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Chapter 1

Introduction to harmonic maps

1.1 Dirichlet principle of harmonic maps

Harmonic maps are nonlinear extensions of harmonic functions. Just like harmonic
functions, harmonic maps are critical points of a natural energy functional, called
Dirichlet energy, of maps between two Riemannian manifolds.

Let (M, g) be a n-dimensional Riemannian manifold with or without boundary,
endowed with a smooth Riemannian metric g. For any fixed point p0 ∈ M , let
(x1, · · · , xn) be a coordinate system near p0 so that g can be represented by

g =
∑

1≤α,β≤n

gαβ dxα dxβ ,

where (gαβ) is a positive definitive symmetric n×n matrix. Let (gαβ) = (gαβ)−1 be
the inverse matrix of (gαβ) and dvg =

√
g dx =

√

det(gαβ) dx be the volume element
of (M, g). Let (N,h) be a l-dimensional compact Riemannian manifold without
boundary which is endowed with a smooth Riemannian metric h.

Throughout this book we use the Einstein convention for summation. For any
map u ∈ C2(M,N), we can define its Dirichlet energy as follows. For any fixed
p ∈ M , there exist two normal coordinate charts Up ⊂ M of p and Vq ⊂ N of
q = u(p) such that u(Up) ⊂ Vq. The Dirichlet energy density function e(u) is
defined by

e(u)(x)
(

≡ |∇u|2g
)

=
1

2

∑

α,β

gαβ(x)hij(u(x))
∂ui

∂xα

∂uj

∂xβ

, (1.1)

where (xα) and (ui) are the coordinate systems on Up and Vq respectively. The
Dirichlet energy functional is defined by

E(u) =

∫

M

e(u) dvg . (1.2)

Definition 1.1.1 A map u ∈ C2(M,N) is a harmonic map, if it is a critical point
of the Dirichlet energy functional E.

We first have

1
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Proposition 1.1.2 A map u ∈ C2(M,N) is a harmonic map iff u satisfies

∆gu
i + gαβΓi

jk(u)
∂uj

∂xα

∂uk

∂xβ
= 0 in M, (1 ≤ i ≤ l), (1.3)

where ∆g is Laplace-Beltrami operator on (M, g) given by

∆g =
1√
g

∂

∂xα

(√
ggαβ ∂

∂xβ

)

and

Γi
jk =

1

2
hil(hlj,k + hkj,l − hjk,l)

is the Christoffel symbol of the metric h on N .

Proof. Let U ⊂M be any coordinate chart and φ ∈ C2
0 (U,Rl). Then we have

0 =
d

dt
|t=0

(

1

2

∫

M

gαβhij(u+ tφ)(ui
α + tφi

α)(uj
β + tφi

β)
√
g dx

)

=
1

2

∫

M

gαβhij,k(u)φ
kui

αu
j
β

√
g dx+

∫

M

gαβhij(u)u
i
αφ

j
β

√
g dx.

This implies
∫

M

∆gu
ihij(u)φ

j dvg =
1

2

∫

M

gαβhij,k(u)u
i
αu

j
βφ

k dvg

−
∫

M

gαβhij,l(u)u
i
αu

l
βφ

j dvg.

Choosing φj = hjiηi for η = (η1, · · · , ηl) ∈ C2
0 (U,Rl), we obtain

∫

M

∆gu
iηi dvg

=
1

2

∫

M

gαβhmk(u)(hij,k(u) − hik,j(u) − hjk,i(u))u
i
αu

j
βηm dvg.

This yields (1.3). 2

1.2 Intrinsic view of harmonic maps

For u ∈ C2(M,N), let T ∗M be the cotangent bundle of M and u∗TN be the pull-

back of the tangent bundle of N by u. View du = ∂ui

∂xα
dxα ⊗ ∂

∂ui as a section of the
bundle T ∗M ⊗ u∗TN . Then e(u) equals to

e(u) =
1

2
〈du, du〉T ∗M⊗u∗TN =

1

2
trg(u

∗h),

where 〈, 〉T ∗M⊗u∗TN denotes the inner product on T ∗M ⊗u∗TN induced from T ∗M
and u∗TN , and u∗h is the pull back of the metric tensor h by u, i.e.,

(u∗h)

(

∂

∂xα
,
∂

∂xβ

)

= h

(

∂u

∂xα
,
∂u

∂xβ

)

= hij(u)u
i
αu

j
β . (1.4)

Let ∇ denote the covariant derivative on T ∗M ⊗ u∗TN induced from T ∗M and
u∗TN . Then we have (cf. Eells-Lemaire [50, 51])
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Proposition 1.2.1 u ∈ C2(M,N) is a harmonic map iff u satisfies

τ(u) := trg(∇du) = 0 in M. (1.5)

Note that

∇ ∂
∂xβ

(du) = ∇ ∂
∂xβ

(

ui
αdxα ⊗ ∂

∂ui

)

=
∂2ui

∂xα∂xβ
dxα ⊗ ∂

∂ui
+ ui

α(∇T ∗M
∂

∂xβ

dxα) ⊗ ∂

∂ui

+ ui
αu

j
β

(

∇TN
∂

∂uj

∂

∂ui

)

⊗ dxα.

Also

∇TN
∂

∂uj

∂

∂ui
= (ΓN )kij(u)

∂

∂uk
and ∇T ∗M

∂
∂xβ

dxα = −(ΓM )αβγ(x) dxγ ,

we conclude that (1.5) is equivalent to

τk(u) = gαβ
(

uk
αβ − (ΓM )γαβu

k
γ + (ΓN )kij(u)u

i
αu

j
β

)

= 0 in M, 1 ≤ k ≤ l. (1.6)

1.3 Extrinsic view of harmonic maps

By the isometric embedding theorem by Nash [150], we can assume that (N,h) is
isometrically embedded into an Euclidean space R

L for some L ≥ 1. Then

C2(M,N) =
{

u =
(

u1, · · · , uL
)

∈ C2(M,RL) | u(M) ⊂ N
}

.

Hence for u ∈ C2(M,N) the Dirichlet energy density is

e(u) =
1

2
gαβui

αu
i
β.

As N ⊂ R
L is a compact smooth submanifold, it is well-known that there exists

δ = δ(N) > 0 such that the nearest point projection map ΠN : Nδ → N is smooth,
where

Nδ =

{

y ∈ R
L | d(y,N) := inf

z∈N
|y − z| < δ

}

,

and ΠN (y) ∈ N is such that |y − ΠN (y)| = d(y,N) for y ∈ Nδ.
Note that P (y) = ∇ΠN (y) : R

L → TyN, y ∈ N, is an orthogonal projection
map, and

A(y) = ∇P (y) : TyN ⊗ TyN → (TyN)⊥, y ∈ N,

is the second fundamental form of N ⊂ R
L.

Now we have

Proposition 1.3.1 u ∈ C2(M,N) is a harmonic map iff u satisfies

∆gu ⊥ TuN. (1.7)
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Proof. For φ ∈ C2
0 (M,RL), one has

0 =
d

dt
|t=0

∫

M

|∇ (Π(u+ tφ)) |2 dvg

= 2

∫

M

〈∇u,∇ (P (u)(φ))〉g dvg

= −2

∫

M

〈∆gu, P (u)(φ)〉 dvg

= −2

∫

M

〈P (u) (∆gu) , φ〉 dvg .

This clearly implies (1.7). 2

Let {νl+1(u), · · · , νL(u)} be a local orthonormal frame of the normal bundle
(TuN)⊥. Then (1.7) implies

∆gu =
∑

l+1≤i≤L

λi(x)νi(u)

for some functions (λl+1, · · · , λL) on M . Moreover, for l + 1 ≤ i ≤ L,

λi = ∆gu · νi(u)

= divg (∇u · νi(u)) −∇u · ∇ (νi(u))

= − (∇νi) (u) (∇u,∇u)

where we have used ∇u · νi(u) = 0, and divg is the divergence operator on (M, g)
given by

divg =
1√
g

∂

∂xα

(√
ggαβ

)

.

Therefore we obtain the analytic version of (1.7):

∆gu+A(u)(∇u,∇u) = 0 in M, (1.8)

where
A(u)(∇u,∇u) =

∑

l+1≤i≤L

gαβAi(u) (uα, uβ) νi(u),

and Ai = ∇νi is the second fundamental form of N in the normal direction νi.

Example 1.3.2 Let M = T n be the n-dimensional torus, and N = Sk ⊂ R
k+1 be

the unit sphere. Then u ∈ C2(T n, Sk) is a harmonic map iff

∆u+ |∇u|2u = 0 in T n. (1.9)

1.4 A few facts about harmonic maps

Proposition 1.4.1 If Φ : M → M is a C2-diffeomorphism and u ∈ C2(M,N) is
a harmonic map with respect to (M, g), then u ◦ Φ ∈ C 2(M,N) is a harmonic map
with respect to (M,Φ∗g).
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Proof. This is an easy consequence of the identity:

∫

M

|∇v|2g dvg =

∫

M

|∇ (v ◦ Φ) |2Φ∗g dvΦ∗g

for all v ∈ C2(M,N). 2

Proposition 1.4.2 Let (M, g1) be a Riemannian surface, Φ : (M, g1) → (M, g2) be
a conformal map. If u ∈ C2(M,N) is a harmonic map with respect to (M, g2), then
u ◦ Φ ∈ C2(M,N) is a harmonic map with respect to (M, g1).

Proof. This follows from the conformal invariance of the Dirichlet energy functional
E in dimension two. In fact, let φ ∈ C2(M) be such that Φ∗g2 = e2φg1. Then we
have, for any v ∈ C2(M,N),

E(v ◦ Φ, g1) =
1

2

∫

M

trg1 ((v ◦ Φ)∗h) dvg1

=
1

2

∫

M

tre−2φΦ∗g2
(Φ∗ ◦ v∗h) e−2φ dvΦ∗g2

=
1

2

∫

M

trΦ∗g2 (Φ∗ ◦ (v∗h)) dvΦ∗g2

=
1

2

∫

M

trg2(v
∗h) dvg2 = E(v, g2).

This completes the proof of Proposition 1.4.2. 2

Remark 1.4.3 (a) Harmonic maps from S1 to N correspond to closed geodesics in
N .

(b) The set of harmonic maps from a Riemannian surface M depends only on the
conformal structures of M .

(c) Let Id : (M, g) → (M, g) be the identity map. Then Id is a harmonic map.

(d) For n = dim(M) = 2, any conformal map φ : (M, g1) → (M, g2) is a harmonic
map.

Proof. We only indicate the proof of (c). Denote u(x) = Id(x) = x. Then we have

τk(u) = gαβ
(

uk
αβ − (ΓM )γαβu

k
γ + (ΓN )kij(u)u

i
αu

j
β

)

= gαβ
(

0 − (ΓM )γαβδkγ + (ΓM )kij(u)δiαδiβ

)

= 0

for 1 ≤ k ≤ n. 2

1.5 Bochner identity for harmonic maps

One of the most important formulas for a harmonic map u : M → N is the differ-
ential equation satisfied by the energy density e(u).
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Denote by RM and RN the Riemannian curvature tensors of M and N respec-
tively, RicM be the Ricci curvature of M . For x0 ∈M , in a local coordinate system
centered at x0, write

RM = (Rαβγδ), RicM = (Rαβ), and RN = (R̂ijkl),

and KN denotes the sectional curvature of N

Theorem 1.5.1 If u ∈ C2(M,N) is a harmonic map, then in a local coordinate
system it holds

∆ge(u) = |∇du|2 +Rαβ (uα, uβ) − R̂ijkl(u)
(

ui
α, u

j
β , u

k
α, u

l
β

)

(1.10)

where ∇ denotes the covariant derivative on T ∗M ⊗ u∗TN .

Proof. For x0 ∈M , let (xα) be the normal coordinate system centered at x0. Assume
that (N,h) is isometrically embedded in R

L. Then we have

∆ge(u) = |uαβ |2 + 〈uα, uβα,β〉
= |uαβ |2 + 〈uα, uββ,α〉 +Rαβ (uα, uβ)

= |uαβ |2 + 〈uα, (∆gu)α〉 +Rαβ (uα, uβ)

where we have used the Ricci identity

uβα,β = uββ,α +Rαβuβ.

On the other hand, since u is harmonic map, (1.8) implies

〈uα, (∆gu)α
〉 = −〈uα, (A(u)(∇u,∇u))α〉

= 〈∆gu,A(u) (∇u,∇u)〉
= −〈A(u) (∇u,∇u) , A(u) (∇u,∇u)〉
= −〈A(u) (uα, uα) , A(u) (uβ, uβ)〉

where we have used the fact that

〈uα, A(u) (∇u,∇u)〉 = 0.

For uαβ, it is easy to see that

|uαβ |2 = |P (u)(uαβ)|2 + |A(u) (uα, uβ) |2 = |∇du|2 + |A(u) (uα, uβ) |2.

Putting all these identities together, we obtain

∆ge(u) = |∇du|2 + RicM (∇u,∇u)
−

{

〈A(u) (uα, uα) , A(u) (uβ , uβ)〉 − |A(u) (uα, uβ) |2
}

This, with the help of Gauss-Kodazi equation (see [63, 175]):

〈RN (u)(X,Y )X,Y 〉 = 〈A(u)(X,X), A(u)(Y, Y )〉 − |A(u)(X,Y )|2, ∀X,Y ∈ TuN

yields (1.10). 2
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Proposition 1.5.2 If (M, g) is compact without boundary with RicM ≥ 0 and
the sectional curvature of N , KN , is non-positive. Then any harmonic map u ∈
C2(M,N) is totally geodesic. If RicM > 0 at a point in M , then u is constant. If
KN < 0, then either u is constant or u(M) is contained in a closed geodesic.

Proof. It follows from (1.10) that e(u) is a subharmonic function on M . Hence the
maximum principle implies e(u) = constant and hence |∇du| = 0. This says that u
is totally geodesic.
If RicM (p0) > 0, then ∇u(p0) = 0 and hence e(u) ≡ 0 and u is constant map.
If KN < 0, then the linear space span {u1, · · · , un} is at most dimension one. Hence
either u is constant or the image of u lies inside a geodesic. 2

1.6 Second variational formula of harmonic maps

In this section, we derive the second variational formula for harmonic maps into
spheres and general target manifolds.

Proposition 1.6.1 If u ∈ C2(M,Sk) is a harmonic map and φ ∈ C2
0 (M,Rk+1),

then

d2

dt2
|t=0

(

1

2

∫

M

|∇(
u+ tφ

|u+ tφ| |
2 dvg

)

=

∫

M

(

|∇φ̂|2 − |∇u|2|φ̂|2
)

dvg, (1.11)

where φ̂(≡ φ− 〈u, φ〉u) is the tangential component of φ.

Proof. For φ ∈ C∞
0 (M,Rk+1) and small t ∈ R, denote ut = u+tφ

|u+tφ| . Then direct
calculations give

dut

dt
|t=0 = φ− 〈u, φ〉u = φ̂,

and
d2ut

dt2
|t=0 = 3〈u, φ〉2u− |φ|2u− 2〈u, φ〉φ.

Hence we have

d2

dt2
|t=0

(

1

2

∫

M

|∇(
u+ tφ

|u+ tφ| )|
2 dvg

)

=

∫

M

(

|∇(
dut

dt
|t=0)|2 + 〈∇u,∇(

d2ut

dt2
|t=0)〉

)

dvg

=

∫

M

(

|∇φ̂|2 − 〈∆gu, 3〈u, φ〉2u− |φ|2u− 2〈u, φ〉φ〉
)

dvg

=

∫

M

(

|∇φ̂|2 + 〈|∇u|2u, 3〈u, φ〉2u− |φ|2u− 2〈u, φ〉φ〉
)

dvg

=

∫

M

(

|∇φ̂|2 − |∇u|2(|φ|2 − |〈u, φ〉|2)
)

dvg

=

∫

M

(

|∇φ̂|2 − |∇u|2|φ̂|2
)

dvg.
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This completes the proof of (1.11). 2

Next we derive a general second variational formula for the Dirichlet energy
functional.

Proposition 1.6.2 Let u ∈ C2(M,N) be a harmonic map, and ut ∈ C2([0, 1] ×
M,N) be a family of smooth variations of u, i.e., u0 = u. Let v = dut

dt
|t=0 ∈

C2(M,u∗TN). Then

d2

dt2
|t=0

(

1

2

∫

M

|∇ut|2g dvg

)

(1.12)

=

∫

M

(

|∇v|2g − trg〈RN (v,∇u) v,∇u〉
)

dvg. (1.13)

In particular, if KN ≤ 0, then u is stable, i.e.,

d2

dt2
|t=0

(

1

2

∫

M

|∇ut|2g dvg

)

≥ 0.

Proof. Let ( ∂
∂xα

) be a local coordinate frame on M . Then we have

d

dt
|t=0

∂ut

∂xα
= ∇u∗TN

∂
∂t

(
∂ut

∂xα
) = ∇u∗TN

∂
∂xα

v,

as [∂ut

∂t
, ∂ut

∂xα
] = 0. Hence, we have

d2

dt2
|t=0

∂ut

∂xα
= ∇u∗TN

∂
∂t

∇u∗TN
∂

∂xα

v

= ∇u∗TN
∂

∂xα

∇u∗TN
∂
∂t

v +RN (v,
∂u

∂xα
)v.

Therefore, we have

d2

dt2

(

1

2

∫

M

|∇ut|2g dvg

)

=

∫

M

(

|∇v|2g + 〈∇u,∇
(

d2ut

dt2
|t=0

)

〉g
)

dvg

=

∫

M

(

|∇v|2g + 〈 ∂u
∂xα

,∇u∗TN
∂

∂xα

(∇u∗TN
v v)〉 − trg(R

N (v,∇u)v,∇u)
)

dvg

=

∫

M

(

|∇v|2g − 〈τ(u),∇u∗TN
v v〉 − trg

(

RN (v,∇u)v,∇u
)

)

dvg.

Since τ(u) = 0, this implies (1.13). If KN ≤ 0, then we can easily conclude that u
is stable. 2




