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and all graphs such that each component of every subgraph induced by at
most three vertices is one of these graphs.

3. Identities in (z(y2)) = ((x(yy))z) graph algebras

Graph identities were characterized in (5] by the following Proposition:

Proposition 3.1. A non-trivial identity s = t is an identity in the class
of all graph algebras if and only if either both terms s and t are trivial or
none of them is trivial, G(s) = G(t) and L(s) = L(t).

Further it was proved.

Proposition 3.2. Let G = (V,E) be a graph and let h : X U {0} —
V U {0} be an evaluation of the variables such that h(oo) = oco. Consider
the canonical extension of h to the set of all terms. Then the following
holds: if t is a trivial term then h(t) = oo. Otherwise, if h : G(t) —
G is a homomorphism of graphs, then h(t) = h(L(t)), and if h is not a
homomorphism of graphs, then h{t) = co.

The following lemma was proved in [8].

Lemma 3.1. Let G = (V, E) be a graph, let t be a term and let
h: X — VU/{oo}
be an evaluation of the variables. Then:
(i) If h is a homomorphism from G(t) into G with the property that the
subgraph of G induced by h(V (t)) is complete, then h(t) = h(L(t)).

(it) If b is a homomorphism from G(t) into G with the property that the
subgraph of G induced by h(V (t)) is disconnected, then h(t) = co.

Now we apply our results to characterize all identities in the class of
all (z(y2)) = ((z(yy))z) graph algebras. Clearly, if s and ¢ are trivial, then
s = t is an identity in the class of all (z(yz)) ~ ((z(yy))z) graph algebras
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and z = z (z € X) is an identity in the class of all (z(yz)) = ((z(yy))2)
graph algebras, too. Further, if s is a trivial term and ¢ is a non-trivial
term, then s &~ ¢ is not an identity in the class of all (z(yz)) = ((z(yy))z)
graph algebras, since for a complete graph G, we have an evaluation of
the variables h such that h(s) = oo and h(t) # co. Hence, we only need
to consider the case that s and t are non-trivial and are different from
variables. Before we do this, we first introduce some notation. For any term
t € T(X) and the graph G(t) = (V(¢), E(t)), let Ni(z) = {y € V(¢) |
(x,y) € E(t)} be the set of all out-neighbors of the vertex z € V (t) and
Ni(z') ={y' e V(t) | (#',y') € E(t)} be the set of all in-neighbors of the
vertex ' € V/(t). Then all identities in the class of all (z(yz)) = ((z(yy))z)
graph algebras are characterized by the following theorem:

Theorem 3.1. Let s and t be non-trivial terms. Then s =~ t is an identity

in the class of all (x(yz)) =~ ((x(yy))z) graph algebras if and only if the
following conditions are satisfied:

(i) L(s) = L(t),
(i) V(s) =V(2),
(iii) Nf(L(s)) # ¢ if and only if Nf(L(t)) # ¢,
(iv) for any x € V(s), Ni(z) # ¢ if and only if Ni(z) # ¢.

Proof. Suppose that s &~ t is an identity in the class of all (z(yz)) =
((z(yy))z) graph algebras.

Suppose that V(s) # V(f) and let z € V(s) but x ¢ V(t). Consider
the (2(y2)) ~ ((z(yy))2) graph G = (V,E) with V = {0}, E = {(0,0)}
and an evaluation of variables h : V(s) UV (t) — V U {oo} such that
h(x) = oo and h(y) = 0 for all other y € V(s) U V(t). We have h(s) = oo
and h(t) = 0. Hence A(G) does not satisfy s = t. Now let G = (V, E) be a
complete graph with V = V(s) = V(t) and let h: V(s) — V be an identity
evaluation of variables. By Lemma 3.1, we have L(s) = h(L(s)) = h(s) =
h(t) = h(L(t)) = L(t).

Suppose that Nf(L(s)) # ¢ but N}(L(t)) = ¢. Consider the graph
G = (V, E) such that V = {0,1}, E = {(0,1),(1,1)}. By Proposition 2.2,
A(G) has an (z(yz)) = ((z(yy))z) graph algebra. Let h : V(s) — V be
the restriction of an evaluation of the variables such that h(L(s)) = 0 and
h(y) =1 for all other y € V(s). We see that h(s) = co and A(t) = 0. Hence,
A(G) does not satisfy s ~ t. Similarly, we can prove the converse.

Suppose that there exists z € V(s) such that N2(z) # ¢ but Ni(z) = ¢.
Consider the graph G = (V, E) such that V = {0,1}, E = {(0,0),(0,1)}.
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Then by Proposition 2.2, A(G) has an (z(yz)) = ((z(yy))z) graph algebra.
Let h: V(s) — V be the restriction of an evaluation of the variables such
that h(x) = 1 and h(y) = 0 for all other y € V(s). We see that h(s) = o0
and h(t) = 0. Hence, A(G) does not satisfy s ~ t. Similarly, we can prove
the converse. T

Conversely, suppose that s and ¢ are non-trivial terms satisfying (i), (i),
(443) and (iv). Let G = (V, E) be an (z(yz)) =~ ((z(yy))z) graph. Suppose
that a function h : V(s) — V is a homomorphism from G(s) into G and let
(z,y) € E(t). If z = y = L(s), (i.e., (L(s), L(s)) € E(t)), then by (iii) there
exists u € V(s) such that (u, L(s)) € E(s). Hence there exists v € V(s) such
that (u, L(s)),(L(s),v) € E(s). We have (h(u), h(L(s)), (h(L(s)), h(v)) €
E. By Proposition 2.2, we have (h(L(s)), h(L(s))) € E. If z = y # L(s),
then by (iv) and G(s) is a rooted graph with root L(s), there exist u,v €
V(s) such that (u,z),(z,v) € E(s). Hence (h(u), h(z)), (h(z), h(v)) € E.
By Proposition 2.2, we have (h(z),h(z)) € E. If z # y and z = L(s),
then because G(s) is a rooted graph with root L(s), there exists a di-
path from L(s) into y. By the homomorphism of A and Proposition 2.2,
we get (h(z),h(y)) € E. If z # y and ¢ # L(s), then there exist
u,v € V(s) such that (u,z), (z,v) € E(s). Hence we get (h(z), h(z)) € E.
Since G(s) is a rooted graph with rooted L(s) again, there exist dipaths
from L(s) into z and y. Thus (h(L(s)), h(z)), (R(L(s)),h(y)) € E. Since
(h(L(s)), h(z)), (R(L(s)), h{y)), (h(z), h(x)) € E. By Proposition 2.2, we
get (h(z), h(y)) € E. This shows that h is a homomorphism from G(¢) into
G. By the same way, if h is a homomorphism from G(t) into G, then we can
prove that it is a homomorphism from G(s) into G. By Proposition 2.1, we
prove that A_(g_)_ satisfies s = ¢. o

4. The (z(yz)) = ((x(yy))z) class

Let G’ be the class of all (z(yz)) ~ ((x(yy))z) graph algebras and Id(G’)
the set of all identities satisfied in G’. In this Section, we characterize the
equation of terms s = t such that the class of all s &~ ¢ graph algebras is
the class G’. We begin with a definition of a relation between the equation
of terms.

Definition 4.1. For any term equation s ~ t and s’ ~ t/, we call s & ¢
relate to s’ ~ t' if and only if the class of all s ~ ¢ graph algebras and

the class of all s’ ~ t' graph algebras are the same. In this case, we write
s=t~s =t
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NT s(.f](zl) £ @, Ngw(f)(zl) #j> and NOCT:lz(f)(wl) £ &, N§'°(”(a:2) £ ¢
and N&?-\x2) ~ 0. By Theorem 3.1 we have <rio~g><Ti2- For the other
cases, we consider by the similar way. Let Mg> bethe set of all normal form
graph hypersubstitutionsin Q. Then we get

Mgi = {<To,(Ti,(T2,<T3,<74,cr5,cr6,0'7,a8,a9,(710jO'll} -
We defined the product of two norma form graph hypersubstitutions in
Mqgi asfollows.

Definition 5.5. The product O-\N °N <*2N of two normal form graph hy-
persubstitutions is defined by (CTIV Oy <72./V)(/) = NF{&iN0'2N{f)})-

The following table gives the multiplication of elements in Mg,

On 00 o'l 02 a3 (T4 05 06 (7 08 09 010 011
00 oo O o02 ~3 (I 05 06 (77 08 09 oi10 811
0-1 (71 0] o2 O o2 o2 0-1 o2 o1 o2 ay 02
02 72 0 o2 01 (o, 01 0-2 0-2 aga 0-1 a3 o2
0-3 o3 0 g2 o3 O~4 024 03 04 03 (74 "3 0-4
04 04 0] o2 03 (74 o3 (74 (74 0-4 3 (74 04
oh Ooh 01 o2 03 74 00 0-9 011 07 06 011 (T

7 (77 0-6 (77 010 0N o010 (MW
T4 0"6 011 011 07 0-6 011 011

O¢ o6 C'| o2 03

(
(
g7 @7 O o2 03
(

08 o8 Ol 02 o3 (I 09 OO0 omn 08 09 0w (CAN
09 09 01 02 03 (I 08 09 011 011  0MO oil O\
0lo | Oio c1 o, o3 O« o1 o1 ol o0 011 o010  (IWN
oil o1i °1 02 03 (« o0 011 011 o011 010 ou (CA\

The concept of aleftmost normal form graph hypersubstitution was defined
in[2).

Definition 5.6. A graph hypersubstitution O is caled leftmost hypersub-
stitution if L(o(f)) = 21.

The set M (~) of dl leftmost normal form graph hypersubstitutions in
MGl is

ML(Q) = {g0,01,03,06708,010).
The concept of a proper hypersubstitution of a class of agebras was
introduced in [6].

Definition 5.7. A hypersubstitution O is called proper with respect to a
classK of algebrasif &[s] M"8[t] E Id(K) for al sx t E 1d{X).
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A graph hypersubstitution with the property that o(f) contains both
variables =1 and zy is called regular, which was introduced in [4]. It is

easy to check that the set of all regular graph hypersubstitutions forms a
groupoid M,.g.

We want to prove that {oo,06,08,010} is the set of all proper graph
hypersubstitutions with respect to G'.

The following lemma was proved in {2].

Lemma 5.2. For each non-trivial term s, (s # x € X) and for allu,v € X,
we have

E(dss]) = E(s) U {(u, u)|(w,v) € E(s)}
and
E(ds[s]) = E(s) U {(v,v)|(w,v) € E(s)}.
Then we obtain the following theorem.

Theorem 5.1. {09, 06,0s,010} is the set of all proper graph hypersubsti-
tutions with respect to the class G' of (z(yz)) = ((z(yy))z) graph algebras.

Proof. If s ~ t € Id(G') and s, t are trivial terms, then dg[s], ds[s],
F6[t] and di|t] are also trivial terms and thus dg(s] ~ dsft] € Id(G’) and
dals] = dilt] € Id(G') € Id(G'). In the same manner, we see that ds(s] ~
delt] € Id(G') and ds[s| = dst] € Id(G') if s =t = =z.

Now, assume that s and t are non-trivial terms, different from variables,
and s ~ t € Id(G’). Then (i), (i1), (44) and (iv) of Theorem 3.1 hold.

For o¢, 0s, we obtain:

L(3sls]) = L(s) = L(t) = L(&s[t]),
and

L(3s(s]) = L(s) = L(¢) = L(ds]t])-
Since og and gg are regular, we have:

V(d6ls)) = V(s) = V(t) = V([t])
and

V(s(s]) = V(s) = V(2) = V(&s[t]).
By Lemma 4.2, we get:

E(86[s]) = E(s) U{(u,u) | (v,v) € E(s)},



16
E(6s[t]) = E(t) U{(w,u) | (v,v) € E@)},

E(83s]) = E(s) U{(v,v) | (u,v) € E(s)}
and
E(6s[t]) = E(t) U{(v,v) | (u,v) € E(?)}-

For 06, by Lemma 4.2, we see that (L(s), L(s)) € E(oa[s]) and (L(t),L(t)) €
E(6¢[t))- Further for any z € V(s), we get N&tl(z) # ¢ if and only if
Ni(z) # ¢ and NZel (:B) + ¢ if and ounly if ,1(11) # ¢. By Theorem 3.1
(i43), we have NZelel (z) # ¢ if and only if NZelt (z) # ¢. By Theorem 3.1,
we get G¢[s] = G¢[t] € Id(G').

For og, by Lemma 4.2 we see that for any x e V(s) with z ;ﬁ L(s),
(z,z) € E(63[s)) and (z, x? € E(5s]t]), hence NZell(z) # ¢ and NEW(z) £
¢. Further we get N”ss (L(s)) # ¢ if and only if NJ(L(s) # ¢ and

Gs[t](L(t)) # ¢ if and only if Nf(L(t) # ¢. By Theorem 3.1(iii) we get
NZU(L(s)) # ¢ if and only if NZM(L(£)) # ¢. By Theorem 3.1, we get
Gsls] = aslt] € Id(G').

For 019, since og on 08 = 010 and g, o are proper, we see that oig is
a proper graph hypersubstitution.

For any ¢ ¢ {00,06,08,010}, We give an identity s = t in G’ such
that 6[s] = 6{t] ¢ Id(G’). Clearly, if s and ¢ are trivial terms with different
leftmost and different rightmost, then & [s] = d¢1[t] ¢ Id(G’), d3[s] = d3[t] ¢
1d(G'), dals] = dalt] ¢ Id(G") and dy[s] = d4t] & Id(G').

Now, let s = (z1(z2z1)) and t = (z1((z2z1)x2)). By Theorem 3.1,
we get s ~ t € Id(G'). If 0 € {05,07,00,011}, then L(o(f)) = z2. We
see that L(&[s]) = z; and L(6]t]) = =5 for o € {o5,07,09,011}. Thus
6[s] ~ &[t] ¢ 1d(G’). w

Now, we apply our results to characterize all hyperidentities in the class
of all (z(yz)) = ((z(yy))z) graph algebras. Clearly, if s and ¢ are trivial
terms, then s ~ ¢ is a hyperidentity in G’ if and only if they have the
same leftmost variable and the same rightmost variable and z =z, z € X
is a hyperidentity in G’, too. Now, we consider the case that s and t are
non-trivial and different from variables.

The concept of a dual term s¢ of a non-trivial term s can be defined in
the following way in [2].

If s =z € X, then z¢ = z, if s = (t1t2), then s¢ = (t4t4). The dual
term s¢ can be obtained by application of the graph hypersubstitution os,
namely 65[s] = s¢. Then, we prove the following Theorem:
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Theorem 5.2. An identity s ~ t in G', where s, t are non-trivial and
8 # T, t # x, is a hyperidentity in G' if and only if the dual identity s@ ~ ¢4
is also an identity in G'.

Proof. If s ~ t is a hyperidentity in G, then &5(s] & 4s[t] is an identity
in @, i.e., s¢ = s¢ is an identity in G'. Conversely, assume that s =~ ¢ is an
identity in G’ and that s% =~ t¢ is an identity in ¢, too. We have to prove
that s ~ ¢ is closed under all graph hypersubstitutions from Mg.

If o € {00,06,08,010}, then ¢ is a proper and we get that ols) = 6]t) €
Id(G'). By assumption, 65(s] = s% = t% = §5]t] is an identity in G’.

For 01,02,03 and g4, we have &1[s] = L(s) = L(t) = 61[t], dals] =
L(s%) = L(t?) = 6[t], 63[s] = L(s)L(s) = L(t)L(t) = 63[t] and &4s] =
L(s%)L(s%) = L(t*)L(t%) = 64[t).

Because of OgONOy = 07, OgONO5 = 09, O100N05 = 011 and 6’6[&5[25'1] =
&6[t'"], 8s[65[t']] = 6s[t'Y], G10[65[t']] = G10[t"%] for all ¢ € T(X), we have
G7[s] = G7[t], Go[s] = o[t] and G11[s] ~ 611[t] are identities in G'. a
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