Chapter 1

Introduction to harmonic maps

1.1 Dirichlet principle of harmonic maps

Harmonic maps are nonlinear extensions of harmonic functions. Just like harmonic
functions, harmonic maps are critical points of a natural energy functional, called
Dirichlet energy, of maps between two Riemannian manifolds.

Let (M, g) be a n-dimensional Riemannian manifold with or without boundary,
endowed with a smooth Riemannian metric g. For any fixed point pg € M, let
(x1,--+ ,xn) be a coordinate system near pgy so that g can be represented by

g = Z Jap dz, d:L’ﬁ,
1<a,B<n

where (g,) is a positive definitive symmetric n x n matrix. Let (9°°) = (ga3) ! be
the inverse matrix of (gng) and dvy = \/gdx = /det(gag) dx be the volume element
of (M,g). Let (N,h) be a [-dimensional compact Riemannian manifold without
boundary which is endowed with a smooth Riemannian metric h.

Throughout this book we use the Einstein convention for summation. For any
map u € C?(M,N), we can define its Dirichlet energy as follows. For any fixed
p € M, there exist two normal coordinate charts U, C M of p and V, C N of
q = u(p) such that u(U,) C V,. The Dirichlet energy density function e(u) is
defined by
ou’ ou’
Oxo 023’

e(u)(z) (= [Vulg) = %Zgaﬁ(l‘)hw(U(w)) (L.1)
a,8

where (z,) and (u') are the coordinate systems on U, and V, respectively. The
Dirichlet energy functional is defined by

E(u) = /M e(u) dvg. (1.2)

Definition 1.1.1 A map u € C?(M, N) is a harmonic map, if it is a critical point
of the Dirichlet energy functional E.

We first have
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2 CHAPTER 1. INTRODUCTION TO HARMONIC MAPS

Proposition 1.1.2 A map u € C?(M, N) is a harmonic map iff u satisfies

) . ol O
Agul + g (u )ag 8«:5 =0 in M, (1<i<l), (1.3)

where Ay is Laplace-Beltrami operator on (M, g) given by
1 0 0
A = = af_“Y
g \/gal’a <\/§g 8xﬂ>

b= —h (hijk + Prjir — hjka)
is the Christoffel symbol of the metmc h on N.

and

Proof. Let U C M be any coordinate chart and ¢ € Cg(U, R!). Then we have

d . . . .
0 = Siea (5 [ 0 hituk )+ 160005 + 165V e )

1 «Q i 7 o i g
- §/Mg ﬁhij,k(u)QSkuau]ﬁ\/ﬁd:U—i— /Mg ﬁhij(u)uaqb]ﬁ\/ﬁdx.

This implies
. . 1 S
[ s = s,
M M
— /M gaﬁhijvl(u)ugulﬁgbj dvg.

Choosing ¢/ = hiin; for n = (n1,--- ,m) € C3(U,R!), we obtain

/ Aguln dvg
= 5 | N i) = P ) = ) oy
M
This yields (1.3). O

1.2 Intrinsic view of harmonic maps

For u € C*(M,N), let T*M be the cotangent bundle of M and u*TN be the pull-

back of the tangent bundle of N by w. View du = a“ dre ® 8 == as a section of the
bundle 7*M ® u*T'N. Then e(u) equals to

1 1
e(u) = §<du7du>T*M®u*TN = Etrg(u*h),

where (, )7+ p@un denotes the inner product on T*M @ u*T'N induced from T* M
and v*T'N, and u*h is the pull back of the metric tensor h by wu, i.e.,

(u*h) (%, a%) - ( Ou  Ou > = hj(u)uiad). (1.4)

Boa’ 25
Let V denote the covariant derivative on T*M ® v*T N induced from T*M and
u*T'N. Then we have (cf. Eells-Lemaire [50, 51])
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Proposition 1.2.1 u € C%(M, N) is a harmonic map iff u satisfies

T(u) == trg(Vdu) =0 in M. (1.5)
Note that
V.o (du) = V ul,da ®i
2,0 = Vg (tedea® 5
O’ 0 0
= Ao M, :
Dxadzg " ui (Va% Ta) ® g
0
TN
+ uﬁ <Vauj B ) ® dg.
Also
8 8 *
TN Nk T*M Mya
Vauj B = (I')i;(u )8— and V% dze = —(I'")5, (z) dz,

we conclude that (1.5) is equivalent to

*(u )—gaﬁ( — (@M gk 4 (O (), uﬁ) 0 mM 1<k<l (16)

1.3 Extrinsic view of harmonic maps

By the isometric embedding theorem by Nash [150], we can assume that (N,h) is
isometrically embedded into an Euclidean space R” for some L > 1. Then

C*(M,N) = {u= (u',--- ,u") € C}(M,R*¥) | u(M) C N}.
Hence for u € C?(M, N) the Dirichlet energy density is

1 o
e(u) = §g°‘ﬁuzauzﬁ.

As N c R is a compact smooth submanifold, it is well-known that there exists
0 = 0(N) > 0 such that the nearest point projection map Iy : Ny — N is smooth,

where
N; = {y eRL | d(y, N) == inf |y — 2| < 5},
zEN

and IIx(y) € N is such that |y — IIn(y)| = d(y, V) for y € Ns.
Note that P(y) = VIy(y) : RE — T,N, y € N, is an orthogonal projection
map, and
A(y) = VP(y) : T,N @ T,N — (T,N)*, y € N,
is the second fundamental form of N C R”.
Now we have

Proposition 1.3.1 v € C%(M, N) is a harmonic map iff u satisfies

Agu L T,N. (1.7)
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Proof. For ¢ € C3(M,RY), one has
d 2
0 = —l=o [ [V (II(u+te))|"dvg
M
= 2 [ (VuV (P)(@)), dv,
o A
M
= —2/ (P(u) (Agu) , @) dvg.
M
This clearly implies (1.7). O

Let {vj11(u), -+ ,vr(u)} be a local orthonormal frame of the normal bundle
(T,N)*. Then (1.7) implies

> Ni@)wi(u)
I+1<i<L
for some functions (Ajy1,---,Ar) on M. Moreover, for | +1<i< L,
i = Agu-vi(u)
divg (Vu - vi(u)) — Vu - V (vi(u))
= — (Vi) (u) (Vu, Vu)

where we have used Vu - v;(u) = 0, and div, is the divergence operator on (1, g)
given by

i ()

Therefore we obtain the analytic version of (1.7):

divy =

Agu+ A(u)(Vu,Vu) =0 in M, (1.8)

where
A(u)(Vu, Vu) Z g°P A (u) (ue, ug) vi(u),
I+1<i<L

and A’ = Vu; is the second fundamental form of N in the normal direction v;.

Example 1.3.2 Let M = T" be the n-dimensional torus, and N = S* ¢ R¥*! be
the unit sphere. Then u € C?(T", S¥) is a harmonic map iff

Au+ |Vu|>u=0 in T (1.9)

1.4 A few facts about harmonic maps

Proposition 1.4.1 If ® : M — M is a C?-diffeomorphism and uw € C*(M,N) is
a harmonic map with respect to (M, g), then wo ® € C*(M,N) is a harmonic map
with respect to (M, ®*g).
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Proof. This is an easy consequence of the identity:

[ Vil = [ [wwon)
M M

for all v € C?(M, N). o

2

Proposition 1.4.2 Let (M, g1) be a Riemannian surface, ® : (M,g1) — (M, g2) be
a conformal map. If u € C*>(M, N) is a harmonic map with respect to (M, gs), then
uwo® € C*(M, N) is a harmonic map with respect to (M, g1).

Proof. This follows from the conformal invariance of the Dirichlet energy functional
E in dimension two. In fact, let ¢ € C?(M) be such that ®*go = €2>?g;. Then we
have, for any v € C?(M, N),

1
Evo®,q1) = 5/ trg, ((vo ®)*h) dvg,
M

1
) / tre—20gxg, (P 0 07h) e dvgeg,
M

1 * *
= 5 [t (@ 0 (0h) doae,
1 .
= 2 /M trg, (v*h) dvg, = E(v,g2).
This completes the proof of Proposition 1.4.2. O

Remark 1.4.3 (a) Harmonic maps from S! to N correspond to closed geodesics in
N.

(b) The set of harmonic maps from a Riemannian surface M depends only on the
conformal structures of M.

(c) Let Id : (M, g) — (M, g) be the identity map. Then Id is a harmonic map.

(d) For n = dim(M) = 2, any conformal map ¢ : (M, g1) — (M, g2) is a harmonic
map.

Proof. We only indicate the proof of (c¢). Denote u(x) = Id(x) = z. Then we have
) = g (ubs — (M) g0k + () (b))
= " (0= (O] 81, + (M) (Wdiadis) = 0

for 1 <k <n. O

1.5 Bochner identity for harmonic maps

One of the most important formulas for a harmonic map u : M — N is the differ-
ential equation satisfied by the energy density e(u).
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Denote by RM and R" the Riemannian curvature tensors of M and N respec-
tively, Ric™ be the Ricci curvature of M. For zy € M, in a local coordinate system
centered at x(, write

RM = (Rupys), RicM = (Rap), and RN = (Riju),
and K denotes the sectional curvature of N

Theorem 1.5.1 If u € C%(M,N) is a harmonic map, then in a local coordinate
system it holds

Age(u) = [Vdul? + Rap (e, ug) — Riju(w) (ug,ug,ug,ug) (1.10)
where V denotes the covariant derivative on T*M Q@ u*TN.

Proof. For xy € M, let (x,,) be the normal coordinate system centered at zy. Assume
that (N, h) is isometrically embedded in RY. Then we have

Age(u) = |uo¢ﬁ|2 + <ua’uﬁa,ﬁ>
= |Ua,5|2 + <u017 u/@ﬁ’a> + RCM,B (uo“ 'I,LIB)
= |uagl® + (Ua, (Agu),,) + Rag (Ua, ug)

where we have used the Ricci identity
Upa,p = Upp.a + Rapus.
On the other hand, since u is harmonic map, (1.8) implies

(s (Bg)) = (e, (A(w)(Tu, V),)
= (Agu, A(u) (Vu, Vu))
= —(A(u) (Vu, Vu), A(u) (Vu, Vu))
(

= —(A(u) (va, ta) , A(u) (ug, ug))
where we have used the fact that
(Ue, A(w) (Vu, Vu)) = 0.
For uqg, it is easy to see that
ftapl® = [P() (tas)® + |AQ) (i, ug) 2 = [Vdul + [A(w) (ua, ug) |
Putting all these identities together, we obtain
Age(u) = |Vdul® + RicM (Vu, Vu)
— {{A®W) (va, ua) , Aw) (ug, ug)) — |Aw) (va, ug) I}
This, with the help of Gauss-Kodazi equation (see [63, 175]):
(RN (u)(X,Y)X,Y) = (A(u)(X, X), A(u)(Y,Y)) — |A(u)(X,Y)|?, VX,Y € T,N

yields (1.10). O

THE ANALY SIS OF HARMONIC MAPS AND THEIR HEAT FLOWS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6679.html



1.6. SECOND VARIATIONAL FORMULA OF HARMONIC MAPS 7

Proposition 1.5.2 If (M,g) is compact without boundary with Ric™ > 0 and
the sectional curvature of N, K, is non-positive. Then any harmonic map u €
C?(M, N) is totally geodesic. If Ric™ > 0 at a point in M, then u is constant. If
KN <0, then either u is constant or u(M) is contained in a closed geodesic.

Proof. Tt follows from (1.10) that e(u) is a subharmonic function on M. Hence the
maximum principle implies e(u) = constant and hence |Vdu| = 0. This says that u
is totally geodesic.

If Ric™ (po) > 0, then Vu(pg) = 0 and hence e(u) = 0 and v is constant map.

If KV < 0, then the linear space span {u1,--- ,u,} is at most dimension one. Hence
either u is constant or the image of u lies inside a geodesic. O

1.6 Second variational formula of harmonic maps

In this section, we derive the second variational formula for harmonic maps into
spheres and general target manifolds.

Proposition 1.6.1 If u € C*(M,S*) is a harmonic map and ¢ € CZ(M,RFF1)

then
t n -
o (3 ] WL an) = [ (1967 - (wuriér) dn,

where QB(E ¢ — (u, p)u) is the tangential component of ¢.

Proof. For ¢ € CS°(M,R*1) and small t € R, denote uy = 442 Then direct

i . [u+t]
calculations give
dut ~

Eto ¢—<U,¢>U:¢,
and
d2ut
@ ==

u—l—tgb )2
dt2|t°< [l dvg)

du d*u
V(o) + (V0 V(G ) )

3(u, )% — |¢u — 2(u, §)p.

Hence we have

(V02 = (Agu, 3(u, ¢)u — |62 — 2(u, ¢)6) ) dv,
(IVulu, 3(u, 6)2u — |61 — 2(u, 6)6) ) dv,

(
(Iver +
(

VO = [Vul(6l> ~ [(uw, 6)*)) dv,

/,
/,
- J,
/,
[ (V6 = 1vu1or) v,
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This completes the proof of (1.11). O

Next we derive a general second variational formula for the Dirichlet energy
functional.

Proposition 1.6.2 Let u € C?*(M,N) be a harmonic map, and uy € C?([0,1] x
M,N) be a family of smooth variations of u, i.e., ug = u. Let v = d“t|t 0 €

C?*(M,u*TN). Then
j—;\tzo (% /M\vutgdvg) (1.12)
= /M (|VU|§ — trg (RN (v, Vu) v, Vu)) dv,. (1.13)
In particular, if KN <0, then u is stable, i.e.,

d? 1 5
@‘tzo 5 /M \Vut|g dvg 2 0

Proof. Let (%) be a local coordinate frame on M. Then we have

8ut o w*TN 8ut u
dt‘t 02a & ((%:a) Vam

as [%, gT“;] = 0. Hence, we have

d2 aut

- -t wTNgu*TN
dt2|t:08xa V% Vafa v
w*TNou*TN N ou
= V' V% Tv+ RY (v, 7—)v.
Joa  Of 0z,
Therefore, we have
dt2 < / Nut‘gdvg)
d*u
= | <|vu|g +(Vu,V <W2t|t 0>> ) dv,
= /M <‘V |g . VZZTN(V“ TNy)) —trg(RN(v,Vu)v,Vu)> dvy
= /M (|V’U!g ), VU INgY —tr, (RN(U,VU)U,VU)) dvy.

Since 7(u) = 0, this implies (1.13). If K~ < 0, then we can easily conclude that u
is stable. O
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