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and all graphs such that each component of every subgraph induced by at 
most three vertices is one of these graphs. 

3. Identities in ( ~ ( y z ) )  M ((z(yy))z) graph algebras 

Graph identities were characterized in [5] by the following Proposition: 

Proposition 3.1. A non-trivial identity s FZ t is an identity in the class 
of all graph algebras if and only if either both terms s and t are trivial or 
none of them is trivial, G(s) = G(t)  and L(s )  = L(t) .  

Further it was proved. 

Proposition 3.2. Let G = (V,E)  be a graph and let h : X U {m} - 
V U {m} be an evaluation of the variables such that h (m)  = 00. Consider 
the canonical extension of h to the set of all terms. Then the following 
holds: if t is a trivial term then h(t)  = 00. Otherwise, if h : G(t)  - 
G is a homomorphism of graphs, then h(t)  = h(L(t)) ,  and if h is not a 
homomorphism of graphs, then h(t) = co. 

The following lemma was proved in [8].  

Lemma 3.1. Let G = (V, E )  be a graph, let t be a term and let 

h : X - V U {m} 

be an evaluation of the variables. Then: 

(i) If  h is a homomorphism from G(t)  into G with the property that the 
subgraph of G induced by  h(V(t))  is complete, then h(t)  = h(L(t)) .  

(ii) If h is a homomorphism from G(t)  into G with the property that the 
subgraph of G induced by  h(V(t))  is disconnected, then h(t)  = 00. 

Now we apply our results to characterize all identities in the class of 
all ( ~ ( y z ) )  M ((z(yy))r) graph algebras. Clearly, if s and t are trivial, then 
s x t is an identity in the class of all ( ~ ( y z ) )  M ( ( ~ ( y y ) ) ~ )  graph algebras 
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and 3: x z (x E X )  is an identity in the class of all ( ~ ( y z ) )  x ( ( z ( y y ) ) z )  
graph algebras, too. Further, if s is a trivial term and t is a non-trivial 
term, then s x t is not an identity in the class of all (z(9.z)) x ((z(yy))z) 
graph algebras, since for a complete graph G, we have an evaluation of 
the variables h such that h(s) = 00 and h(t) # 00. Hence, we only need 
to consider the case that s and t are non-trivial and are different from 
variables. Before we do this, we first introduce some notation. For any term 
t E T ( X )  and the graph G(t) = (V( t ) ,E ( t ) ) ,  let N i ( z )  = {y E V ( t )  I 
(x,y) E E(t )}  be the set of all out-neighbors of the vertex z E V ( t )  and 
N:(x’) = {y‘ E V ( t )  I (z’,y‘) E E( t ) }  be the set of all in-neighbors of the 
vertex z’ E V ( t ) .  Then all identities in the class of all ( ~ ( y z ) )  M ((z(yy))z) 
graph algebras are characterized by the following theorem: 

Theorem 3.1. Let s and t be non-trivial terms. Then s x t is an identity 
in the class of all ( ~ ( y z ) )  x ((z(yy))z) graph algebras if and only if the 
following conditions are satisfied: 

( 2 )  L (s )  = L( t ) ,  
(ii) V ( s )  = V ( t ) ,  

(iii) N t ( L ( s ) )  # # if and only if N . ( L ( t ) )  # #, 
(iw) for any z E V ( s ) ,  N,”(z) # # if and only if @(z) # #. 

Proof. Suppose that s x t is an identity in the class of all ( ~ ( y z ) )  x 

Suppose that V ( s )  # V ( t )  and let z E V ( s )  but z @ V ( t ) .  Consider 
the (~ (yz ) )  x ((z(yy))z) graph G = (V,E)  with V = {0}, E = {(O,O)} 
and an evaluation of variables h : V ( s )  U V ( t )  + V U {m} such that 
h(z)  = 00 and h(y) = 0 for all other y E V ( s )  U V ( t ) .  We have h(s) = 00 

and h(t) = 0. Hence - A(G) does not satisfy s x t .  Now let G = (V, E )  be a 
complete graph with V = V ( s )  = V ( t )  and let h : V ( s )  -+ V be an identity 
evaluation of variables. By Lemma 3.1, we have L(s)  = h(L(s))  = h(s)  = 

Suppose that N / ( L ( s ) )  # # but N;(L(t))  = #. Consider the graph 
G = (V,E) such that V = (0, l}, E = ((0, l), (1,1)}. By Proposition 2.2, 
- A(G) has an ( ~ ( y z ) )  x ((z(yy))z) graph algebra. Let h : V ( s )  + V be 
the restriction of an evaluation of the variables such that h(L(s))  = 0 and 
h(y) = 1 for all other y E V(s) .  We see that h(s)  = 00 and h(t) = 0. Hence, 
A(G) does not satisfy s x t. Similarly, we can prove the converse. 

Suppose that there exists z E V ( s )  such that N , ~ ( z )  # q5 but N:(z) = #. 
Consider the graph G = (V, E )  such that V = (0, l}, E = {(O,O),  (0,1)}. 

((zc(YY> 1.) graph algebras. 

h(t) = h(L(t))  = L(t) .  

- 
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Then by Proposition 2.2, ~ A(G) has an (~ (yz ) )  x ((z(yy))z) graph algebra. 
Let h : V ( s )  4 V be the restriction of an evaluation of the variables such 
that h(z) = 1 and h(y) = 0 for all other y E V(s ) .  We see that h(s) = 00 

and h(t)  = 0. Hence, A(G) does not satisfy s x t .  Similarly, we can prove 
the converse. 

Conversely, suppose that s and t are non-trivial terms satisfying (i), (ii), 
(iii) and (iv). Let G = (V,E) be an (z(yz)) x ((z(yy))z) graph. Suppose 
that a function h : V ( s )  4 V is a homomorphism from G(s) into G and let 
(5, y) E E(t ) .  If 5 = y = L(s) ,  (i.e., (L(s ) ,  L ( s ) )  E E( t ) ) ,  then by (iii) there 
exists u E V ( s )  such that (u, L(s) )  E E(s).  Hence there exists v E V ( s )  such 
that (u, L(s) ) ,  (L(s),v) E E(s) .  We have (h(.u), h (L(s ) ) ,  (h(L(s)) ,  h (v) )  E 
E. By Proposition 2.2, we have (h(L(s)) ,h(L(s)))  E E. If z = y # L(s) ,  
then by (iv) and G(s) is a rooted graph with root L(s) ,  there exist u , ~  E 

V ( s )  such that (u,z), (z ,v)  E E(s) .  Hence (h(u),  h (z ) ) ,  (h (z ) ,  h(v)) E E. 
By Proposition 2.2, we have (h(z ) ,h(z ) )  E E. If z # y and z = L(s) ,  
then because G(s) is a rooted graph with root L(s ) ,  there exists a di- 
path from L(s )  into y. By the homomorphism of h and Proposition 2.2, 
we get (h(z),h(y)) E E. If z # y and z # L(s) ,  then there exist 
u, Y E V ( s )  such that (u, z), (5, v) E E(s).  Hence we get (h ( z ) ,  h (z ) )  E E. 
Since G(s) is a rooted graph with rooted L(s)  again, there exist dipaths 
from L(s)  into z and y. Thus (h(L(s)) ,  h (z ) ) ,  (h(L(s)) ,  h(y)) E E. Since 
(h (L ( s ) ) ,  h (z ) ) ,  (h(L(s ) ) ,  h(y)), (h(z) ,  h(z))  E E.  By Proposition 2.2, we 
get (h(z ) ,  h(y)) E E. This shows that h is a homomorphism from G(t)  into 
G. By the same way, if h is a homomorphism from G(t)  into G, then we can 
prove that it is a homomorphism from G(s) into G. By Proposition 2.1, we 

- 

prove that A(G) satisfies s x t .  - 

4. The ( ~ ( y z ) )  M ((z(yy))z) class 

Let Q' be the class of all ( ~ ( y z ) )  x ((z(yy))z) graph algebras and Id (E ' )  
the set of all identities satisfied in B'. In this Section, we characterize the 
equation of terms s M t such that the class of all s M t graph algebras is 
the class E'. We begin with a definition of a relation between the equation 
of terms. 

Definition 4.1. For any term equation s x t and s' M t', we call s M t 
relate to s' M t' if and only if the class of all s M t graph algebras and 
the class of all s' x t' graph algebras are the same. In this case, we write 
s x t N s' x t'. 
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T <j> a n d 7VO
CT12(

and No12(-f\x2) ^ 0. By Theorem 3.1 we have <rio~g><Ti2- For the other

cases, we consider by t h e similar way. Let Mg> be t h e set of all normal form

graph hypersubs t i tu t ions in Q'. T h e n we get

Mgi = {<To,(Ti,(T2,<T3,<74,cr5,cr6,0'7,a8,a'9,(7lOjO'll}-

We defined the product of two normal form graph hypersubstitutions in
gi as follows.

D e f i n i t i o n 5 .5 . T h e product O-\N °N <*2N of two normal form graph hy-

persubstitutions is defined by (CTI/V ON <72./V)(/) = NF{&iN\o'2N{f)})-

T h e following tab le gives the mult ipl icat ion of elements in
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The concept of a leftmost normal form graph hypersubstitution was defined
in [2].

Definition 5.6. A graph hypersubstitution 0 is called leftmost hypersub-
stitution if L(o(f)) = 21.

The set ML(~) of all leftmost normal form graph hypersubstitutions in
MGI is

ML(Q') = {go,01,03,06708,010).

The concept of a proper hypersubstitution of a class of algebras was
introduced in [6].

Definition 5.7. A hypersubstitution 0 is called proper with respect to a
class K of algebras if &[s] M 8[t] E Id(K) for all s x t E
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A graph hypersubstitution with the property that u(f) contains both 
variables 21 and 22 is called regular, which was introduced in [4]. It is 
easy to check that the set of all regular graph hypersubstitutions forms a 
groupoid MTes. 

We want to prove that {GO, (76, (78, (710) is the set of all proper graph 
hypersubstitutions with respect to 0’. 

The following lemma was proved in [2]. 

Lemma 5.2. For each non-trivial t erm s, ( s  # x E X )  and for all u, v E X ,  
we have 

w6~4 = -w u u u , u ) i ( ~  E WI 

~ ( 4 S 1 )  = w u u v , V ) i ( ~ , v )  E w). 
and 

Then we obtain the following theorem. 

Theorem 5.1. {uo, c76, (78, ale} is the set of all proper graph hypersubsti- 
tutions with respect to the class 8’ of (~(yz))  M ( ( ~ ( y y ) ) ~ )  graph algebras. 

Proof. If s M t E Id(0‘) and s, t are trivial terms, then $6[S] ,  &[s], 
&s[t] and &[ti are also trivial terms and thus &6[S] M &6[t]  E Id(0’) and 
&[s] M &8[t] E Id(8’) E Id(0’).  In the same manner, we see that &6[s] M 

Now, assume that s and t are non-trivial terms, different from variables, 

For (76, (78, we obtain: 

6 6  [t] E Id(G‘) and $8 [S] M $8 [t] E Id(G’) if S = t = Z. 

and s M t E Id(9’). Then (i) ,  (ii), (iii) and (iv) of Theorem 3.1 hold. 

L($.S[s]) = L(s)  = L( t )  = L(&6[t])7 

and 

L(b8[s ] )  = L(s)  = L(t)  = L(&.8[t]). 

Since c76 and (78 are regular, we have: 

v(36[s])  = v(s) = v(t) = v(66[t]) 

and 

V(&[[sl) = v(s) = v(t) v(86[t]). 

By Lemma 4.2, we get: 

E ( e 6 [ s ] )  = E(s )  u {(u,u) I (u, v) E E(s ) ) ,  
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E(&[S]) = E(s)  u {(V,V) I (w) E E(sH 

and 

E(e8[t])  = E ( t )  u { ( v , V )  1 (u,.) E E(t ) ) -  

For 0 6 ,  by Lemma 4.2, we see that (L ( s ) ,  L(s ) )  E E ( & 6 [ s ] )  and ( L ( t ) ,  L ( t ) )  E 
E(&-s[t]). Further for any z E V ( s ) ,  we get N,"B['](z) # 4 if and only if 
N,9(z) # 4 and # 4 if and only if N t ( z )  # 4. By Theorem 3.1 
(iii), we have N 2 [ ' ] ( z )  # 4 if and only if N?[j(z) # 4. By Theorem 3.1, 

For 08,  by Lemma 4.2 we see that for any z E V ( s )  with z # L(s ) ,  
(z,z) E E(&g[s])and(z,z E E(&8[t]),henceN?['](Z) # 4andN2[ t1(z)  # 
4. Further we get N%!'[')(L(s)) # 4 if and only if N:(L(s) # 4 and 
N,*[tl(L(t)) # 4 if and only if Nj(L( t )  # 4. By Theorem 3. l ( i i i )  we get 
N.?['](L(s)) # 4 if and only if NPLt1(L( t ) )  # 4. By Theorem 3.1, we get 

For g10,  since (76 ON 0 8  = 010 and 0 6 ,  08 are proper, we see that 010 is 
a proper graph hypersubstitution. 

For any 0 @ {go, 06,087 010}, we give an identity s M t in Q' such 
that &[s ]  M &[t] @ Id(Q'). Clearly, if s and t are trivial terms with different 
leftmost and different rightmost, then 6 1  [s] x 8l [t] @ Id(Q'), &[s]  M $3 [t] @ 
Id(G'),  &[s] x &[t] @ Id(G')  and c94[s] M 84[t]  @ Id(Q'). 

Now, let s = ( z 1 ( z 2 z 1 ) )  and t = ( 2 1 ( ( 2 2 5 1 ) 2 2 ) ) .  By Theorem 3.1, 
we get s M t E Id(Q').  If 0 E { 0 5 , 0 7 , 0 9 , 0 1 1 } ,  then L ( a ( f ) )  = z 2 .  We 
see that L(&[s]) = z1 and L(&[t]) = 22 for 0 E { (T5,07 ,09 ,011} .  Thus 

0 

We get &6[S] M &6[t] E Id(Q').  

&8[s] x &8[t] E Id(6'). 

&[s] M &[t] @ Id(Q').  

Now, we apply our results to characterize all hyperidentities in the class 
of all ( ~ ( y z ) )  M ((z(yy))z) graph algebras. Clearly, if s and t are trivial 
terms, then s M t is a hyperidentity in Q' if and only if they have the 
same leftmost variable and the same rightmost variable and z x z, z E X 
is a hyperidentity in Q', too. Now, we consider the case that s and t are 
non-trivial and different from variables. 

The concept of a dual t e rm sd of a non-trivial term s can be defined in 
the following way in [2]. 

If s = z E X ,  then zd = z, if s = ( t l tz ) ,  then sd = (t$$). The dual 
term sd can be obtained by application of the graph hypersubstitution 05, 

namely &[s ]  = sd. Then, we prove the following Theorem: 
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Theorem 5.2. An identity s x t in G‘, where s, t are non-trivial and 
s # x, t # x, is a hyperidentity in G’ if and only if the dual identity sd x td 
is also an identity in G’. 

Proof. If s x t is a hyperidentity in G’, then &j[s]  x &[t] is an identity 
in Q’, i.e., sd x sd is an identity in 0’. Conversely, assume that  s M t is an 
identity in 9‘ and that sd x td is an identity in G’, too. We have to  prove 
that s x t is closed under all graph hypersubstitutions from M p .  

If ff E (60, (Tg,(Ts, ( T ~ o } ,  then (T is a proper and we get that  6[s] x &[t] E 
Id(G‘). By assumption, &[s] = sd M td = &[t] is an identity in Q’. 

For q , c z , c r 3  and ( ~ 4 ,  we have S I [ S ]  = L(s)  = L(t)  = 61[t], 6z[s] = 
L(sd)  = L( td)  = &[t], &3[s]  = L(s)L(s)  = L(t)L(t)  = &3[t]  and &4[s]  = 
L(sd)L(sd) = L(td)L(td) = 

Because of (T60Nff5 = ( ~ 7 ,  f f 8 O N f f 5  = Q, C710ONC.75 = 011 and 86[&5[t‘]] = 
&6[[trd], &8[65[t1]l = 58[[tid], ~lo[&5[tl]l = blo[t’d~ for all t’ E T(x ) ,  we have 
e7[s] x &[t], &[s] M &[t] and &ll[s] x &ll[t] are identities in G‘. 
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