and Mixed Complex Equations

1.3 Existence of solutions of discontinuous

Riemann-Hilbert problem for nonlinear

complex equations in upper half-unit disk

We first consider a special domain, i.e. D is an upper half-unit disk with the
boundary Γ′=Γ∪γ, where Γ={|z|=1, Imz>0} and γ={−1<x<1, y=0}.

Theorem 1.2 Under the same conditions as in Theorem 1.1 for the above

domain D, the following statements hold.

(1) If the index K ≥ 0, then Problem A for (1.11) is solvable, and the

general solution includes 2K + 1 arbitrary real constants.

(2) If K < 0, then Problem A has −2K − 1 solvability conditions.

Proof Let us introduce a closed, convex and bounded subset B1 in the
Banach space B = Lp0

(D̄) × Lp0
(D̄) × Lp0

(D̄) (2 < p0 ≤ p), whose el-
ements are systems of functions q = [Q(z), f(z), g(z)] with the norm
|| q || = Lp0

(Q, D̄) +Lp0
(f, D̄) + Lp0

(g, D̄), which satisfy the conditions

|Q(z)| ≤ q0<1 (z∈D), Lp0
[f(z), D̄] ≤ k3, Lp0

[g(z), D̄] ≤ k3, (1.29)

where q0, k3 are non-negative constants as stated in (1.13) and (1.21). More-
over introduce a closed and bounded subset B2 in B, the elements of which
are systems of functions ω = [f(z), g(z), h(z)] satisfying the condition

Lp0
[f(z), D̄] ≤ k4, Lp0

[g(z), D̄] ≤ k4, |h(z)| ≤ q0|1 + Πh|, (1.30)

where Πh = − 1
π

∫∫

D
[h(ζ)/(ζ − z)2]dσζ .

We arbitrarily select q = [Q(z), f(z), g(z)] ∈ B1, and using the principle
of contracting mapping, a unique solution h(z) ∈ Lp0

(D̄) of the integral
equation

h(z) = Q(z)[1 + Πh] (1.31)

can be found, which satisfies the third inequality in (1.30). Moreover,
χ(z) = z + Th is a homeomorphism in D̄. Now, we find a univalent an-
alytic function ζ = Ψ(χ), which maps χ(D) onto the unit disk G as stated
in Theorem 1.1. Moreover, we find an analytic function Φ(ζ) in G satisfying
the boundary condition in the form

Re[Λ(ζ)Φ(ζ)] = R(ζ), ζ ∈ L∗ = ζ(Γ∗), (1.32)

in which ζ(z) = Ψ[χ(z)], z(ζ) is its inverse function, ψ(z) = Tf, φ(z) =
Tg, Λ(ζ) = λ[z(ζ)] exp[φ(z(ζ))], R(ζ) = r[z(ζ)]−Re[λ(z(ζ))ψ(z(ζ))], where
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Λ(ζ), R(ζ) on L∗ satisfy the conditions similar to those of λ(z), r(z) in
(1.15) and the index of Λ(ζ) on L∗ is K. In the following, we first consider
the case K ≥ 0. By using Theorem 1.1, we can find the analytic func-
tion Φ(ζ) in the form (1.73), Chapter I, [87]1), here 2K + 1 arbitrary real
constants can be chosen. Thus the function w(z) = Φ[ζ(z)]eφ(z) + ψ(z) is
determined. Afterwards, we find out the solution [f ∗(z), g∗(z), h∗(z), Q∗(z)]
of the system of integral equations

f∗(z) = F (z, w,Πf∗)−F (z, w, 0)+A1(z, w)Tf∗ +A2(z, w)Tf∗ +A3(z, w),
(1.33)

Wg∗(z) = F (z, w,WΠg∗ +Πf∗)−F (z, w,Πf∗)+A1(z, w)W +A2(z, w)W,
(1.34)

S′(χ)h∗(z)eφ(z) = F [z, w, S′(χ)(1 + Πh∗)eφ(z) +WΠg∗ + Πf∗]

−F (z, w,WΠg∗ + Πf∗),
(1.35)

Q∗(z) = h∗(z)/[1 + Πh∗], S′(χ) = [Φ(Ψ(χ))]χ, (1.36)

and denote by q∗ = E(q) the mapping from q = (Q, f, g) to q∗ =
(Q∗, f∗, g∗). According to Lemma 5.5, Chapter III, [87]1), we can prove that
q∗ = E(q) continuously maps B1 onto a compact subset in B1. By means of
the Schauder fixed-point theorem, there exists a system q = (Q, f, g) ∈ B1,
such that q = E(q). Applying the above method, from q = (Q, f, g), we can
construct a function w(z) = Φ[ζ(z)]eφ(z) + ψ(z), which is just a solution
of Problem A for (1.11). As for the case K < 0, it can be similarly dis-
cussed, but we first permit that the function Φ(ζ) satisfying the boundary
condition (1.32) has a pole of order |[K + 1]| at ζ = 0, if −2K is an even
integer, then we need to add a point condition: Im[λ(z′0)w(z′0)] = b0, z

′
0

is a fixed point on Γ\Z, b0 is a real constant, and then find the solution
of the nonlinear complex equation (1.11) in this case. From the represen-
tation w(z) = Φ[ζ(z)]eφ(z) + ψ(z), we can derive the −2K − 1 solvability
conditions of Problem A for (1.11).

Besides, we can discuss the solvability of the discontinuous Riemann-
Hilbert boundary value problem for the complex equation (1.11) in the
upper half-plane and the zone domain. For some problems in nonlinear
mechanics as stated in [61]2),[91], it can be solved by the results in Theorem
1.2.

1.4 The discontinuous Riemann-Hilbert problem for

nonlinear complex equations in general domains

In this subsection, let D′ be a general simply connected domain with the
boundary Γ′ = Γ′

1∪Γ′
2, herein Γ′

1,Γ
′
2 ∈ C1

µ (0 < µ < 1) and their intersection



ELLIPTIC, HYPERBOLIC AND MIXED COMPLEX EQUATIONS WITH PARABOLIC DEGENERACY - Including Tricomi-Bers 
and Tricomi-Frankl-Rassias Problems
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6675.html
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points z′, z′′ with the inner angles α1π, α2π (0 < α1, α2 < 1) respectively.
We discuss the nonlinear uniformly elliptic complex equation

wz̄ =F (z, w, wz), F =Q1wz+Q2wz̄+A1w+A2w̄+A3, z∈D′, (1.37)

in which F (z, w, U) satisfies Condition C in D′. There exist m point Z =
{z1 = z′, ..., zn = z′′, ..., zm = z0} on Γ′ arranged according to the positive
direction successively. Denote by Γj the curve on Γ′ from zj−1 to zj (j =
1, 2, ...,m), and Γj does not include the end points zj−1 (j = 1, ...,m).

Problem A′ The discontinuous Riemann-Hilbert boundary value prob-
lem for (1.37) is to find a continuous solution w(z) in D∗ = D′\Z satisfying
the boundary condition:

Re[λ(z)w(z)] = r(z), x ∈ Γ∗ = Γ′\Z,

Im[λ(z′j)w(z′j)] = bj , j=1, ..., 2K+1,
(1.38)

where z′1, ..., z
′
2K+1 (6∈ Z) are distinct points on Γ′ and bj (j = 1, ..., 2K+1)

are real constants, and λ(z), r(z), bj (j = 1, ..., 2K + 1) are given functions
satisfying

Cα[λ(z),Γj ]≤k0, Cα[Rj(z)r(z),Γj ]≤k2, j=1, ...,m,

|bj | ≤ k2, j = 1, ..., 2K + 1,
(1.39)

in which α (1/2 < α < 1), k0, k2 are non-negative constants, Rj(z) =
|z − zj−1|βj−1 |z − zj |βj , and assume that βj + γj < β = α0 min(α, 1 −
2/p0), γj , βj(j = 1, ...,m) are similar to those in (1.16) and (1.17), α0 =
min(α1, α2), and K(≥ −1/2) is the index of λ(z) on Γ′, which is defined as
in (1.18).

In order to give the uniqueness result of solutions of Problem A′ for
equation (1.37), we need to add one condition: For any complex functions
wj(z) ∈ C(D∗), Uj(z) ∈ Lp0

(D∗) (2 < p0 ≤ p, j = 1, 2), the following
equality holds:

F (z, w1, U1)−F (z, w1, U2)=Q(U1−U2)+A(w1−w2) in D′, (1.40)

in which |Q(z, w1, w2, U1, U2)| ≤ q0, A(z, w1, w2) ∈ Lp0
(D′). Especially, if

(1.37) is a linear equation, then the condition (1.40) obviously holds.

Applying a similar method as stated in the proof of Theorem 1.1, we
can prove the following theorem.
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Theorem 1.3 If the complex equation (1.37) in D′ satisfies Condition C,

then Problem A′ for (1.37) is solvable. If Condition C and the condition

(1.40) hold, then the solution of Problem A′ is unique. Moreover the solu-

tion w(z) can be expressed as (1.19) satisfying the estimates (1.20)− (1.22),
in which β = α0 min(α, 1 − 2/p0). If Qj(z) = 0 (j = 1, 2) in D′ in (1.37),
then the representation (1.19) becomes the form

w(z) = Φ(z)eφ(z) + ψ(z), (1.41)

and w(z) satisfies the estimate

Cδ [X(z)w(z), D′] ≤M2 = M2(p0, δ, k,D
′) <∞, (1.42)

in which

X(z)=

m
∏

j=1,j 6=1,n

|z−zj |ηj |z−z1|η1/α1 |z−zn|ηn/α2 ,

ηj =

{ |γj | + τ, if γj < 0, βj ≤ |γj |,

|βj |+τ, if γj ≥0, and γj<0, βj> |γj |,

(1.43)

here γj(j = 1, ...,m) are real constants as stated in (1.17), τ, δ (0 <
δ < min(β, τ)) are sufficiently small positive constants, and M2 =
M2(p0, δ, k,D

′) is a non-negative constant dependent on p0, δ, k,D
′ (see

[86]33),[92]6)).

2 The Riemann-Hilbert Problem for Linear

Degenerate Elliptic Complex Equations

of First Order

In this section we discuss the Riemann-Hilbert Problem for linear degener-
ate elliptic systems of first order equations in a simply connected domain.
We first give the representation of solutions of the boundary value problem
for the systems, and then prove the uniqueness and existence of solutions
for the problem.

2.1 Formulation of the Riemann-Hilbert problem

for degenerate elliptic complex equations

Let D be a domain in the upper half-plane with the boundary ∂D, which
consists of γ = {−1 < x < 1, y = 0} and a curve Γ(∈ C1

µ, 0 < µ < 1)
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with the end points −1, 1 in the upper half-plane. We consider the linear
degenerate elliptic equation of first order

{

H(y)ux − vy = a1u+ b1v + c1

H(y)vx + uy = a2u+ b2v + c2
in D, (2.1)

where H(y) =
√

K(y), G(y) =
∫ y

0 H(t)dt, G′(y) =H(y), K(y) = ymh(y) is

continuous in D, here m is a positive number and h(y) is a continuously
differentiable positive function in D, and aj , bj , cj (j = 1, 2) are functions of
z (∈D). The following degenerate elliptic system is a special case of system
(2.1) with H(y) = ym/2:

{

ym/2ux − vy = a1u+ b1v + c1

ym/2vx + uy = a2u+ b2v + c2
in D. (2.2)

For convenience, we mainly discuss equation (2.2), and equation (2.1) can
be similarly discussed. From the ellipticity condition in (1.2), namely

J = 4K1K4 − (K2 +K3)
2 = 4H2(y) > 0 in D\γ (2.3)

and J = 0 on γ = {−1 < x < 1, y = 0}, hence system (2.1) or (2.2) is
elliptic system of first order equations in D with the parabolic degenerate
line γ = (−1, 1) on the x-axis. Setting Y = G(y) =

∫ y

0
H(t)dt, Z = x+ iY

in D, if H(y) = ym/2, Y =
∫ y

0 H(t)dt = 2y(m+2)/2/(m+2), then its inverse

function is y = [(m+ 2)Y/2]2/(m+2) = JY 2/(m+2). Denote

w(z) = u+ iv, wz̃ =
1

2
[H(y)wx + iwy]

=
H(y)

2
[wx+iwY ]=H(y)wx−iY =H(y)wZ ,

(2.4)

then the system (2.1) can be written in the complex form

wz̃ = H(y)wZ = A1(z)w +A2(z)w +A3(z) = g(Z) in DZ ,

A1 =
1

4
[a1+ia2−ib1+b2], A2 =

1

4
[a1+ia2+ib1−b2], A3 =

1

2
[c1+ic2],

(2.5)
in which DZ is the image domain of D with respect to the mapping Z =
Z(z) = x+iY = x+iG(y) in D. If the slopes of the Γ at z = ∓1 are satisfied
the conditions −∞ < ∂y/∂x ≤ 0, 0 ≤ ∂y/∂x < ∞ respectively, then
∂Y/∂x = (∂Y/∂y)(∂y/∂x) = H(y)∂y/∂x = 0 at z = ∓1 respectively, i.e.
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the inner angles of ∂DZ are equal to π in DZ at Z = ∓1; if the slopes of the
Γ at z = ∓1 are satisfied the conditions 0 ≤ ∂y/∂x <∞, −∞ < ∂y/∂x ≤ 0
respectively, then ∂Y/∂x = (∂Y/∂y)(∂y/∂x) = H(y)∂y/∂x = 0 at z = ∓1
respectively, i.e. the inner angles of ∂DZ are equal to 0 in DZ at Z = ∓1. If
the boundary ∂D\γ(∈ C1

µ) is a curve with the form x = G(y)/α1 − 1 (α1 6=
±1) and x = 1−G(y)/α2 (α2 6= ±1) near the points z = −1, 1 respectively,
then the inner angles of the boundary ∂DZ in Z−plane at Z = −1, 1 are
equal to tan−1 α1(α1 ≥ 0), π − tan−1(−α1)(α1 ≤ 0) and tan−1(−α2)(α2 ≤
0), π−tan−1 α2(α2 ≥ 0) respectively, especially if α1 = 1, α2 = −1, then the
inner angles are equal to π/4. If Yx = Yyyx = H(y)/xy = ±∞ at Z = ±1,
which include xy = 0 and ±H2(y) at Z = ±1, in this case the inner angles of

the curve Γ̃ = Z(Γ) and γ̃ = Z(γ) in Z = x+iY−plane at Z = ±1 are equal
to π/2. For equations (2.5), we can give a conformal mapping ζ = ζ(Z),
which maps the domain DZ onto Dζ , such that line segment γ = (−1, 1)
and boundary points −1, 1 are mapped onto themselves respectively, and
the boundary ∂Dζ\γ(∈ C1

µ) is a curve with the form Re ζ = G(Imζ) − 1
and Re ζ = 1 −G(Imζ) near the points ζ = −1, 1 respectively. Denote by
Z = Z(ζ) the inverse function of ζ = ζ(Z), thus equation (2.5) is reduced
to

wζ = g[Z(ζ)]Z ′(ζ)/H(y), i.e.

wζ =[A1(z)w+A2(z)w+A3(z)]Z ′(ζ)/H(y) in Dζ .
(2.6)

In this section, there is no harm in assuming that the boundary Γ is a curve
with the form x = G(y) − 1 and x = 1 − G(y) near the points z = −1, 1
respectively.

Suppose that equation (2.5) satisfies the following conditions: Condi-

tion C

The coefficients Aj [z(Z)] (j = 1, 2, 3) in (2.5) satisfy

L∞[Aj(z(Z)), DZ ] ≤ k0, j = 1, 2, L∞[A3(z(Z)), DZ ] ≤ k1, (2.7)

where z(Z) is the inverse function of Z(z), and k0, k1 are non-negative
constants.

Now we formulate the Riemann-Hilbert boundary value problem as fol-
lows:

Problem A Find a solution w(z) of (2.5) in D, which is continuous in
D∗ = D\{−1, 1} and satisfies the boundary conditions

Re[λ(z)w(z)]=r(z) on ∂D∗=∂D\{−1, 1}, Im[λ(z0)w(z0)]=b0, (2.8)
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where λ(z) = a(x) + ib(x) (|λ(z)| = 1), b0 is a real constants, z0 (∈ Γ\
{−1, 1}) is a point, and λ(z) r(z), b0 satisfy the conditions

Cα[λ(z),Γ] ≤ k0, Cα[λ(z), γ] ≤ k0,

Cα[r(z),Γ]≤k2, Cα[r(z),γ]≤k2, |b0|≤k2,
(2.9)

in which α (0 < α < 1), k0, k2 are non-negative constants. In particular, if
λ(z) = a(x) + ib(x) = 1, then Problem A is the Dirichlet boundary value
problem, which will be called Problem D. Denote by λ(zj−0) and λ(zj +0)
the left limit and right limit of λ(z) as z → zj(j = 1, 2) on ∂D∗, and

eiφj =
λ(zj−0)

λ(zj +0)
, γj =

1

πi
ln

[

λ(zj−0)

λ(zj +0)

]

=
φj

π
−Kj,

Kj =

[

φj

π

]

+ Jj , Jj = 0 or 1, j = 1, 2,

(2.10)

in which z1 = −1, z2 = 1, 0 ≤ γj < 1 when Jj = 0, and −1 < γj < 0 when
Jj = 1, 1 ≤ j ≤ 2, and

K =
1

2
(K1 +K2) =

1

2

2
∑

j=1

[
φj

π
− γj ]

is called the index of Problem A. If λ(z) on ∂D is continuous, then K =
∆Γ argλ(z)/2π is a unique integer. If the function λ(z) on ∂D is not con-
tinuous, we can choose Jj = 0 or 1, hence the index K is not unique. We
shall only discuss the case K = 0 later on, and the other cases for instance
K = −1/2, the last point condition in (2.8) should be cancelled, we can
similarly discussed.

2.2 Representations and estimates of solutions

of Riemann-Hilbert problem for elliptic

complex equations

It is clear that the complex equation

wZ = 0 in DZ (2.11)

is a special case of equation (2.5). On the basis of Theorem 1.3, we can
find a unique solution of Problem A for equation (2.11) in DZ .
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Now we consider the function g(Z) ∈ L∞(DZ), and first extend the
function g(Z) to the exterior of DZ in C, i.e. set g(Z)=0 in C\DZ , hence
we can only discuss the domain D0 = {|x|<R0} ∩ {ImY ≥ 0} ⊃ DZ , here
Z = x + iY, R0 is a positive number. In the following we shall verify that
the integral

Ψ(Z)=Tg/H=− 1

π

∫ ∫

D0

g(t)/H(Imt)

t−Z dσt in D0,

L∞[g(Z), D0] ≤ k3,

(2.12)

satisfies the estimate (2.13) below, where H(y) = ym/2, m ia a positive
number. It is clear that the function g(Z)/H(y) belongs to the space
L1(D0) and in general is not belonging to the space Lp(D0) (p > 2,m ≥ 2),
and the integral Ψ(Z0) is definite when ImZ0 > 0. If Z0 ∈ D0 and
ImZ0 = 0, we can define the integral Ψ(Z0) as the limit of the correspond-
ing integral over D0 ∩ {|Ret− ReZ0| ≥ ε} ∩ {|Imt − ImZ0| ≥ ε} as ε → 0,
where ε is a sufficiently small positive number. The Hölder continuity of
the integral will be proved by the following method.

Lemma 2.1 If the function g(Z) in DZ satisfies the condition in (2.12),
and H(y) = ym/2, where m is a positive number, then the integral in (2.12)
satisfies the estimate

Cβ [Ψ(Z), DZ ] ≤M1, (2.13)

where β = 2/(m + 2) − δ, δ is a sufficiently small positive constant, and

M1 = M1(β, k3, H,DZ) is a positive constant.

Proof We first verify the boundedness of the integral in (2.12), as stated
before, if H(y) = ym/2, then H(y) = Jm/2Y m/(m+2). For any two points
Z0 = x0 ∈ γ = (−1, 1) on x−axis and Z1 = x1 + iY1(Y1 > 0) ∈ D0

satisfying the condition 2ImZ1/
√

3 ≤ |Z1 − Z0| ≤ 2ImZ1, this means that
the inner angle at Z0 of the triangle Z0Z1Z2 (Z2 = x0 + iY1 ∈ D0) is
not less than π/6 and not greater than π/3, choose a sufficiently large
positive number q, from the Hölder inequality, we have L1[Ψ(Z), D0] ≤
Lq[g(Z), D0]Lp[1/H(Imt)(t − Z), D0], where p= q/(q−1) (> 1) is close to
1. In fact we can derive as follows

|Ψ(Z0)|≤| 1
π

∫ ∫

D0

g(t)/H(Imt)

t− Z0
dσt|≤

1

Jm/2π
Lq[g(Z), D0]

×[

∫ ∫

D0

| 1

tm/(m+2)(t−Z0)
|pdσt]

1/p =
1

Jm/2π
Lq[g(Z), D0] J

1/p
1 ,

(2.14)

where
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J1 =

∫ ∫

D0

| 1

tm/(m+2)(t−Z0)
|pdσt

≤
∫ ∫

D0

1

|t|pm/(m+2)|Im(t− Z0)|pβ0 |Re(t− Z0)|p(1−β0)
dσt

≤ |
∫ d0

0

1

Y pm/(m+2)|Y − Y0|pβ0

dY

∫ d2

d1

1

|x−x0|p(1−β0)
dx| ≤ k4,

in which d0 = maxZ∈D0
ImZ, d1 = minZ∈D0

ReZ, d2 = maxZ∈D0
ReZ,

β0 = 2/(m+ 2) − ε, ε (< 1/p−m/(m+ 2)) is a sufficiently small positive
constant, we can choose ε = 2(p−1)/p (< 2/(m+2)) such that p(1−β0/2) <
1 and p[m/(m + 2) + β0] < 1, and k4 = k4(β, k3, H,D0) is a non-negative
constant.

Next we estimate the Hölder continuity of the integral Ψ(Z) in D0, i.e.

|Ψ(Z1)−Ψ(Z0)|≤
|Z1−Z0|

π

∣

∣

∣

∣

∫ ∫

D0

g(t)/H(Imt)

(t−Z0)(t−Z1)
dσt

∣

∣

∣

∣

≤ |Z1−Z0|
Jm/2π

Lq[g(Z), D0]

[
∫ ∫

D0

∣

∣

∣

∣

1

tm/(m+2)(t−Z0)(t−Z1)

∣

∣

∣

∣

p

dσt

]1/p

,

(2.15)
and

J2 =

∫ ∫

D0

∣

∣

∣

∣

1

tm/(m+2)(t−Z0)(t−Z1)

∣

∣

∣

∣

p

dσt

≤
∫ ∫

D0

|Re(t−Z0)|p(β0/2−1)|Re(t−Z1)|p(β0/2−1)

|t|pm/(m+2)|Im(t− Z0)|pβ0/2|Im(t− Z1)|pβ0/2
dσt

≤
∫ d0

0

1

Y pm/(m+2)|Im(Y −Z0)|pβ0/2|Im(Y −Z1)|pβ0/2
dY

×
∫ d2

d1

1

|Re(t−Z0)|p(1−β0/2)|Re(t−Z1)|p(1−β0/2)
dRet

≤ k5

∫ d2

d1

1

|x− x0|p(1−β0/2)|x− x1|p(1−β0/2)
dx,

where β0 = 2/(m+ 2) − ε is chosen as before and

k5 = max
Z0,Z1∈D0

∫ d0

0

[Y pm/(m+2)|Im(Y −Z0)|pβ0/2|Im(Y −Z1)|pβ0/2]−1dY.
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Denote ρ0 = |Re(Z1 −Z0)| = |x1 −x0|, L1 = D0 ∩{|x−x0| ≤ 2ρ0, Y = Y0}
and L2 = D0 ∩ {2ρ0 < |x − x0| ≤ 2ρ1 < ∞, Y = Y0} ⊃ [d1, d2]\L1, where
ρ1 is a sufficiently large positive number, we can derive

J2 ≤ k5[

∫

L1

1

|x− x0|p(1−β0/2)|x− x1|p(1−β0/2)
dx

+

∫

L2

1

|x− x0|p(1−β0/2)|x− x1|p(1−β0/2)
dx]

≤ k5[|x1−x0|1−2p+pβ0

∫

|ξ|≤2

1

|ξ|p(1−β0/2)|ξ ± 1|p(1−β0/2)
dξ

+k6|
∫ 2ρ1

2ρ0

ρpβ0−2pdρ|]≤k7|x1−x0|1−p(2−β0) =

= k7|x1 − x0|p(2/(m+2)−ε+1/p−2),

in which we use |x − x0| = ξ|x1 − x0|, |x − x1| = |x − x0 − (x1 − x0)| =
|ξ±1||x1−x0| if x ∈ L1, |x−x0| = ρ ≤ 2|x−x1| if x ∈ L2, choose that p(> 1)
is close to 1 such that 1−p(2−β0) < 0, and kj = kj(β, k3, H,D0) (j = 6, 7)
are non-negative constants. Thus we get

|Ψ(Z1)−Ψ(Z0)|≤k7|Z1−Z0||x1−x0|2/(m+2)−ε+1/p−2≤k8|Z1−Z0|β ,
(2.16)

in which we use that the inner angle at Z0 of the triangle Z0Z1Z2 (Z2 =
x0 + iY1 ∈ D0) is not less than π/6 and not greater than π/3, and choose
ε = 2(p − 1)/p, β = 2/(m + 2) − δ, δ = 3(p − 1)/p, k8 = k8(β, k3, H,D0)
is a non-negative constant. The above points Z0 = x0, Z1 = x1 + iY1 can
be replaced by Z0 = x0 + iY0, Z1 = x1 + iY1 ∈ D0, 0 < Y0 < Y1 and
2(Y1 − Y0)/

√
3 ≤ |Z1 − Z0| ≤ 2(Y1 − Y0).

Finally we consider any two points Z1 = x1 + iY1, Z2 = x2 + iY1 and
x1 < x2, from the above estimates, the following estimate can be derived

|Ψ(Z1) − Ψ(Z2)| ≤ |Ψ(Z1) − Ψ(Z3)| + |Ψ(Z3) − Ψ(Z2)|

≤ k8|Z1−Z3|β + k8|Z3−Z2|β ≤ k9|Z1−Z2|β ,
(2.17)

where Z3 = (x1 + x2)/2 + i[Y1 + (x2 − x1)/(2
√

3)]. If Z1 = x1 + iY1, Z2 =
x1 + iY2, Y1 < Y2, and we choose Z3 = x1 + (Y2 − Y1)/2

√
3 + i(Y2 + Y1)/2,

and can also get (2.17). If Z1 = x1 + iY1, Z2 = x2 + iY2, x1< x2, Y1< Y2,
and we choose Z3 = x2 + iY1, obviously

|Ψ(Z1) − Ψ(Z2)| ≤ |Ψ(Z1) − Ψ(Z3)| + |Ψ(Z3) − Ψ(Z2)|, (2.18)
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and |Ψ(Z1)−Ψ(Z3)|, |Ψ(Z3)−Ψ(Z2)| can be estimated by the above way,
hence we can obtain the estimate of |Ψ(Z1) − Ψ(Z2)|. For other case, the
similar estimate can be also derived. Hence we have the estimate (2.13).

Remark 2.1 If the condition H(y) = ym/2 in Lemma 2.1 is replaced
by H(y) = yη, herein η is a positive constant satisfying the inequality
η < (m + 2)/2, then by the same method we can prove that the integral
Ψ(Z) = T (g/H) satisfies the estimate

Cβ [Ψ(Z), DZ ] ≤M1,

where β = 1−2η/(m+2)−δ, δ is a sufficiently small positive constant, and
M1 = M1(β, k3, H,DZ) is a positive constant. In particular if H(y) = y,
i.e. η = 1, then we can choose β = m/(m+ 2) − δ, δ is a sufficiently small
positive constant.

Now we give two representation theorems of solutions of Problem A for
system (2.2) or equation (2.5).

Theorem 2.2 Suppose that the equation (2.5) satisfies Condition C.

Then any solution of Problem A for (2.5) can be expressed as

w[z(Z)] = [Φ̃(Z) + ψ̃(Z)]eφ̃(Z) in DZ , (2.19)

where ψ̃(Z), φ̃(Z) possess the form

φ̃(Z)=T h̃=− 1

π

∫ ∫

D0

h̃(t)

t− Z
dσt in DZ ,

h̃(Z)=











1

H(y)
{A1[z(Z)]+A2[z(Z)]

w[z(Z)]

w[z(Z)]
} if w[z(Z)] 6=0, Z∈DZ ,

0 if w[z(Z)] = 0, Z ∈ DZ , or Z∈D0\DZ ,

ψ̃(Z)=T f̃=− 1

π

∫ ∫

D0

f̃(t)

t−Zdσt, f̃(Z)=
A3[z(Z)]

H(y)
e−φ̃(Z),

in which D0 is as stated before, φ̃(Z), ψ̃(Z) satisfy the estimate similar to

that in (2.13), Z = x + iY = x + iG(y), and Φ̃(Z) is an analytic function

in DZ satisfying the estimate

Cδ [X(Z)Φ̃(Z), DZ ] ≤M2, (2.20)

where X(Z) = |Z − t1|η1 |Z − t2|η2 , here ηj = max(−4γj , 0) + 8δ, j = 1, 2,
γj (j = 1, 2) are as stated in (2.10), and t1 = −1, t2 = 1, δ is a sufficiently
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small positive constant, k = (k0, k1, k2), and M2 = M2(δ, k,H,DZ) is a

non-negative constant..

Proof On the basis of Lemma 2.1, we see that φ̃(Z), ψ̃(Z) in DZ satisfy
the similar estimate as in (2.13). Next it is easy to derive that

Φ̃Z =[wZ−w(A1+A2w/w)/H−A3/H ]e−φ̃(Z) =0 in DZ ,

namely Φ̃(Z) is an analytic function in DZ , which satisfies the boundary
conditions

Re[λ(z(Z))eφ̃(Z)Φ(Z)]=r[z(Z)]−Re[λ(z(Z))eφ̃(Z)ψ̃(Z)] on ∂D∗
Z ,

Im[λ(z0)e
φ̃(Z0)Φ̃(Z0)] = b0 − Im[λ(z0)e

φ̃(Z0)ψ̃(Z0)],
(2.21)

in which z(Z) is the inverse function of Z(z), Z0 = Z(z0), ∂D
∗
Z = ∂DZ\

{−1, 1}, and the index of λ[z(Z)] exp[φ̃(Z)] on ∂DZ is K = 0. Hence
according to the proof of Theorems 1.1 and 1.8, Chapter IV, [87]1), we can
derive that Φ̃(Z) in DZ satisfies the estimate (2.20). This completes the
proof.

Theorem 2.3 Suppose that the equation (2.5) satisfies Condition C.

Then any solution of Problem A for (2.5) can be expressed as

w[z(Z)] = Φ(Z)eφ(Z) + ψ(Z) in DZ , (2.22)

where ψ(Z), φ(Z) possess the form

ψ(Z)=Tf=− 1

π

∫ ∫

D0

f(t)

t−Z dσt, L∞[f(Z)H(y), DZ ] <∞

φ(Z)=Th=− 1

π

∫ ∫

D0

h(t)

t−Z dσt in DZ ,

h(Z)=











1

H(y)
{A1[z(Z)]+A2[z(Z)]

W (Z)

W (Z)
} if W (Z) 6=0, Z ∈ DZ ,

0 if W (Z) = 0, Z ∈ DZ ∪ {D0\DZ},

in which ψ(Z), φ(Z) satisfy the estimate (2.13), W (Z) = w[z(Z)] − ψ(Z),
Z = x+ iY = x+ iG(y), and Φ[z(Z)] is an analytic function in DZ .

Proof Firstly by using the method of parameter extension as stated in
the proof of Theorem 2.5 below, Lemma 3.4, Chapter IV, [86]9), or Theorem
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3.3, Chapter II, [87]1), we can find a solution of equation (2.5) in the form

ψ(Z) = − 1

π

∫ ∫

D0

f(t)

t− Z
dσt, H(y)f(Z) ∈ L∞(DZ).

On the basis of Theorem 2.2, the solution of (2.5) in DZ can be expressed

by ψ(Z) = ψ̃(Z)eφ̃(Z), where

φ̃(Z)=T h̃=− 1

π

∫ ∫

D0

h̃(t)

t−Z dσt in DZ ,

h̃(Z)=











1

H(y)
{A1[z(Z)]+A2[z(Z)]

ψ(Z)

ψ(Z)
} if ψ(Z) 6=0, Z ∈ D0,

0 if ψ(Z) = 0, Z ∈ D0,

ψ̃(Z)=T f̃=− 1

π

∫ ∫

D0

f̃(t)

t−Zdσt, f̃(Z)=A3[z(Z)]e−φ̃(Z),

it is clear that the functions φ̃(Z), ψ̃(Z) satisfy the estimate similar to
(2.13).

Next let w(z) be a solution of Problem A for equation (2.5), it is clear
that W (Z) = Φ(Z)eφ(Z) = w[z(Z)] − ψ(Z) is a solution of the complex
equation

WZ = A1W (Z) +A2W (Z) in DZ ,

where ψ(Z) is as stated in (2.22), and we can verify that the function Φ(Z)
is an analytic function in DZ . Finally applying Theorem 1.3, we can find
an analytic function Φ(Z) in DZ satisfying the boundary conditions

Re[λ(z(Z))eiImφ(Z)Φ(Z)]={r[z(Z)]−Re[λ(z(Z))ψ(Z)]}e−Reφ(Z)

on ∂D∗, Im[λ(z0)e
iImφ(Z0)Φ(Z0)]={b0−Im[λ(z0)ψ(Z0)]}e−Reφ(Z0),

(2.23)
herein Z0 = Z(z0), hence the function w[z(Z)] = Φ(Z)eφ(Z) + ψ(Z) in
(2.22) is just the solution of Problem A in DZ for equation (2.5).

On the basis of Lemma 2.1 and the above discussion, we can obtain the
estimates of solutions of Problem A for equation (2.5), namely

Theorem 2.4 Any solution w[z(Z)] of Problem A for equation (2.5)
satisfies the estimates

Ĉδ [w(z),D]=Cδ [X(Z)w(z(Z)),DZ ]≤M3, Ĉδ[w(z), D]≤M4(k1+k2),
(2.24)
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in which X(Z) = |Z− t1|η1 |Z− t2|η2 , here ηj = max(−4γj , 0)+8δ, j = 1, 2,
γj(j = 1, 2) are as stated in (2.10), and t1 = −1, t2 = 1, δ is a sufficiently

small positive constant, k = (k0, k1, k2), and M3 = M3(δ, k, H,D), M4 =
M4(δ, k0, H,D) are non-negative constants.

Proof Noticing the conditions (2.7), and using Lemma 2.1 and Theorem
2.3, we see that the functions ψ(Z), φ(Z) in (2.22) satisfy the estimates

Cβ [ψ(Z), DZ ] ≤M5, Cβ [φ(Z), DZ ] ≤M5, (2.25)

where β = 2/(m+2)−ε, ε is a sufficiently small positive constant, andM5 =
M5(β, k,H,D) is a non-negative constant. Due to the analytic function
Φ(Z) satisfies the boundary condition (2.23), and from (2.20) and Theorem
2.3, we can get the representation and estimate of the analytic function
Φ(Z) in DZ similar to those in (2.22) and (2.20), thus the first estimate
of (2.24) is derived. Moreover we verify the second estimate in (2.24). If
k = k1+k2 > 0, then the function w∗(z) = u∗(z)+iv∗(z) = u(z)/k+iv(z)/k
is a solution of Problem A for equation

w∗
Z

=g∗(Z), g∗(Z)=
g(Z)

kH(y)
=

1

H(y)
[A1w

∗+A2w∗+
A3

k
] in DZ . (2.26)

By the proof of the first estimate in (2.24), we can derive the estimate of
the solution w∗(z):

Ĉβ [w∗(z), D] ≤M4 = M4(β, k0, H,D). (2.27)

From the above estimate it follows that the second estimate of (2.24) holds
with k > 0. If k = 0, we can choose any positive number ε to replace k = 0.
By using the same proof as before, we have

Ĉβ [w(z), D] ≤M4ε.

Let ε → 0, it is obvious that the second estimate in (2.24) with k = 0 is
derived.

2.3 Solvability of Riemann-Hilbert problem for

degenerate elliptic complex equations

Theorem 2.5 Suppose that equation (2.2) satisfies Condition C. Then

Problem A for (2.5) has a unique solution in D.

Proof We first verify the uniqueness of the solution of Problem A for
system (2.2) or equation (2.5). Let w1(z), w2(z) be any two solutions of
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Problem A for (2.5). It is easy to see that w(z) = w1(z)−w2(z) satisfy the
homogeneous equation and boundary conditions

wZ = [A1w +A2w]/H(y) in DZ ,

Re[λ((Z))w(z(Z))]=0 in ∂D∗, Im[λ(z0)Φ(Z0)]=0.
(2.28)

Due to the solution w[z(Z)] possesses the expression (2.22), but ψ(Z) = 0
in DZ , and the index K = 0 of λ[z(Z)] on ∂DZ , from Theorem 1.1, Chapter
IV, [87]1), it is not difficult to derive that Φ(Z) = 0 in DZ , hence w(z) =
w1(z) − w2(z) = 0 in D.

As for the existence of solutions of Problem A for equation (2.5), we can
prove by using the method of parameter extension. In fact, the complex
equation (2.5) can be rewritten as

wZ = F (Z,w),

F (Z,w)=
1

H(y)
{A1[z(Z)]w+A2[z(Z)]w+A3[z(Z)]} inDZ .

(2.29)

In order to find a solution w(z) of Problem A in D, we can express w(z) in
the form (2.22), and consider the equation with the parameter t ∈ [0, 1]:

wZ − tF (z, w) = S(z) in DZ , (2.30)

in which the function S(z) satisfies the condition

H(y)X(Z)S(z) ∈ L∞(DZ), (2.31)

where X(Z) is as stated in (2.20). This problem is called Problem At.

When t = 0, the complex equation (2.30) becomes the equation

wZ = S(z) in DZ . (2.32)

It is clear that the unique solution of Problem A0, i.e. Problem A for
wZ = S(z) can be found, namely X(Z)w[z(Z)] = Φ(Z) + TXS. Suppose
that when t = t0 (0 ≤ t0 < 1), Problem At0 is solvable, i.e. Problem At0

for (2.30) has a solution w0(z) (w0(z) ∈ Ĉ(D), i.e. X [Z(z)]w0(z) ∈ C(D)).
We can find a neighborhood Tε = {|t− t0| ≤ ε, 0 ≤ t ≤ 1}(0 < ε < 1) of t0
such that for every t ∈ Tε, Problem At is solvable. In fact, Problem At can
be written in the form

wZ − t0F (z, w) = (t0 − t)F (z, w) + S(z) in DZ , (2.33)
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Replacing w0(z) into the right-hand side of (2.33) by a function w0(z) ∈
Ĉ(D), especially, we select w0(z) = 0 and substitute it into the right-
hand side of (2.33), it is obvious that the boundary value problem for such
equation in (2.33) then has a solution w1(z) ∈ Ĉ(D). Using successive
iteration, we obtain a sequence of solutions wn(z) (wn(z) ∈ Ĉ(D), n =
1, 2, ...), which satisfy the equations

wn+1Z−t0F (z, wn+1)=(t−t0)F (z, wn)+S(z) in D,

Re[λ(z)wn+1(z)]=r(z) on ∂D∗, Im[λ(z0)wn+1(z0)]= b0.

From the above formulas, it follows that

[wn+1−wn]Z−t0[F (z, wn+1) − F (z, wn)]

= (t− t0)[F (z, wn) − F (z, wn−1)] in D,

Re[λ(z)(wn+1(z) − wn(z))] = 0 on ∂D∗,

Im[λ(z0)(wn+1(z0) − wn(z0))] = 0.

Noting that

L∞[H(y)X(Z)(F (z, wn)−F (z, wn−1)),DZ ] ≤ 2k0Ĉ[wn−wn−1,DZ ],

and then by Theorem 2.4, we can derive

Ĉ [wn+1 − wn, DZ ] ≤ 2|t− t0|M4Ĉ [wn − wn−1, DZ ],

where the constant M4 = M4(β, k0, H,D) is as stated in (2.24). Choosing
the constant ε so small such that 2εM4 ≤ 1/2 and |t − t0| ≤ ε, it follows
that

Ĉ[wn+1−wn,DZ ]≤2εM4Ĉ[wn−wn−1,DZ ]≤ 1

2
Ĉ[wn−wn−1,DZ ],

and when n,m ≥ N0 + 1 (N0 is a positive integer),

Ĉ[wn+1−wn, DZ ]≤2−N0

∞
∑

j=0

2−jĈ[w1−w0, DZ ]≤2−N0+1Ĉ[w1−w0,DZ ].

Hence {wn(z)} is a Cauchy sequence. According to the completeness of
the Banach space Ĉ(DZ), there exists a function w∗(z) ∈ Ĉ(DZ), so that
Ĉ[wn − w∗, DZ ] → 0 as n → ∞, we can see that w∗(z) is a solution of
Problem At for every t ∈ Tε = {|t − t0| ≤ ε}. Because the constant ε is
independent of t0 (0 ≤ t0 < 1), therefore from the solvability of Problem
At0 when t0 = 0, we can derive the solvability of Problem At when t =
ε, 2ε, ..., [1/ε]ε, 1, where [1/ε] means the integer part of 1/ε. In particular,
when t = 1 and S(z) = 0, Problem A1, i.e. Problem A for (2.5) in D has a
solution w(z).
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3 The Discontinuous Riemann-Hilbert Problem

for Quasilinear Degenerate Elliptic Complex

Equations of First Order

In this section we discuss the discontinuous Riemann-Hilbert Problem for
quasilinear degenerate elliptic system of first order equations in a bounded
simply connected domain. We first give the representation of solutions of
the boundary value problem for the equations, and then prove the existence
and uniqueness of solutions for the problem.

3.1 Formulation of discontinuous Riemann-

Hilbert problem for degenerate elliptic

complex equations

Let D be a simply connected bounded domain in the complex plane C with
the boundary ∂D = Γ ∪ γ, where Γ(⊂ {y > 0}) ∈ C1

α(0 < α < 1) with the
end points z = −1, 1 and γ = (−1, 1) on the x-axis. As stated in Section 2,
there is no harm in assuming that the boundary Γ(∈ C1

α) is a curve with
the form x = −1 + G(y) (−1 ≤ x ≤ 0) and x = 1 − G(y) (0 ≤ x ≤ 1)
near the points z = −1, 1. We consider the quasilinear degenerate elliptic
system of first order equations

{

H(y)ux − vy = a1u+ b1v + c1

H(y)vx + uy = a2u+ b2v + c2
in D, (3.1)

in which H(y) =
√

K(y), Y =G(y) =
∫ y

0 H(t)dt,G′(y) =H(y), K(y) is the
same as stated in (2.1), and aj , bj , cj(j = 1, 2) are functions of (x, y)(∈
D), u, v(∈ R). The following degenerate elliptic system is a special case of
system (3.1) with H(y) = ym/2:







ym/2ux − vy = a1u+ b1v + c1

ym/2vx + uy = a2u+ b2v + c2
in D, (3.2)

where m is a positive constant. According to Section 2, the system (3.1)
can be written in the complex form

wz̃ = F (z, w), F (z, w)

=A1(z, w)w+A2(z, w)w+A3(z, w)=g(Z) in D, i.e.

wZ =[A1w+A2w+A3]/H(y)=g(Z)/H(y) in DZ ,

(3.3)
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where

A1 =
1

4
[a1+ia2−ib1+b2], A2 =

1

4
[a1+ia2+ib1−b2], A3 =

1

2
[c1+ic2],

in which w = u + iv, Z = x + iG(y), DZ is the image domain of D with
respect to the mapping Z = Z(z).

Suppose that equation (3.3) satisfies Condition C, namely

1) Aj(z, w) (j = 1, 2, 3) are measurable in D for all continuous functions
w(z) in D∗ = D̄\{−1, 1}, and satisfy

L∞[Aj , D] ≤ k0, j = 1, 2, L∞[A3, D] ≤ k1 in D. (3.4)

2) For any continuously differentiable functions w1(z), w2(z) in D∗, the
equality

F (z, w1)−F (z, w2)=Ã1(w1−w2)+Ã2(w1−w2) in D (3.5)

holds, where Ãj = Ãj(z, w1, w2) (j = 1, 2) satisfy the conditions

L∞[Ãj , D] ≤ k0, j = 1, 2, (3.6)

in (3.4), (3.6), k0, k1 are non-negative constants. In particular, when (3.3)
is a linear equation, the condition (3.5) obviously holds.

Now we formulate the general discontinuous Riemann-Hilbert boundary
value problem. Let Z ′ = {z1 = −1, ..., zn = 1, ..., zm = z0} be m points on
Γ ∪ γ arranged according to the positive direction successively. Denote by
Γj the curve on Γ from zj−1 to zj , and Γj does not include the end point
zj−1, zj (j = 1, 2, ...,m).

Problem B Find a continuous solution w(z) of (3.3) in D∗ = D\Z ′,
which satisfies the boundary conditions

Re[λ(z)w(z)]=r(z) on ∂D∗={Γ ∪ γ}\Z ′,

Im[λ(z′j)w(z′j)] = bj , j = 1, ..., 2K + 1 = J,
(3.7)

in which λ(z) = Reλ(z) + iImλ(z) 6= 0 on Γ ∪ γ, z′j (6∈ Z ′, j = 1, ..., J)
are distinct points on Γ ∪ γ, bj (j = 1, ..., J) are real constants and
λ(z), r(z), bj (j = 1, ..., J) satisfy the conditions

Cα[λ(z),Γj ] ≤ k0, Cα[Rj(z)r(z),Γj ] ≤ k2, j = 1, ...,m,

Cα[λ(z),γ]≤k0, Cα[r(z), γ]≤k2, |bj | ≤ k2, j = 1, ..., J,
(3.8)
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where Rj(z) = |z−zj−1|βj−1 |z−zj |βj , βj (j = 1, ...,m) are similar to those
in (1.39) with a0 = 1/4, α (0 < α < 1), k0, k2 are non-negative constants,
and the number

K =
1

2
(K1 + · · · +Km) (3.9)

is called the index of Problem B, where

Kj =

[

φj

π

]

+ Jj , Jj = 0 or 1,

eiφj =
λ(zj − 0)

λ(zj + 0)
, γj =

φj

π
−Kj , j = 1, ...,m.

(3.10)

Here we choose the index K ≥ −1/2. From Theorems 3.2 and 3.4 below,
we shall see that Problem B for (3.3) is well-posed.

3.2 Representation and uniqueness of solutions

of discontinuous Riemann-Hilbert problem

for elliptic complex equations

Now we give the representation theorem of solutions for equation (3.3).

Theorem 3.1 Suppose that equation (3.3) satisfies Condition C. Then

any solution of Problem B for (3.3) can be expressed as

w[z(Z)] = [Φ̃(Z) + ψ̃(Z)]eφ̃(Z) = Φ(Z)eφ(Z) + ψ(Z), (3.11)

where

ψ̃(Z)=T f̃=− 1

π

∫ ∫

Dt

f̃(t)

t−Zdσt, f̃(Z)=
A3[z(Z)]

H(y)
e−φ̃(Z),

φ̃(Z)=T h̃=− 1

π

∫ ∫

Dt

h̃(t)

t−Zdσt in DZ ,

h̃(Z)=











1

H(y)
{A1[z(Z)]+A2[z(Z)]

w(z(Z))

w(z((Z))
} if w[z(Z)] 6=0, Z∈DZ ,

0 if w[z(Z)] = 0, Z ∈ DZ ,

ψ(Z)=Tf=− 1

π

∫ ∫

Dt

f(t)

t−Zdσt, L∞[f(Z)H(y), DZ ]≤k3,
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φ(Z)=Th=− 1

π

∫ ∫

Dt

h(t)

t−Z dσt in DZ ,

h(Z)=











1

H(y)
{A1[z(Z)]+A2[z(Z)]

W (Z)

W (Z)
} if W (Z) 6=0, Z∈DZ ,

0 if W (Z)=0, Z∈DZ ,
(3.12)

in which W (Z) = w[z(Z)] − ψ(Z), k3 = k3(k0, k1, k2, H,D) is a non-

negative constant, Z = x + iY = x + iG(y), and Φ(Z) is an analytic

function in DZ satisfying the boundary conditions

Re[λ(z(Z))eφ(Z)Φ(Z)]=r[z(Z)]−Re[λ(z(Z))ψ(Z)] on ∂D∗,

Im[λ(z′j)e
φ(Zj)Φ(Zj)]=bj−Im[λ(z′j)ψ(Zj)], j=1, ..., 2K+1,

(3.13)

where Zj =Z(z′j), j=1, ..., 2K+1, hence the function w[z(Z)]=Φ(Z)eφ(Z)

+ψ(Z) in (3.11) is just the solution of Problem B in DZ for equation (3.3).

Proof Let w(z) be a solution of Problem B for equation (3.3), and be
substituted in the positions of w in (3.3), thus the coefficientsAj (j = 1, 2, 3)
be determined. Moreover according to the method in the proof of Theorem
2.5, we can find the solution ψ(Z) of the linear complex equation

wZ = [A1w +A2w +A3]/H(y) in DZ , (3.14)

and the function ψ(Z) = ψ̃(Z)eφ̃(Z), herein φ̃(Z), ψ̃(Z) are two double inte-
grals as stated in the proof of Theorem 2.3 and satisfy the similar estimate
in (2.13). Moreover the function φ(Z) is determined as stated in (3.12),
and Φ(Z) is an analytic function in DZ satisfying the boundary condition
(3.13). It is clear that w[z(Z)] possesses the representation (3.11).

Theorem 3.2 Suppose that equation (3.3) satisfies Condition C. Then

Problem B for (3.3) has at most one solution in D.

Proof Let w1(z), w2(z) be any two solutions of Problem B for (3.3). It
is easy to see that w(z) = w1(z)−w2(z) satisfy the homogeneous equation

wZ = [Ã1w + Ã2w]/H(y) in DZ , (3.15)

and homogeneous boundary condition of (3.13), i.e.

Re[λ(z(Z))eφ(Z)Φ(Z)] = 0 in ∂DZ ,

Im[λ(z′j)e
φ(Z′

j)Φ(Z ′
j)]=0, j=1, ..., 2K+1,

(3.16)
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where Z ′
j = Z(z′j) (j = 1, ...,m). According to the proof of Theorem 2.5,

we can prove Φ(Z) = 0 in DZ , thus w(z) = w1(z) − w2(z) = 0 in D.

3.3 Estimates and existence of solutions of

Riemann-Hilbert problem for degenerate

elliptic complex equations

Now we shall give the estimates of the solutions of Problem B for (3.3) in
D. We rewrite equation (3.3) in the form

wz̃ =F (z, w), F (z, w)=A1w +A2w +A3, (3.17)

in which Aj (j = 1, 2, 3) are as stated in (3.3).

Theorem 3.3 Let equation (3.3) satisfy Condition C. Then any solution

w(z) of Problem B satisfies the estimates

Ĉδ [w(z), D] = Cδ [X(Z)w(z(Z)), DZ ] ≤M1,

Ĉδ[w(z), D] ≤M2(k1 + k2),
(3.18)

where

X(Z)=

m
∏

j=0

|Z(z)−Z(tj)|ηj , ηj =

{

max(−4γj , βj)+8δ, j=1, n,

max(−γj , βj)+2δ, j=2, ...,m, j 6=n
(3.19)

herein γj (j = 1, ...,m) are as stated in (3.10), and t1 = z1 = −1, ..., tn =
zn = 1, ..., tm = zm, k = (k0, k1, k2), and δ is a sufficiently small positive

constant, and M1 = M1(δ, k,H,D), M2 = M2(δ, k0, H,D) are non-negative

constants.

Proof Taking into account Aj [z, w(z)] ∈ L∞(DZ), j = 1, 2, 3, and ap-
plying (2.25), we get

Cβ [ψ(Z), DZ ] ≤M3, Cβ [φ(Z), DZ ] ≤M3, (3.20)

where φ(z), ψ(z) are the functions as in (3.11), β is as stated in (2.25),
and M3 = M3(β, k,H,D) is a non-negative constant. Moreover due to the
analytic function Φ(z) satisfies the boundary condition (3.13), similarly to
(2.20), we can obtain the estimate

Ĉδ [Φ(z), D] ≤M4 = M4(δ, k,H,D). (3.21)
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Combining (3.20), (3.21), the first estimate in (3.18) is derived.

As for the second estimate in (3.18), which can be verified according to
the proof of Theorem 2.4.

Now we prove the existence of solutions of Problem B for equation (3.3)
by the method of continuity.

Theorem 3.4 Suppose that equation (3.3) satisfies Condition C. Then

the discontinuous Riemann-Hilbert problem (Problem B) for (3.3) has a

solution.

Proof We discuss the complex equation (3.17), i.e.

wZ =F (z, w), F (z, w)=[A1w+A2w+A3]/H(y) in DZ . (3.22)

In order to find a solution w(z) of Problem B in D by the method of conti-
nuity, we consider Problem B for the complex equation with the parameter
t ∈ [0, 1]:

wZ − tF (z, w) = S(z) in DZ , (3.23)

in which the function S(z) satisfies the condition

H(y)X(Z)S(z) ∈ L∞(DZ). (3.24)

This problem is called Problem Bt.

Let T be a point set in the interval [0,1], such that for every t ∈ T ,
Problem Bt for equation (3.23) has a solution w(Z) ∈ Ĉδ(DZ) for every
function S(Z) satisfying the condition (3.24). It is clear that when t = 0,
Problem B0 for wZ = S(Z) has a solution

X(Z)w(Z) = Φ(Z) + TXS, (3.25)

where Φ(Z) is an analytic function in DZ . Hence T is non-empty. If we
can prove that T is both open and closed in [0,1], then we can derive that
T = [0, 1]. In particular, when t = 1 and S(Z) = 0, Problem B1 possesses
a solution, i.e. Problem B for equation (3.22) is solvable.

In order to prove that T is a open set in [0,1], let t0 ∈ T . We rewrite
(3.23) in the form

wZ − t0F (z, w) = (t− t0)F (z, w) + S(z) in DZ , (3.26)

Replacing w0(z)(∈ Ĉ(D)) into the right-hand side of (3.26) by a function
w0(z), especially, we select w0(z) = 0 and substitute it into the right-hand
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side of (3.26), it is obvious that Problem Bt0 for such equation in (3.26)
then has a solution w1(z) (w1(z) ∈ Ĉ(D)). Using successive iteration, we
obtain a sequence of solutions wn(z) (wn(z) ∈ Ĉ(D), n = 1, 2, ...), which
satisfy the equations and the boundary conditions

wn+1Z−t0F (z, wn+1)=(t−t0)F (z, wn)+S(z) in D, (3.27)

Re[λ(z)wn+1(z)]=r(z) on ∂D∗, Im[λ(z′j)wn+1(z
′
j)]=bj , j=1, ..., 2K+1.

(3.28)
From the above formulas, it follows that

[wn+1−wn]Z − t0[F (z, wn+1) − F (z, wn)]

= (t− t0)[F (z, wn) − F (z, wn−1)] in D,

Re[λ(z)(wn+1(z) − wn(z))] = 0 on ∂D∗,

Im[λ(z′j)(wn+1(z
′
j)−wn(z′j))]=0, j=1, ..., 2K+1.

(3.29)

Noting that

L∞[H(y)X(Z)(F (z, wn)−F (z, wn−1)), DZ ]≤2Ĉ[wn−wn−1, DZ ], (3.30)

and according to the proof of Theorem 2.5, we can derive

Ĉ [wn+1 − wn, D] ≤ 2|t− t0|M2Ĉ [wn − wn−1, D], (3.31)

where the constant M2 = M2(δ, k0, H,D) is as stated in (3.18). Choosing
the constant ε so small such that 2εM2 ≤ 1/2 and |t − t0| < ε, it follows
that

Ĉ [wn+1 − wn, D] ≤ 2εM2Ĉ[wn−wn−1, D]≤ 1

2
Ĉ[wn−wn−1, D], (3.32)

and when n,m ≥ N0 + 1 (N0 is a positive integer),

Ĉ [wn+1−wn, D]≤2−N0

∞
∑

j=0

2−jĈ [w1 −w0, D]≤2−N0+1Ĉ [w1 −w0, D].

Hence {wn(z)} is a Cauchy sequence. According to the completeness of
the Banach space Ĉ(D), there exists a function w∗(z) ∈ Ĉ(D), so that
Ĉ[wn −w∗, D] → 0 as n→ ∞. Obviously w∗(z) is a solution of Problem Bt

for every t ∈ Tε = {|t− t0| < ε}. Because the constant ε is independent of
t0 (0 ≤ t0 < 1), therefore from the solvability of Problem Bt0 when t0 = 0,
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we can derive the solvability of Problem Bt for equation (3.23) when t ∈ Tε.
This shows that the set T in [0,1] is open.

Finally we verify that T is closed in [0,1]. Let tn ∈ T (n = 1, 2, ...),
and tn → t0 as n → ∞. We shall prove that Problem Bt0 for equation
(3.23) is solvable. Denote by wn(z) (n = 1, 2, ...) the solutions of Problems
Btn

(tn ∈ T, n = 1, 2, ...) for the corresponding equations (3.23), which can
be expressed by

X(Z)wn[z(Z)] = Φn(Z)eφn(Z) + ψn(Z), n = 1, 2, ...

and satisfy the estimate (3.18). Hence from {wn(z)}, we can choose a subse-
quence {wnk

(z)}, such that X(Z)wnk
[z(Z)] uniformly converges a function

X(Z)w0[z(Z)] in DZ , it is clear that the function w0(z) is just the solution
of Problem Bt0 for equation (3.23) with t = t0. This completes the proof.

4 The Riemann-Hilbert Problem for Degenerate

Elliptic Complex Equations of First Order in

Multiply Connected Domains

This section deals with the Riemann-Hilbert problem for degenerate elliptic
complex equations of first order in multiply connected domains. We first
give the representation of solutions of the boundary value problem for the
equations, and then prove the uniqueness and existence of solutions for the
problem.

4.1 Formulation of Riemann-Hilbert problem for

degenerate elliptic complex equations in

multiply connected domains

Let D be an (N + 1)-connected bounded domain in the upper half-plane
with the boundary Γ = ∪N

j=0Γj ∈ Cα(0 < α < 1), where Γj(j = 1, ..., N)
are located in the domain D0 bounded by Γ0 = ΓN+1, there is no harm
in assuming that Γ0 = Γ′ ∪ γ, herein γ = {−1 < x < 1, y = 0} and
Γ′(∈ {y > 0}) is a curve with the end points z = ±1, and the inner
angles of Γ′ and γ at z = ±1 are equal to π, because otherwise through a
conformal mapping the above requirement can be realized. We consider the
quasilinear degenerate elliptic equation of first order: (3.1) with Condition
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C, its complex form is as follows

wz̃ =F (z, w), F =A1(z, w)w+A2(z, w)w+A3(z, w), i.e.

H(y)wZ = g(Z) in D, A3 =
1

2
[c1 + ic2],

A1 =
1

4
[a1+ia2−ib1+b2], A2 =

1

4
[a1+ia2+ib1−b2],

(4.1)

where the coefficients Aj (j = 1, 2, 3) in (3.1) satisfy

L∞[Aj , D], L∞[Ãj , D] ≤ k0, j = 1, 2, L∞[A3, D] ≤ k1 in D, (4.2)

besides Ãj(j = 1, 2) are as stated in (3.6), and k0, k1 are non-negative
constants. We mention that under Condition C, the above solution of
equation (4.1) in D is a generalized solution, and if Aj ∈ Cα(D), then the
solution of (4.1) is a classical solution.

The Riemann-Hilbert boundary value problem for equation (4.1) may
be formulated as follows:

Problem A Find a continuous solution w(z) of (4.1) in D satisfying the
boundary condition

Re[λ(z)w(z)] = r(z), z ∈ Γ, (4.3)

where λ(z) 6= 0, z ∈ Γ, and λ(z), r(z) satisfy the conditions

Cα[λ(z),Γ] ≤ k0, Cα[r(z),Γ] ≤ k2, (4.4)

in which α (0 < α < 1), k2 are non-negative constants.

The integer

K =
1

2π
∆Γ argλ(z)

is the index of Problem A. When the index K < 0, Problem A may not
be solvable, when K ≥ 0, the solution of Problem A is not necessarily
unique. Hence we consider the well posedness of Problem A with the mod-
ified boundary conditions for the complex equation (4.1) as follows.

Problem B Find a continuous solution w(z) of equation (4.1) satisfying
the boundary condition

Re[λ(z)w(z)] = r(z) + h(z), z ∈ Γ, (4.5)
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where

h(z)=























































0, z ∈ Γ, if K ≥ N,

hj , z ∈ Γj , j = 1, ..., N −K,

0, z ∈ Γj , j = N −K + 1, ..., N + 1

}

if 0≤K<N,

hj , z ∈ Γj , j = 1, ..., N,

h0+Re

−K−1
∑

m=1

(h+
m+ih−m)[ζ(z)]m, z∈Γ0















if K < 0,

(4.6)

in which hj (j = 0, 1, ..., N), h±m (m = 1, ...,−K−1,K < 0) are unknown
real constants to be determined appropriately, ζ = ζ(z) is a conformal
mapping from the bounded domain with the boundary Γ0 onto |ζ| < 1.
In addition, for K ≥ 0 the solution w(z) is assumed to satisfy the point
conditions

Im[λ(aj)w(aj)]=bj , j∈J=







1, ..., 2K −N + 1, if K≥N,

N−K+1, ..., N+1, if 0≤K<N,
(4.7)

where aj ∈ Γj (j = 1, ..., N), aj ∈ Γ0 (j = N+1, ..., 2K−N+1,K ≥ N) are
distinct points, and bj (j ∈ J) are all real constants satisfying the conditions

|bj | ≤ k2, j ∈ J, (4.8)

herein k2 is a nonnegative constant.

4.2 Representation and uniqueness of solutions

of Riemann-Hilbert problem for degenerate

elliptic complex equations

It is easy to see that the complex equation

wz̃ = 0 in D, i.e. wZ = 0 in DZ (4.9)

is a special case of equation (4.1). On the basis of the result in [86]9), we
can find a unique solution of Problem B for equation (4.9) in DZ . Now we
give the representation theorem of solutions for equation (4.1).
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Theorem 4.1 Suppose that the equation (4.1) satisfies Condition C.

Then any solution of Problem B for (4.1) can be expressed as

w[z(Z)] = W (Z) + ψ(Z) = Φ(Z)eφ(Z)+ψ(Z), (4.10)

where Φ(Z), φ(Z), ψ(Z) are as stated in (2.22), W (z) is a solution of equa-

tion

WZ = [A1W +A2W ]/H(y) in DZ , (4.11)

and ψ(Z) is a solution of equation (4.1) in DZ and possesses the form

ψ(Z)=Tf=−1

π

∫ ∫

Dt

f(t)

t−Zdσt in DZ , (4.12)

f(Z) = [A1ψ +A2ψ+A3]/H(y) in DZ , (4.13)

in which Z = x + iY (y) = x + iG(y), and W [Z(z)] in D satisfies the

boundary conditions

Re[λ(z)W (z(Z))]=r(z)+h(z)−Re[λ(z)ψ(Z(z))], z∈Γ,

Im[λ(aj)W (aj)] = bj − Im[λ(aj)ψ(Z(aj))], j ∈ J.
(4.14)

Proof Let w(z) be a solution of Problem B for equation (4.1), and be
substituted in the coefficients of equation (4.1). By using the method in
the proof of Theorem 3.4, we can find a solution ψ(z) of such equation
(4.1), and ψ(z) possesses the form (4.12), (4.13). Moreover we can find the
solution W (z) in D of (4.11) with the boundary condition (4.14), thus

w[z(Z)] = W (Z) + ψ(Z) in D (4.15)

is the solution of Problem B in DZ for equation (4.1), where W (z) =
Φ(z)eφ(z) is as stated in (4.10).

Theorem 4.2 Suppose that equation (4.1) satisfies Condition C. Then

Problem B for (4.1) has at most one solution in D.

Proof Let w1(z), w2(z) be any two solutions of Problem B for (4.1). It is
easy to see that w(z) = w1(z) − w2(z) satisfies the homogeneous equation
and boundary conditions

wz̃ = Ã1w + Ã2w in D, (4.16)

Re[λ(z)w(z)] = 0 on Γ, Im[λ(aj)w(aj)] = 0, j ∈ J. (4.17)
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Noting the function g(Z) in (4.1) with the condition g(Z) ∈ L∞(DZ),
similarly to Theorem 2.5, by using the way as in Theorem 1.2, Chapter I
and Theorem 4.1, Chapter II, [87]1), if the function w(z) 6≡ 0 in D, we can
derive the absurd inequalities

2K + 1 ≤ 2ND +NΓ ≤ 2K, when K ≥ 0,

2K−2N≤2ND+NΓ≤2N−2K−2, when K<0,
(4.18)

where ND, NΓ are denoted the totals of zero points of the solution w(z) in
D and Γ respectively. Hence w(z) = w1(z) − w2(z) = 0 in D. This proves
the uniqueness of solutions of Problem B for (4.1).

4.3 Estimates of solutions of Riemann-Hilbert

problem for degenerate elliptic equations

Now we shall give the estimates of the solutions of Problem B for (4.1) in
D, namely

Theorem 4.3 If equation (4.1) satisfies Condition C, then any solution

w(z) of Problem B satisfies the estimates

Cδ [w(z(Z)), DZ ]≤M1, Cδ [w(z(Z)), DZ ]≤M2(k1+k2), (4.19)

here δ is a sufficiently small positive constant, and M1 = M1(δ, k,H,D),
M2 = M2(δ, k0, H,D) are non-negative constants.

Proof We first prove that if the solution w(z) of Problem B satisfies the
estimate of boundedness, i.e.

C[w(z(Z)), DZ ] ≤M3, (4.20)

where M3 = M3(δ, k,H,D) is a positive constant, then the first estimate of
(4.19) will be derived, because from Lemma 2.1, it follows that F (z, w) ∈
L∞(DZ), hence Cβ [ψ(Z), DZ)] ≤M4 = M4(β, k,H,DZ , M3) < ∞, β is as
stated in (2.13). On basis of the representation (4.10), the functionW (Z) =
w[z(Z)] − ψ(Z) = Φ(Z)eφ(Z) in DZ satisfies the boundary conditions

Re[λ[z(Z)]W (Z)]=r[z(Z)]−Re[λ[z(Z)]ψ(Z)]+h[z(Z)], Z∈∂DZ ,

Im[λ(aj)W [Z(aj)] = bj − Im[λ(aj)ψ[Z(aj)]], j ∈ J,
(4.21)
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where ∂DZ =Z(Γ), hence the analytic function Φ(Z) = W (Z)e−φ(Z) in DZ

satisfies the estimate Cδ [Φ(Z), DZ ] ≤ M5 = M5(δ, k,H,D, M3). Now we
use the reduction to absurdity. Suppose that (4.20) is not true, then there

exist sequences of coefficients {A(m)
l } (l = 1, 2, 3), {λ(m)(z)}, {r(m)(z)} and

{b(m)
j }, which satisfy the same conditions of coefficients as stated in (4.2),

(4.4) and (4.8), such that {A(m)
l } weakly converge to A

(0)
l (l = 1, 2, 3) in

D and {λ(m)(z)}, {r(m)(z)}, {b(m)
j } on Γ uniformly converge to λ(0)(z),

r(0)(z), b
(0)
j (j ∈ J), and the solutions of the corresponding boundary value

problems

w
(m)

z̃
=F (m)(z, w(m)),F (m)(z, w(m))=A

(m)
1 w(m)+A

(m)
2 w(m)+A

(m)
3 inD,

(4.22)

Re[λ(m)(z)w(m)(z)]=r(m)(z) on Γ, Im[λ(m)(aj)w
(m)(aj)]=b

(m)
j , j∈J,

(4.23)
have the solutions w(m)(z), but C[w(m)(z), D] (m = 1, 2, ...) are unbounded,
hence we can choose a subsequence of {w(m)(z)} denote by {w(m)(z)} again,
such that Hm = C[w(m)(z), D] → ∞ as m → ∞, we can assume Hm ≥
max [k1, k2, 1]. It is obvious that ŵ(m)(z) = w(m)(z)/Hm are solutions of
the boundary value problems

ŵ
(m)

z̃
=F (m)(z, ŵ(m)),F (m)(z, ŵ(m))=A

(m)
1 ŵ(m)+A

(m)
2 ŵ(m)+

A
(m)
3

Hm
inD,

(4.24)

Re[λ(m)(z)ŵ(m)(z)]=
r(m)(z)

Hm
onΓ, Im[λ(m)(aj)ŵ

(m)(aj)]=
b
(m)
j

Hm
, j∈J.

(4.25)
It is easy to see that the functions in above boundary value problems satisfy
the conditions

L∞[Al, D]≤k0, l=1, 2, L∞[A3/Hm, D]≤1, Cα[λ(m)(z),Γ]≤k0,

Cα[r(m)(z)/Hm,Γ] ≤ 1, |b(m)
j /Hm| ≤ 1, j ∈ J.

(4.26)

From the representation (4.10), the above solutions can be expressed as

ŵ(m)(z) = Ŵ (m)(Z) + ψ̂(m)(Z),

ψ̂(m)(Z)=− 1

π

∫ ∫

Dt

f̂ (m)(t)

t−Z dσt in DZ ,
(4.27)

noting that L∞[H(y)f̂ (m)(Z), DZ ] ≤ M6 = M6(k0, H,D), we can derive
that

Cδ[ψ̂
(m)(Z), DZ ] ≤M7 = M7(δ, k,H,D). (4.28)



ELLIPTIC, HYPERBOLIC AND MIXED COMPLEX EQUATIONS WITH PARABOLIC DEGENERACY - Including Tricomi-Bers 
and Tricomi-Frankl-Rassias Problems
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6675.html

Chapter I Elliptic Complex Equations of First Order 37

Due to the functions Ŵ (m)(Z) are the solutions of the equation correspond-

ing to (4.11) in DZ and ŵ(m)(z) = Ŵ (m)(Z)+ψ̂(m)(Z) satisfy the boundary
conditions as in (4.25), we can obtain the estimate

Cδ [Ŵ
(m)(Z), DZ ] ≤M8 = M8(δ, k,H,D). (4.29)

Thus from {ŵ(m)(z)}={Ŵ (m)(Z)+ψ̂(m)(Z)}, we can choose a subsequence

denoted by {ŵ(m)(z)} again, and {ŵ(m)(z)} = {Ŵ (m)(Z) + ψ̂(m)(Z)} uni-
formly converge to ŵ(0)(z), it is clear that ŵ(0)(z) is a solution of the
homogeneous problem of Problem B, on the basis of Theorem 4.2, the so-
lution w̃(0)(z) = 0 in D, however, from C[ŵ(m)(z), D] = 1, we can derive
that there exists a point z∗ ∈ D, such that ŵ(0)(z∗) 6= 0, it is impossible.
This shows that (4.20) is true. By using the method from (4.20) to (4.28),
(4.29), we can obtain the first estimate in (4.19). Moreover we can verify
the second estimate in (4.19).

4.4 Existence of solutions of Riemann-Hilbert

problem for degenerate elliptic equations

In this section, we prove the existence of solutions of ProblemB for equation
(4.1).

Theorem 4.4 Let equation (4.1) satisfy Condition C. Then the Riemann-

Hilbert problem (Problem B) for (4.1) in the multiply connected domain D
has a unique solution.

Proof In order to find a solution w(z) of Problem B for equation (4.1)
in D by the Leray-Schauder theorem, we consider the equation (4.1) with
the parameter t ∈ [0, 1]:

wz̃ = tF (z, w), F (z, w)=G(Z)=A1w+A2w+A3 in DZ , (4.30)

and introduce a bounded open set BM of the Banach space B = Cδ(DZ),
whose elements are functions w(z) satisfying the condition

w(z) ∈ Cδ(D), Cδ [w(z(Z)), DZ ] < M9 = 1 +M1, (4.31)

where δ, M1 are constants as stated in (4.19). We choose an arbitrary
function W (z) ∈ BM and substitute it in the position of w in F (z, w). By
Theorem 4.1, a solution w(z) = Φ(Z) + Ψ(Z) = W (Z) +T (tF ) of Problem
B for the complex equation

wz̃ = tF (z,W ) (4.32)
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can be found. Noting that tF [z(Z),W (z(Z))] ∈ L∞(DZ), the above solu-
tion of Problem B for (4.32) is unique. Denote by w(z) = T [W, t] (0 ≤ t ≤
1) the mapping from W (z) to w(z). From Theorem 4.3, we know that if
w(z) is a solution w(z) of Problem B for the equation

wz̃ = tF (z, w) in DZ , (4.33)

then the function w(z) satisfies the estimate

Cδ [w,DZ)] < M9. (4.34)

Set B0 = BM × [0, 1]. Now we verify the three conditions of the Leray-
Schauder theorem:

1. For every t ∈ [0, 1], T [W, t] continuously maps the Banach space B
into itself, and is completely continuous on BM . In fact, arbitrarily select
a sequence Wn(z) in BM , n = 0, 1, 2, ..., such that Cδ[Wn −W0, DZ ] → 0
as n → ∞. By Condition C, we see that L∞[F (z,Wn) − F (z,W0), D] → 0
as n → ∞. Moreover, from wn = T [Wn, t], w0 = T [W0, t], it is easy to see
that wn −w0 is a solution of Problem B for the following complex equation

(wn − w0)z̃ = t[F (z,Wn) − F (z,W0)] in D, (4.35)

and then we can obtain the estimate

Cδ [wn − w0, D] ≤ 2k0C[Wn(z) −W0(z), D]. (4.36)

Hence Cδ [wn − w0, D] → 0 as n → ∞. In addition for Wn(z) ∈ BM , n =
1, 2, ..., we have wn = T [Wn, t], wm = T [Wm, t], Wn,Wm ∈ BM , and then

(wn − wm)z̃ = t[F (z,Wn) − F (z,Wm)] in D, (4.37)

where L∞[F (z,Wn) − F (z,Wm), DZ ] ≤ 2k0M9, hence from (4.19), we can
obtain the estimate

Cδ[wn − wm, DZ ] ≤ 2M2k0M9. (4.38)

Thus there exists a function w0(z) ∈ BM , from {wn(z)} we can choose a
subsequence {wnk

(z)} such that Cδ[wnk
− w0, DZ ] → 0 as k → ∞. This

shows that w = T [W, t] is completely continuous in BM . Similarly we
can also prove that for W (z) ∈ BM , T [W, t) is uniformly continuous with
respect to t ∈ [0, 1].

2. For t = 0, it is evident that w = T [W, 0] = Φ(Z) ∈ BM .
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3. From the estimate (4.19), we see that w = T [W, t] (0 ≤ t ≤ 1) does
not have a solution w(z) on the boundary ∂BM = BM\BM .

Hence by the Leray-Schauder theorem, there exists a function w(z) ∈
BM such that w(z) = T [w(z), t], and the function w(z) ∈ Cδ(DZ) is just a
solution of Problem B for the complex equation (4.1).

By a similar way as in the proof of Theorem 4.8, Chapter II, [87]1), from
Theorem 4.4 the following result can be derived.

Theorem 4.5 Under the same conditions as in Theorem 4.4, the follow-

ing statements hold.

(1) If the index K ≥ N , then Problem A for (4.1) is solvable.

(2) If 0 ≤ K < N , then the total number of solvability conditions for

Problem A does not exceed N −K.

(3) If K < 0, then Problem A has N − 2K − 1 solvability conditions.

In latter chapters the notations Mj = Mj(p0, δ, k,D), M ′
j = M ′

j(p0, δ,
k,D) (j is a positive integer) mean all non-negative constants dependent
on p0, δ, k,D.




