Preface

Functions are used to describe natural processes and forms. By means of finite or
infinite operations, we may build many types of ‘derived’ functions such as the sum
of two functions, the composition of two functions, the derivative function of a given
function, the power series functions, etc.

Yet a large number of natural processes and forms are not explicitly given by
nature. Instead, they are ‘implicitly defined’ by the laws of nature. Therefore
we have functional equations (or more generally relations) involving our unknown
functions and their derived functions.

When we are given one such functional equation as a mathematical model, it
is important to try to find some or all solutions, since they may be used for pre-
diction, estimation and control, or for suggestion of alternate formulation of the
original physical model. In this book, we are interested in finding solutions that are
‘polynomials of infinite order’, or more precisely, power series functions.

There are many reasons for trying to find such solutions. First of all, it is
sometimes ‘obvious’ from experimental observations that we are facing with natural
processes and forms that can be described by ‘smooth’ functions such as power series
functions. Second, power series functions are basically ‘generated by’ sequences of
numbers, therefore, they can easily be manipulated, either directly, or indirectly
through manipulations of sequences. Indeed, finding power series solutions are not
more complicated than solving recurrence relations or difference equations. Solving
the latter equations may also be difficult, but in most cases, we can ‘calculate’ them
by means of modern digital devices equipped with numerical or symbolic packages!
Third, once formal power series solutions are found, we are left with the convergence
or stability problem. This is a more complicated problem which is not completely
solved. Fortunately, there are now several standard techniques which have been
proven useful.

In this book, basic tools that can be used to handle power series functions and
analytic functions will be given. They are then applied to functional equations in
which derived functions such as the derivatives, iterates and compositions of the un-
known functions are involved. Although there are numerous functional equations in
the literature, our main objective is to show by introductory examples how analytic
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solutions can be derived in relatively easy manners.

To accomplish our objective, we keep in mind that this book should be suitable
for the senior and first graduate students as well as anyone who is interested in a
quick introduction to the frontier of related research. Only basic second year ad-
vanced engineering mathematics such as the theory of a complex variable and the
theory of ordinary differential equations are required, and a large body of seem-
ingly unrelated knowledge in the literature is presented in an integrated and unified
manner.

A synopsis of the contents of the various chapters follows.

e The book begins with an elementary example in Calculus for motivation.
Basic definitions, symbols and results are then introduced which will be
used throughout the book.

e In Chapter 2, various types of sequences are introduced. Common opera-
tions among sequences are then presented. In particular, scalar, term by
term, convolution and composition products and their properties are dis-
cussed in detail. Algebraic derivation is also introduced.

e Power series functions are treated as generating functions of sequences and
their relations are fully discussed. Stability properties are discussed and
Cauchy’s majorant method is introduced. The Siegel’s lemma is an impor-
tant tool in deriving majornats.

e In Chapter 4, the basic implicit function theorem for analytic functions is
proved by Newton’s binomial expansion theorem. Schréder and Poincaré
type implicit functions together with several others are discussed. Applica-
tion of the implicit theorems for finding power series solutions of polynomial
or rational type functional equations are illustrated.

e In Chapter 5 analytic solutions for several classic ordinary differential equa-
tions or systems are derived. The Cauchy-Kowalewski existence theorem
for partial differential equations is treated as an application. Then several
selected functional differential equations are discussed and their analytic
solutions found.

e In Chapter 6 analytic solutions for functional equations involving iter-
ates of the unknown functions (or more general composition with other
known functions) are treated. These equations are distinguished by whether
derivatives of the unknown functions are involved. The last section is con-
cerned with the existence of power solutions.

Some of the material in this book is based on classical theory of analytic func-
tions, and some on theory of functional equations. However, a large number of
material is based on recent research works that have been carried out by us and a
number of friends and graduate students during the last ten years.

Our thanks go to J. G. Si, X. P. Wang, T. T. Lu and J. J. Lin for their hard
works and comments. We would also like to remark that without the indirect help
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of many other people, this book would never have appeared.

We tried our best to eliminate any errors. If there are any that have escaped our
attention, your comments will be much appreciated. We have also tried our best
to rewrite all the material that we draw from various sources and cite them in our
notes sections. We beg your pardon if there are still similarities left unattended or
if there are any original sources which we have missed.

Sui Sun Cheng and Wenrong Li
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