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Abstract

The game-theoretic framework for probability was introduced by Vladimir
Vovk and myself in Probability and Finance, published in 2001. But it has
roots in the work of Jean Ville, who showed how Cournot’s principle, the
principle that an event of very small probability will not happen, can be
given a game-theoretic interpretation. The framework allows us to gener-
alize the classical limit theorems of probability and opens up new ways of
making probability predictions.

1. Introduction

Cournot’s principle says that an event of small or zero probability
singled out in advance will not happen. From the turn of the twen-
tieth century through the 1950s, many mathematicians, including
Aleksandr Chuprov, Emile Borel, Maurice Fréchet, Paul Lévy, and
Andrei Kolmogorov, saw this principle as fundamental to the appli-
cation and meaning of probability. In their view, a probability model
gains empirical content only when it rules out an event by assigning
it small or zero probability.
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4 G. Shafer

In his doctoral dissertation, published in 1939, Jean Ville showed
that Cournot’s principle can be given a game-theoretic interpreta-
tion. The game-theoretic framework for probability published by
Vladimir Vovk and myself in 2001 (in Probability and Finance; It’s
Only a Game!?®) extends Ville’s game-theoretic approach to cases
where successive forecasts fall short of a full probability distribution
for the quantities forecast.

2. The Origins of Cournot’s Principle

An event with very small probability is morally impossible; it will
not happen. Equivalently, an event with very high probability is
morally certain; it will happen. This principle was first formu-
lated within mathematical probability by Jacob Bernoulli. In his
Ars Conjectandi, published posthumously in 1713, Bernoulli proved
that in a sufficiently long sequence of independent trials of an
event, there is a very high probability that the frequency with
which the event happens will be close to its probability. Bernoulli
explained that we can treat the very high probability as moral cer-
tainty and so use the frequency of the event as an estimate of its
probability.

Augustin Cournot, a mathematician now remembered as an
economist and a philosopher of science,''6 gave the discussion a
nineteenth-century cast in his 1843 treatise on probability.” Because
he was familiar with geometric probability, Cournot could talk about
probabilities that are vanishingly small. He brought physics to the
foreground. It may be mathematically possible, he argued, for a
heavy cone to stand in equilibrium on its vertex, but it is physically
impossible. The event’s probability is vanishingly small. Similarly,
it is physically impossible for the frequency of an event in a long
sequence of trials to differ substantially from the event’s probability
[9, pp. 57 and 106].

At the turn of the twentieth century, it was a commonplace
among statisticians that one must decide what level of probability
will count as practical certainty in order to apply probability theory.
We find this stated explicitly in 1901, for example, in the articles by
Georg Bohlmann and Ladislaus von Bortkiewicz in the section on
probability in the Encyklopddie der mathematischen Wissenschaften
[25, p. 825] [4, p. 861]. Aleksandr Chuprov, professor of statistics
in Petersburg, was the champion of Cournot’s principle in Russia.
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He called it Cournot’s lemma [18, p. 167] and declared it a basic
principle of the logic of the probable [22, pp. 95-96].

Saying that an event of very small or vanishingly small probability
will not happen is one thing. Saying that probability theory gains
empirical meaning only by ruling out the happening of such events
is another. Cournot may have been the first to make this second
assertion:

... The physically impossible event is therefore the one that
has infinitely small probability, and only this remark gives
substance — objective and phenomenal value — to the the-
ory of mathematical probability [9, p. 78].

Paul Lévy, a French mathematician who began writing on prob-
ability in the 1920s, stands out for the clarity of his articulation of
the thesis that Cournot’s principle is the only way of connecting a
probabilistic theory with the world outside mathematics.'* Lévy’s
views were widely shared in France. In the 1940s, Emile Borel called
Cournot’s principle first “the only law of chance” (la loi unique du
hasard).>% Neither Lévy nor Borel used the name “Cournot’s princi-
ple,” which was coined by Maurice Fréchet in 1949. Fréchet’s inspi-
ration was Oskar Anderson, who had talked about the Cournotsche
Lemma (Cournot’s lemma) and the Cournotsche Briicke (Cournot’s
bridge).1? Anderson was following his teacher Chuprov in the use
of “lemma.” Fréchet felt that “lemma,” like “theorem,” should be
reserved for purely mathematical results and so suggested “principe
de Cournot.” Fréchet’s coinage was used in the 1950s in French,
German, and English.!218:19,26

3. Ville’s Theorem

Vovk and I?° use Cournot’s principle in a game-theoretic form: a
strategy for placing bets without risking bankruptcy will not multiply
the bettor’s capital by a large or infinite factor. In the case where
the bettor can buy or sell any random variable for its expected value,
this is equivalent to the classical form of the principle; Jean Ville
demonstrated the equivalence in 1939.24

Consider a sequence Y7,Ys,... of binary random variables with
a joint probability distribution P. Suppose, for simplicity, that P
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assigns every finite sequence vy1,...,y, of Os and 1s positive prob-
ability, so that its conditional probabilities for Y,, given values of
the preceding variables are always unambiguously defined. Following
Jean Ville,?* consider a gambler who begins with $1 and is allowed
to bet as he pleases on each round, provided that he does not risk
bankruptcy. We can formalize this with the following protocol, where
betting on Y, is represented as buying some number s, (possibly
zero or negative) of tickets that cost $P{Y,, = 1|Y1 = y1,..., Y1 =
yn—l} and pay $Yn

BINARY PROBABILITY PROTOCOL
Players: Reality, Skeptic
Protocol:
Ko :=1.
FORn=1,2,...:
Skeptic announces s, € R.
Reality announces y, € {0,1}.
Kn = Kpno1+ sp(yn — P{Y,, = 1|Y1 = 41,..., Y1 =
yn—l})-

Restriction on Skeptic: Skeptic must choose the s, so that his
capital is always non-negative (K, > 0 for all n) no matter how
Reality moves.

This is a perfect-information sequential protocol; moves are made
in the order listed, and each player sees the other player’s moves
as they are made. The sequence Ky, Kq,...is Skeptic’s capital
process.

Ville showed that Skeptic’s getting rich in this protocol is equiv-
alent to an event of small probability happening, in the following
sense:

(1) When Skeptic follows a measurable strategy (a rule that gives s,
as a function of y1,...,Yn—1),

P{sgplCnZE}Sé (1)

for every e > 0. (This is because the capital process Ko, K1, ...
is a non-negative martingale; Equation (1) is sometimes called
Doob’s inequality.)
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(2) If A is a measurable subset of {0,1}* with P(A) < ¢, then
Skeptic has a measurable strategy that guarantees
. 1
liminf IC,, > -

n—00 €
whenever (yq,y2,...) € A.

We can summarize these results by saying that Skeptic’s being able
to multiply his capital by a factor of 1/e or more is equivalent to the
happening of an event with probability € or less.

Ville’s work was motivated by von Mises’s notion of a
collective.?’=2? Von Mises had argued that a sequence y1,%s,... of
0s and 1s should be considered random if no subsequence with a dif-
ferent frequency of 1s can be picked out by a gambler to whom the
ys are presented sequentially; this condition, von Mises felt, would
keep the gambler from getting rich by deciding when to bet. Ville
showed that von Mises’s condition is insufficient, in as much as it
does not rule out the gambler’s getting rich by varying the direction
and amount to bet.

4. The Game-Theoretic Framework

Although the preceding explanation of Ville’s ideas was limited to
the binary case, Ville made it clear that these ideas apply whenever
conditional probabilities from a joint probability distribution for a
sequence of random variables are used to make successive probability
predictions. The framework of 2 generalizes the ideas further. The
generalization has three aspects:

e Instead of beginning with a probability measure and using its
conditional probabilities or expected values as prices on each
round, we allow another player, Forecaster, to set the prices as
play proceeds. This makes the framework “prequential”;'! there
is no need to specify what the price on the nth round would be
had Reality moved differently on earlier rounds.

e When convenient, we make explicit additional information, say
Ty, that Reality provides to Forecaster and Skeptic before they
make their nth moves.

o We allow the story to be multi-dimensional, with Reality making
several moves and Forecaster pricing them all.
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A convenient level of generality for the present discussion is provided
by the following protocol, where R¥ is k-dimensional Euclidean space,
Y is a subset of R*, and X is an arbitrary set.

LINEAR FORECASTING PROTOCOL
Players: Reality, Forecaster, Skeptic
Protocol:
Ko :=1.
FORn=1,2,...,N:
Reality announces z,, € X.
Forecaster announces f,, € R¥.
Skeptic announces s, € R¥.
Reality announces y, € Y.
Kn = Kn_1+5p- (yn - fn)

Restriction on Skeptic: Skeptic must choose the s, so that his
capital is always non-negative (IC,, > 0 for all n) no matter how the
other players move.

Here s, - (yn — frn) is the dot product of the k-dimensional vectors
sp and y, — f. Notice also that play stops on the Nth round rather
than continuing indefinitely. This is a convenient assumption in this
section, where we emphasize the finitary picture; we will return to
the infinitary picture later.

The linear forecasting protocol covers many prediction problems
considered in statistics (where x and y are often called independent
and dependent variables, respectively) and machine learning (where
r is called the object and y the label).!3233! Market games can be
included by taking f,, to be a vector of opening prices and ¥, the
corresponding vector of closing prices for the nth trading period.

A strategy for Skeptic in the linear forecasting protocol is a rule
that gives each of his moves s, as a function of the preceding moves
by Reality and Forecaster, (1, f1,91), - - (Tn—1, fa—1s Yn—1); Tns fo:
A strategy for Forecaster is a rule that gives each of his moves
fn as a function of the preceding moves by Reality and Skep-
tic, (1,51,%1) -+ (Tn—1,8n—1,Yn—1), Tn. One way of prescribing a
strategy for Forecaster is to choose a probability distribution for
(x1,11), (x2,y2),... and set f, equal to the conditional expected
value of y,, given (z1,91), ..., (Tn-1,Yn—1), Tn. We will look at other
interesting strategies for Forecaster in Sec. 7.
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The Game-Theoretic Framework for Probability 9

How can one express confidence in Forecaster? The natural way
is to assert Cournot’s principle: say that a legal strategy for Skeptic
(one that avoids k), < 0 no matter how the other players move) will
not multiply Skeptic’s initial capital by a large factor.

Once we adopt Cournot’s principle in this form, it is natural to
scale the implications of our confidence in Forecaster the same way
we do in classical probability. This means treating an event that
happens only when a specified legal strategy multiplies the capital
by 1/e as no more likely than an event with probability e.

As in classical probability, we can combine Cournot’s principle
with a form of Bernoulli’s theorem to obtain a statement about
relative frequency in a long sequence of events. In a sufficiently
long sequence of events with upper probability 0.1 or less, for
example, it is morally certain that no more than about 10% of
the events will happen [21, Sec. 5.3]. This is a martingale-type
result; rather than insist that the events be independent in some
sense, we assume that the upper probability for each event is cal-
culated at the point in the game where the previous event is
settled.

5. Extending the Classical Limit Theorems

One of the main contributions of Shafer and Vovk?® was to show that
game theory can replace measure theory as a foundation for classical
probability.

We showed in particular that classical limit theorems, espe-
cially the strong law of large numbers and the law of the iterated
logarithm, can be proven constructively within a purely game-
theoretic framework. From Ville’s work, we know that for any event
with probability zero, there is a strategy for Skeptic that avoids
bankruptcy for sure and makes him infinitely rich if the event fails.
But constructing the strategy is another matter. In the case of the
events of probability zero associated with the classical theorems,
we did construct the requisite strategies; they are computable and
continuous.

We provided similar constructions for classical results that do not
require an infinite number of rounds of play to be meaningful: the
weak law of large numbers, finitary versions of the law of the iterated
logarithm, and the central limit theorem.
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6. The Idea of a Quasi-Universal Test

If two events have very small probability, their union also has reason-
ably small probability. The analogous idea in game-theoretic proba-
bility is that of averaging strategies: if one strategy for Skeptic makes
him very rich without risking bankruptcy if one event happens, and
another makes him very rich without risking bankruptcy if a sec-
ond event happens, then the average of the two strategies will make
reasonably rich without risking bankruptcy if either of the events
happens. This leads us to the notion of a quasi-universal strategy:
we list the most important extreme events that we want to rule out,
and by averaging the strategies that rule each out, we obtain a strat-
egy that rules them all out.

Leaving aside how this idea has been developed in the past within
measure-theoretic probability, let us consider how it can be developed
measure-theoretically in this protocol of binary forecasting;:

BINARY PROBABILITY PROTOCOL WITH FORECASTER AND
OBJECTS
Players: Reality, Forecaster, Skeptic

Protocol:
Ko :=1.
FORn=1,2,...:

Reality announces z,, € X.
Forecaster announces p,, € [0, 1].
Skeptic announces s, € R.
Reality announces y, € {0,1}.
Kn = Knp_1+ Sn(yn _pn)-

Restriction on Skeptic: Skeptic must choose the s, so that his
capital is always non-negative (/C,, > 0 for all n) no matter how the
other players move.

In this protocol, where Forecaster gives a probability p, on each
round, taking into account the previous outcomes y1,...,¥y,_1 and
auxiliary information z1,...,x,, we are mainly interested in two
aspects of the agreement between the probabilities p, and the out-
comes Y :
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The Game-Theoretic Framework for Probability 11

Calibration. Whenever there are a large number of rounds on which
Pp, is close to some fixed probability p*, we want the frequency with
which y,, = 1 on those rounds to be approximately equal to p*.

Resolution. We want this approximate equality between frequency
and p* to remain true when we consider only rounds where p,, is
close to p* and also x,, is close to some fixed value x* in the object
space X.

As it turns out,** we can often average strategies that reject Fore-
caster’s performance over a grid of values of (z*,p*) that are suf-
ficiently dense to capture all deviations of practical interest. This
average strategy, which is testing for calibration and resolution, will
not necessarily test for more subtle deviations by y1, 92, ... from the
forecasts p1,po, ..., such as those associated with the law of the iter-
ated logarithm or Ville’s refutation of von Mises’s theory, but these
more subtle deviations may hold little interest. So the average strat-
egy can be regarded, for practical purposes, as a universal test. To
avoid confusion, I call it a quasi-universal strategy.

7. Defensive Forecasting

In cases where we have a quasi-universal strategy, a new opportu-
nity opens up for Forecaster. Forecaster will do well enough if he can
avoid rejection by that strategy. Formally, he needs a winning strat-
egy in a version of the game where Skeptic is required to follow the
quasi-universal strategy but Reality is free to move as she pleases.
Does Forecaster have such a winning strategy? The surprising answer
is yes.

This is easiest to see in the case where the quasi-universal strat-
egy gives a move for the nth round that is continuous in the fore-
cast p,. As it happens, this is not an unreasonable requirement. We
can construct quasi-universal strategies for calibration and resolution
that are continuous in this respect, and there is even a philosophi-
cal argument for ruling out any discontinuous strategy for Skeptic:
discontinuous functions are not really computable.” 7

As it turns out, it is easy to show that for any forecast-continuous
strategy for Skeptic there exists a strategy for Forecaster that does
not allow Skeptic’s capital to grow, regardless of what Reality does.
Let me repeat the simple proof given in Refs. 32 and 34. It begins by
simplifying so that Forecaster’s job seems to be even a little harder.
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Instead of requiring that the entire forecast-continuous strategy for
Skeptic be announced at the beginning of the game, we ask only
that Skeptic announce his strategy for each round before Forecaster’s
move on that round. And we drop the restriction that Skeptic avoid
risk of bankruptcy. This produces the following protocol:

BINARY FORECASTING AGAINST CONTINUOUS TESTS
Players: Reality, Forecaster, Skeptic

Protocol:
Ko :=1.
FORn=1,2,...:

Reality announces z,, € X.

Skeptic announces continuous S, : [0,1] — R.
Forecaster announces p,, € [0, 1].

Reality announces y, € {0,1}.

Kn = Kn-1+ Sn(pn)(Yn — pn)-

Here S, is Skeptic’s strategy for the nth round; it gives his move
as a function of Forecaster’s not-yet-announced move p,,.

Theorem 1. Forecaster has a strategy that ensures Ko > K1 >
Ky > oo,

Proof Because 5, is continuous, Forecaster can use the following
strategy:

e if the function S,(p) takes the value 0, choose p, so that
Sn(pn) = 0;
if S, is always positive, take p, := 1;
if S, is always negative, take p, := 0.

This guarantees that S, (pn)(yn — pn) < 0, so that I, <K,—1. O

Some readers may question the philosophical rationale for requir-
ing that S;, be continuous. As it turns out, dropping this requirement
does not cost us much; Forecaster can still win if we allow him to
randomize.?> This means that instead of telling Reality his probabil-
ity pn, Forecaster may give Reality only a probability distribution P,
for p,, with the value p,, to be drawn from P, out of sight of Reality
or perhaps after Reality has selected y,,.

A strategy for Forecaster is what one usually calls a probabil-
ity model; given the previous outcomes yi,...,y,—1 and auxiliary
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information x1,...,x,, it gives a probability p, for y, = 1. Such
probabilities can be used in any repetitive decision problem.?’ So
Theorem 1’s guarantee that they are valid, in the sense that they
pass any reasonable test of calibration and resolution, has immense
practical significance.
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