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1. Introduction 

Markov fields play an important role in classical probability, in physics, in 
biological and neurological models and in an increasing number of techno- 
logical problems such as image recognition. 

It is quite natural to forecast that the quantum analogue of these models 
will also play a relevant role. 

The papers 7 9 2 , 3  are a first attempts to construct a quantum analogue of 
classical Markov fields. These papers extend to fields the notion of quantum 
Markov state introduced in as a sub-class of the quantum Markow chains 
introduced in '. As remarked in 7 ,  the peculiarity of the former class of 
states with respect to the latter consists in the fact that they admit a 
Umegaki conditional expectation into rather than onto their range. 

This small difference allows, when applied to states on infinite tensor 
products of C*-algebras, to obtain nontrivial (i.e. non product) states 
while maintaining most of the simple algebraic properties related to classical 
Markovianity. 

The prize one has to pay for this simplification is that the resulting 
class of states, although non trivial, has very poor entanglement properties 
so that they cannot exhibit some of the most interesting properties which 
distinguish the quantum from the classical world. 

On the contrary the quantum Markov chains or, more generally, the 
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generalized quantum Marlcov states in the sense of lo may exhibit very 
strong entanglement properties. In particular the papers 9,4 show that this 
is indeed the case for the entangled Marlcov chains constructed in 

The above considerations naturally suggest the study of following two 
problems: 

(i) the extension to fields of the notion of generalized Markov state (or 
Markov chain) 

(ii) the extension to fields of the construction of entangled Markov chains 
produced in 

The present paper is a first step towards the solution of these prob- 
lems. We introduce an hierarchy of notions of Markovianity for states on 
discrete infinite tensor products of C*-algebras (section (4)) and for each 
of these notions we construct some explicit examples. We show that the 
construction of can be generalized to trees (section (6)) and, in a very 
special case which corresponds to the condition of maximal entanglement, 
to general graphs (section (7)). It is interesting to notice that, in a differ- 
ent context and for quite different purposes, the special role of trees was 
already emphasized in ?. 

A comment on the notion of generalized quantum Markov state intro- 
duced in Definition (4.1) may help understanding the logic leading to this 
definition and in particular condition (6) which otherwise might, at first 
sight, seem artificial. 

The point is that, as we know from Dobrushin’s seminal work 8, the 
natural localization for fields on a discrete set L is is given by the finite 
subsets of L and their complements. This localization, when restricted to 
the l-dimensional case, does not lead to the usual probabilistic localization 
but, in a certain sense to its dual (or time reversal), corresponding to the 
conditioning of the past on the future rather than conversely. This leads 
to different structures of the Markov chains in the two cases, a fact already 
noted in where these two types were called Marlcov chains and inverse 
Marlcov chains respectively. 

In particular the role played by the time zero algebra in the usual 
Markov processes is played by the algebra at infinity in the multi- 
dimensional case. 

But, while the the time zero algebra has a meaning independent of 
the state, the algebra at infinity can be (meaningfully) defined only in the 
GNS representation of the given state. Therefore, if one wants to give a 
constructive and local definition of a state one cannot make use of a global 
notion such as the algebra at infinity. 



3 

In the ergodic cases, corresponding physically to the pure phases in 
Dobrushin's theory, one expects that the algebra at infinity is trivial and 
that the sequence of conditional expectations appearing in (6) converges 
weakly to a single state (asymptotic independence of the boundary) so that 
the resulting state is in fact independent of the sequence of states 
which plays the role of the single "state" +Lc = +,, not available at a 
C*-level. 

2. Graphs 

Let B = (L ,  E )  be a (non-oriented simple) graph, that is, L is a non-empty 
at most countable set and 

Elements of L and of E are called a vertices and edges, respectively. Two 
vertices x, y E L are called adjacent, or nearest neighbors, if {x, g }  E E ,  
and in that case we also write x - y. 

For each x E L the set of nearest neighbors of x will be denoted 

N(x) := {y E L : y N x} 

The degree of x E L, denoted by ~(x), is by definition the number of vertices 
adjacent to x, namely, 

4x1 := IN(x)I = KY E L ;  Y z)I, 

where I . I denotes the cardinality. 
A graph can be equivalently assigned by giving the pair 

of its vertices and the binary symmetric relation -J. 
A path or a trajectory or a walk connecting two points x,y E L is a 

finite sequence of vertices such that x = x1 - x2 - . . .  - x, = y. In this 
case n is called the length of the walk. For two distinct vertices x, y E L the 
distance d(x, y) is defined to  be the shortest length of a walk connecting x 
and y. By definition d(x, x) = 0. 

Throughout the paper we always assume that a graph is locally finite, 
i.e., ~(x) < 00 for all 2 E L, and is connected, i.e., for any pair of vertices 
there exists a walk connecting them. We will write 
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to mean that A is a finite subset of L. Given A sfin L we define the external 
boundary of A by 

d A : = { x $ A : 3 y ~ x ,  Y E A }  

the closure of A by 
- 
A := A u a’h 

We will write 

A CC A1 

to mean that 
- 
A c A1 

Notice that, by definition 

A n d A = 0  

a’(.} =: ax = N ( x )  \ {x) 

3. Bundles on graphs 

To each x E L it is associated an Hilbert space IFI, of dimension d ~ ( x )  E N. 
In the present paper we will assume that 

d := d~ (x) = dx < +co (independent of z) 

Given 

G i n  L 

we define 

%A := @ x ~ A %  

We fix, V x E L,  an 0.n. basis of ‘Hz: 

( e j ( x ) )  = e(x) ; j E S(z) := {I,. . . , dx ( z ) }  = {I,. . . , dx} 

By definition ITS : S -+ L is the bundle whose fibers are the finite sets 
IT;’(z) := S ( x )  and the sections of this bundle are the maps: 

F(A,  s) := { W A  : Z E --+ WA(.) E s(Z)} =: QA 

A section W A  is also called a configuration in the volume A. For W A  E 

F(A,  S), the vector e,, is defined by 

:= @ z ~ i \ e w , ( z ) ( ~ )  E ? - t ~  (1) 
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and we will use the symbol EwA for the corresponding rank one projection: 

is an 0.n. basis of X A .  Thus the generic vector of ?YA has the form 

We will use the notations 

t? := C* - ' ~ B A  (C* - inductive limit) 

As a C*-algebra B is isomorphic to the (unique) infinite C*-tensor product 
@5ELB(X(x)). The natural embedding of B ( x )  into B.will be denoted 

j ,  : b E B ( z )  + j , (b) = b @ 1izp E B (4) 
Similarly, for A C L ,  we define 

j A  := @ z E A j z  

to simplify the notations, in the following we will often identify each BA to 
the sub-algebra j ~ ( B i \ )  of B, through the identification 

B A  z t ? ~  @ I A ~  = j ~ ( B i \ )  

With these notations the elements of the *-sub-algebra of BL defined by 

BL,lOc := u BA (set theoretical union) 
fin L 

will be called local operators (observables if self-adjoint). 

Ac 

4. Definition of QMF 

Definition 4.1. A state 'p on BL is called a generalized quantum Markov 
state on t ? ~  if there exist an increasing sequence A, T L (th' is means: even- 
tually absorbing any finite subset) and, for each A,, a quasi-conditional 
expectation E A ~  with respect to the triplet 

BA; 5 B L  (5) 
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and a state 

@A; E s(BA:)  

such that for any A0 cc A, one has 

PIBAo = @Ak EA;  IBAo 

If, in condition (6 ) ,  one can choose 

@A: = cpIBAk ( 7) 
then cp is called a quantum Markov state. Finally cp is called a weak Markov 
state if for all a E B L , ~ , , ~  there exists R(a)  Gfin L such that V n  E N satisfying 
A(a)  C_ A, (Ifin L one has: 

y (a )  = (f(EAk (.)> 

Remark. The ergodic argument used in shows that, for quantum Markov 
states, in Definition (2) above, EA; can be replaced by an Umegaki condi- 
tional expectation from BL onto a sub-algebra of B A ~ .  
Remark. In the case of infinite tensor products (the only one considered 
here) one has, for any subset, I C L: 

B p  = B> the cornmutant of BI (8) 

Recall that a quasi-conditional expectation with respect to the triplet (5) 
is a CP1 map EA: : BL + BA: satisfying 

EA:(~T~A,)  = U ~ E A : ( ~ A , )  (9) 

Because of (8) this implies that EA~(BA,) C_ (e)’ = B ( K : ~ ~  = aTCn. 
n 

Consequently 

EA: (BA,) C n B c  = BgA, 
which is the natural quantum generalization of the multidimensional (dis- 
crete) Markov property as originally formulated by Dobrushin 8 .  

The above argument shows that, whenever (8) holds (e.g. in the case 
of infinite tensor products) the Markov property 

EA;  c B ~ A  
follows from the basic property (9) of the quasi-conditional expectations. 
This is not true in general when (8) does not hold (e.g. in the abelian case 
or in the case of CAR algebras). In all these cases the Markov property 
should be included in the definition of the various notions of Markov states 
as an additional requirement. 
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5. 1-dimensional weak Markov states 

In this section we show that there are natural classes of states which are 
weak Markov states but not Markov states. In this section we will choose 
L = N with the usual nearest neighbour relation. Thus BL = 8~t3 and, if 
A, = [O,  n - 11 (n 2 1) then 

A, = [O,n] ; A; = [n,+m) ; A," = [n+ 1,m) 
- - 

Lemma 5.1. Let & : B 8 B + B be a transition expectation (i.e. a com- 
pletely positive identity preserving linear (CP1) map), then there exists a 
unique CPI map 

T : A A - - . B  

characterized b y  

T ( jo (a0)  . . . j,(a,)) = &(a0 8 &(a1 8 . . . 8 &(a, 8 1) . . . ) 

Proof. Clear. 

Corollary 5.1. For each n E N there exists a unique quasi-conditional 
expectation Eln with respect to the triple Bj,+l l?[n C BL such that 

E[n(a[o,n]) = j n (T (a[o ,n] ) )  ; Va[o,n] E B[O,,] 
where T is the map defined by  Lemma (5.1). 

Proof. Using the decompositions 

,131, E B[O,,] 8 B(n ; B[n E B{n} 8 B(n 
one defines 

Proposition 5.1. Let (;7 E S ( B L )  be any state with equal marginals, i.e. 
3cpo E S ( B )  such that 

( ; 7 0 j n = ' p o ;  V n E N  

Then, if E[,  and T are defined b y  Corollary (5.1), one has 

lim 8 o Eln = yo  o T =: 'p (10) 
n-+m 

in the sense that the limit exists pointwise in BL and the identity holds. 
Moreover cp is a generalized quantum Markov state in the sense of Definition 
(4.1). 
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Proof, If a E t 3 ~  is a local observable, then there exists n ( a )  E N such that, 
'dn > .(a) 

E [ n ( 4  = j n ( T ( a ) )  

consequently, 'dn > n ( a )  one has 

lim @(E[N(a) )  = lim @ ( j N ( T ( a ) ) )  = cpo(T(a)) N+03 " 0 3  

Since t3L,loc is norm dense in BL,  the limit (10) exists pointwise in t 3 ~ .  

in the notations of Definition (4.1), one chooses 
To prove that it is a generalized quantum Markov state notice that if, 

@A; := @~BA; ; A, Cfin N 
then, with A, = [O,n], and 'da[o,,-11 E B [ o , ~ - ~ I  one has 

@A,E[n((a[O,n-l] )) = @(jn(T(a[O,n-l] 1) = 'PO(T(a[O,n-l] 1) = ~ ( a [ O , n - l ] )  

Remark. The state cp ,  constructed in the Proposition above, will not be, 
in general, a Markov state. In fact 

cp(E[n(a[o,n]a(,,n+k] 1) = cp(E[,(a[o,n])a(,,,+k]) = cp(jn(T(90,nl )b(n,n+k] 1 = 

= cpo(Tlj,(T(a[o,nI ))%,n+kll) 

cp(a[o,n]a(n,n+k]) = cpo(T(a[o,n]a[,,,+k])) 

while 

and in general these two expressions will not be equal. For example, taking 
n = 0, k = 1, the former expression is 

cpo(&(&(.o €3 1) 69 a l l )  

cpo(&(ao €3 &(a1 €3 1))) 

and the latter is 

The following theorem shows that, under simple additional conditions, cp is 
a weak Markov state. 

Theorem 5.1. I n  the above notations and assumptions, define the C P l  
maps of t3 into itself by  

P(b) := &(b 69 1) ; Q ( b )  := E ( 1 @  b)  (11) 

Then cp is a weak Marlcov state if either one of the following two conditions 
is satisfied: 

90 0 Q = yo 0 P = 'PO (12) 
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Proof. (P is a weak Markov state if and only if V u  E B ~ L , J ~ ~  3 n ( a )  E N such 
that V n  > n ( a )  

(P(a) = cp(Eln(4 

Now if a E A is a local observable then there exists .(a) E W such that 

E[,(a) = j n ( T ( a ) )  ; V n  2 ..(a) 

Moreover (11) implies that the map T satisfies the following identities: 

T( j , (b ) )  = Q n P ( b )  ; V b  E B , V n  E N 

Consequently, V n  2 n ( a )  

(P(E[n(a)) = (P(jn(T(a)))  = :iF@(E[k(jn(Ta))) 

= lim 8 ( j k  (T (jn (Ta)) ) = ",? (PO (Q  IC P (T(a )  
k 

If Q and P satisfy (12) then V u  E BL and V n  2 n(a )  

(P(E[n(4) = (Po(T(a)) = @[,(jn(T(4) = d a )  

Similarly, if Q and P satisfy (13) then 

"," (PO (QkPP(T(a) )) = (PO ( P ( T ( a ) ) )  = (PO ( T ( a ) )  = ( ~ ( a )  

and this ends the proof. 

Lemma 5.2. A n y  generalized Marlcov state o n  BL is  uniquely determined 
by any sequence of triplets 

through the limit relation 

(P = lim pAk o EA: 
n-CL, 

Proof. For all A0 cc A, c A(m) one has 

(PA; 0 EA; IBA,, = ( P A ( ~ ) C  0 E A ( ~ ) ~ I B A ~  

and therefore the limit (14) stabilizes on BA, as soon as A0 c A,. 
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6. Entangled Markov fields on trees 

In this section we prove that, for a very special class of graphs, i.e. the 
trees, the construction of entangled Markov chains proposed in can be 
generalized. The simplification coming from considering trees rather than 
general graphs manifests itself in the fact that the anologue of the basic 
isometries, used in the construction of ' ,  in this case commute. 

Recall that a tree is a connected graph without loops. This definition 
implies that any finite subset A zfin L enjoys the following fundamental 
property: 

Property (T) 
For any A cfin L and for arbitrary x E a'R, there exists a unique point 

y E A such that x N y .  
The fact that Property (T) is the main ingredient used in the proofs of 

the results below justifies the expectation that our results could be gener- 
alized to any graph such that there exists a sequence of A, C f i ,  L such 
that A, L and each A, enjoys Property (T) (maybe with the exception 
of a small set of points). 

We keep the notations and assumptions of section (2). 
Let ( L ,  E )  be a graph and let, for each { x ,  y} E E l  be given a complex 

d x d matrix ( $ ~ ~ ~ ( i , j ) )  such that the matrix (~$zy( i , j )~z)  is bi-stochastic, 
i.e. 

d d 

i=l j=1 

( q ! ~ ~ ~ ( i , j ) )  will be called an amplitude matrix: notice that unitarity of the 
matrices ($zy(x , j ) ) i , j  is not required. Define the vector 
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which is the thesis. 

Proposition 6.1. Suppose that A enjoys Property T and let 

A' cc A Gfin L 
Then for any a E B A ~  and x E 6 A  one has: 

(+A,  a+A) = (+Au{z}I a + A u { ~ } )  

Proof. Because of Property T, given x E a'R, there exists a unique point 
y E A such that x - y. Then we have 

( Q A u { z } ,  " $ A U { Z } )  = 

W A l  ? W i ,  WA\A' 

= (+A,  a$A) 

The trouble with Property T is that, if A has Property T and x E a'n, 
unfortunately it is not true that also A u x has Property T. However trees 
have a very special property given by the following Lemma. 

Lemma 6.2. In a tree every finite subset A 2 L enjoys Property T. 
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Proof. Let A L be a finite subset and let x E a'R. If there exist y, z E A 
such that y N x , z N x, then since a tree is connected, there is a path 
between y and z and this would give a loop. Against the definition of tree. 

Corollary 6.1. If ( L ,  E )  is a tree, and the vector 
(1 7), then, for any A C_fin L of cardinality 2 2, one has: 

is defined by  (16), 

11+A112 = (18) 

and the limit 

exists for any a in the local algebra B and defines a state cp on B. 

Proof. The first statement follows by induction from Proposition (6.1) and 
Lemma (6.2) because, if A = {xl y}, then we get 

11+,y112 = c l+zy(~,A12 = d 
i ,.i 

The second statement follows from the first one and Proposition (6.1) 

Proposition 6.2. For A &fin L, x E 3A and z E A, with z N x, define 
y.1,) IFIZ + XZ @ NFt, by  

Yz l z ) e i ,  = ~ + z z ( i z , i z ) e i z  eiz (19) 
iz 

and extend it naturally to a map IFIA,, -+ I F I A ~  for  any A0 containing x. 
Then Vx1 y E dA, z E A with x N z ,  y N z ,  V(Zlz) and V(.lY) are isometries 
satisfying: 

.+ 

Proof. We have 
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Therefore any V(,l,) is an isometry. Next, we get 

the e(x,)-maximally entangled state on  Bzo ,  Define inductively LO = { X O }  
and 

L,  = L,-, 
- 

ELn := I-p(,ly) : x E Ln 1 Y E , x Y> 
where the product is well-defined because, due to Proposition 6.2, the factors 
commute. Then  f o r  any A C L,  and any aA E BA: 

cp(aA) = yo  0  EL^ 0 . . . o   EL^ ( a d  

and cp is a QMF 
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Proof. From Proposition 6.2, we have 

1 - 
- 2 ($L,+1, uA'd'L,+l) 

= O(aA) 

Now, we prove that 'p is a QMF. For each A cfi, L and wgA E flgA, we 
define 

$ugh = $(WA> Wa;\) . e W ~  @ eUgA 
W h  

and Vg,,, : Fig,, -+ Fiji by 

vgA,A ( e W g ~ )  = l l $ W g A  l I - '$WgA 

Then VgA,* is well defined because I I $ W g A I I  # 0 for each wgA (otherwise 
$ ( w A , w ~ ~ )  = 0 for each W A ,  contradicting (18) with A replaced by K). 
Moreover, since the are mutually orthogonal, is an isometry. If 
we put 

$a;\ = ll$Wg,,, l l e W g h  

u g h  

then we have 

for each U A  E BA, we see that 
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7. Maximally Entangled Markov fields on general graphs 

In order to extend the construction of the previous section to more general 
graphs, we need the condition that, for each A G 8x, 

i z  Y E A , Y ~ ~  

is constant, i.e. independent of the choice of the iy's. This is not true in 
general. 

In this section we prove that, for a very special class of bi-stochastic am- 
plitude matrices, which could be called the maximally entangled ones, the 
construction of the previous section can be carried over to general graphs. 

Markov chains proposed in can be generalized. The simplification 
coming from considering trees rather than general graphs manifests itself 
in the fact that the analogue of the basic isometries, used in the construction 
of ', in this case commute. 

We want to extend the states introduced in Section 6 to general cases. 
But if x, y, z E L are connected one to another, then in general one can 
only say that 

i, &, ,iz 

Hence, we need more assumptions. Now, we assume 

where Oxy(isr iy) E Iw. 

number of edges in A. Then CYA, defined by: 
For any A Cfin L,  let VA be the number of vertices in A and E A  be the 

:= V A  - (21) 

is a numerical invariant of the graph. 

Lemma 7.1. For A Gfin L let be defined by (17) and (16). T h e n  

Proof. For each W A  E 0~ (20) and (17) imply that 

\ $ A ( W A ) ~ ~  = d-'" 

Since the number of configurations is d"" , we obtain 
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Proposition 7.1. Let A' C C  A sfin L.  Then for any  a E B A ~  and x E a'h 
d-"A($A~ a$A) = d-aAu{z} ($Au{z}, a$Au{z}) 

Proof. Denoting 

= & n A  

we find 

where ,BA = l A ~ l  - VA and 
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On the other hand, we have 

Proof. For arbitrary ewA,wx E BA, we get 

EAc ( e W A  ,+) d P A $ A ( W A ,  w g ~ ) * $ ~ ( u k ,  w~~i\)ew~,,,w>. 
where wj i  = ( u ~ , ~ g ~ )  and wX = (wk,wl,,). From the proof of Lemma 
(7.3) we have that 

E ~ i c  E A ~  # E A , ~  

for A cc A' Cfin L. 

7.1. Interpretation 

In many models used in statistical mechanics, the vertices x E L are iden- 
tified to particles, the Hilbert space N ( x )  to their state space, the basis 
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(ej(z)) to the eigenvectors of some non degenerate observable A(z )  and the 
index set S(z) to the eigenvalues of this observable, say 

s(Z) = { 1, . . . , d H }  {a1 (X) . . . , ad% (x)} 

With these identifications the section WI\ is identified to the event or con- 
figuration: 

WI\ { [ A ( X )  = a ( X ) W I \ ( X ) ]  ; V X E A} 
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