CHAPTER 1
ELLIPTIC COMPLEX EQUATIONS

OF FIRST ORDER

In this chapter, we mainly discuss the discontinuous Riemann-Hilbert
boundary value problem for some degenerate elliptic systems of first or-
der equations. Firstly we reduce the above systems to a class of complex
equations with singular coefficients, give the representations and a priori es-
timates of solutions of the boundary value problem for the class of degener-
ate elliptic complex equations, and then prove the existence and uniqueness
of solutions for the boundary value problem.

1 The Discontinuous Riemann-Hilbert Problem for
Nonlinear Uniformly Elliptic Complex Equations
of First Order

First of all, we reduce general uniformly elliptic systems of first order equa-
tions with certain conditions to the complex equations, and then give es-
timates of solutions of the discontinuous Riemann-Hilbert problem for the
complex equations, finally we verify the solvability of the boundary value
problem.

1.1 Reduction of general uniformly elliptic systems
of first order equations to standard complex form

Let D be a bounded simply connected domain in R? with the boundary dD.
Without loss of generality we can assume that 0D is a smooth closed curve,
because the requirement can be realized through a conformal mapping. We
first consider the linear uniformly elliptic system of first order equations

a11Uz + a2ty + b11vz + b12vy = a1u + b1v + ¢, (L1)
21Uz + A22Uy + b21Vz + b22vy = agu + bov + c2, .

where the coefficients ajx, bk, aj,b;,¢;j(j, k=1,2) are known real bounded
measurable functions of (z,y) € D. The uniform ellipticity condition in D
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2 Elliptic, Hyperbolic and Mixed Complex Equations

is as follows

J = 4K 1Ky — (K + K3)?

1.2
:4.Kv5f(6—(.[{2—.[(';3)22JQ>07 K{>0in D, ( )

in which Jy is a positive constant and

a1 bn a1 bi2 aizs b1
Kl = 9 K2 = 9 K3 = )

as1  bay a1 bao a2z boy

a2 bi2 air  a12 bi1 b2
Ky= , K5 = , K¢ =

azz  baa a1 Q22 ba1r  bao

From J > 0 it follows that
K1Kg >0, or K1K¢ <0, ie. K1 >0, Kg#0.

We can assume that K¢ > 0. Hence from the elliptic system (1.1), we can
solve v, v, and obtain the system of equations

vy = aug + buy + agu + bov + fo, (13)
—Vz = dug +cuy +cou +dov +go, .

where a = Kl/Kﬁ, b= Kg/Kﬁ, Cc = K4/K6, d= KQ/Kﬁ, and the uniform
ellipticity condition (1.2) is transformed into the condition

J

A=
AK2

1
:ac—z(b+d)22Ao>0,a>0, (1.4)

here A, is a positive constant and a,b, ¢, d are bounded for almost every
point in D. Noting that

. . 1 ‘ 1 .
z=z+iy, w=u+1iv, wz:§(wm—zwy), w5:§(ww+zwy),

uzzi(wz + Wz + wz + W), uy:_(w2 — Wz — wz +W2),

—_ ol

i _ _ _ _
Uzzi(_wz + Wz — wz+Wy), vy =5 (W, + Wz — wz—W,),

[\

the system (1.3) can be written in the complex form

ws = Q1(2)w, + Q2(2)Ws + A1 (2)w + Az(2)W + Az(2), (1.5)
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Chapter I Elliptic Complex Equations of First Order 3

where

Q1(z) =

)

—2q2 Qs(2)= lg2|? — (1 —1)(q1 +1)
lgr +11%—|ga|*>’ lg1 + 112 — |ga|?

1 1
q1(2) = §[a+c+i(d— b)], q2(z) = §[a—c—|—i(d+b)}.
On the basis of
1
1P~ laf? = 12+ at o) + (d— b))

1 d—b\?
—Z[(a—c)2+(d+b)2] =14a+ec+ (T) +A>1+A,

the uniform ellipticity condition (1.4) can be written in the complex form

Q1(2)] +1Q2(2)| < g0 < 1, (1.6)

in which ¢o is a non-negative constant. If the coefficients ajx,bjr €
Wy (D), p > 2, j,k = 1,2, then the following function 7(z) can be ex-
tended in Dr = {|z| < R} (D D, 0 < R < 00), such that n(z) € W) (Dr),
thus the Beltrami equation

CE - W(Z)Cz = 07
2Q1(2) (1.7)
1+|Q1? = Q2>+ /(1 +]Q117—1Q2(2)[?)? —4]Q1?

has a homeomorphic solution ((z) (€ W2 (Dr)), and its inverse function
2(¢) € W2 (GR), herein Gr = ((Dg) and po (2 < po < p) is a positive
constant. Setting w = w[z(()], the complex equation (1.5) is reduced to
the complex equation

we = Q(Q)wg + Bi(Q)w + Ba2(Q)w + Bs((), (1.8)

n(z)=

in which

B1(Q)={A1[2(O]+ A2 [(O]Q(C)nl=(O)} ¢
B (Q)={A2[2(Q)]+ A1 [2(O)]Q()n[=(O]} z¢,
(

B3 (¢)={As[2(O)]+A3[(Q]Q(On[=(O)} Z¢-
Setting W (¢) = w(¢) — Q(¢)w((), the complex equation (1.8) can be trans-
formed into the complex equation

We = C1(QW + Co(OW + C3(¢), (1.9)
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4 Elliptic, Hyperbolic and Mixed Complex Equations

in which

Bi+(B2—Q¢ B By—Q)¢
01<<>=W, CQ(C):%, Cs(¢) = Bs,

(see [86]9), [87]1)). This is a standard complex form of the uniformly ellip-
tic system (1.1), which is called the nonhomogeneous generalized Cauchy-
Riemann system, and the solution of homogeneous generalized Cauchy-
Riemann system in D is called the pseudoanalytic function (see [9]1)) or
the generalized analytic function (see [81]1)).

For the nonlinear uniformly elliptic system of first order equations
Fj(x,y,u,0, Uz, V3, Uy, vy) =0 in D, j=1,2, (1.10)

under certain conditions, we can transform the system into the complex
form

ws=F(z,w,w,), F=Q1w,+QowWs+Arw+ Ayw+ Az, 2€ D, (1.11)

where Q; = Q;(z,w,w;),j = 1,2, A; = Aj(z,w), j = 1,2,3(see [86]9),
[87]1)). We assume that equation (1.11) satisfy the following conditions.

Condition C':

1) Qj(z,w,U)(j = 1,2), Aj(z,w) (j = 1,2,3) are measurable in z € D
for all continuous functions w(z) in D* = D\ Z and all measurable functions
U(z) € Ly, (D*), and satisfy

L,[A;, D] < ko, j=1,2, L,[A3,D] < ky, (1.12)

where Z = {z1, ..., Zm}, #1, ..., zm are different points on the boundary 0D
arranged according to the positive direction successively, U(z) € Ly, (D*)
means U(z) € Ly, (D*), D* is any closed subset in D*, and pg,p (2 < po <
D), ko, k1 are non-negative constants.

2) The above functions are continuous in w € C for almost every point
zeD,UeC,and Q;=0(j=1,2), A;=0(j =1,2,3) for z¢D.

3) The complex equation (1.11) satisfies the uniform ellipticity condition
|F(Z,’LU,U1)—F(Z,UJ,U2)| SL]Q|U1—U2|, (113)
for almost every point z € D, in which w,U;,U; € C and ¢qp (< 1) is a

non-negative constant.
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Chapter I Elliptic Complex Equations of First Order 5

1.2 Representation of solutions of discontinuous
Riemann-Hilbert problem for elliptic complex
equations

Let D be a bounded domain in C with the smooth boundary 0D = T.
Now we formulate the discontinuous Riemann-Hilbert problem for equation
(1.11).

Problem A  The discontinuous Riemann-Hilbert boundary value prob-
lem for (1.11) is to find a continuous solution w(z) in D* satisfying the
boundary condition:

Re[A(z)w(z)] = r(z), z € T"=0D\Z, (1.14)

where A\(z),r(z) satisfy the conditions
Alz1)—A
CalM2). T, =sp A(2) + sup DA
Fj zZ1#22 |Zl_22| (115)
Co[Rj(2)r(2),Tj] < ko, j=1,....,m,

in which A(z) = a(z) + ib(2),|A(z)] = 1 on D, and Z = {z1,...,2m } are
the first kind of discontinuous points of A(z) on 9D, T'; is an arc from the
point z;_1 to z; on 0D, and does not include the end points z;_1, z; (j =
1,2,...,m), herein 29 = zm, R;j(2) = |z — zj—1|P-1]z — z|%, a(1/2 <
a < 1), ko, ke, = min(a,1 — 2/py), 3;(0 < B; < 1),7; are non-negative
constants and satisfy the conditions
where 7v;(j = 1,...,m) are as stated in (1.17) below. Problem A with
As(z) =0in D, r(z) = 0 on I'* is called Problem A,.

Denote by A(z; —0) and A(z; + 0) the left limit and right limit of A(z)
asz — zj (j =1,2,...,m) on 0D, and

o, AMz;—0) 1. AMz;—0) ¢
ig; Mz=0) L AMEZ0) b
¢ /\(zj—H))’A/J i n)\(zj—i—()) T 7’
(1.17)
K; = l:ﬁ:| +J;, Ji=0o0r 1, j=1,...,m,
T

in which 0 < 7; < 1 when J; = 0, and —1 < 7; < 0 when J; = 1, j =
1,...,m. The index K of Problems A and Ay is defined as follows:

K:%(K1+---+Km):2{%—%]. (1.18)

=1
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6 Elliptic, Hyperbolic and Mixed Complex Equations

If A(z) on T is continuous, then K = Ararg A\(x)/27 is a unique integer.
Now the function A(x) on I' is not continuous, we can choose J; = 0 or 1,
hence the index K is not unique. If we choose K = —1/2, then the solution
of Problem A is unique.

In order to prove the solvability of Problem A for the complex equation
(1.11), we need to give a representation theorem for Problem A.

Theorem 1.1 Suppose that the complex equation (1.11) satisfies Con-
dition C, and w(z) is a solution of Problem A for (1.11). Then w(z) is
representable by

w(z) = 2((2)]e” +9(2), (1.19)

where ((2) is a homeomorphism in D, which quasiconformally maps D onto
the unit disk G = {|¢| < 1} with boundary L = {|(| = 1}, such that three
points on T' are mapped onto three points on L respectively, ®(() is an
analytic function in G, ¥(2), ¢(2),((z) and its inverse function z({) satisfy
the estimates

Cp[t, D] < ks, Cplo, D] < ks, Cs[C(2), D] <ks, Cpl2(C), Gl <ks,  (1.20)

LP0[|w2| + |w2|7D] < ks, LP0[|¢5| + |¢2|7D] < ks, (1'21)
CB[Z(C)VG] < ks, LP0[|X2| + |XZ|7D] < ka, (1'22)

in which x(z) is as stated in (1.27) below, 8 = min(co, 1—2/pg), po (2 < po <
p), kj = k;j(qo, po, B, ko, k1, D) (j = 3,4) are non-negative constants depen-
dent on qo, po, B, ko, k1, D. Moreover, if the coefficients Q;(z) =0(j = 1,2)
of the complex equation (1.11) in D, then the representation (1.19) becomes
the form

w(z) = B(:)e) + (), (1.23)
and when K < 0, ®(z) satisfies the estimate

CJ[X(Z)(I)(Z),D] < M, ZMl(p(),(S,k,D) < 00, (124)
in which

m , Ivil + 7,75 <0, B; < |,
X(2)=]11z==l", m:{ (1.25)
j=1

|Bj| + 7, for other case,

here v; (7 = 1,...,m) are real constants as stated in (1.17) and 7,5 (0 < § <
min(8, 7)) are sufficiently small positive constants, k = (ko, k1, k2), and My
18 a non-negative constant dependent on pg,d,k,D.
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Chapter I Elliptic Complex Equations of First Order 7

Proof We substitute the solution w(z) of Problem A into the coefficients
of equation (1.11) and consider the following system

QﬁQz% for w, #0,

0 for w, =0 or 2z ¢ D,

Vs =Qu.+ A1+ Asp+ A3, Q=

_:i for w(z)—1(2)#0, (1.26)

0 for w(z)—v(z)=0 or z¢D,
Wz = QW., W(z)=2[((2)].

By using the continuity method and the principle of contracting mapping,
we can find the solution

vy =1r =1 [ [ L,
m)JpC—=z (1.27)
¢(2) =Ty, ((2) = ¥[x(2)], x(2) =2+ Th

of (1.26), where f(z2),g(2),h(z) € Ly, (D), 2 < po < p, x(z) is a homeomor-
phism in D, ¥(y) is a univalent analytic function, which conformally maps
E = x(D) onto the unit disk G (see [81]1)), and ®(¢) is an analytic func-
tion in G. We can verify that ¢(z), ¢(z),{(z) satisfy the estimates (1.20)
and (1.21). It remains to prove that z = 2(() satisfies the estimate (1.22).
In fact, we can find a homeomorphic solution of the last equation in (1.26)
in the form x(z) = z + Th such that [x(2)]., [x(2)]z € Ly, (D) (see [87]1)).
Next, we find a univalent analytic function ¢ = ¥(x), which maps x(D)
onto G, hence ¢ = ((z) = ¥[x(z)]. By the result on conformal mappings,
applying the method of Lemma 2.1, Chapter IT in [87]1), we can prove that
(1.22) is true. When Q;(z) =01in D, j = 1,2, then we can choose x(z) = z
in (1.27), in this case ®[¢(z)] can be replaced by the analytic function ®(z),
herein ¥(z),((z) are as stated in (1.27), it is clear that the representation
(1.19) becomes the form (1.23). Thus the analytic function ®(z) satisfies
the boundary conditions

Re[A\(2)e?®®(2)] = r(z) — Re[A(2)¥(2)], z € T*. (1.28)

On the basis of the estimate (1.20), by using the methods in the proof of
Theorems 1.1 and 1.8, Chapter IV in [87]1), we can prove that ®(z) satisfies
the estimate (1.24).

ELLIPTIC, HYPERBOLIC AND MIXED COMPLEX EQUATIONS WITH PARABOLIC DEGENERACY - Including Tricomi-Bers
and Tricomi-Frankl-Rassias Problems

© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6675.html




8 Elliptic, Hyperbolic and Mixed Complex Equations

1.3 Existence of solutions of discontinuous
Riemann-Hilbert problem for nonlinear
complex equations in upper half-unit disk

We first consider a special domain, i.e. D is an upper half-unit disk with the
boundary IV =T'Uy, where I'={|z|=1,Imz >0} and y={-1<x<1,y=0}.

Theorem 1.2  Under the same conditions as in Theorem 1.1 for the above
domain D, the following statements hold.

(1) If the index K > 0, then Problem A for (1.11) is solvable, and the
general solution includes 2K + 1 arbitrary real constants.

(2) If K <0, then Problem A has —2K — 1 solvability conditions.

Proof Let us introduce a closed, convex and bounded subset By in the

Banach space B = Ly, (D) x Ly, (D) x Ly, (D) (2 < po < p), whose el-
ements are systems of functions ¢ = [Q(z), f(2), g(z)] with the norm

[|q]] = Lp,(Q, D) +Lyp, (f, D) + Ly, (g, D), which satisfy the conditions
|Q(Z)| <q<l1 (ZED), Lpo[f(z)aD] < k3, Ly, [9(2)7D] < ks, (1'29)

where g, k3 are non-negative constants as stated in (1.13) and (1.21). More-
over introduce a closed and bounded subset By in B, the elements of which
are systems of functions w = [f(z), g(2), h(2)] satisfying the condition

Ly [f(2), D] < ka, Ly, [9(2), D] < kg, [h(2)] < qo[1 + 1A, (1.30)
where ITh = =L [ [1(¢)/(¢ — 2)?]doe.

We arbitrarily select ¢ = [Q(2), f(2), g(2)] € B1, and using the principle
of contracting mapping, a unique solution h(z) € Lp,(D) of the integral
equation

h(z) = Q(2)[1 + 11h] (1.31)

can be found, which satisfies the third inequality in (1.30). Moreover,
x(2) = 2z + Th is a homeomorphism in D. Now, we find a univalent an-
alytic function ¢ = ¥(x), which maps x(D) onto the unit disk G as stated
in Theorem 1.1. Moreover, we find an analytic function ®(¢) in G satisfying
the boundary condition in the form

Re[A(Q)®(¢)] = R((), ¢ € L™ = ¢(I™), (1.32)

(
in which ((z) = ¥[x(2)], 2(¢) is its inverse function, (z) = Tf, ¢(z) =
Tg, A(Q) = Alz(Q)] exp[o(2(¢))], R(C) = r[z(€)] —Re[A(2(C))¥(2(C))], where

ELLIPTIC, HYPERBOLIC AND MIXED COMPLEX EQUATIONS WITH PARABOLIC DEGENERACY - Including Tricomi-Bers
and Tricomi-Frankl-Rassias Problems

© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6675.html




Chapter I Elliptic Complex Equations of First Order 9

A(C), R(¢) on L* satisfy the conditions similar to those of A\(z), r(z) in
(1.15) and the index of A(¢) on L* is K. In the following, we first consider
the case K > 0. By using Theorem 1.1, we can find the analytic func-
tion ®(¢) in the form (1.73), Chapter I, [87]1), here 2K + 1 arbitrary real
constants can be chosen. Thus the function w(z) = ®[¢(2)]e?® + 1(2) is
determined. Afterwards, we find out the solution [f*(2), g*(2), h*(2), Q*(2)]
of the system of integral equations

f(2) = F(z,w, ILf*) = F(2,0,0) + A1 (2, w)T f* + Az (2, w)TF* + A (2, w),

(1.33)

Wg*(Z) = F(Zv w, WHg* +Hf*) - F(Z, w, Hf*) +A1(Zv U})W—‘r A2(Za M)W,
(1.34)

S'()h*(2)e?®) = Flz,w, 8'(x)(1 + Ih*)e?) + Wllg* + T1f*] (1.35)

— F(z,w, WIlg* + I1f*),
Q" () = 1" (2)/[L + TIA*], S'(X) = [2(T(X))]x (1.36)

and denote by ¢* = FE(¢) the mapping from ¢ = (Q, f,g9) to ¢ =
(Q*, f*,g*). According to Lemma 5.5, Chapter III, [87]1), we can prove that
q¢* = E(q) continuously maps By onto a compact subset in By. By means of
the Schauder fixed-point theorem, there exists a system ¢ = (Q, f, g) € B,
such that ¢ = F(q). Applying the above method, from ¢ = (Q, f, g), we can
construct a function w(z) = ®[¢(2)]e®*) + 9)(z), which is just a solution
of Problem A for (1.11). As for the case K < 0, it can be similarly dis-
cussed, but we first permit that the function ®(() satisfying the boundary
condition (1.32) has a pole of order |[K + 1]| at ¢ = 0, if —2K is an even
integer, then we need to add a point condition: Im[A(z)w(%))] = bo, 2
is a fixed point on T'\Z, by is a real constant, and then find the solution
of the nonlinear complex equation (1.11) in this case. From the represen-
tation w(z) = ®[¢(2)]e?®) 4 4(2), we can derive the —2K — 1 solvability
conditions of Problem A for (1.11).

Besides, we can discuss the solvability of the discontinuous Riemann-
Hilbert boundary value problem for the complex equation (1.11) in the
upper half-plane and the zone domain. For some problems in nonlinear
mechanics as stated in [61]2),[91], it can be solved by the results in Theorem
1.2.

1.4 The discontinuous Riemann-Hilbert problem for
nonlinear complex equations in general domains

In this subsection, let D’ be a general simply connected domain with the
boundary I'" = TjUT'%, herein I'}, I’y € C, (0 < p < 1) and their intersection
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10 Elliptic, Hyperbolic and Mixed Complex Equations

points 2, 2" with the inner angles a7, asm (0 < aq,as < 1) respectively.
We discuss the nonlinear uniformly elliptic complex equation

wz=F(z,w,w,), F=Qiw,+QowWs+ Ajw+ A+ Az, z€ D', (1.37)

in which F(z,w,U) satisfies Condition C in D’. There exist m point Z =
{z1=2,..;2n=2",...,2zm = 20} on I'" arranged according to the positive
direction successively. Denote by I'; the curve on I'' from z;_1 to z; (j =
1,2,...,m), and I'; does not include the end points z;_1 (j = 1,...,m).

Problem A’ The discontinuous Riemann-Hilbert boundary value prob-
lem for (1.37) is to find a continuous solution w(z) in D* = D'\ Z satisfying
the boundary condition:

Re[M2)w(z)] =r(z), z € T* =T"\Z,
Im

¢ (1.38)
AHw(2))] = bs, j=1,..., 2K +1,

where 21, ..., 2551 (¢ Z) are distinct points on IV and b; (j = 1,...,2K +1)
are real constants, and A(z), 7(z), b; (j = 1, ..., 2K + 1) are given functions
satisfying

CO![A(‘Z)a F]] Sk(b CQ[RJ(‘Z)T(Z)’ F]] Sk27 ]:17 -y T,

(1.39)
Ib;| < ko, j=1,...2K +1,
in which @ (1/2 < a < 1), ko, k2 are non-negative constants, R;(z) =
|z — zj_1/Pi-1|z — 2;|%, and assume that 3; +v; < 8 = apmin(a,1 —
2/po), v5,B3;(j = 1,...,m) are similar to those in (1.16) and (1.17), o =
min(ay, az), and K (> —1/2) is the index of A(z) on IV, which is defined as
in (1.18).

In order to give the uniqueness result of solutions of Problem A’ for
equation (1.37), we need to add one condition: For any complex functions
w;(z) € C(D*),Uj(2) € Lpy(D*)(2 < po < p,j = 1,2), the following
equality holds:

F(z,wl, Ul)—F(Z, w1, UQ)ZQ(Ul—Uz)—f—A(’wl—’wg) in DI, (140)

in which |Q(z, w1, wa, U, Us)| < qo, A(z, w1, w3) € Ly, (D). Especially, if
(1.37) is a linear equation, then the condition (1.40) obviously holds.

Applying a similar method as stated in the proof of Theorem 1.1, we
can prove the following theorem.
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Chapter I Elliptic Complex Equations of First Order 11

Theorem 1.3  If the complex equation (1.37) in D’ satisfies Condition C,
then Problem A’ for (1.37) is solvable. If Condition C and the condition
(1.40) hold, then the solution of Problem A’ is unique. Moreover the solu-
tion w(z) can be expressed as (1.19) satisfying the estimates (1.20) — (1.22),
in which f = agmin(a,1 —2/po). If Q;(2) =0(j = 1,2) in D" in (1.37),
then the representation (1.19) becomes the form

w(z) = ®(2)e?®) 4+ 4h(2), (1.41)
and w(z) satisfies the estimate
Cs[X (2)w(z), D] < My = Ms(po,d,k, D) < oo, (1.42)
in which
X(Z): H |Z—Zj|nj|z—21|m/a1|z—zn|""/a2,
j:1)j¢1)n
(1.43)

{|7]| + 7, if v < Oa ﬂj < |7j|a
;= ,
|6j|+7-7 if 7]207 and 7]<076]>|7J|5

here v;(j = 1,..,m) are real constants as stated in (1.17), 7,6 (0 <
0 < min(B, 7)) are sufficiently small positive constants, and My =
Ms(po, 8, k, D’) is a non-negative constant dependent on po,d,k, D’ (see
[86]33),[92]6)).

2 The Riemann-Hilbert Problem for Linear
Degenerate Elliptic Complex Equations
of First Order

In this section we discuss the Riemann-Hilbert Problem for linear degener-
ate elliptic systems of first order equations in a simply connected domain.
We first give the representation of solutions of the boundary value problem
for the systems, and then prove the uniqueness and existence of solutions
for the problem.

2.1 Formulation of the Riemann-Hilbert problem
for degenerate elliptic complex equations

Let D be a domain in the upper half-plane with the boundary 9D, which
consists of v = {-1 < < 1,y = 0} and a curve I'(e C}, 0 < p < 1)
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12 Elliptic, Hyperbolic and Mixed Complex Equations

with the end points —1, 1 in the upper half-plane. We consider the linear
degenerate elliptic equation of first order

Hy)uz —vy =aru+biv+c
in D, (2.1)

H(y)vs + uy = agu+ bov + ¢

where H(y)=+/K(y), Gy H(t)dt, G'(y)=H(y), K(y) = y™h(y) is
contmuous in D, here m is a p051tlve number and h(y) is a continuously
differentiable positive function in D, and a;,bj,c; (j = 1,2) are functions of
z (€ D). The following degenerate elliptic system is a special case of system
(2.1) with H(y) = y™/?:

ym/2uw — vy = aiu+bv+c;
in D. (2.2)

ym/QUz + Uy = agu + bav + 2

For convenience, we mainly discuss equation (2.2), and equation (2.1) can
be similarly discussed. From the ellipticity condition in (1.2), namely

J=4K, Ky — (Ko + K3)? = 4H?*(y) > 0 in D\y (2.3)

and J =0 on v = {-1 <z < 1,y = 0}, hence system (2.1) or (2.2) is
elliptic system of first order equations in D with the parabolic degenerate
line v = (—1,1) on the z-axis. Settlng Y =Gy) = [ H(t)dt, Z =z +1iY

in D, if H(y) =y™?, Y = [ H(t)dt =2y m+2)/2/(m+ 2) then its inverse
function is y = [(m + 2)Y/2]?/( m“) = JY2/(m+2) | Denote

[H (y)wz + W’y]

N =

w(z) =u+iv, ws =

- @ [we +iwy]=H (y)wa—iy = H (y)wy,

then the system (2.1) can be written in the complex form

ws = H(y)wy = A1(2)w + Az(2)W + A3(2) = g(Z) in Dy,

z

A= % [a1 +ia2—ib1+b2], A= % [a1 +ias+1iby —bg], Az = % [01 +i02],
(2.5)
in which Dy is the image domain of D with respect to the mapping Z =
Z(z) = x+iY = x+iG(y) in D. If the slopes of the I" at z = F1 are satisfied
the conditions —co < Jy/dx < 0,0 < Jy/dxr < oo respectively, then
Y /0x = (0Y/0y)(0y/dx) = H(y)Oy/Ox = 0 at z = F1 respectively, i.e.
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Chapter I Elliptic Complex Equations of First Order 13

the inner angles of Dz are equal to 7 in Dz at Z = F1; if the slopes of the
I at z = F1 are satisfied the conditions 0 < dy/dx < 00, —o0 < Jy/dx <0
respectively, then 0Y/0x = (0Y/0y)(dy/0x) = H(y)dy/0x =0 at z = F1
respectively, i.e. the inner angles of 0Dy are equal to 0in Dy at Z = F1. If
the boundary D\~y(€ C}) is a curve with the form z = G(y)/a1 — 1 (a1 #
+1) and x = 1 — G(y)/az (ag # £1) near the points z = —1, 1 respectively,
then the inner angles of the boundary 0Dz in Z—plane at Z = —1,1 are
equal to tan~! (o > 0), 7 — tan~!(—ay)(a; < 0) and tan~!(—az)(ag <
0), —tan~! ag (g > 0) respectively, especially if a; = 1, a5 = —1, then the
inner angles are equal to 7/4. If Y, =Yy, = H(y)/xz, = £o0 at Z = +1,
which include z,, = 0 and £H?(y) at Z = +1, in this case the inner angles of
the curve I’ = Z(I') and 4 = Z(7) in Z = z+iY —plane at Z = +1 are equal
to m/2. For equations (2.5), we can give a conformal mapping ¢ = ((2),
which maps the domain Dz onto D¢, such that line segment v = (—1,1)
and boundary points —1,1 are mapped onto themselves respectively, and
the boundary dD¢\v(e C}) is a curve with the form Re¢ = G(Im¢) — 1
and Re¢ = 1 — G(Im() near the points ¢ = —1, 1 respectively. Denote by
Z = Z(€) the inverse function of ¢ = ((Z), thus equation (2.5) is reduced

to
wz = g[Z(Q)]Z'(C)/H(y), ie.

we=[A1(2)w-+ Aa(2)+ A3 (2)| Z7Q) /H(y) in D,

(2.6)

In this section, there is no harm in assuming that the boundary I is a curve
with the form z = G(y) — 1 and x = 1 — G(y) near the points z = —1,1
respectively.

Suppose that equation (2.5) satisfies the following conditions: Condi-
tion C

The coefficients A;[z(Z)] (j = 1,2,3) in (2.5) satisfy

where z(Z) is the inverse function of Z(z), and ko, k1 are non-negative
constants.

Now we formulate the Riemann-Hilbert boundary value problem as fol-
lows:

Problem A Find a solution w(z) of (2.5) in D, which is continuous in
D* = D\{—1,1} and satisfies the boundary conditions

Re[A(2)w(2)]=7(z) on dD*=0D\{~1,1}, Im[A(20)w(20)]=bo,  (2.8)
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14 Elliptic, Hyperbolic and Mixed Complex Equations

where A(z) = a(z) + ib(z) (JA(z)] = 1), by is a real constants, zo (€ T\
{-1,1}) is a point, and A(z) r(z), by satisfy the conditions

CalA(2),T] < ko, CulA(2),7] < ko, 09
Cu[r(2), T <ka, Calr(2),7] <ka, |bo| <k, '

in which a (0 < a < 1), ko, k2 are non-negative constants. In particular, if
A(z) = a(x) + ib(z) = 1, then Problem A is the Dirichlet boundary value
problem, which will be called Problem D. Denote by A(z; —0) and A(z;+0)
the left limit and right limit of A(2) as z — 2;(j = 1,2) on dD*, and

o, Az;—0) 1 AMz;=0)] ¢
ig; _ M\ L J %
S V) L {A(zjm) T D
(2.10)
Kj: |:%:| +Jj, JJZO or 17j:1727

in which z; = —1,29 = 1,0 < v; <1 when J; =0, and —1 < ; < 0 when
Ji=1,1<75<2,and

is called the index of Problem A. If A(z) on 9D is continuous, then K =
Ararg A(z)/27 is a unique integer. If the function A\(z) on 9D is not con-
tinuous, we can choose J; = 0 or 1, hence the index K is not unique. We
shall only discuss the case K = 0 later on, and the other cases for instance
K = —1/2, the last point condition in (2.8) should be cancelled, we can
similarly discussed.

2.2 Representations and estimates of solutions
of Riemann-Hilbert problem for elliptic
complex equations

It is clear that the complex equation
wz; =0 in Dy (2.11)

is a special case of equation (2.5). On the basis of Theorem 1.3, we can
find a unique solution of Problem A for equation (2.11) in Dy.
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Chapter I Elliptic Complex Equations of First Order 15

Now we consider the function ¢g(Z) € Lo (Dyz), and first extend the
function g(Z) to the exterior of Dz in C, i.e. set g(Z)=0 in C\Dy, hence
we can only discuss the domain Do = {|z| < Ro} N {ImY > 0} D D, here
Z =z +1Y, Ry is a positive number. In the following we shall verify that

the integral
HI
V(Z)=Tg/H= // / mt) dat in D,
Do

Loo[g(Z)vDO] S kSa

(2.12)

satisfies the estimate (2.13) below, where H(y) = y™/2, m ia a positive
number. It is clear that the function g(Z)/H(y) belongs to the space
L1(Dy) and in general is not belonging to the space L,(Dg) (p > 2,m > 2),
and the integral ¥(Zj) is definite when ImZy > 0. If Zy € Dy and
ImZ, = 0, we can define the integral ¥(Zy) as the limit of the correspond-
ing integral over Dy N {|Ret — ReZy| > e} N {|Imt —ImZy| > ¢} as e — 0,
where ¢ is a sufficiently small positive number. The Holder continuity of
the integral will be proved by the following method.

Lemma 2.1  If the function g(Z) in Dy satisfies the condition in (2.12),
and H(y) = y™/2, where m is a positive number, then the integral in (2.12)

satisfies the estimate L
Cs[¥(Z),Dz] < M, (2.13)

where B = 2/(m + 2) — 3, 6 is a sufficiently small positive constant, and
My = My (B, ks, H, D) is a positive constant.

Proof We first verify the boundedness of the integral in (2.12), as stated
before, if H(y) =y™/?, then H(y) = J™/2Y™/(m+2) " For any two points
Zy = 29 € v=(-1,1) on z—axis and Z; = z1 + Y1 (Y1 > 0) € Dy
satisfying the condition 2ImZ; /v/3 < |Z; — Zy| < 2ImZ;, this means that
the inner angle at Zy of the triangle ZoZ125(Z2 = a9 + Y1 € Dy) is
not less than /6 and not greater than m/3, choose a sufficiently large
positive number ¢, from the Holder inequality, we have Li[¥(Z), Dy] <
L4(g(Z), Do)Ly[1/H(Imt)(t — Z), Do), where p=gq/(¢—1) (> 1) is close to
1. In fact we can derive as follows

|<| // /H Imt t|§Jm1/27qu[g(Z)7D0]

1
1/p _ 1/p
// |tm/ 7n+2)(t 7 )|pd0't] /p Jm/Qﬂ-L [ (Z),DO] Jl 5

(2.14)

where
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16 Elliptic, Hyperbolic and Mixed Complex Equations

r
// |tm/ m+2) (t—Z )| doy

// |t|;0m/ ’”+2)|Im(t — Z0)|P50|Re(t — ZO)|:D(1 Bo)

do 1 d2 1
< dY ——dz| <k
- |/0 yrm/(m+2)|y — Y |pho /d1 | — o [P(L1—Fo) o] < ka,

in which dy = max ;- ImZ, dy = mmZeD ReZ, dy = max ;- ReZ,

=2/(m+2)—¢,¢ (< 1/p—m/(m + 2)) is a sufficiently small positive
conbtan‘c7 we can choose ¢ = 2(p—1)/p (< 2/(m+2)) such that p(1—35y/2) <
1 and p[m/(m +2) + Bo] < 1, and ks = k4(B, k3, H, Dy) is a non-negative
constant.

doy

Next we estimate the Holder continuity of the integral ¥(Z) in Dy, i.e.

wz)-wize)| < 222 [ SO,
|Z1—Zo| 1 P 1/p
< iy Lal9(2), Do) [//DO'tm/<m+z>(t_zo)(t_zl) dat} ’
(2.15)

and

dUt

1 p
J p—
2 / /D ‘tm/<m+2><t—zo><t—zl>

< [ ARzl Ve zypc )
Do |t|pm/ m+2)|1m(t — ZO)|P50/2|Im(t — Z1)|Pﬂo/2

1
< ay
7/0 Y rm/(m+2)|Im(Y — Z)|PPo/2|Tm(Y — Z1 ) [PPo/2

ds )
dRet
8 /ch [Re(t— Z)[P(1—Po/2) [Re(t— Z, ) [P(1—Po/2) e

dao
1
< k5~/d |z — xo|P(1=Po/2) |z — x1|P(1—B0/2) dz,

1

where By = 2/(m + 2) — € is chosen as before and

do
ks=_max / [YPm/(m42) T (Y — Zo) PP/ 2 [T (Y — Z,) [P/ 2]~ LdY.
Zo,Z1€Do J
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Chapter I Elliptic Complex Equations of First Order 17

Denote Po = |R6(Z1 —Z())| = |JI1 —ZII()|, L1 = Doﬂ{|$—xo| < 2p0,Y = Yb}
and Lo = Do N {2pp < |x — x0] < 2p1 < 00,Y = Yy} D [d1,d2]\L1, where
p1 is a sufficiently large positive number, we can derive

1
<
Jo < 155[/L1 |z — g |P(1=F0/2) |z — g1 |P(1=Fo/2) d

1
+/L2 |z — 20 |P(—Po/2 [z — g1 [P(A—Fo/2) dz]

1
< k5[|x1_$0|172p+1750/ dg
<2 [€[P(=B0/2)|¢ £ 1|p(1=Fo/2)

2p1
+k6| pp5072pdp|]§/€7|x1—x0|17p(2760) —
2po

= kr|zy — $0|p(2/(m+2)—6+1/p—2),

in which we use | — xo| = &|lz1 — 20|, |z — 21| = |z — 20 — (1 — o)
|E£1||z1—zo|if & € Ly, |x—x0| = p < 2|z—x1| if € Lg, choose that p(> 1)
is close to 1 such that 1 —p(2—6o) < 0, and k; = k; (5, ks, H, Do) (j = 6,7)
are non-negative constants. Thus we get

(W(Z1) =W (Zo)| < kr| 2y — Zo||r — o[>/ D= HP2 < g | 7, — 7P,

(2.16)
in which we use that the inner angle at Zy of the triangle ZyZ1Z5 (Z2 =
xo +1Y1 € Dyp) is not less than 7/6 and not greater than 7/3, and choose
e=2p—-1)/p,8=2/(m+2)—-0,0 =3(p—1)/p, ks = ks(B, ks, H, Do)
is a non-negative constant. The above points Zy = x¢, Z1 = x1 + iY7 can
be replaced by Zy = x¢ + Yy, Z1 = 21 +iY; € Dy, 0 < Yy < Y; and
2(Y1 — Yo)/V3 < |Z1 — Zo| < 2(Y1 — VD).

Finally we consider any two points Z1 = x1 + Y7, Z2 = a2 + ¢Y7 and
1 < T2, from the above estimates, the following estimate can be derived

(W(Z1) = W(Z2)| < |W(Z1) — W(Zs3)| + [¥(Z3) — V(Z2)] .17
< k| Z1—Z3|P + ks|Z3— Z2|P < ko|Z1— Zo|P, .

where Z3 = (w1 + 22)/2 +i[Y1 + (2 — 21)/(2V3)]. If Zy = 21 +iY1, Zy =
x1 +1Ys, Y1 < Ys, and we choose Zs = 1 + (Yo — Y1)/2v3 4+ i(Ya + Y1) /2,
and can also get (2.17). If Z1 = x1 + Y1, Zo= a2 + Yo, 21 < 22,Y7 < Y3,
and we choose Z3 = x5 + 1Y7, obviously

(W(Z1) = W(Zs)| < |W(Z1) = W(Z3)| + [W(Z3) — ¥ (Z2)], (2.18)
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18 Elliptic, Hyperbolic and Mixed Complex Equations

and |¥(Z1) — ¥(Z3)|, |¥(Z3) — ¥(Z3)| can be estimated by the above way,
hence we can obtain the estimate of |¥(Z1) — W(Z3)|. For other case, the
similar estimate can be also derived. Hence we have the estimate (2.13).

Remark 2.1 If the condition H(y) = y™/? in Lemma 2.1 is replaced
by H(y) = y", herein 7 is a positive constant satisfying the inequality
n < (m + 2)/2, then by the same method we can prove that the integral
U (Z) =T(g/H) satisfies the estimate

Cs[¥(Z),Dz] < M,

where § =1—-2n/(m+2)—4, J is a sufficiently small positive constant, and
My = M1(B, ks, H,Dz) is a positive constant. In particular if H(y) = v,
i.e. n =1, then we can choose § =m/(m + 2) — 4, § is a sufficiently small
positive constant.

Now we give two representation theorems of solutions of Problem A for
system (2.2) or equation (2.5).

Theorem 2.2 Suppose that the equation (2.5) satisfies Condition C.
Then any solution of Problem A for (2.5) can be expressed as

wlz(2)] = [®(2) + ¥(2)]e?@ in Dy, (2.19)

where ¥(Z), $(Z) possess the form

QB(Z):TB:—%/‘/D th_(t)ZdO't in Dz,

1 W[=(2)

h(Z)={ H(y) wlz(2))]
0 if w[z(Z)]=0, Z€ Dz, or Z€Dy\D,

o g A2
V(Z)=Tf= // Z)—Lwe w2,

in which Dy is as stated before, §(Z), (Z ) satzsfy the estimate similar to
that in (2.13), Z = x +iY = 2 + iG(y), and ®(Z) is an analytic function
in Dy satisfying the estimate

{A1]2(2)]+A2]2(2)] Vif w[z(Z)]#0,Z€ Dy,

Cs[X(2)®(Z), Dz] < Mo, (2.20)

where X(Z) = |Z — t1|"™|Z — t2|", here n; = max(—4v;,0) +84, j = 1,2,
v; (7 = 1,2) are as stated in (2.10), and t; = —1,t2 =1, § is a sufficiently
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Chapter I Elliptic Complex Equations of First Order 19

small positive constant, k = (ko, k1,k2), and My = Ms(6,k,H,Dyz) is a
non-negative constant..

Proof  On the basis of Lemma 2.1, we see that ¢(Z),¢(Z) in Dy satisfy
the similar estimate as in (2.13). Next it is easy to derive that

b= [wy—w(A1+AoW/w)/H— Az /H]e™ ¥2) =0 in Dy,
namely <i>(Z ) is an analytic function in Dy, which satisfies the boundary
conditions

Re(\(z(2))e? D@ (2)] =r(2(2)]~Re\(:(2))e* i(2)] on 0D,
Im[X(z0)e?( %) &(Zy)] = by — Im[A(20)e?Z0)4)( Zo)],

(2.21)
in which z(Z) is the inverse function of Z(z), Zo = Z(zp), dD% = dDz\
{—1,1}, and the index of A[z(Z)]exp|d(Z)] on Dy is K = 0. Hence
accordlng to the proof of Theorems 1.1 and 1.8, Chapter IV, [87]1), we can
derive that ®(Z) in Dy satisfies the estimate (2.20). This completes the
proof.

Theorem 2.3 Suppose that the equation (2.5) satisfies Condition C.
Then any solution of Problem A for (2.5) can be expressed as

w([z(Z)] = ®(Z)e??) +4(Z) in Dy, (2.22)

where Y(Z), ¢(Z) possess the form

v // df’tv | f(Z2)H(y), Dz] < o0
¢(Z):Th:—;//D i%dot in Dy,
L oA LV,
n(z)— ) Ty O ALz} € W(2)£0.2 € Dy,

0 if W(Z) =0, Z € DzLJ{DQ\Dz},

in which Y(Z), ¢(Z) satisfy the estimate (2.13), W(Z) = w[z(Z)] — ¥(Z),
Z =x+1iY =z +iGy), and ®[z(2)] is an analytic function in Dy.

Proof Firstly by using the method of parameter extension as stated in
the proof of Theorem 2.5 below, Lemma 3.4, Chapter IV, [86]9), or Theorem
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20 Elliptic, Hyperbolic and Mixed Complex Equations

3.3, Chapter II, [87]1), we can find a solution of equation (2.5) in the form

//DO 7= 7ot Hy)f(Z) € Loo(Dz).

On the basis of Theorem 2.2, the solution of (2.5) in Dz can be expressed
by ¥(Z) = ¥(Z)e??), where

PP | ht)
¢(Z)—Th——;/‘/DO t_—ZdO't m .DZ,

(A [=(2)) 44202 2) 22Dy it g 2) 20,2 € D,

1
Wz)={ H(y) ¥(2)

0 if ¥(Z) =0, Z € Dy,

/lZ(Z):Tf:_%/‘/D Z;f_%do't,fN(Z):AS[Z(Z)]ef¢;(Z)7

it is clear that the functions ¢(Z),¥(Z) satisfy the estimate similar to
(2.13).

Next let w(z) be a solution of Problem A for equation (2.5), it is clear
that W (Z) = ®(Z)e??) = w(z(Z)] — (Z) is a solution of the complex
equation

W7 = A1W(Z) + AQW(Z) in Dz,
where ¥(Z7) is as stated in (2.22), and we can verify that the function ®(Z2)
is an analytic function in Dz. Finally applying Theorem 1.3, we can find
an analytic function ®(Z) in Dy satisfying the boundary conditions

Re(\(Z))¢ ™™D @(Z)) = {r[2(2)] - ReA(2))(Z)] e 02

on D", Im[A(z0)e™#( %) (Zy )] ={bo —Im[A(20))(Zo)] fe~Re¢(Z0),
(2.23)
herein Zy = Z(zp), hence the function w[z(Z)] = ®(Z)e??) + 4(Z) in
(2.22) is just the solution of Problem A in Dy for equation (2.5).

On the basis of Lemma 2.1 and the above discussion, we can obtain the
estimates of solutions of Problem A for equation (2.5), namely

Theorem 2.4  Any solution w[z(Z)] of Problem A for equation (2.5)
satisfies the estimates

Csw(2),D]=Cs[X (Z)w(2(2)), D7) < M3, C5[w(z), D] < My (k1 +k2),
(2.24)
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Chapter I Elliptic Complex Equations of First Order 21

in which X(Z) = |Z —t1|™|Z —t2|™, here n; = max(—4v;,0)+84, j = 1,2,
v; (7 =1,2) are as stated in (2.10), and t1 = —1,t3 = 1, § is a sufficiently
small positive constant, k = (ko, k1, k2), and Ms = M3(0,k, H,D), My =
My(0, ko, H, D) are non-negative constants.

Proof Noticing the conditions (2.7), and using Lemma 2.1 and Theorem
2.3, we see that the functions ¢¥/(Z), ¢(Z) in (2.22) satisfy the estimates

where 8 = 2/(m+2)—e, ¢ is a sufficiently small positive constant, and My =
Ms5(8,k, H, D) is a non-negative constant. Due to the analytic function
®(Z) satisfies the boundary condition (2.23), and from (2.20) and Theorem
2.3, we can get the representation and estimate of the analytic function
®(Z) in Dz similar to those in (2.22) and (2.20), thus the first estimate
of (2.24) is derived. Moreover we verify the second estimate in (2.24). If
k = k1+ke > 0, then the function w*(z) = u*(2)+iv*(z) = u(z)/k+iv(z)/k
is a solution of Problem A for equation

9(Z)
KH(y) ( )

Az
we=9*(2),9"(Z)= [Ajw* +Aw* +— Z ’in Dy, (2:26)

By the proof of the first estimate in (2.24), we can derive the estimate of
the solution w*(z):

Cplw*(2), D] < My = My(B, ko, H, D). (2.27)

From the above estimate it follows that the second estimate of (2.24) holds
with £ > 0. If £ = 0, we can choose any positive number ¢ to replace & = 0.
By using the same proof as before, we have

Cslw(z), D] < Mye.

Let ¢ — 0, it is obvious that the second estimate in (2.24) with & = 0 is
derived.

2.3 Solvability of Riemann-Hilbert problem for
degenerate elliptic complex equations

Theorem 2.5 Suppose that equation (2.2) satisfies Condition C. Then
Problem A for (2.5) has a unique solution in D.

Proof We first verify the uniqueness of the solution of Problem A for
system (2.2) or equation (2.5). Let wq(2),w2(z) be any two solutions of
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22 Elliptic, Hyperbolic and Mixed Complex Equations

Problem A for (2.5). It is easy to see that w(z) = w1(z) — we(z) satisfy the
homogeneous equation and boundary conditions

wy = [A1w + Aw]/H(y) in Dy,

_ - (2.28)
Re[A(Z))w(2(Z))]=0 in dD* Im[A(20)®(Z)]=0.
Due to the solution w[z(Z)] possesses the expression (2.22), but ¥(Z) =0
in Dz, and the index K = 0 of A[z(Z)] on 0D, from Theorem 1.1, Chapter
IV, [87]1), it is not difficult to derive that ®(Z) = 0 in Dy, hence w(z) =
wy(2) —we(z) =0 in D.

As for the existence of solutions of Problem A for equation (2.5), we can
prove by using the method of parameter extension. In fact, the complex
equation (2.5) can be rewritten as

wo = F(Z,w),

1 _ . (2.29)
W{Al [2(Z)|w+A3]2(Z)[w+A3[2(Z)]} in D.

In order to find a solution w(z) of Problem A in D, we can express w(z) in
the form (2.22), and consider the equation with the parameter ¢ € [0, 1]:

F(Z,w)=

w5 — tF(z,w) = S(z) in Dy, (2.30)
in which the function S(z) satisfies the condition
H(y)X(2)S(2) € Loo(Dz), (2.31)
where X (Z) is as stated in (2.20). This problem is called Problem A,.

When ¢ = 0, the complex equation (2.30) becomes the equation
w5 = S(z) in Dy. (2.32)

It is clear that the unique solution of Problem Ag, i.e. Problem A for
w5 = S(z) can be found, namely X (Z)w([2(Z)] = ®(Z) + TXS. Suppose
that when ¢t = ¢5 (0 < ¢y < 1), Problem A, is solvable, i.e. Problem A,
for (2.30) has a solution wo(z) (wo(z) € C(D), i.e. X[Z(2)]wo(z) € C(D)).
We can find a neighborhood T, = {|t —to] <e,0 <t <1} (0 <e < 1) of tg
such that for every ¢t € T., Problem A; is solvable. In fact, Problem A; can
be written in the form

wy — toF (z,w) = (to — t)F(z,w) + S(2) in Dy, (2.33)
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Chapter I Elliptic Complex Equations of First Order 23

Replacing wo(z) into the right-hand side of (2.33) by a function wg(z) €
C(D), especially, we select wg(z) = 0 and substitute it into the right-
hand side of (2.33), it is obvious that the boundary value problem for such
equation in (2.33) then has a solution wi(z) € C(D). Using successive
iteration, we obtain a sequence of solutions wy,(z) (w,(z) € C(D), n =
1,2,...), which satisfy the equations

w, 7 —toF (2, wni1) = (t—t0) F(z,wn)+S(2) in D,

Re[A(2)wny1(2)]=7(2) on dD*, Im[(20)wnt1(20)] = bo.
From the above formulas, it follows that

[wn+1—wn]7—t0[F(27wn+l) - F(Z, wn)]

= (t — t0)[F(z,wn) — F(z,wp—1)] in D,

Re[A(2)(wn41(2) — wn(2))] =0 on dD*,

Im[A(20) (wn+1(20) — wn(20))] = 0.
Noting that
Loo[H(y) X (Z)(F (2, wn) = F(2,wn1)),Dz] < 2koClwy—w,1,Dz],
and then by Theorem 2.4, we can derive
Clwpy1 — wn, Dz < 2|t — to|MyClwyn — wn_1, Dz,

where the constant My = My (3, ko, H, D) is as stated in (2.24). Choosing
the constant € so small such that 2eMy < 1/2 and |t — to| < e, it follows
that

1. _
50[ _wnflaDZ]a
and when n,m > Ny + 1 (N is a positive integer),

Clwp 1 —wn,Dz) <2 MyClw, —w,—1,D 7] <

C’[wn+1 —wy, Dz] < 27N0227jé[w1 —wo, Dz] < 27N°+1CA’[U)1 —wo,Dz].
3=0

Hence {wy(z)} is a Cauchy sequence. According to the completeness of
the Banach space C(Dy), there exists a function w,(z) € C(DZ), so that
Clwn — we, Dz] — 0 as n — oo, we can see that w,(z) is a solution of
Problem A; for every ¢t € T, = {|t — to| < e}. Because the constant e is
independent of ¢y (0 < tg < 1), therefore from the solvability of Problem
A, when ty = 0, we can derive the solvability of Problem A; when ¢ =
g,2¢,...,[1/ele, 1, where [1/¢] means the integer part of 1/e. In particular,
when ¢t =1 and S(z) = 0, Problem A, i.e. Problem A for (2.5) in D has a
solution w(z).
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24 Elliptic, Hyperbolic and Mixed Complex Equations

3 The Discontinuous Riemann-Hilbert Problem
for Quasilinear Degenerate Elliptic Complex
Equations of First Order

In this section we discuss the discontinuous Riemann-Hilbert Problem for
quasilinear degenerate elliptic system of first order equations in a bounded
simply connected domain. We first give the representation of solutions of
the boundary value problem for the equations, and then prove the existence
and uniqueness of solutions for the problem.

3.1 Formulation of discontinuous Riemann-
Hilbert problem for degenerate elliptic
complex equations

Let D be a simply connected bounded domain in the complex plane C with
the boundary 0D = I' U+, where I'(C {y > 0}) € CL1(0 < a < 1) with the
end points z = —1,1 and 7 = (=1, 1) on the z-axis. As stated in Section 2,
there is no harm in assuming that the boundary I'(€ Cl) is a curve with
the form z = -1+ G(y) (-1 <z <0 andz =1-G(y) (0 <z < 1)
near the points z = —1,1. We consider the quasilinear degenerate elliptic
system of first order equations

Hy)ugz — vy =aru+biv+cr
in D, (3.1)
H(y)vs + uy = agu + bav + ¢2

in which H(y) =v/K(y),Y =G(y) =, Ht)dt,G'(y) =H(y), K(y) is the

same as stated in (2. 1) and a],bj,cj (U= 1 2) are functions of (z,y)(€
D),u,v(€ R). The following degenerate elliptic system is a special case of
system (3.1) with H(y) = y™/?:
ym/2uw — vy = a1u+bv+c
in D, (3.2)
ym/sz + Uy = agu + bav + 2

where m is a positive constant. According to Section 2, the system (3.1)
can be written in the complex form
ws = F(z,w), F(z,w)
=A1(z,w)w+As(z, w)wW+A3(z,w)=g(Z) in D, ie. (3.3)

wy=[Ayw+ AW+ As]/H(y)=g(Z)/H(y) in Dz,
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Chapter I Elliptic Complex Equations of First Order 25

where
1 ) ) 1 ) . 1 )
A= Z[al +iag—ib1+ba], Ay = Z[al +iag+iby —ba], A3 = §[Cl+lc2]a

in which w = u+ v, Z =  +iG(y), Dz is the image domain of D with
respect to the mapping Z = Z(z).

Suppose that equation (3.3) satisfies Condition C, namely

1) Aj(z,w) (j = 1,2,3) are measurable in D for all continuous functions
w(z) in D* = D\{—1,1}, and satisfy

LOO[AJ,E] < ko, j = ].72, L [A3, ] < ]€1 in D. (34)

2) For any continuously differentiable functions wq(z), wa(2) in D*, the
equality

F(z,w1)—F(z,wg) = Ay (w; —ws) + Ay (W7 —W3) in D (3.5)

holds, where A; = A;(z, w1, w2) (j = 1,2) satisfy the conditions

n (3.4), (3.6), ko, k1 are non-negative constants. In particular, when (3.3)
is a linear equation, the condition (3.5) obviously holds.

Now we formulate the general discontinuous Riemann-Hilbert boundary
value problem. Let Z’' = {z; = —1,...,2, = 1, ..., 2, = 20} be m points on
I' U~ arranged according to the posmve dlrectlon successively. Denote by
I'; the curve on I from z;_; to zj, and I'; does not include the end point
zj1,2 (= 1,2,...,m).

Problem B Find a continuous solution w(z) of (3.3) in D* = D\Z/,
which satisfies the boundary conditions

Re[A(z)w(z)]=r(z) on dD*={T U~y}\Z’,
- (3.7)
Im[A(2))w(2))] = bj, j=1,...2K +1=J,
in which A(2) = ReA(2) + ilmA(z) # 0 on U7, 25 (¢ 2,7 = 1,...,J)
are distinct points on I' U ~y, b; (j = 1,...,J) are real constants and
A(2),r(2),b; (j =1, ..., J) satisfy the conditions

Ca[)\(Z)7Fj] < ko, Oa[Rj(z)r(z)vFj] < kQa j =1,..,m
(3.8)
CalM2)7] <ko, Co[r(2),7]<ks, |bj| < ks, j=1,...,J,
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26 Elliptic, Hyperbolic and Mixed Complex Equations

where R;(z) = |z—z;_1|%-1|2—2;|%, B; (j = 1,...,m) are similar to those
in (1.39) with ag = 1/4, a (0 < « < 1), ko, k2 are non-negative constants,
and the number

1
K:§(K1+---+Km) (3.9)
is called the index of Problem B, where
K; = ¢J
i = + Jj, J = O or 1

. )\(24—0) o} .
0 = 28 2 = _Kjj=1,..
€ )\(ZJ—FO),’YJ T Jv.] I 7m

(3.10)

Here we choose the index K > —1/2. From Theorems 3.2 and 3.4 below,
we shall see that Problem B for (3.3) is well-posed.

3.2 Representation and uniqueness of solutions
of discontinuous Riemann-Hilbert problem
for elliptic complex equations

Now we give the representation theorem of solutions for equation (3.3).

Theorem 3.1  Suppose that equation (3.3) satisfies Condition C. Then
any solution of Problem B for (3.3) can be expressed as

w[z(2)] = [®(2) + $(2))e? D = ©(2)e? D 1 y(2), (3.11)

where

i(Z)=Tf=—%//D %dm, f(Z):%e&m,

- -1 h(t)
qS(Z):Th:—;// —dovin Dz,

1 w(z(2)), .
—y{Al[Z(Z)HAﬂZ(Z)]W} if w[z(Z)]#0,Z€eDy,
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Chapter I Elliptic Complex Equations of First Order 27

I W)
qb(Z)—Th—-;/Lt ﬁdat m DZ,

=

Z
Z

{A1[2(2)]+ Az[2(2)] }if W(Z2)#0,Z€ Dy,

=

1
Wz)={ H(y)

0 if W(Z)=0, Ze Dy,

(3.12)
in which W(Z) = w[z(Z)] — ¥(Z), ks = ks(ko,k1,ke, H,D) is a non-
negative constant, Z = v +1iY = z +iG(y), and ®(Z) is an analytic
function in Dy satisfying the boundary conditions

Re[\(2(2))e? @ d(2)| =7[2(Z)]—Re[\(2(2))¢(Z)] on OD*, 1)
Im[A(z])e? )@ (Z;)]=b; —Im[A(,)¢(Z))], j =1, ..., 2K +1, '

where Zj=Z(2}), j=1,...,2K+1, hence the function w[z(Z)]= O(Z)e??)
+(Z) in (3.11) is just the solution of Problem B in Dy for equation (3.3).

Proof Let w(z) be a solution of Problem B for equation (3.3), and be
substituted in the positions of w in (3.3), thus the coefficients 4; (j = 1,2, 3)
be determined. Moreover according to the method in the proof of Theorem
2.5, we can find the solution ¢ (Z) of the linear complex equation

wy = [Ayw + AW + As]/H(y) in Dy, (3.14)

and the function ¢(Z) = ¢(Z)e? @), herein ¢(Z), ¢(Z) are two double inte-
grals as stated in the proof of Theorem 2.3 and satisfy the similar estimate
in (2.13). Moreover the function ¢(Z) is determined as stated in (3.12),
and ®(Z) is an analytic function in Dy satisfying the boundary condition
(3.13). It is clear that w[z(Z)] possesses the representation (3.11).

Theorem 3.2  Suppose that equation (3.3) satisfies Condition C. Then
Problem B for (3.3) has at most one solution in D.

Proof Let wi(z),w2(z) be any two solutions of Problem B for (3.3). It
is easy to see that w(z) = w1 (z) — wa(z) satisfy the homogeneous equation

w5 = [Ayw + Aw]/H(y) in Dy, (3.15)
and homogeneous boundary condition of (3.13), i.e.

Re[A(2(2))e? @ ®(Z)] =0 in 0Dy,
- (3.16)
Im[A(2})e? %) @(2])]=0, j=1,....2K+1,
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28 Elliptic, Hyperbolic and Mixed Complex Equations

where Z; = Z(2})(j = 1,...,m). According to the proof of Theorem 2.5,

we can prove ®(Z) =0 in DZ, thus w(z) = wy(z) —wa(z) =0in D.

3.3 Estimates and existence of solutions of
Riemann-Hilbert problem for degenerate
elliptic complex equations

Now we shall give the estimates of the solutions of Problem B for (3.3) in
D. We rewrite equation (3.3) in the form

wr =F(z,w), F(z,w)=Ajw + AW + As, (3.17)
in which A; (j = 1,2,3) are as stated in (3.3).

Theorem 3.3  Let equation (3.3) satisfy Condition C. Then any solution
w(z) of Problem B satisfies the estimates

(Z)w(2(Z)), Dz] < M,

R [_ (3.18)
Cs[w(z), D] < Ma(ky + k2),

where

™ o max(—4v;,8;)+86,j=1,n,
'1;[ | e {max(_ijaﬂJ)+255.]:277m7.77£n

(3 19)
herein v; (7 = 1,...,m) are as stated in (3.10), and t1 = z1 = —1,...,t, =
zZn = 1, .ty = 2m, k = (ko, k1, k), and § is a sufficiently small posztwe
constant, and My = M1(0,k, H, D), Ms = Ms(0, ko, H, D) are non-negative
constants.

Proof  Taking into account A;[z,w(z)] € Loo(Dyz), j = 1,2,3, and ap-
plying (2.25), we get

Cs[¥(Z), D7) < M3, Cs[¢(Z), D] < M, (3.20)

where ¢(z), ¥(z) are the functions as in (3.11), 8 is as stated in (2.25),
and M3 = M3(6, k, H, D) is a non-negative constant. Moreover due to the
analytic function ®(z) satisfies the boundary condition (3.13), similarly to
(2.20), we can obtain the estimate

~ J—

Cs[®(2), D] < My = My(5, k, H, D). (3.21)
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Chapter I Elliptic Complex Equations of First Order 29

Combining (3.20), (3.21), the first estimate in (3.18) is derived.

As for the second estimate in (3.18), which can be verified according to
the proof of Theorem 2.4.

Now we prove the existence of solutions of Problem B for equation (3.3)
by the method of continuity.

Theorem 3.4 Suppose that equation (3.3) satisfies Condition C. Then
the discontinuous Riemann-Hilbert problem (Problem B) for (3.3) has a
solution.

Proof We discuss the complex equation (3.17), i.e.
wy=F(z,w), F(z,w)=[Ajw+Ayw+As]/H(y) in Dz. (3.22)

In order to find a solution w(z) of Problem B in D by the method of conti-
nuity, we consider Problem B for the complex equation with the parameter
t €[0,1]:

wy — tF(z,w) = S(z) in Dy, (3.23)

in which the function S(z) satisfies the condition
H(y)X(2)S(2) € Loo(Dz). (3.24)
This problem is called Problem B;.

Let T be a point set in the interval [0,1], such that for every ¢t € T,
Problem B, for equation (3.23) has a solution w(Z) € C5(Dy) for every
function S(Z) satisfying the condition (3.24). It is clear that when ¢ = 0,
Problem By for wy; = S(Z) has a solution

X(Z)w(Z) = ®(Z) + TXS, (3.25)

where ®(Z) is an analytic function in Dz. Hence T' is non-empty. If we
can prove that T is both open and closed in [0,1], then we can derive that
T = [0,1]. In particular, when ¢ = 1 and S(Z) = 0, Problem B; possesses
a solution, i.e. Problem B for equation (3.22) is solvable.

In order to prove that T is a open set in [0,1], let to € T. We rewrite
(3.23) in the form

wy — toF(z,w) = (t — to)F(z,w) + S(z) in Dy, (3.26)

Replacing wo(z)(€ C(D)) into the right-hand side of (3.26) by a function
wo(z), especially, we select wp(z) = 0 and substitute it into the right-hand
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30 Elliptic, Hyperbolic and Mixed Complex Equations

side of (3.26), it is obvious that Problem By, for such equation in (3.26)
then has a solution wy(2) (w1(z) € C(D)). Using successive iteration, we
obtain a sequence of solutions wy,(z) (wn(z) € C(D), n = 1,2,...), which
satisfy the equations and the boundary conditions

wn+17—t0F(2’7 Wny1)=(t—to)F(z,w,)+S(2) in D, (3.27)
Re[A(2)wn11(2)]=7(2) on OD* Im[A(2))wni1(2))]=bj, 5 =1, ..., 2K +1.
(3.28)
From the above formulas, it follows that
[Wnt1—wpl7z — to[F'(2, wnt1) — F(z,wy)]
= (t —t0)[F(2z,wn) — F(z,wp—1)] in D,
- (3.29)

Re[A(2)(wn41(2) — wn(2))] =0 on 9D*,

Im[A(2%) (wnt1(2]) —wn(25))] =0, j=1, ..., 2K +1.
Noting that
Loo[H(y)X (2)(F (2, wn) = F(2,wp 1)), Dz] <2C[wy, —w, 1, D7), (3.30)
and according to the proof of Theorem 2.5, we can derive
é’[wnﬂ —wy, D] < 2|t—t0|MQC'[wn — wp_1, D], (3.31)

where the constant My = Ms(6, ko, H, D) is as stated in (3.18). Choosing
the constant € so small such that 2eMy < 1/2 and |t — to| < e, it follows
that

C’[wnH —wy,, D] < 25Mgé[wn—wn,1,D]§ C'[wn—wn,l,ﬁ], (3.32)

N =

and when n,m > Ny + 1 (Ny is a positive integer),

Clwny1—wy, D) <27 N0 Z 2*j(§'[w1 —wo, D] §2*N°+1C'[w1 —wo, D).
=0

Hence {w, ()} is a Cauchy sequence. According to the completeness of
the Banach space C(D), there exists a function w.(2) € C(D), so that

Clwy, — ws, D] — 0 as n — oo. Obviously w.(z) is a solution of Problem B;
for every ¢t € T, = {|t — to| < €}. Because the constant ¢ is independent of
to (0 <ty < 1), therefore from the solvability of Problem B, when ¢y = 0,
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Chapter I Elliptic Complex Equations of First Order 31

we can derive the solvability of Problem B, for equation (3.23) when t € T-.
This shows that the set T in [0,1] is open.

Finally we verify that T is closed in [0,1]. Let t, € T(n = 1,2,...),
and ¢, — to as n — oco. We shall prove that Problem B, for equation
(3.23) is solvable. Denote by w,(z) (n = 1,2,...) the solutions of Problems
By, (tn, € T, n=1,2,...) for the corresponding equations (3.23), which can
be expressed by

X(2)wn|2(2)] = ®,(2)e? D) 445, (Z), n=1,2, ...

and satisfy the estimate (3.18). Hence from {w,,(z)}, we can choose a subse-
quence {wy, (2)}, such that X (Z)ws, [2(Z)] uniformly converges a function
X(Z)wo[z(Z)] in Dy, it is clear that the function wq(z) is just the solution
of Problem By, for equation (3.23) with ¢ = ¢¢. This completes the proof.

4 The Riemann-Hilbert Problem for Degenerate
Elliptic Complex Equations of First Order in
Multiply Connected Domains

This section deals with the Riemann-Hilbert problem for degenerate elliptic
complex equations of first order in multiply connected domains. We first
give the representation of solutions of the boundary value problem for the
equations, and then prove the uniqueness and existence of solutions for the
problem.

4.1 Formulation of Riemann-Hilbert problem for
degenerate elliptic complex equations in
multiply connected domains

Let D be an (N + 1)-connected bounded domain in the upper half-plane
with the boundary I' = U;V:OFJ- € Co(0 < o < 1), where I'j(j = 1,...,N)
are located in the domain Dy bounded by I'y = 'y, there is no harm
in assuming that I'y = TV U+, herein v = {-1 < z < 1,y = 0} and
I"(e {y > 0}) is a curve with the end points z = %1, and the inner
angles of IV and ~ at z = £1 are equal to 7, because otherwise through a
conformal mapping the above requirement can be realized. We consider the
quasilinear degenerate elliptic equation of first order: (3.1) with Condition
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32 Elliptic, Hyperbolic and Mixed Complex Equations

C, its complex form is as follows

ws=F(z,w), F=A;(z,w)w+Az(z, w)w+A3(z, w), ie.

. 1 )
H(yjwz = g(Z) in D, Ay = ey +ica),

1 ] (4.1)
A= Z [a1 +ia2—ib1+b2], Ay = 1 [a1 +ias-+1bq —bg],
where the coefficients 4; (j = 1,2, 3) in (3.1) satisfy
Loo[Aj, D], Loo[A;, D] < ko,j = 1,2, Loo[A3, D] < k1 in D, (4.2)

besides A;(j = 1,2) are as stated in (3.6), and ko, k1 are non-negative
constants. We mention that under Condition C, the above solution of
equation (4.1) in D is a generalized solution, and if A; € Co (D), then the
solution of (4.1) is a classical solution.

The Riemann-Hilbert boundary value problem for equation (4.1) may
be formulated as follows:

Problem A Find a continuous solution w(z) of (4.1) in D satisfying the
boundary condition

Re[A\(2)w(z)] = r(2), z €T, (4.3)
where \(z) # 0, z € I, and A\(2), () satisfy the conditions
Co[M(2),T] < ko, Culr(2),T] < ka, (4.4)
in which & (0 < o < 1), ko are non-negative constants.

The integer
1
K = —ArargA(z)
2w

is the index of Problem A. When the index K < 0, Problem A may not
be solvable, when K > 0, the solution of Problem A is not necessarily
unique. Hence we consider the well posedness of Problem A with the mod-
ified boundary conditions for the complex equation (4.1) as follows.

Problem B Find a continuous solution w(z) of equation (4.1) satisfying
the boundary condition

Re[A(z)w(z)] = r(z) + h(z), z €T, (4.5)
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Chapter I Elliptic Complex Equations of First Order 33

where
O,ZEF, lfKZN7
hj,ZEFj,j:17...7N—K7
if 0K <N,
O,ZEFj,j:N—K+17...7N+l

hj, PSS Fj, j=1,..,N,

—K-1 if K <0,
ho+Re »  (hf+ihy)[C(2)]™, z€T0

m=1

in which h; (j = 0,1,...,N), ht (m =1,..,—K—1,K < 0) are unknown
real constants to be determined appropriately, ( = ({(z) is a conformal
mapping from the bounded domain with the boundary Ty onto |¢]| < 1.
In addition, for K > 0 the solution w(z) is assumed to satisfy the point
conditions

1,..2K—N+1, if K>N,
Im[A(a;)w(a;)]=b;, j€J= (4.7)
N—K+1,...,N+1, if 0< K <N,

wherea; €T (j=1,..,N),a; €Tg(j =N+1,..,2K—N+1,K > N) are
distinct points, and b; (j € J) are all real constants satisfying the conditions

herein ks, is a nonnegative constant.

4.2 Representation and uniqueness of solutions
of Riemann-Hilbert problem for degenerate
elliptic complex equations

It is easy to see that the complex equation
wz;=0inD, ie wy=0inDy (4.9)

is a special case of equation (4.1). On the basis of the result in [86]9), we
can find a unique solution of Problem B for equation (4.9) in Dz. Now we
give the representation theorem of solutions for equation (4.1).
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34 Elliptic, Hyperbolic and Mixed Complex Equations

Theorem 4.1 Suppose that the equation (4.1) satisfies Condition C.
Then any solution of Problem B for (4.1) can be expressed as

wlz(2)] = W(2) + $(Z) = ©(2)e* D +4(2), (4.10)

where ®(Z), ¢(Z), 9 (Z) are as stated in (2.22), W(z) is a solution of equa-
tion

sz [A1W+A2W]/H(y) in Dz, (411)
and Y(Z) is a solution of equation (4.1) in Dz and possesses the form
1
W(Z)=Tf=— //D L:f_%dot in Dy, (4.12)
F(Z) = [A1yp + Ao+ A5]/H(y) in Dz, (4.13)

in which Z = x4+ iY(y) = z + iG(y), and W[Z(z)] in D satisfies the
boundary conditions

Re[A(2)W (2(2))]=7(2)+h(z) ~Re[A(z)¥(Z(2))], 2 €T,

o (4.14)
Aaj)W (a;)] = bj = Im[X(a;)1p(Z(a;))], j € J.

—
=
S

<

Proof Let w(z) be a solution of Problem B for equation (4.1), and be
substituted in the coefficients of equation (4.1). By using the method in
the proof of Theorem 3.4, we can find a solution ¥(z) of such equation
(4.1), and v (z) possesses the form (4.12), (4.13). Moreover we can find the
solution W (z) in D of (4.11) with the boundary condition (4.14), thus

w[z(Z)] = W(Z) +(Z) in D (4.15)

is the solution of Problem B in Dy for equation (4.1), where W(z) =
®(2)e?®) is as stated in (4.10).

Theorem 4.2  Suppose that equation (4.1) satisfies Condition C. Then
Problem B for (4.1) has at most one solution in D.

Proof Let wi(z),wa(z) be any two solutions of Problem B for (4.1). It is
easy to see that w(z) = wy(2z) — wa(z) satisfies the homogeneous equation
and boundary conditions

ws = Ajw + AW in D, (4.16)

Re[A(z)w(2)] = 0 on T, Im[A(a;)w(a;)] =0, j € J. (4.17)
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Chapter I Elliptic Complex Equations of First Order 35

Noting the function g(Z) in (4.1) with the condition g(Z) € Loo(Dz),
similarly to Theorem 2.5, by using the way as in Theorem 1.2, Chapter I
and Theorem 4.1, Chapter II, [87]1), if the function w(z) # 0 in D, we can
derive the absurd inequalities

9K +1<2Np + Np < 2K, when K >0,

(4.18)
2K —2N <2Np+Np <2N—2K —2, when K <0,

where Np, Nr are denoted the totals of zero points of the solution w(z) in
D and T respectively. Hence w(z) = w1(z) — wa(z) = 0 in D. This proves
the uniqueness of solutions of Problem B for (4.1).

4.3 Estimates of solutions of Riemann-Hilbert
problem for degenerate elliptic equations

Now we shall give the estimates of the solutions of Problem B for (4.1) in

D, namely

Theorem 4.3  If equation (4.1) satisfies Condition C, then any solution
w(z) of Problem B satisfies the estimates

Cslw((2)), DZ) <M, Cs[w(=(2)), Dz) < Ma(ki +ks),  (4.19)

here 0 is a sufficiently small positive constant, and My = M (6, k, H, D),
My = Ms(6, ko, H, D) are non-negative constants.

Proof We first prove that if the solution w(z) of Problem B satisfies the
estimate of boundedness, i.e.

Clw(2(2)), Dz] < Ms, (4.20)

where M3 = M3(d, k, H, D) is a positive constant, then the first estimate of
(4.19) will be derived, because from Lemma 2.1, it follows that F(z,w) €
Loo(Dz), hence Cg[1p(Z),Dz)] < My = My(B,k, H, Dz, M3) < oo, 3 is as
stated in (2.13). On basis of the representation (4.10), the function W (Z) =
w[z(Z)] — b(Z) = ®(Z)e? @) in Dy satisfies the boundary conditions

ReA(2)IW(2)] =r[2(Z)] -Re[Az(2)]¢(2)]+h[2(2)], Z€OD 7,

Im[A(a;)W[Z(a;)] = bj — Im[X(a;)[Z(a;)]], j € J,
(4.21)
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36 Elliptic, Hyperbolic and Mixed Complex Equations

where 9Dz = Z(T'), hence the analytic function ®(Z) = W(Z)e~*(%) in Dy
satisfies the estimate Cs5[®(Z), Dz] < Ms = M5(0,k, H, D, M3). Now we
use the reduction to absurdity. Suppose that (4.20) is not true, then there
exist sequences of coefficients {Al(m)} (1=1,2,3), (X" (2)}, {r(™)(2)} and
{b;m)}, which satisfy the same conditions of coefficients as stated in (4.2),
(4.4) and (4.8), such that {Al(m)} weakly converge to Al(o) (1=1,2,3)in
D and {\"™)(2)}, {r(™)(2)}, {b;m)} on T' uniformly converge to A% (z),
0 (2), b;o) (j € J), and the solutions of the corresponding boundary value
problems

witm) =F0m) (2, 0™)) F™) (2, (™) :Agm)w(m) +Aém)w(m) —I—Agm) inD,
(4.22)
Re[A0™) (2)w(™ (2)] =™ (2) on T, Im[A(™) (a; )w™ (a;)] :bEm),jEJ,
(4.23)
have the solutions w(™(z), but Clw™(z), D] (m = 1,2, ...) are unbounded,
hence we can choose a subsequence of {w(™(z)} denote by {w(™ (2)} again,
such that H,, = C[w(™)(z),D] — oo as m — oo, we can assume H,, >
max [k1, ko, 1]. Tt is obvious that @™ (z) = w("™)(z)/H,, are solutions of
the boundary value problems

(m)

wirm) :F(m) (Z, w(m))’F(m) (27 w(m)) :Agm)ﬁ)(m) +Agm)’lf)(m) +AH3— inﬁ,
" (429
- r(m)(z) NCSYRY b(m
Re[\W (2™ (2)] = "= on T, Im[\™ (a, )™ (a;)] = Z— j € J.
m " (4.25)

It is easy to see that the functions in above boundary value problems satisfy
the conditions

Loo[A1, D) ko, 1=1,2, Log[As/ Hyn, D] <1, Ca[A0™ (2),T] < ko,
(4.26)
Calrt™ () T) < 1, ™) [Ho| < 1, G €

From the representation (4.10), the above solutions can be expressed as

W™ (z) = W(2) + 4™ (2),
. Fm) (¢ (4.27)
VM (2) // ! dot in Dy,

noting that Leo[H (y)f"™) (Z),Dz] < Mg = Mg(ko, H, D), we can derive
that

Cs[p™(Z), Dz] < My = M7(8,k, H, D). (4.28)
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Chapter I Elliptic Complex Equations of First Order 37

Due to the functions W™ (Z) are the solutions of the equation correspond-
ing to (4.11) in Dz and w(™ (z) = W™ (Z)+4)(™)(Z) satisty the boundary
conditions as in (4.25), we can obtain the estimate

Cs[W™(Z), Dy) < Mg = Mg(6,k, H, D). (4.29)

Thus from {w(™ (2)} = {W™)(Z)44(™) (Z)}, we can choose a subsequence
denoted by {w(™ ()} again, and {w(™ (2)} = {W(™)(Z) + ¢(™(Z)} uni-
formly converge to w(®(z), it is clear that @(®)(z) is a solution of the
homogeneous problem of Problem B, on the basis of Theorem 4.2, the so-
lution @) (z) = 0 in D, however, from C[w(™)(z), D] = 1, we can derive
that there exists a point z* € D, such that () (2*) # 0, it is impossible.
This shows that (4.20) is true. By using the method from (4.20) to (4.28),
(4.29), we can obtain the first estimate in (4.19). Moreover we can verify
the second estimate in (4.19).

4.4 Existence of solutions of Riemann-Hilbert
problem for degenerate elliptic equations

In this section, we prove the existence of solutions of Problem B for equation
(4.1).

Theorem 4.4  Let equation (4.1) satisfy Condition C. Then the Riemann-
Hilbert problem (Problem B) for (4.1) in the multiply connected domain D
has a unique solution.

Proof In order to find a solution w(z) of Problem B for equation (4.1)
in D by the Leray-Schauder theorem, we consider the equation (4.1) with
the parameter ¢ € [0, 1]:

wr=tF(z,w), F(z,w)=G(Z)=A1w+ AW+ A3 in Dz, (4.30)

and introduce a bounded open set By of the Banach space B = Cs5(Dz),
whose elements are functions w(z) satisfying the condition

w(z) € Cls(ﬁ), C[;[w(z(Z))7D_Z] < Mg =1+ My, (4.31)

where §, My are constants as stated in (4.19). We choose an arbitrary
function W(z) € Bjs and substitute it in the position of w in F(z,w). By
Theorem 4.1, a solution w(z) = ®(Z)+ ¥(Z) = W(Z)+ T (tF) of Problem
B for the complex equation

ws = tF(z, W) (4.32)
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38 Elliptic, Hyperbolic and Mixed Complex Equations

can be found. Noting that tF[2(Z), W (2(Z))] € Loo(Dz), the above solu-
tion of Problem B for (4.32) is unique. Denote by w(z) = T[W,t] (0 <t <
1) the mapping from W (z) to w(z). From Theorem 4.3, we know that if
w(z) is a solution w(z) of Problem B for the equation

ws = tF(z,w) in Dz, (4.33)
then the function w(z) satisfies the estimate
Cslw,Dz)] < My. (4.34)

Set By = Bps x [0,1]. Now we verify the three conditions of the Leray-
Schauder theorem:

1. For every t € [0, 1], T[W,t] continuously maps the Banach space B
into itself, and is completely continuous on Bjs. In fact, arbitrarily select
a sequence W,,(z) in By, n = 0,1,2,..., such that Cs[W,, — Wy, Dz] — 0
as n — oo. By Condition C, we see that Lo [F(z, W,) — F(z,Wy), D] — 0
as n — 00. Moreover, from w, = T[W,,t], wy = T[Wp,t], it is easy to see
that w,, —wq is a solution of Problem B for the following complex equation

(wn —wo)z = t[F(2,W,) — F(2,Wy)] in D, (4.35)
and then we can obtain the estimate
Cswn, — wo, D] < 2koC[W,(2) — Wo(2), D). (4.36)

Hence Cs|w,, — wo, D] — 0 as n — oo. In addition for W,,(z) € By, n =
1,2, ..., we have wy, = T[W,, t], wy, = T[Wp, t], Wy, Wy, € By, and then

(Wn — W)z = t[F(2,W,) — F(2,W,,)] in D, (4.37)

where Loo[F (2, W,,) — F(z,Wy,), Dz] < 2koMy, hence from (4.19), we can
obtain the estimate

C’g[wn — W, DZ] S 2M2]€0Mg. (438)

Thus there exists a function wg(z) € By, from {w,(z)} we can choose a
subsequence {w,, (z)} such that Csw,, — wo, Dz] — 0 as k — oo. This
shows that w = T[W,t] is completely continuous in Bjs. Similarly we
can also prove that for W(z) € By, T[W,t) is uniformly continuous with
respect to t € [0, 1].

2. For t =0, it is evident that w = T[W,0] = ®(Z) € Bp.
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Chapter I Elliptic Complex Equations of First Order 39

3. From the estimate (4.19), we see that w = T[W,¢] (0 < t < 1) does
not have a solution w(z) on the boundary 0By = By \Bs.

Hence by the Leray-Schauder theorem, there exists a function w(z) €
By such that w(z) = Tw(z),t], and the function w(z) € Cs(Dz) is just a
solution of Problem B for the complex equation (4.1).

By a similar way as in the proof of Theorem 4.8, Chapter II, [87]1), from
Theorem 4.4 the following result can be derived.

Theorem 4.5 Under the same conditions as in Theorem 4.4, the follow-
ing statements hold.

(1) If the index K > N, then Problem A for (4.1) is solvable.

(2) If 0 < K < N, then the total number of solvability conditions for
Problem A does not exceed N — K.

(3) If K < 0, then Problem A has N — 2K — 1 solvability conditions.

In latter chapters the notations M; = M;(po, 9, k, D), M]' = MJ’»(po,d,
k,D) (j is a positive integer) mean all non-negative constants dependent
on pg, 6, k,D.
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