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The basic assumption of the infinite formulation of the secretary problem, originally
studied by Gianini and Samuels, is that, if Uj , j = 1, 2, . . . , is defined as the arrival
time of the jth best from an infinite sequence of rankable items, then U1, U2, . . . ,
are i.i.d., uniform on the unit interval (0, 1). An item is referred to as a record
if it is relatively best. It can be shown that a well known identity related to the
Stirling number of the first kind, as given in Eq.(3) in this note, is just the identity
obtained through the derivation of the probability mass function of the number
of records that appear on time interval (s, t), 0 < s < t < 1, in two ways in the
infinite formulation.

1. Introduction

A set of n rankable items (1 being the best and n the worst) appear before
us one at a time in random order with all n! permutations equally likely.
That is, each of the successive ranks of n items constitutes a random per-
mutation. Suppose that all that can be observed are the relative ranks of
the items as they appear. If Xj denotes the relative rank of the jth item
among the first j items, the sequentially observed random variables are
X1, X2, . . . , Xn. Renyi[8] has shown that

(a) X1, X2, . . . , Xn are independent random variables.
(b) P{Xj = i} = 1/j, 1 ≤ i ≤ j, 1 ≤ j ≤ n.

The reader is advised to check the case n = 3 or 4, if he/she is not fa-
miliar to these properties of the relative ranks.
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The jth item is called candidate if it is relatively best, i.e., Xj = 1 and
we introduce an indicator defined as

Ij =

{
1, if Xj = 1

0, otherwise.

Thens

Nn = I1 + I2 + · · · + In (1)

denotes the total number of candidates. It is well known(see, e.g., Eq(2.5.9)
of Arnold et al.[1] or Sec. 6.2, 6.3 and 9.5 of Blom et al.[2]) that the
probability mass function of Nn is expressed as

pn(k) = P{Nn = k} =
1
n!

[
n

k

]
, 1 ≤ k ≤ n,

where the notation
[

n

k

]
, 1 ≤ k ≤ n, 1 ≤ n is a real number called Stirling

number of the first kind (see an interesting paper by Knuth[7] for this no-
tation). This number can be simply calculated from the following recursive
relation

[
n

k

]
=
[

n − 1
k − 1

]
+ (n − 1)

[
n − 1

k

]
1 ≤ k ≤ n, 2 ≤ n

with
[

1
1

]
= 1 and

[
n

k

]
= 0 for k = 0 or k > n, or directly from

[
n

k

]
= (n − 1)!

n−1∑
ik−1=k−1

1
ik−1

ik−1−1∑
ik−2=k−2

1
ik−2

· · ·
i2−1∑
i1=1

1
i1

.

It is noted that
[

n

k

]
is also interpreted as the number of permutations

of n elements having k cycles(see, e.g., Graham et al.[5] or Blom et al.[2]).
A typical identity of the Stirling number of the first kind is

n∑
k=0

[
n

k

]
zk = z(z + 1) · · · (z + n − 1), (2)



A Probabilistic Proof of an Identity Related to the Stirling Number of the First Kind 5

which is immediate from (a), (b) and (1) if we observe that the probability
generating function of the sum of the independent random variables is the
product of the individual probability generating functions, i.e., E[zNn ] =∏n

j=1 E[zIj ]. The identity with which we are concerned here is, for any
positive integer k,

∞∑
n=k

[
n

k

]
zn

n!
=

1
k!

(
log

1
1 − z

)k

, 0 < z < 1 (3)

as listed in Graham et al.[5](see Eq.(7.50), p.337). Multiply both sides of
(2) by vn/n! (0 < v < 1) and then add up over n. Then

∞∑
n=0

(
n∑

k=0

[
n

k

]
zk

)
vn

n!
=

∞∑
n=0

(
z + n − 1

n

)
vn = (1 − v)−z ,

where the last equality follows from the binomial theorem. Expanding
(1− v)−z = exp{z log( 1

1−v )} into powers of z and comparing the coefficient
of zk on both sides yields the identity (3) with z replaced by v. Our
objective is to give a probabilistic proof of this identity.

2. Probabilistic Proof

We employ the framework of the infinite secretary problem as defined and
originally studied by Gianini and Samuels[3]. Let the best, second best, etc.,
of an infinite sequence of rankable items arrive at times U1, U2, . . . , which
are i.i.d., uniform on the unit interval (0, 1). For each t in this interval, let
Vi(t) be the arrival time of the item which is ith best among all those that
arrive before time t. Then as a familiar property of random samples from
a uniform distribution on (0, 1), we find that

Vi(t)′s are i.i.d., uniform on (0, t). (4)

An item is called record if it is relatively best when it appears. We denote
by N(s, t) the number of records that appear on time interval (s, t), 0 <

s < t < 1, and derive the probability mass function of N(s, t) in two ways.

2.1. Derivation by a forward-looking argument

One way is to relate N(s, t) with a random variable defined as

M(s, t) = min{i ≥ 1 : Vi(t) < s}.
That is, M(s, t) represents the rank of the best item that appears before s

relative to all those that appear before t. Focus our attention on the arrival
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times of the first m + 1 bests that appear before t. Then M(s, t) takes on
a value m + 1 if and only if m bests appear after s, whereas the (m + 1)th
best appears before s. Thus we have from the property (4)

P{M(s, t) = m + 1} =
s

t

(
1 − s

t

)m

, m = 0, 1, 2, . . .

implying that M(s, t) has a geometric distribution. Conditioning on M(s, t)
yields

P{N(s, t) = k} =
∞∑

m=k

P{N(s, t) = k|M(s, t) = m + 1}

×P{M(s, t) = m + 1}

=
∞∑

m=k

pm(k)P{M(s, t) = m + 1}

=
∞∑

m=k

1
m!

[
m

k

]
s

t

(
1 − s

t

)m

, (5)

where the second equality follows because, given M(s, t) = m+1, the arrival
orders of m bests are equally likely and each of the records is identified as
a candidate.

2.2. Derivation by a backward-looking argument

Another way to obtain P{N(s, t) = k} is to trace the arrival epochs of
the records backwards in time. The following lemma is crucial, which can
be seen as a refinement of Theorem 1 of Gilbert and Mosteller[4](see also
problem 32 of Chap.13 of Karlin and Taylor[6]).

Lemma. Let Z1, Z2, . . . be a sequence of random variables with Zk uni-
formly distributed on time interval (0, Zk−1), Z0 ≡ t < 1. That is,
P{Zk ≤ x | Zk−1 = a} = x/a, 0 < x < a, k ≥ 1. If we denote by K(s, t)
the number of Z1, Z2, . . . whose values exceed s for 0 < s < t, namely,
K(s, t) = max{k : Zk > s} where max{φ} = 0, then K(s, t) is distributed
as a Poisson random variable with parameter log(t/s), i.e.,

P{K(s, t) = k} =
s

t

{log(t/s)}k

k!
. (6)

Proof. We first show by induction on i that the distribution function of
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Zi, i ≥ 1 is given by

Fi(z) =
z

t

i−1∑
j=0

{log(t/z)}j

j!
, 0 < z < t. (7)

The assertion (7) is true for i = 1, because Z1 is uniformly distributed on
time interval (0, t), and so F1(z) = z/t. Assume that (7) holds for i. Then
since the density function of Zi is given by

fi(z) =
d

dz
Fi(z)

=
{log(t/z)}i−1

(i − 1)!t

from the induction hypothesis, Fi+1(z) can be calculated, by conditioning
on the value of Zi, as follows.

Fi+1(z) = P{Zi+1 ≤ z}

=
∫ t

0

P{Zi+1 ≤ z | Zi = x}fi(x)dx.

However we easily see

P{Zi+1 ≤ z | Zi = x} =

{
1, if 0 < x ≤ z

z/x, if z < x ≤ t .

Therefore

Fi+1(z) =
∫ z

0

1 fi(x)dx +
∫ t

z

z

x
fi(x)dx

= Fi(z) +
∫ t

z

z

x

{log(t/x)}i−1

(i − 1)!t
dx

= Fi(z) +
z

t

{log(t/z)}i

i!

=
z

t

i∑
j=0

{log(t/z)}j

j!
,

where the last equality again follows from the induction hypothesis. Thus
the assertion (7) has been shown to hold for i + 1. We are now ready to
prove (6). The event K(s, t) = k occurs if and only if Zk+1 ≤ s < Zk
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occurs. Thus we have from (7)

P {K(s, t) = k} = P {Zk+1 ≤ s < Zk}
= Fk+1(s) − Fk(s)

=
s

t

{log(t/s)}k

k!
,

which yields (6) and the proof is complete. �

When we trace back the arrival epochs of the records starting at time
t, V1(t) is interpreted as the arrival epoch of the last record, V1(V1(t)) =
V

(2)
1 (t) as that of the second last record, V1(V

(2)
1 (t)) = V

(3)
1 (t) as that of

the third last record and so forth. This in turn implies from (4) that V
(k)
1 (t)

is distributed as Zk in the lemma, or equivalently N(s, t) is distributed as
K(s, t) because N(s, t) is described as N(s, t) = max{k : V

(k)
1 (t) > s}.

Thus we have from the lemma

P{N(s, t) = k} =
s

t

{log(t/s)}k

k!
. (8)

Putting z = 1 − s/t in (5) and (8) yields the desired identity (3).

We have just shown that the identity (3) has relation with the prob-
ability mass function of the number of records that appear on some time
interval in the infinite formulation of the secretary problem.

Remark. We have from the above lemma E[K(s, t)] = log(t/s). Thus, if
t = 1, s = 1/n, then E[K(1/n, 1)] = log n. This result is considered as a
continuous analogue of the following discrete problem: Consider a Markov
chain with state space {0, 1, 2, . . .} and the transition probabilities

p00 = p10 = 1, pij =
1
i
, j = 0, 1, . . . , i − 1, i ≥ 2,

where pij represents the probability that the Markov chain will, when in
state i, next make a transition into state j. Let Tn denote the number of
transitions needed to go from state n to state 0. Then it is well known that
E[Tn] =

∑n
j=1 1/j (see, e.g., Ross[9]), implying that E[Tn] ≈ log n when n

is large.
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