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We present a fast addition algorithm in the Jacobian of a genus 3 non-
hyperelliptic curve over a field k of any characteristic. When the curve has
a rational flex and k is a finite field of characteristic greater than 5, the com-
putational cost for addition is 163M 421 and 185M +21 for doubling. We study
also the rationality of intersection points of a line with a quartic and give ge-
ometric characterizations of C34 curves and Picard curves. To conclude, an
appendix gives a formula to compute flexes in all characteristics.
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Introduction

In this article, we present a simple geometric algorithm for addition in the
Jacobian of non-hyperelliptic genus 3 curves, represented as smooth plane
quartics. Several articles have been written on the subject (see Section
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2 S. Flon, R. Oyono, C. Ritzenthaler

5 for a discussion) and the present one continues this work by providing
a straightforward generalization of [3,8,23]. Our contribution is at three
different levels:

(1) we have devoted special care in writing the algorithm to minimize the
number of operations. Thus, our algorithm is to date the fastest one for
arithmetic in the Jacobian of a ‘general’ (see below) non-hyperelliptic
genus 3 curve over a finite field k of characteristic greater than 5. As in
previous articles, we measure the complexity by counting the number
of multiplications M and inversions I that need to be performed in
k. The computational cost for addition is 163M + 21 and 185M + 21
for doubling. Note that [22] has announced 117M + 21 for addition
and 129M + 21 for doubling for Cs 4 curves which makes it the fastest
algorithm for this special case.

(2) we present several mathematical results on the arithmetic of plane quar-
tics. Indeed, the efficiency of our algorithm depends on the existence
of a rational line {*® cutting the quartic in rational points only. We
announce in this article that if #k > 127 there always exists such a
line (Theorem 2.1) and if #k > 66 + 1 and char(k) # 2 then [* can
be chosen tangent to the quartic C' (Theorem 2.2). We then study the
remaining cases: we show heuristically that any quartic has a line [*°
such that ({*° - C) =3P + Q with P,Q € C(k) with probability about
0.63 (The point P is called a flex). We call this case the ‘general case’.
We finally show that quartics with a rational hyperflex (i.e. P = @
with the previous notations) represent exactly the case of Cs 4 curves
(Proposition 2.1) and we characterize among them Picard curves as the
curves with a rational Galois point (Proposition 2.2).

(3) To confirm our heuristic probability, we made tests which required the
computation of flexes. As far as we know, the most general method
was due to Abhyankar [1] which works for all but characteristic 2. In
this article, we present the first formula to compute the flexes in all
characteristics.

Due to recent progress in index calculus attacks (see [6]), it appears unlikely
that genus 3 non-hyperelliptic curves may be used for building discrete log-
arithm cryptosystems. However, as in [22], we point out that the results
presented in this paper still may be useful for cover attacks on discrete
logarithms of other curves particularly in connection with Weil descent.
Moreover, as illustrated in Section 4, fast addition algorithms can be useful
in some recent point counting algorithm, like the AGM or those based on
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Fast addition on non-hyperelliptic genus 3 curves 3

modular curves.

The article is organized as follows. In the first section we present the ge-
ometric description of our algorithm. Section 2 deals with the rationality
issues of the intersection of a line and a plane quartic over a finite field.
Section 3 deals with the translation of the geometry in an algebraic lan-
guage, thanks to Mumford representation. We write down the operations
performed in the tangent case and we optimize our algorithm in the flex
case. Section 4 shows examples of application of our algorithm. The conclu-
sion summarizes and compares complexities of already existing methods.
Finally an appendix proves our formula to compute the flexes and gathers
tables which describe in details the operations for addition and doubling in
the ‘general’ case.

1. Geometric description of the algorithm

Let C be a non-singular curve of genus g over a field k. Let D> be an
effective k-rational divisor of degree g. A consequence of Riemann-Roch
theorem is the following representation of divisors:

Fact 1 (Representation of divisors). Let D be a rational degree 0 divi-
sor of C. Then there exists a rational effective divisor DT of degree g such
that DY — D> ~ D. Generically, the divisor D is unique.

We now restrict ourselves to the case where C'is a genus 3 non-hyperelliptic
curve. Thanks to the canonical embedding, we may assume that C is a
smooth plane quartic. Conversely, any smooth plane quartic is a genus
3 non-hyperellipic curve. We denote by x,y,z (or sometimes 1,22, z3)
coordinates in P2,

We denote by (%) the following condition: There is a rational line [*°
which crosses C in four (not necessarily distinct, but with multiplicity then)
k-points Py, Ps°, Ps° PX°.

Until the end of this section, we assume that condition (x) is fulfilled
(see Section 2 for a discussion on this topic when k a finite field).
We choose D> to be the divisor Py 4 P3° + Ps°.

By abuse of language we say that a curve C' goes through nP if
i(C,C"; P) = n, where i(C,C’; P) denotes the intersection multiplicity of
C and C’ at P.

Proposition 1.1. Let Dy, Dy € Jac(C)(k). Then D1+ Dy is equivalent to
a divisor D = Dt — D™, where the points in the support of DT are given
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by the following algorithm.:

(1) Take a cubic E defined over k which goes (with multiplicity) through
the support of DI, DY and P{°, Ps°, Pg°. This cubic also crosses C' in
the residual effective divisor Ds.

(2) Take a conic Q defined over k which goes through the support of Ds
and Pp°, Ps°. This conic also crosses C in the residual effective divisor
D+.

Fig. 1. Description of the algorithm

Proof. C being canonically embedded, (E - C) ~ 3k where k = k¢ is the
canonical divisor of C. Therefore we have

D + DF + P + P5° + P + D3 ~ 3k.
Similarly, (Q - C') ~ 2k so
Dy + P® + P& 4+ D, ~ 2

and (I°°-C) = PP+ P5° 4 Pg° 4 P° ~ k. Combining these three relations,
we obtain

D +D3 4P+ P+ P°+Ds ~ D3+P°+P5°+ D+ P+ Py + P+ Pp°
SO

DY + DF ~ D, + D*.
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Fast addition on non-hyperelliptic genus 3 curves 5

Now we subtract 2D on both sides:

Dy +Dy~D,—D®~D

So D, = D™.
The cubic F and conic @ are both defined over the field k because of the
k-rationality of P?°, D and D . O

Remark 1.1. Actually, we need a milder hypothesis than (x) : it would be
enough to have a line [* such that P5°, PP° are rational (this is always true
over a finite field k = F, with ¢ > 26 see [7]). However, we need (*) in order
to simplify the equations of the different curves involved and optimize the
algorithm (see Section 3).

2. Rationality of the points on a canonical divisor
2.1. Structure of the canonical divisor

Let C be a smooth plane quartic defined over an algebraically closed field .
There are 5 possibilities for the intersection divisor (I-C) = Py +Py+ P34+ Py
of a line [ with C"

(1) The four points are pairwise distinct. This is the generic position.

(2) Py = P», then [ is tangent to C at P;.

(3) P, = P, = P3. The point P; is then called a flez. As a linear intersection
also represents the canonical divisor, these points are exactly the ones
where a regular differential has a zero of order 3. They are thus the
Weierstrass points of C. The quartic C has infinitely many flexes if
and only if char(k) = 3 and C is isomorphic to the Fermat quartic
ot 4+ y* + 2% =0 (see [25, p.28]).

(4) Py = P> and P; = Py. The line [ is called a bitangent of the curve C and
the points P; bitangence points. It is well known (see for example [19])

that if char(k) # 2 then C has exactly 28 bitangents. If char(k) = 2,
then C has respectively 7,4,2, or 1 bitangents, according to the 2-rank
of its Jacobian (resp. 3,2,1,0).

(5) P, = P, = P3 = P;. The point P; is called a hyperflez. Generically,
such a hyperflex does not exist (i.e. the set of quartics with at least
one hyperflex is of codimension 1 in the space of quartics). The number
of hyperflexes is less than 12 if C' is not isomorphic to the Fermat
quartic over a field of characteristic 3. Moreover in this later case, the
number of hyperflexes of C' is equal to 28 (all the bitangence points are
hyperflexes) (see [25, p.30]).
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The efficiency of the algebraic version of the algorithm will depend on
the choice of {*° (see Section 3). Roughly speaking, ‘the more special the
faster’. However, it is not clear for which choice of {°°, the condition (x)
is fulfilled. We now study this condition when k is a finite field. For the
general and tangent cases, we only state results whose proofs will be given
in a forthcoming article [9].

In this section, we assume that k is a finite field F, (with ¢ = p™ for a
certain prime p).

2.2. The general and tangent case

Using the same techniques as in [6], we can prove the following result.

Theorem 2.1 ([9]). Let C be a smooth plane quartic over Fy. If ¢ > 127,
there exists a line which cuts C' at rational points only, i.e. C' satisfies the
condition (x).

For the tangent case, we had to build a more elaborate strategy based on
correspondence curves.

Theorem 2.2 ([9]). Let C be a smooth plane quartic over F, and assume
that char(F,) # 2. If ¢ > 66% + 1, there exists a tangent at C which cuts C
at rational points only, i.e. C satisfies (x) for a tangent line.

Remark 2.1. We have been so far unable to extend the proof to the char-
acteristic 2 case. We hope to solve this problem in a near future.

2.3. The flex case

Let us assume that C has a rational flex. Then the tangent at this point
is a line satisfying (*). Unfortunately, we do not know how to compute the
probability for a quartic to have at least a rational flex. But we can have
a guess on that number, coming from heuristic remarks on one side, and
relying on numerical evidences on the other side.

Conjecture 2.1. The probability that a smooth plane quartic has at least
one rational flex is asymptotically, when q tends to 0o, equal to 1—e ' 4o >
0.63, with |a] < 10725,

Proof. (heuristic) Here we suppose that char(k) > 3. Let C': f = 0 be the
curve and H(f) : h = 0 its Hessian (see Appendix). The curve H(f) is of
degree 6 and the (C-H(f)) are the 24 flexes with multiplicities. Generically,
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Fast addition on non-hyperelliptic genus 3 curves 7

when ¢ >> 0 we may suppose that no two flexes have the same abscissae.
Then there is a rational flex if and only if the polynomial Res(f,h,y) has
a root in k. If we suppose that these polynomials are uniformly distributed
among the polynomials of degree 24, then one only has to compute the
probability that a polynomial of degree 24 has at least one linear factor in
Fq. Let (vi)iequ,....qp be an enumeration of .

Let S be the set of all monic polynomials of degree n and .S; the subset of
S of polynomials having one or more factors of the form z—ay, i =1,...,q.
Then #S = ¢" and #S; = ¢"!. By inclusion-exclusion principle, the
number N (n,q) of monic polynomials of degree n with one or more linear
factors is equal to

N(n,q) = En: (q) =) ifn <y,
and
W)= 3 (Dot itz

After straightforward computations, one computes that the probability
P(n,q) that a monic polynomial of degree n has at least a linear factor in
F, is

where

1 .
1Bn(q)] < m and hence ng(} Bn(q) =0.

n,q— oo

Already for n = 24 and q = 25 we have |3,(q)| =2572° < 1.13-1073%. O

We made numerical experiments to support our heuristic argument as
well as to check the conjecture in characteristics 2 and 3. In these two
cases, we have indeed H(f) = 0. However, we have been able to find a good
substitute for H(f), see Section 6.

Computations realized with a bench of 10° non-singular quartics give the
right percentage. Thus the conjecture seems to hold.
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P n |Probabilities
2 17|632074/10° = 0.632074
3 11/632344/10° = 0.632344

1009 |2 [631358/10° = 0.631358
217 4 29[1 [632921/10° = 0.632921

2.4. The hyperflex case

We recall that a generic non-singular quartic has no hyperflex. If C' has
a rational hyperflex, then we find special curves already treated in the
literature, namely Cs 4 curves. Recall that a Cyp curve is a non-singular
curve X/k for which there exists a cover ¢ : X — P! in which a k-rational
point P is totally ramified. Such a curve admit a plane affine model
X oo y" +apoa’ + Z aijr'y’ =0,
ia+jb<ab
with a5 ; € k and oy 0, 0,q 7 0.

Proposition 2.1. A non-singular plane quartic C' with a rational hyperflex
P is k-isomorphic to a Cs 4 curve of genus 3.

Proof. By a k-linear rational transformation, we may suppose that P is
the point (0: 1 :0) and that the tangent at this point is the line at infinity,
i.e. the line with equation z = 0. Therefore the equation of C is of the form

y® + hiy? + hay = fu,

where h; is a degree ¢ polynomial and f4 is a degree 4 monic polynomial.
O

Remark 2.2. We can wonder whether a plane quartic with a hyperflex
generically has a rational hyperflex. This is actually the case: indeed, ac-
cording to [26] and if char(k) > 3, the locus of plane quartics with more or
equal than two hyperflexes has codimension one in the locus of plane quar-
tic with a hyperflex. So plane quartics with exactly one hyperflex (thus
a rational hyperflex since it has to be Galois invariant) are generic. How-
ever, one can find rational families of quartics with at least two hyperflexes
which are not defined over k. For instance z* + (y? — az?) - Q(x, y, z) where
Q € k[z,y, z] is a homogeneous degree 2 polynomial and « is not a square
in k has (0:y/a:1) and (0: —y/a : 1) as conjugate hyperflexes.
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Fast addition on non-hyperelliptic genus 3 curves 9

One may like to characterize Picard curves among Cs 4 curves. Recall
that if char(k) # 3, a Picard curve is a genus 3 curve which admits an
affine model of the form y® = f4(z). Clearly the four points (a; : 0:1) € C
are flexes whose tangent goes through P = (0 : 1 : 0). Conversely, it is
easy to see that Picard curves are exactly the smooth plane quartics with
one rational hyperflex P and 4 distinct collinear flexes (P;);=1,.. 4 whose
tangents are all concurrent at P (take P = (0 : 1 : 0) and the line defined by
the P;’s as the y = 0 line). Another characterization, maybe more natural,
is in terms of Galois point. Such points have been studied in [18] over
a field of characteristic 0 and are defined as follows. Let P € C(k) and
¢p : C — |kc — P| = P! the degree 3 morphism induced by the linear
system |kc — P| (i.e. the lines going through P). A point P is called a
Galois point if the geometric cover defined by ¢p is Galois. One has the
following characterization.

Proposition 2.2. Let char(k) # 3. A smooth plane quartic C is a Picard
curve if and only if there exists P € C(k) such that P is a Galois point.

Proof. If C is a Picard curve, it admits a projective model (y/z)% =
fa(w/2). Let P = (0:1:0) and replace z = tz for t € k. We obtain

Y\ 3
()" = nw.

z

This clearly defines a Galois extension of k(P') = k(t). Conversely, let
assume that C' is a smooth plane quartic with a Galois point P € C(k).
First we show that P is a hyperflex. If the cover ¢p is Galois then there
exists an automorphism « : C' — C' of order 3 such that ¢p : C — C/{a).
As C is canonically embedded, o induces a projective automorphism of P2.
We show that a(P) = P. Let Ry + Ry + R3 = (b;l(to) for a generic tg. The
line a(Ry)a(R2) goes through a(P). The morphism « permutes the R; so
a(R1)a(R2) = R1Ry and a(P) = P. The point P is then ramified in the
cover ¢p and then is completely ramified. Thus, the tangent line to C at
P cuts the divisor 4P, i.e. P is a hyperflex.

Now if a point Q # P is ramified then @ is completely ramified and it is
then a flex. As char(k) # 3, Hurwitz formula shows that there must be
exactly 4 such flexes associated to P. We can assume that P = (0:1:0)
with tangent z = 0, and that two of them are the points P, = (0: 0 : 1)
and the point P, = (1:0:1). As P is a hyperflex, Proposition 2.1 shows
that C' admits an affine model

v+ (a1z + ag)y® + (b2z® + bz + bo)y = x(z — 1) (z — 1) (x — 12) .
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We have the following facts:

e since the tangent at P; (resp. P») goes through P, by = 0 (resp. by =
—b1);

e since P; (resp. P) is a flex, the tangent at Py (resp. P») cuts the curve
only at P, and P (resp. at P» and Q). So ag = 0 (resp. a; = 0).

Then we actually get a model of the form
Y3 Fbay(r —1) = x(x — 1) (2 — ) (x — 72)

and we are done if we show that b = 0.
We consider separately the case char(k) > 3 and the case char(k) = 2.
If char(k) > 3, letting & = tz we get the following equation for the cover

y? + (07 = bt)y + (—t* +t3(r1 + 1o+ 1) — 2 (rire + 11+ 12) + tri72) .

It is classical that this extension is Galois if and only if its discriminant
A € k(t) is a square (here we need that char(k) # 2). Now,

4
A==272 (t—1)2-[t* = 2(r1 + )t + (12 + 73 + dri7p + §b3)t2
2
—2(r172 + ror? + Eb:s)t + (r17m2)?).

Thus A is a square if and only if the last factor is a square, i.e. can be
written (s2t? + s1t + s0)2. It is easy to check that this implies b = 0.

If char(k) = 2, let P3 = (23 : y3 : z3) € C be a third flex such that its
tangent goes trough P. In particular

Oh/Oy(Ps) = y2zz + bazzz(ws — 23) = 0.
We replace y3 = brz(xrs — 1) in the equation of C' and we get
1‘3(.733 — 1)(.733 — T'1)($3 — ’/‘2) =0.

Thus let say z3 = r1. Let £ = 12 then replacing in the equation of C', we
get 2y +br123y(r1 — 1) = 0. The point (r; : 0 : 1) is then a flex if and only
if b=0. |

3. Algebraic description

In section 1, we gave a general geometric description of our algorithm. In
this section, we will give an algebraic description in the tangent case and a
completely optimized one, for implementation, in the flex case.
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3.1. Mumford representation and typical divisors

We need a simple representation for the effective divisors D*. Let C be
a smooth plane quartic satisfying (x). We may suppose (after a k-linear
transformation) that Py is a point at infinity (4.e. such that its z-coordinate
is 0), and that [* is the line z = 0. Let f(x,y) = 0 be an affine equation of C.
As in [8], we work with Mumford representation. A divisor D € Jac(C)(k)
is represented by a couple [u,v] of polynomials in k[x]. Recall that this
representation is unique under the following generic assumptions on D,
which define a typical divisor:

(1) The three points in the support of Dt are non-collinear. In this case
D™ is unique: in fact if Py + Py + P3 + (f) = Q1 + Q2 + Q3 then
f € L(P, 4+ P>+ P;) and f has to be constant by the Riemann-Roch
theorem.

(2) There is no point at infinity in the support of DV. Let P; = (x; : y; : 1)
(i = 1,2, 3) be the three points in the support of D and u = [[(z—;).
Since D is a rational divisor, u € k[x].

(3) The (x;)i=1,2,3 are distinct. In this case, there exists a unique polyno-
mial v € k[z] of degree 2 such that y; = v(z;) for i = 1,2, 3 (it is simply
the interpolation polynomial).

Conversely, given a couple [u, v] such that

u,v € klx],

- u=[](x — 2;) is monic of degree 3 and with simple roots,
- deg(v) =2,

- ulf (2, v(@),

then Py + P, + P3 — D* is a rational typical divisor of C' (where, for
i €{1,2,3}, we have P, = (x; : v(z;) : 1)).

Proposition 3.1. Assume that k is algebraically closed, then the locus of
non typical divisor is of codimension 1 in the Jacobian of C.

Proof. Clearly if the points in the support of D are collinear I(x— DT) #
0,i.e. DT is a special divisor. DT — D is then contained in a translate of
the theta divisor, i.e. in a variety of codimension 1.

If the second condition is not satisfied then DV is contained in the union
Upe(c.i=)(C+C+P). The image of this dimension 2 variety in the Jacobian
of C' is thus of codimension 1.

Let us assume (after a possible change of coordinates) that the point (0 :
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12 S. Flon, R. Oyono, C. Ritzenthaler

1 : 0) does not belong to C. Denote ¢ : C — P! the projection of the
x-coordinate ¢(z :y: z) = (z : z). Let
V ={(P1, P2, P3) € C?,¢(P1) = ¢(P2) or $(Py) = ¢(P3) or (Ps) = ¢(P1)}.

If the third condition is not satisfied, then D — D belongs to the image
of V' in the Jacobian of C'. So again, it belongs to a variety of codimension
1. a

In particular, we see that addition of two typical divisors or doubling of a
typical divisor is generically a typical divisor. As we are mainly interested
in implementation over large fields where we can assume that the generic
hypothesis holds, we will restrict our description of the algorithms to the
case of a typical divisor. Note however that the non typical cases can be
handled even more efficiently than the generic case since the representation
uses polynomials [u, v] of lower degrees.

3.2. The tangent case

After a k-linear transformation, we may suppose that [*° : z = 0 is tangent
at Py° = Ps° = (0:1:0) and goes through P = (1:0:0). An equation
for C is then of the form

y* + hiy® + hay = f,

where hq, ho, f5 € k[z] and deg(h1) < 2,deg(hs2) < 3,deg(f3) < 3. We then
have

Lemma 3.1. The cubic E from the theorem is generically of the form
v sy,

where s and t are polynomials in k[x], with deg(s) < 2 and deg(t) < 2.
The conic Q is of the form

y—-v,
where v € klz] and deg(v) = 2.
Proof. As P € E we see that an equation of E has no y* term. One can
then write it in the form
yid+ sy +t

with d (resp. s, resp. t) polynomials in x of degree less than 1 (resp. less
than 2, resp. less than 3). Now [*° : z = 0 is the tangent at E in P so we
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Fast addition on non-hyperelliptic genus 3 curves 13

can assume d = 1. Finally P{° € E implies that E has no 2® term. This
gives the form of the cubic.

As for the cubic, the conic () must have a tangent line at P equal to [*°.
This gives directly the desired form. a

To explicit the coefficients of F and @, one proceeds similarly as in [8,
2.1.2]]. Note that all the computations are carried over k.

Algorithm 3.1 (Algorithm for Addition).

INPUT: D1 = [ul,vl] and Dz = [UQ,'UQ]
OUTPUT: D1 + D3 = [up,+ Dy VD, +Ds)

1. Computation of the cubic E
Addition
compute the inverse t; of v; — vo modulo us
compute the remainder r of (u; — ug)t; by us
solve the linear equations given by the following conditions

~—

deg, (—vi(v1 +8) +u1d1) =2 (2 eq.
v+ U2+ 8= 7'51 [’LLQ} (3 e

~—

where s, € k[z] with deg(s) = 2 and deg(d;) = 1. Then

E=(y—v)y+uvi+s)+ud;

Doubling
compute wy = (v3 + v¥hy +vihe — f3)/us
compute the inverse ¢; of wy modulo u;
compute the remainder 7 of (3v? + 2v1hy + ha)t; by us
solve the linear equations given by the following conditions

{degm(—vl(vl +8)+udy) =2 (2 eq.)
201 +s =710 [ug) (3 eq.)

where s,0; € k[z] with deg(s) = 2 and deg(d1) = 1. Then
E=y—uv)(y+wvi+s)+uo;
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14 S. Flon, R. Oyono, C. Ritzenthaler

2. Computation of the conic @
compute u' := Res*(E, C,y)/(u1uz)
compute the inverse o of t — s2 — hy + shqy modulo u’
compute the remainder v’ of ay(st —thy — f3) by «

3. Computation of D1 + Doy
U
UDi+Dy =V
Up,+D, = ((V* +v*hy 4+ vhy — f3)/(u))*
Dy + Dy = [UD1+D2aUD1+D2]

For a polynomial g, we used the notation g* to symbolize the quotient
of g by its leading coefficient.

Remark 3.1. One may wonder about the special choice of the divisor
D It was chosen such that the conic Q) be of the form y — v. It thus gives
directly the second part of the Mumford representation [u,v] of the final
divisor. Other choices of the points P, Ps° imply using an auxiliary conic
to find the representation.

3.3. Flex case

This case is particularly interesting for fast computations in the Jacobian.
Indeed, the expressions involved in Algorithm 3.1 are very similar to those
in the Picard curves [8] case, and decrease the number of operations.

As in the tangent case, we can assume (after a linear transformation)
that {*° : z = 0 is tangent at the flex P° = Ps° = P° = (0:1:0). An
equation of C' is

y* + hay® + hoy = fa,

where hy, ho, fa € k[z] with deg(hs) < 3,deg(fs) < 4. Moreover PP is
a flex point with tangent z = 0 if and only if deg(h1) < 1 (consider the
x-coordinates of the intersection (I°° - C)).

In the same way as for the Lemma 3.1 we obtain

Lemma 3.2. The cubic E is generically of the form
Y245y -+t

where s and t are polynomials in k[x], with deg(s) <1 and deg(t) < 3.
The conic Q) is of the form

Yy—u,
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Fast addition on non-hyperelliptic genus 3 curves 15

where v € klx] and deg(v) = 2.

Let D; = [u;,v;] in Mumford representation. As in the tangent case,
division with rest of y2 + sy + t by y — v; gives

VAsy+tt=(y—uv)(y+vi+s) +r

where r; € k[z] and deg(r;) < 4. As the support of D; (resp. Ds) is con-
tained in the support of (C - E) we have r;(x) = u;(x)d;(z) for some 6;(x)
of degree 1. The computation of F reduces on finding the polynomials s
and 0 in k[z]. The advantage is that s and d; have now degree 1. Compu-
tations are thus a lot easier: the linear system in step 1 consists only of four
equations, and consequently, the resultant res(E, C, y) is easier to compute.
In Algorithm 3.1 we just have to replace f3 by fy.

Furthermore, if char(k) # 3, we let Y = y+ hy(x)/3 and we can assume
that C' is of the following form:

Y3+ hY = fy,

with hy and fy as above. If in addition char(k) # 2, then we can assume
that f4 has no x> term.

3.4. Comments on implementation

We deal in this part with an optimized implementation in the case of the
existence of a rational flex. To make the algorithm more efficient, we use
the following well known methods:

(1) In order to reduce the number of field inversions, we use Montgomery’s
trick to compute simultaneous inversions. For the same reason, we com-
pute almost inverses (using Bézout matrix), rather than inverses.

(2) We use either Karatsuba or Toom-Cook (in case char(k) # 2,3, 5) trick
to multiply two polynomials, and we compute only the coefficients we
need in the algorithm. For instance, as we only need to know the quo-
tient of the resultant of £ and C' by wujus, the degree < 5 part of this
resultant is irrelevant. Note that using Toom-Cook algorithm leads to
divisions and multiplications by 2,3 and 5. These operations are not
counted in the complexity since they are ”easy”.

(3) As explained in [2], one can try to use —2-adic expansion rather than
usual 2-adic expansion, in order to save time for scalar multiplication.
But this is only worthwhile if the computation of —(D; + D) is easier
than that of Dy + Ds. This only happens in Theorem 1.1 if P =
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16 S. Flon, R. Oyono, C. Ritzenthaler

Pg° = P, In that case (and only in that case), this leads to a saving
of at least 10% for the computation of scalar multiples mD, assuming
a ratio of 10 : 1 for inversions and 2 : 3 for squarings, in relation to
multiplications. This saving is not yet included in our algorithm.

We give in Tables 1, 2, 3, 4 and 5 the detailed and optimized operations
in the case of existence of a rational flex and char(k) > 5. In that case, an
addition requires 148 M +155@Q 421 and a doubling 165M +205@Q +21. The
interested reader can find a program in MAGMA at the following webpage:

http://www.math.uwaterloo.ca/ royono/Quartic.html

If C has a rational hyperflex and char(k) > 5, the nullity of an ex-
tra coefficient saves a couple of other operations. Addition then requires
131M +145Q+21 and a doubling requires 148M +195Q +21. Finally, note
that the case of Picard curves has been handled in [8]. However, we point
out that thanks to the new remarks made in this paper, we can actually re-
duce the cost for addition in the case of Picard curves to 116 M +145Q + 21
and to 133M + 195Q + 2I for doubling.

4. Examples

Fast additions can be useful in modern counting points algorithm and the
two following examples are in this trend. The first example illustrates our al-
gorithm in characteristic 2 and in the tangent case. Even without optimiza-
tion, it is much faster than the existing (general) algorithm of MAGMA.
The second case uses the optimized version with a flex.

4.1. AGM-method

In [21], a quasi-quadratic time algorithm for computing the Frobenius poly-
nomial x(X) of an ordinary non-hyperelliptic genus 3 curve C over k = Fan
is described. However, the first part of the algorithm only gives x(+X). De-
termining this sign can be done by checking for a generic degree 0 k-divisor
D whether x(1)-D ~ 0 or x(—1)- D ~ 0.

Example 4.1. Let C over k = Fon with n = 100, be defined by

(wr + (WP + D)y +w? 22 Fwlay + (WP +w?)rz+wiy2)? —ryz(z+y+2) = 0,
where the generator w of k is a root of (X1°* —1)/(X — 1). In 2 minutes,
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Fast addition on non-hyperelliptic genus 3 curves 17

[21] gives us
xo(£X) = X° + 377276036264709 - X°
+ 3455351061169045838894227937403 - X*
+ 929793021972276691307766666464616872277691871 - X >
+ 3455351061169045838894227937403 - 2100 . X2
+ 377276036264709 - 2200 . X 4 2390,

The line z = 0 is a bitangent at C at two rational points. We can now
use the algorithm of Section 3.2 to prove in 4 seconds that the correct
polynomial is x(X). The same computation with MAGMA took 2 minutes.

4.2. 3-dimensional factors of J™"*(Xo(N))

Let f be a newform of X (V). Following a construction due to Shimura, one
may associate to this newform a factor of Jo(IN) (the Jacobian of Xy (NV)),
denoted Ay. If dim Ay < 3, it is easy to determine whether it is the Jacobian
of a ‘modular’ curve Cy or not (see for example [11] or [13]). In particular,
if dim Ay = 3, and if the curve Cy is non-hyperelliptic, an equation of Cf
seems to be often given by linear relations in Sa(f)®%. On the other hand,
thanks to the Eichler-Shimura relation, fast computation of Hecke operators
T, leads to a fast determination of # A ;(FF,) where A; = A ®TF,, for primes
pt N (cf. [10]). In order to check that one obtains the right equation for
the curve, one can check that the group of rational points of its Jacobian
has the expected order n by computing n - D for a random rational degree
0 divisor D.

Example 4.2. We consider the modular curve X¢(203). There is only one
simple factor of dimension 3 in J™**(X((203)). We find one quartic relation
between the associated cusp forms:

C:yt —(2432)° 42 (22 —3w2+622) +y(4w22 —323) —2 24 322 2% — 42224221 = 0

We let now p = 25033. We denote C= C®F, and éf = CyQ®F,. The com-
putation of the characteristic polynomial of T}, leads to # Jac(Cy)(F,) =
15692826275509, which is prime.

The curve C has a rational flex. After a linear transformation, and by de-
noting new coordinates still by x,y, z, we have

C : 22+ 4% (5057xz + 2261627) + y(65672° + 188772% 2 + 16222 + 143332°)
= 8673z + 2451722 + 2029522 2% + 1781522° + 37992%
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18 S. Flon, R. Oyono, C. Ritzenthaler

Choosing a random rational divisor, and computing its order, we may check
in 0.14 seconds that, at least, # Jac(C})(Fp) divides # Jac(C)(Fp).

5. Conclusion

We summarize here comparisons of the existing algorithms in the special
case of genus 3 curves with a rational flex point. In particular, we did not
include general algorithms for Cg;, curves like in [14] since they only give
asymptotic complexities.

We assume that char(k) > 5. Such a curve has a rational model y> +
hoy = f4 with degho(z) < 3 and deg fi(x) < 4. We sort out the methods
according to the degree of hs.

H hyperelliptic [ C3 4 H ‘general’ quartic
Operation of genus 3 || Picard [ deg(hg) = 1 [ deg(hg) =2 [l deg(hy) =3
Our Add 214-130M 2I14-138M 214145M 214163M
Methods Dbl 2I+4+152M 2I4+160M 2I+167M 2I+185M
Previous | Add || T4+70M [12] || 2I4+140M [4] | 214+147M [4] giiiégm E‘i]?]’
Work Dbl || 1471M [12] || 214164M [4] | 214+171M [4] 31113?11»1}/1[52]’

Some comments on this table:

e As far as we know, our algorithm is the fastest one for the ‘general’
genus 3 case.

e The algorithm [22] works also in characteristic 5 and is currently the
fastest one for C5 4 curves. Their method, which is a special case of [16]
and [17], relies on a good choice of Riemann-Roch spaces and then has
a geometric/algebraic flavor.

e In [4], the authors work in the function field of the curve, which allows
them to use the tools from algorithmic number theory. In order to
identify Jacobians and Class groups, they are restricted to work with
a unique point at infinity.

e The algorithms [3] and [23] for Picard curves do not appear in this table
as their point of view is different: they deal with the more general prob-
lem of reduction of divisors and they give only asymptotic complexity.
We point out that a generalization of their method for Cy; curves based
on geometric intersections, has been designed in [5].
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Fast addition on non-hyperelliptic genus 3 curves 19

6. Appendix

We show here how to compute the flexes of a plane algebraic curve
C : f(x1,22,23) = 0 of degree n over any algebraically closed field k of
characteristic p > 0. Let P be a non-singular point of C. Recall that a
point P is a flex if the intersection multiplicity at P of the tangent at P
with C is greater than or equal to 3. This generalizes the definition given
in Section 2.1. Non classical behaviors may appear when the characteristic
divides n—1. For instance, there exist curves, called funny curves, for which
all points are flexes (see for instance [15], where it is proved that a funny
quartic is isomorphic to the Fermat quartic).

We are here interested in computational aspects of flexes. In character-
istic 0, this is done by computing the Hessian.

Definition 6.1. Denote by f; the derivative of f with respect to x;. We
call the Hessian matriz of f the matrix (f;;); ; and we call its determinant
H(f) the Hessian of f.

The flexes are then the intersection points of the curve H(f) = 0 and C
(see below Proposition 6.2). However, we shall see that this does not work
when p divides 2(n —1). In [1], Abhyankar gives a method to overcome the
difficulty when p # 2.

Proposition 6.1 ([1]). Assume that p # 2 and that P = (a : b: 1) € C.
Then P is a flex if and only if h(a,b) = 0 with

f(x1,22,1) fi(wy,22,1) fowy,22,1)
h(xlaxQ) = fl(x17x271) fll(ml,xZa ]-) le(fEl,fL'Q, ]-)
fa(x1,22,1) for(x1,22,1) faa(wy,x2,1)

We present here a method which works in any characteristic. We will need
the following lemmas.

Lemma 6.1. Let g € GL3(k) be a linear transformation. Then H(f o
g7") = (detg)® - H(f)og™".

Proof. Apply the chain rule. O

Lemma 6.2. z7H(f) =
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20 S. Flon, R. Oyono, C. Ritzenthaler

Proof. Apply twice the Euler’s formula x1 f1 +x2 fo +x3f3 = (deg f) f. See
for example [20]. m|

If f =0 is an equation of C' of degree n > 3, then there exists a linear
transformation g which sends a non-singular point P = (p; : p2 : p3) on
(1:0:0) and its tangent to the line 3 = 0. Then in affine coordinates

fog ' =my+rad 4 swoxs + tx§ + R(xo, z3) (1)

and R has only terms of degree greater or equal to 3. Then P is a flex if
and only if r = 0.

Proposition 6.2. Suppose that p does not divide 2(n — 1). Then P is a
flex if and only if H(f)(P) = 0.

Proof. Suppose that the xi-coordinate of P is not 0 (otherwise do the
same proof with an other coordinate). We have

(zTH(f) o g ")(g(P)) = (det g) *(zTH(f o g ")) (9(P))

by Lemma 6.1 and because the z;z; (i,j # 1) terms in (z3) o g~! are 0 at
g(P)=(1:0:0). Then by Lemma 6.2 and the form of f o g~!
(@TH(f))(P) = —(det g)~*2(n — 1)*r.
So H(f)(P) =0 if and only if r =0 (i.e. P is a flex).
O

The proof shows also that this method can fail if p divides 2(n—1). We then
suggest the following strategy. Denote K a complete local field of charac-
teristic 0, O its ring of integers, M its maximal ideal such that O/ M ~ k
(O may be the ring of Witt vectors of k).

Proposition 6.3. Let C/O be a model of C' given by a polynomial F €

O[X1, X2, X3]. We denote H the polynomial

X%H(F) — n(n — 1)F(F22F33 — F223)
2(n—1)2

H= .
Then H is in O[X1, X2, X3]. We call h its reduction modulo M.

Let P=(1:a:b) € C be a non-singular point. The point P is a flex if and
only if h(1,a,b) = 0.
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Fast addition on non-hyperelliptic genus 3 curves 21

Proof. First we prove that H is in O[X7, X2, X3]. By Lemma 6.2,
XIH(F)—n(n—1)F(FyFs3—F3) = (n—1)2(2Fy F3 Fos — F3 Fy3 — Fi Fyo).

So 2(n — 1)? divides X2H(F) — n(n — 1)F(FasFs3 — FZ,).

Since P is non-singular, there exists P = (1: A : B) € C(O) lifting P. Let
g € GL3(0) a linear transformation that maps P on (1 : 0 : 0) with tangent
X3 = 0. The reduction of this point is a flex if and only if the corresponding
r (of equation (1)) is in M. Now

7 (XTH(F))(P) 2
H =+ YV __d .
(P) =S cg(9)? v
by the computations of Proposition 6.2. So P is a flex if and only if
h(1,a,b) = 0. |
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Table 1. Addition, degu; = degus = 3

Input Dy = [u1,v1] and D3 = [ug, va]
w; = % 4+ winx? + uipnx + uio, v; = viex® + virx + vio
C:y3 +hz)y — f(x) = 0 with
h(z) := h3x® 4+ hoz? + hix + ho, f(z) :=z* + fax®> + fiz + fo
Output D:[’MD1+D ,’UD1+D2]:D1+D2 with
UDy+Dy =T~ + upx? + urx + ug
VD +Dy = vaz? + viz + v
Step Expression Operations
1.1 compute the inverse t; of vy — vy modulo us 13M+2SQ
a1 = (vi2 — va2)uzz — (Vi1 — v21),a2 = (viz — v22)°,a3 = agua —
a1(vio — v20);
as = az(u22 +u21 +uzo + 1) — (vi2 —v22 +a1)(viz +vi1 +vio — (vo2 +
v21 + v20)) — a3;
as = ag(viz — v22), a6 = as(vi1 — v21) — az(viz — v22);
ar = aj,res1 = ar(vio — v20) — aas,tio = aiae, tiz = (V12 — v22)as;
t11 = (a1 + vi2 — v22)(as + as) — (tio + t12), ti0 = t10 + ar;
t1 = ti2z% 4 t11x + tio
1.2 compute the remainder r of (u1 — u2)t1 by us 9IM
b1 = (u12 + w11 + uio — (u22 + w21 + u20))(t12 + t11 + t10);
b2 = (u12 — w11 + w10 — (w22 — w21 + u20))(t12 — t11 + t10);
bz = (4(u12 — u22) + 2(u11 — u21) + w10 — u20)(4t12 + 2t11 + t10);
bs = (u12 — u22)t12,b5 = (w10 — u20)t10,b6 = (b1 + b2)/2 — (bs + ba);
b7 = ((bs+bz — b1 —bs)/2 —2(4bs +bs))/3,bg = by — (bs +bs + b7+ ba);
bg = b7 — bauz2,r2 = bs — bouzo;
bio = ba + by + bg + bg + bs — (bg + ba)(u22 + u21 + uzo + 1);
r1 = (bio — (ba + b + b5 — (b7 +bg) — (bg — ba)(u22 — u21 +uz0 — 1)))/2;
ro =bio — (r2 +71);
r= roacz +rix 4+ ro
1.3 compute the cubic E = y2 + sy +t 39M+3SQ+I1
c1 = U%2702 = 7rocC1,C3 = Tesy - (U12 + U22) - (7“101) + (Czu22)704 =
c3-Tes1, C5 = Tesi-To,Ce = TrocC2,c7 = T2¢3 — (C6uU20) — ¢5(v10 + v20);
cg = (1o +7r1+72)(c2 +c3) — ce(1+ (u22 +u21 +u20)) — c5(v22 +v21 +
v20 + v12 + v11 + v10) — C7;
cg = c4 + uracsc1 — vi2(cg + 2¢5v11), €10 = €5€9, €11 = Cg;
*1 c12 = cg, c13 = c12 + h3(=2c10 + hzci1), invy = (cioc13) ', c1a = | (TM+SQ+I)
c13 * iNV1, C15 = C9C14, C16 = C12 * INV1 * C10;
S0 = €7C15, S1 = €8C15, C17 = C4C15;
c1g = (1 + w12 + w11 + uio)(cr + c17) — (vi2 + vi1 + vio)(viz + vi1 +
v1p + 81 + S0), t3 = cocis, to = uioc17 — vi0(v10 + S0);
tz = (c18 + (=1 + w12 — w11 +u10)(—c1 +c17) — (viz — v11 +vio0)(vi2 —
v11 + vi0 — 81 + 50))/2 — to;
t1 = cigs—(to+ta+t3), k1 = ci1c14, c19 = tok1, cao = t1k1, ca1 = taky;
E =y + (s1z + s0)y + taz® + tox® + tiz + to
2.1 compute res(E,C,y) and v’ :=res(E,C,y)" /(uiruz) 37TM+5SQ
do = c2,, d1 = 3ca1, d2 = 3(c20 + do), d3 = ca1(6c20 + do) + 3c19;
ds =57, ds = 8%, ds = (s1 + 50)? — (da +ds), d7 = (51 + s0)(t3 + t2 +
t1 +to);
dg = (so —s1)(t2 +to — (tz +t1)), do = (251 + s0)(8t3 + 4t2 + 2t1 + t0);
dig = s1t3, di1 = soto, di2 = —(d11 + di1o) + (d7 + dg)/2;
diz = —2d1o+(d11—d7+(dg—dg)/3) /2, d1a = d7—(d11+d12+d13+d10);
d15 = S]d4, dlg = 3d4$07 d17 =1- 3d10, dlg = d15 - 3d13;
dig = f2 + dis + (1 — 3d10) f2 — 3d12;
*2 dao = (ta+ta+ti1+to)(ha+ha+hi+ho+di+ds+ds—2(tzs+ta+t1+t0)); | (15M)

do1 = (7t3+t27t1+to)(2(t3*t2+t1*to)*h3+h2*h1+h0+d4*d6+d5)5
doo = (8tz + 4ta + 2ty + to)(8(—2t3 + h3) + 4(dg — 2t2 + ha) + 2(d —
2t1 + hy) +ds — 2to + ho);
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Table 2. Addition (cont.)

3 curves 23

dog = (—Stg + 4ty — 2t + tg)(—8(—2t3 + hs) + 4(d4 — 2tg + hz) — 2(d6 —
2t1 + h1) + ds — 2to + ho);

doy = (27t3 + 9to + 3t1 + to)(27(72t3 + hg) + 9(d4 — 2to + h2) + 3(d6 —
2t1 + h1) +ds — 2to + ho);

das = to(ds — 2tg + ho), d2e = t3(—2t3 + h3),d32 = fas1;

da7 = —5d2e + ((—(d20 + d21) + (3das + (d23 + d22)/2)/2)/2)/3;

dog = 15da6 + (((5das — Tdao + (—da4 + Tdaz — das — d21)/2)/2)/2)/3;
d2g = —3dze + (((d20 — da2s + (d21 — da22 + (d24 — d23)/5)/2)/2)/2)/3;
dss = (hs + ha + h1 + ho)(d2e + d2g + da7 + dag + s1 + so + d32);

d3s = (—hs 4+ ha — h1 + ho)(—da2e + dag — da7 + dag + 51 — s0 + d32);
dzs = (8hz+4ha+2h1 +ho)(8dae +4(d29 +51) +2(d27 +50) +dog +d32);
dze = (—8hz+4ha—2h1+ho)(—8d2s+4(d2g9+s1)—2(d27+50)+d2g+d32);
dz7 = (27Th3+9h2+3h1+ho)(27d26 +9(d29+51)+3(d27+50) +d2g+d32);
d3s = ho(d2s + d32), daa = hadae;

dyz = —5das + ((—(d33 + dsa) + (3dszs + (dzs + d35)/2)/2)/2)/3;

dsy = 15d44 + (((5d3g — 7dzs + (—d37 + Td3s — d3e¢ — d34)/2)/2)/2)/3;
das = —3dss + (((dsz — das + (dsa — dss + (ds7 — dz6)/5)/2)/2)/2)/3;
dao = (d33 + d34)/2 — (dzg + da2 + daa);

d3o = d33 — (dss + dao + da1 + daz + das + daa);

dys = k3, dag = das(dio + da1) + d3, dar = das(dis + da2) + do;

dyg = das(di7 + daz) + di;

*3 dag = dagcie, da7 = darcig, das = dagCig; (8M)
dag = u12 + u22, dso = u21 + U1l + U12U22;
ds1 = u20 + w10 + u12u21 + u11U22, Uy = d4g — d4g;
uy = dar — dso — dagus, ug = —dagu’ + dae — ds1 — dso(das — dao);

uw =2 +uba? +ulx + uf)

2.2 compute the inverse a; of t — s> — h modulo u’ 16M+2SQ
91 =ts —hs, go = g1(1 4+ uj + 7 +ug), g2 =to — (ds + ho + g1ug);
g3 =tz +ta+t1 +to— (hs+ha+hy+ho+ds+ds+ds + go);
gs = (ta+ta+t1+to— (ha+ha+hi+ho+ds+de+ds+g0) — (—t3+
to—t1+to+hs—ha+h; _h[)_d4+d6_ds_gl(_1+u/2—ull+u6)))/2§
96 = g3 — gs — g2, g7 = gaué — 95, 98 = g§7 gio = gsu(’J — g792;
g11 = gs(1 +uj +uf +uj) — (g6 + 97) (g6 + 95 + g2) — 910, 912 = g1196;
913 = 91195 — g1096, 99 = gi11; T€S2 = g9g2 — g13910, ¥10 = g7913;
a1 = geg12, 11 = (g6 + g7)(912 + 913) — @10 — @12, 10 = 10 + go;

ayp = 22" + an + aig

2.3 compute the remainder v of o (st — f4) by u’ 18M+I
i1 =dio — 1, iz = diz — (d1o — 1)ub, i3 = d11 — fo — iauy
ig = d10+d13+d12+d14+d11—(1+f2+f1+f0) (l2+11)(u2+u +u(,+1)7
is = (ia— ((dio —diz+di2 —dis+di1 — 1 — fo+ f1 — fo) — (42 —i1) (uh —
ul +ul —1)))/2, 6 =4 —i3—is, i7r = (ic +i5 +43) (12 + @11 + a10),
i9g = g2, i10 = 93Q10, %8 = (i¢ — i5 + i3)(12 — @11 + a10), i11 =
(i7 +i8)/2 — (i10 + 99);
i12 = (((4i6+2i5+i3) (donz +2a11+ar0) —ir+is—i10)/2-2(4ig +i11))/3;
i13 = 7 —(i10+i11+i12+19), 14 = %9, t15 = 112—191127 i16 = i10—915Ug;
i17 = (i9 + 412 + 411 + 413 + i10) — (415 + i14)(uh + uf + ugy + 1);
i18 = (i17 — (d9 — 412 + 411 — 413 +410) + (415 — 114) (uh —uf +uy —1))/2;
Q19 = d17 — i16 — i1s, invs = (resa - i19) ', G20 = iNV2 - i19;
vo = 20116, V1 = 120%18, V2 = 920119}

v = vza:z + vix + vo
3 compute u := Up, 4D, 16M+3SQ
J1 = inwa-resy, j2 = 47, s = jivi, ja = 45, js = j1vo, Jo = ja(ja+6is);

*4 j7 = (v2 + v1 +vo)(hs + ha + h1), js = (v2 — v1 +vo)(hs — ha + h1), | (8M)
jo = vahsa;
jio = vohi,j11 = (7 + 4s)/2 — (Jio + Jo), Ji2 = 3js + j2jo, j1a =
Je + J2d11;
j1s = 3(js + ja) — j2 + j2 ((((4v2 + 2v1 +vo)(4h3 +2ha + h1) — j7 + js —
J10)/2 — 2(4jo + j11))/3);

U = ji2 —uh, U1 = j13— U] —UHU2, Ug = —UsUL+J1a —uy—uf (J12 —uh);
u=z" +u2z2+u1m+u0
[ total TA8MT155Q+21 |
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Table 3. Doubling, degu; = 3

Input Dy = [u1,v1]
up = 2® + u122® + w1z + w10, v1 = vizaz® + vz + vio
C:y® 4+ h(z)y — f(z) = 0 with
h(z) := haa® + hox® + hix + ho, f(z) :=a* + fox® + fiz + fo
Output| D = [uz2p ,vgpl] = 2D, with
uzp; = T° + upx? + ure + ug
V2D, = vex? + vz + v
Step Expression Operations
1.1 compute wy such that ujw; = v + h(z)v1 — f(x) 12M+58Q
l1 = (vi2 + v11 +v10)%, l2 = (vi2 — v11 + v10)2, I3 = iy, la = viy;
Is = (I1 +12)/2 — (la + 13);
lo = (((4viz + 2011 +v10)% — 11 + 12 — 14)/2 — 2(4l3 + 15))/3;
lz =l —(la+1s +16 +13),ls = (viz +v11 +v10)(I3 + 16 + 15 + 17 + hz+
ha + h1), lg = (vi2 —vi1 +vi0)(—Il3 + le + h3 — (Is + h2) + 7 + h1);
lio = (4vi2 + 2v11 + v10) (813 +4(le + h3) +2(ls + h2) + 17 + h1);
l11 = (dviz — 2v11 + v10)(—8l3 + 4(l + ha) — 2(ls + h2) + l7 + h1);
liz = vio(lr+h1), l13 = vi2l3, lia = —5liz+((lo—lg+(l10—111)/2)/2)/3;
lis = ((=(ls + o) + (Bliz + (l1o + 111)/2)/2)/2)/3;
lie = (Is+19)/2—(l12+115),l1a = l1a—1, w13 = l13, w12 = l15 —wizui2;
w11 = l14 — W13U11 — Wi2U12, W10 = l1g — W13U10 — Wi2U11 — W11U12;
w1 = wi3z® + wiza® + w1z + wio
1.2 compute the inverse t; of w; modulo u; 16M+25Q
a; = w13, A2 = Wip — A1U10;
a3 = w1z + wiz + wi1 + wio — a1 (1 + w2 + w11 + uio0);
as = (a3 — (—wiz + wiz — wi1 + wio — a1(—1 4+ w12 — w11 + v10)))/2;
a5 = az — a4 — a2, Gg = A5U12 — A4, A7 = A3, A8 = A7TUI0 — AGA2;
ag = a7(1+ui2 +ui1 +ui0) — (as +ag)(as + as +a2) —ag, a0 = agas;
a11 = aga4 — agas, a7 = agy, res1 = arGz — A110s, t10 = G6A11;
ti12 = asaio, t11 = (as + ag)(a10 + a11) — tio — ti2, ti0 = tio + a7;
t1 = tizz® + tuiz + tio
1.3 compute the remainder r of (31)% + h)t1 by uy 13M
by = 3le + hs — 3lzu12, ba = 3la + ho — b1ui0;
bz = (3l3 + 3lg + h3 + 3l5 + ha + 3l7 + h1 + 3la + ho) — (b1 + 3l3) (u12 +
w11 + uio + 1);
by = (bs — ((3l3 — (3lg + h3) + 3ls + ha — (3l7 + h1) + 3ls + ho) — (b1 —
3l3)(u12 — w11 + uio — 1)))/2;
bs = b3 — by — by, bg = (bs + ba + b2)(t12 + t11 + t10);
bz = (bs — ba + ba)(t12 — t11 + t10), bs = bst12, bg = batio;
bio = (be + b7)/2 — (bg + bg);
bir = (((4bs+2ba+b2)(4t12+2t114+t10) —bs+b7 —bo) /2—2(4bs+b10))/3;
b1z = bg — (bg + bio + b11 + bg), b1z = bi1 — bguiz, r2 = bg — bizuio;
bia = (bg 4 b11 + bio + b2 + bg) — (b13 + bs)(u12 + w11 + w10 + 1);
r1 = (bra— (bg+b10+bg)+(b11+b12)+ (b1 —bg)(u12 —u11 +ui0—1))/2;
ro = b1y — (r2 +71);
r= 7“012 +rix+reo
1.4 compute the cubic E = y2 + sy 4+t 39M+2SQ+1
c1 =13, c2 = roc1, c3 = 2res; - vi2 — (r1c1 — C2u12), C4 = C3 - TeESL,
Cs =rTesy - To, Cg = ToC2, C7 = T2C3 — CeU10 — 2C5V105
cg = (ro+7r1+712)(ca+ec3) —ce(l+uiz +uir +uio) — 2¢5(viz +v11 +
v10) — €7, €9 = c4 + uizcsc1 — viz(cs + 2¢5v11), €10 = €5C9, C11 = C;
*1 c12 = c3, c13 = c12 + ha(—2ci0 + hzci1), invr = (croc13) ', c1a = | (TM+SQ+I)

C13 - inV1, C15 = C9Ci4, C16 = C12 - INV]1 * C10;

S0 = €7C15, S1 = €8C15, C17 = C4C15;

cig = (1 4+ w12 + w11 + wio)(c1 + c17) — (vi2 + v11 + vio)(vi2 + v11 +

vio + 81 + s0), t3 = cocis, to = uroci7 — vio(vio + S0);

ta = (c18 + (=1 + w12 —ur1 +uio)(—c1 + c17) — (viz — vi1 +vi0)(vi2 —

v11 + vio — s1 + 50))/2 — to;

t1 = c1g — (to+t2+13), k1 = ci11c14, c19 = tok1, c20 = t1k1, c21 = taki;
E =y + (s1z + s0)y + tax® + tox® + t1z + to
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Table 4. Doubling (cont.)

3 curves 25

2.1 compute res(E, C,y) and v’ := res(E, C,y)* /(u1u2) 35M+6SQ
do = c3,, di = 3ca1, da = 3(c20 + do), d3 = c21(6c20 + do) + 3cig;
dy = sy, ds = 83, dg = (51 + 50)?> — (da +ds), d7 = (s1 + s0)(t3 + t2 +
t1 +to0);
dg = (so —s1)(t2 +to — (t3 +t1)), dg = (251 + 50)(8t3 + 4t2 + 2t1 +t0);
dio = sit3, di1 = soto, diz = —(d11 + d10) + (d7 + dg)/2;
di3 = —2d1o+(di1—d7+(do—dg)/3) /2, dia = d7—(d11+d12+d13+d10);
dis = s1d4, dig = 3daso, dir =1 — 3d10, dig = d15 — 3d13;
dig = f2 + dis + (1 — 3d10) f2 — 3d12;

*2 dao = (ts+ta+t1+t0)(ha+he+hi+ho+ds+de+ds—2(ts+ta+t1+t0)); | (15M)
do1 = (—ts+ta—t1+to)(2(t3—t2+t1—to)—hs+ha—hi+ho+ds—ds+ds);
d22 = (8t3 + 4t2 + 2t1 + t0)(8(—2t3 + h3z) + 4(da — 2t2 + h2) + 2(de —
2t1 + h1) + ds — 2to + ho);
dog = (—8ts 4 4ts — 2t1 + to) (—8(—2¢5 + ha) + 4(da — 2tz + ha) — 2(dg —
2ty + h1) +ds — 2to + ho);
dog = (27t3 + 9to + 3t + to)(27(72t3 =+ h3) + 9(d4 — 2ty + hz) + 3(d6 —
2t + hl) + ds — 2tg + ho);
das = to(ds — 2to + ho),d2¢ = t3(—2t3 + h3),d32 = f2s1;
do7 = —5dae + ((—(d20 + d21) + (3d2s + (d23 + d22)/2)/2)/2)/3;
dag = 15d2e + (((bd2s — Td2o + (—d2a + Tdaz — das — d21)/2)/2)/2)/3;
dag = —3da2e + (((d2o — das + (d21 — da2 + (d24a — d23)/5)/2)/2)/2)/3;
d33z = (hs + ha + h1 + ho)(d26 + d2g + do7 + dag + s1 + so + d32);
d34 = (—hsz + ha — h1 + ho)(—da¢ + d2g — d27 + d2g + s1 — s0 + d32);
d3s = (8hz+4ha +2h1 +ho)(8d2e +4(d2g +51) +2(d27 +50) + dag +d32);
d3e = (—8hz+4ha—2h1+ho)(—8d2s+4(d29+51)—2(d27+50)+d2g+d32);
d37 = (27Th3+9ha+3h1+ho)(27d26+9(d29 +51) +3(d27+50) +dag +d32);
d3g = ho(das + d32), daa = hsdae;
dgz = —5dag + ((—(dz3z + d34) + (3d3s + (dze + d3s5)/2)/2)/2)/3;
dg1 = 15daa + (((5das — 7Td3z + (—da7 + 7d3s — dze — d34)/2)/2)/2)/3;
daz = —3daa + (((d33 — dss + (dza — das + (da7 — dz6)/5)/2)/2)/2)/3;
dso = (ds3 + ds4)/2 — (dss + daz + daa);
d3g = d33 — (dag + dao + da1 + da2 + da3 + daa);
das = k3, dag = das(dio + da1) + d3, dar = das(dis + daz) + do;
dys = das(di7 + da3) +di;

*3 d4c = dascie, da7 = darcie, das = dascie; (3M)
dsg = 2u12, dso = 2u11 + ui,, ds1 = 2u10 + 2u12u11, uy = dag — dao;
uy = dar — dso — daguly, uy = —daou} + da — ds1 — dso(das — dao);

u = 3 +uf‘,r2 —+ u'l"c +u6

2.2 compute the inverse a; of ¢t — s2 — h modulo u’ 16M+2SQ
g1 =t3 — hs,go = g1 (L + ub +u] +up), g2 = to — (ds + ho + g1ug);
g3 =tz +ta+t1 +to— (hsa +ha+h1+ho+ds+ds +ds+ go);
gs = (tz+ta+t1+to— (ha+he+hi+ho+di+ds+ds+go) — (—ts +
to —t1+to+hs —ha+hi—ho—ds+ds —ds — g1 (—1+uj—uj +ug)))/2;
g6 = 93 — 9gs — g2, gv = gsué — 95, g8 = 9(2;» gio = gsu{) — g792;
g11 = gs(1 4 ujy +uj +ugy) — (g6 + 97)(gs + g5 + 92) — g10, 912 = g1196;
913 = g1195 — 91096, 9o = 911, T€S2 = g9g2 — gi13gi10, ¥10 = g7913;
a12 = gegi2, 11 = (g6 + g7)(912 + 913) — @10 — @12, @10 = @10 + go;

a1 = agpx” + 011 + Ao

2.3 compute the remainder v of aq (st — f4) by u’ 18M+I
i1 =dio — 1, iz = d1z — (d1o — 1)ub, i3 = d11 — fo — iauy
ig = dio+diz+dia+dia+dii— (14 fa+f1+fo)— (12+21)(u2+u1+u0+1)
is = (ia — ((dio — diz + di2 —dia +din — 1 — fo + f1 — fo) — (i2 —
i1)(up — uj +ug —1)))/2;
ig = i4 — 13 — 15, i7 = (i + i5 + i3)(12 + a11 + @10), t9 = ieai2,
110 = 13010}
ig = (ig — i5 +43) (12 — 11 + @10), 411 = (i7 +48)/2 — (i10 + d9);
i12 = (((416+21r+13)(41112+20¢11+(¥10)—l7+ls—110)/2 2(419+Z11))/3
413 = 47— (i10+%11+i12+19), 414 = 19, 115 = 112—19%‘;7 i16 = ’10_115“01
i17 = (i9 + 412 + 411 + %13 + 10) — (415 + i14) (uh + uf +uy + 1);
i18 = (17 — (i9g —t12 + 911 — %13 +%10) + (415 —i14)(u/2 — U/l +u6 —-1))/2;
i19 = i17 — i16 — i1s, inv2 = (resz - i19) ', G20 = iV - i19;

Vo = 120116, V1 = 120018, V2 = 120119
v —v2w2+v1m+v
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Table 5. Doubling (cont.)

3 compute u := uzp, 16M+3SQ
J1 = inva-res3, jo = 4t 3 = jivi, Ja = 53, Js = j1vo, o = ja(ja+65s);
*q j7 = (v2 +v1 +vo)(ha + ha + h1), js = (v2 — v1 +wvo)(ha — ha + h1), | (8M)
Jjo = vahs;
jio = vohi,j11 = (J7 + Js)/2 — (Jro + Jo), jiz = 343 + jajo, j1a =
Je + J2j11;
j13 = 3(js +ja) — j2 + j2 ((((4v2 + 2v1 + vo)(4h3 4+ 2h2 + h1) — j7 + js —
J10)/2 — 2(4jo + j11))/3);
Ug = Jla—UhH, Ul = J13 — U] —UGUZL, Ug = —UpU1+j1a— Uy —u] (J12 —us);
u=x" 4+ usx” +urx + ug
[total 165M+205Q 121 |
Table 6. If hz = 0 then replace *1,*2, *3 and *4 by
*1 invy = cfol, Cc14 = iNV1,C15 = iNV1 * Cg, C16 = 1 (M~+T1)
*3 da7 = (tz +t2 + t1)(h1 + ha + ds +de — 2(t3 + t2 + t1)); (OM+SQ)
dog = (t3 —to +t1)(h1 — ha +ds —ds — 2(t3 — t2 + t1));
dag = (4t + 2t2 + t1)(—8t3 + 2(da — 2t2 + h2) + ds — 2t1 + h1);
dao = —2t2,d31 = t1(de — 2t1 + h1),dz2 = (da7 + d2g)/2 — (d31 + d30);
d33 = ((d29 — d27 + d2s — d31)/2 — 2(4d30 + d32))/3;
d3s = (h2 4 h1 + ho)(dso + dss + d32 + s0 + 51);
d3s = (h2 — h1 + ho)(d3o — daz + ds2 + so — 51);
dz7 = (4ha + 2h1 + ho)(4d3o + 2(d33 + s1) + d32 + s0);
dy3 = hadso, dsg = ho(da2 + 50),da1 = (d3s + dze)/2 — (d39 + daz);
daz = ((ds7 — das + dze — d39)/2 — 2(4dasz + da1))/3;
dso = dzs — (dzo + da1 + dao + da3), daa = 0;
*3
*q J11 = vaha,j12 = 353,13 = 3(J5 + ja) — J2 + J2j11; (5M)
jia = je + j2((v2 + v1)(he + h1) — (vih1 + j11));
Table 7. If h3, ho = 0 then replace *1, *2,*3 and %4 by
*1 invy = cfol,cm = invi, 15 = NV - Cg, C1g = 1; (M—+1)
*9 ds7 = —2t3,d35 = ta(da — 2t2),d3s = 0,d39 = 0,da3 = 0, das = 0; (5M+SQ)
dse = (t3+t2)(ds—2(tz3+t2))— (d3s +dar), daz = hidsr, dso = ho(dse+
s1), da1 = (h1 + ho)(ds7 + dzs + s1) — (dao + da2);
*3
*4 J12 = 3j3,J13 = 3(Js + ja) — j2, 14 = je + j2(h1v2); (M)
Table 8. If h3, ha, h1 = 0 then replace *1,*2,%3 and %4 by
*1 inv; = cl_ol, C14 = inv1,C15 = iNV] - Cg, C16 = 1; (M—+1)
*o ds1 = —2hot3,dzs = 0,d3g = 0,ds0 = 0,da2 = 0,d43 = 0,dygq = 0; (M+5Q)
*3
*4 Ji2 = 3j3,J13 = 3(js5 + ja) — j2,j1a = je;
Table 9. If hs, h2,h1,ho = 0 then replace %1, *2,*3 and *4 by
*1 invy = cfol,c14 = inwvi, 15 = invy + Cg,C16 = 1; (M~+1)
*2 d3s = 0,d39 = 0,d40 = 0,da1 = 0,d42 = 0,d43 = 0,d44 = 05
*3
*q Ji2 = 3j3,J13 = 3(js5 + ja) — j2,j1a = je;
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