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A theoretical review of surface second harmonic generation from semiconductor 
surfaces based on the longitudinal gauge is presented. The  so called, layer-by-layer 
analysis is carefully presented in order to  show how a surface calculation of second 
harmonic generation (SHG) can readily be carried out. The nonlinear susceptibility 
tensor x is split into two terms, one that is related to  inter-band one-electron 
transitions, and the other is related to  intra-band one-electron transitions. The 
equivalence of this formulation to  the transverse gauge approach is shown and the 
possibility of confirming its numerical accuracy is discussed. Also, the calculation 
of the surface second harmonic radiated intensity R within the three-layer-model 
is derived. With x and R one has a complete description of this fascinating optical 
phenomena. 

1. Introduction 

Second har,monic generation (SHG) has become a powerful spectroscopic 
tool to study optical properties of surfaces and interfaces since i t  has the ad- 
vantage of being surface sensitive. For centrosymmetric materials inversion 
symmetry forbids, within the dipole approximation, SHG from the bulk, 
but it is allowed at  the surface, where the inversion symmetry is broken. 
Therefore, SHG should necessarily come from a localized surface region. 
SHG allows to study the structural atomic arrangement and phase tran- 
sitions of clean and adsorbate covered surfaces, and since it is an optical 
probe, it can be used out of UHV conditions, and is non-invasive and non- 
destructive. On the experimental side, the new tunable high intensity laser 
systems have made SHG spectroscopy readily accessible and applicable to 
a wide range of systems.l However, the theoretical development of the field 
is still an ongoing subject of research. Some recent advances for the case of 
semiconducting and metallic systems have appeared in the literature, where 
the confrontation of theoretical models with experiment has yield correct 
physical interpretations for the SHG spectra. 1 3 2 1 3 , 4 1 5 1 6 , 7 9 8  
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In a previous a r t i ~ l e , ~  we reviewed some of the recent results in the 
study of SHG using the transverse gauge for the coupling between the elec- 
tromagnetic field and the electron. In particular, we showed a method to 
systematically investigate the different contributions to the observed peaks 
in SHG." The approach consisted in the separation of the different contri- 
butions to the nonlinear susceptibility according to l w  and 2w transitions 
and to the surface or bulk character of the states among which the tran- 
sitions take place. To complement above results, on this article we review 
the calculation of the nonlinear susceptibility using the longitudinal gauge, 
and show that both gauges give, as they should, the same result. We dis- 
cuss a possible numerical check up on this equivalency. Also, the so called 
three-layer-model for the calculation of the surface radiated SH efficiency 
is presented. 

2. Longitudinal Gauge 

To calculate the optical properties of a given system within the longitudinal 
gauge, we follow the article by Aversa and Sipe.ll A more recent derivation 
can also be found in Ref. l2 and 13. Assuming the long-wavelength approxi- 
mation, which implies a position independent electric field, the hamiltonian 
in the so called length gauge approximation is given by 

H = Ho - ei.. E, (1) 

where HO = p 2 / 2 m  + V(r) ,  where V(r) = V(r + R) is the periodic crystal 
potential, with R the real-space lattice vector. The electric field E = -A/c, 
with A the vector potential. HO has eigenvalues tw,(k) and eigenvectors 
Ink) (Bloch states) labeled by a band index n and crystal momentum k. 
The T representation of the Bloch states is given by 

with R the volume of the unit cell. 

position operator r, so we start from the basic relation 
The key ingredient in the calculation are the matrix elements of the 

(nklmk') = 6,,6(k - k'), (4) 
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and take its derivative with respect to k as follows. On one hand, 

d d 
-(nkJmk') = 6,,-6(k - k'), dk dk ( 5 )  

on the other, 

(6) 

d 

= Jdr ( P + i k ( . ) )  +rnk!(r)l 

the derivative of the wavefunction is simply given by 

We take this back into Eq. 6, to obtain 

-i (nkl il mk') . (8) 

Restricting k and k' to the first Brillouin zone, we use the following valid 
result for any periodic function f (r)  = f (r  + R) (see Appendix A), 

(9 )  /d3r ei(q-k)"f(r) = F 6 ( q  8 T 3  - k) s, d3r f(r), 

to  finally write,'* 

-(nklmk') a = 6(k - k') s, dr ( k u ; k ( r ) )  d Umk(r)  dk 

where R is the volume of the unit cell. From 

b UrnkU:kdr = brim, 

we easily find that 
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Therefore, we define 

<nm(k) i / dru:k(r)vkUmk(r), (13) 
n 

with a/ak = v k .  Now, from Eqs. 5, 8, and 13, we have that the matrix 
elements of the position operator of the electron are given by 

(nklflmk’) = 6(k - k’)<,,(k) + &,Vkb(k - k’), (14) 

Then, from Eq. (14), and writing ? = ?, + ii, with ?, (ti) the interband 
(intraband) part, we obtain that 

(nkl?ilmk’) = Snm [6(k - k’)tnn(k) + iVkb(k - k’)] , 
(nkli,Imk‘) = (1 - 6,,)6(k - k’)tnm(k). 

(15) 

(16) 

To proceed, we relate Eq. 16 to  the matrix elements of the momentum 
operator as follows. We start from the basic relation, 

- 1  
ih v = -[?,Ho], 

with ir the velocity operator. Neglecting nonlocal potentials in HO we ob- 
tain, on one hand 

(18) 
P [?, ko] = ih-, 
m 

with p the momentum operator, with m the mass of the electron. On the 
other hand, 

(nkl[?, I?o] Imk) = (nklifio - fioilmk) = (b, (k) - fiw, (k)) (nklilmk) , (19) 

thus defining Wnmk = wn(k) - wm(k) we get 

Comparing above result with Eq. 16, we can identify 

(1 - ~ n m ) t n m  = rnm, (21) 

and the we can write 

which gives the interband matrix elements of the position operator in terms 
of the matrix elements of the well defined momentum operator. 
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For the intraband part, we derive the following general result, 

(Onm);k = VkOnm(k) - iOnm(k) (<nn(k) - <mm(k)) 7 (26) 

the generalized derivative of On, with respect to k. Note that the highly 
singular term Vk6(k - k’) cancels in Eq. 24, thus giving a well defined 
commutator of the intraband position operator with an arbitrary operator 
6. We use Eq. 22 and 25 in the next section. 

3. Time-dependent Perturbation Theory 

We use, in the independent particle approximation, the electron density 
operator to obtain, the expectation value of any observable O as 

0 = Tr(6b) = Tr(bd),  (27) 
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where Tr  is the trace, that as we have shown has the property of being 
invariant under cyclic permutations. The dynamical equation of motion for 
p is given by 

d b  - ih- = [ H , @ ] ,  
dt 

where it is more convenient to  work in the interaction picture, for which 
we transform all the operators according to 

L * A  

61 = UOUt,  (29) 

is the unitary operator that take us to the interaction picture. Note that 
81 depends on time even if 8 does not. Then, we transform Eq. 28 into 

that leads to 
t 

bI(t)  = @I(t = -00) + 1 dt’[fl(t‘) . E( t ’ ) , b~( t ’ ) ] .  (32) 
fi. -w 

We assume that the interaction is switched-on adiabatically, and choose a 
time-periodic perturbing field, to write 

E(t) = Ee-iwteqt, (33) 
where q > 0 assures that at t = -00 the interaction is zero and has its full 
strength, E, at t = 0. After the required time integrals are done, one takes 
q -+ 0. Instead of Eq. 33 we use 

E(t) = Ee-i’t, (34) 

(35) 

with 

G = w + 27. 

Also, @1(t = -00) should be independent of time, and thus [k, = 0, 
which implies that  @r(t = -00) = ,6(t = -00) = GO, where 60 is the density 
matrix of the unperturbed ground state, such that 

(nkl@olmk’) = f n ( b n ( k ) ) & d ( k  - k’), (36) 
where f n ( b n ( k ) )  = f n k  is the Fermi-Dirac distribution function. 

We solve Eq. 32 using the standard iterative solution, for which we write 

(37) = @y + @? + (2) + . . . , 
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where biN) is the density operator to order N in E(t). Then, Eq. 32 reads 

where by equating equal orders in the perturbation, we find 

(39) 4 0 )  = P I  - 60, 
and 

It is simple to show that matrix elements of Eq. (40) satisfy 
(nklpi”+l)(t)lmk’) = pifY,+,1’(k)S(k - k’), with 

Now we work out the commutator of Eq. 41. Then, 

(nkl [?I (t), bi”(t)] Imk) = (nkl [CiCt, Cfi‘”(t)Ot] Imk) 
= (nk]U[k, b(N)(t)]Ct Imk) 

- - eiWnmkt ((nkl[ie, b(N) ( t ) ]  + [ii, /j(”(t)]Irnk)) , 

where the time dependence of operator’s interaction picture is explicitly 
shown by the exponential factor, and the implicit dependence of ,dN) in- 
herited from Eq. 28 is shown by its t argument. We calculate the interband 
term first, so using Eq. 22 we obtain 

(nkl [ i e ,  @‘N)(t)] Imk) = C ((nkliellk) (lkl@‘”(t) Imk) 
e 
- (nkl/j(N) (t) ltk) (tk\Felmk)) 

= RLN) (k; t) . (43) 

Now, from Eq. 25 we simply obtain, 

(nkl[ii,b(N’(t)]Imk’) = i ( p i z ( t ) ) ; k  R,(”(k; t). (44) 

Then Eq. 41 becomes, 
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where, the roman superindices a, b, c denote Cartesian components that are 
summed over if repeated. We start with the linear response, then from 
Eq. 36 and 43,a 

For a semiconductor at T = 0, fnk is one if the state Ink) is a valence state 
and zero if it is a conduction state, thus vk fnk = 0 and RiO) = 0. Therefore 
the linear response has no contribution from intraband transitions. Then, 

We generalize this result since we need it for the non-linear response. In 
general we could have scveral perturbing fields with different frequencies, 
i.e. E(t)  = Ewo,e-i3at, then 

piz(k;  t )  = Bkn(k, wa)Eiae-iGut, (49) 
with 

Now, we calculate the second-order response. Then, from Eq. 43 

R,b(')(k; t )  = (&(k)pL:(k; t) - p$)(k ;  t ) r b ( k ) )  
e 

afrom now on, it should be clear that  the matrix elements of rnm imply n # m. 
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Using Eqs. 51 and 52 in Eq. (45), and generalizing to  two different 
perturbing fields, we obtain 

where W3 = W, + Wp and EWi is the amplitude of the perturbing field with 
wi for i = a,P. We use Eq. 54 in section 5. 

4. Layered Current Density 

In this section, we derive the expressions for the macroscopic current density 
of a given layer in the unit cell of the system. The approach we use to study 
the surface of a semi-infinite semiconductor crystal is as follows. Instead 
of using a semi-infinite system, we replace it by a slab (see Fig. 1). The 
slab consists of two surfaces, say the front and the back surface, and in 
between these two surfaces the bulk of the system. In general the surface 
of a crystal reconstructs as the atoms move to find equilibrium positions. 
This is due to the fact that the otherwise balanced forces are disrupted 
when the surface atoms do not find any more their bulk partner atoms, 
since these, by definition, are absent above (below) the front (back) surface 
of the slab. Therefore, to take the reconstruction into account, by surface 
we really mean the true surface that consists of the very first relaxed layer 
of atoms, and some of the sub-true-surface relaxed atomic layers. Since 
the front and the back surfaces of the slab are usually identical, t,he total 
slab is centrosymmetric. This fact (see Sec. 4), will imply x:"b"," = 0 7 a nd 
thus we must device a way in which this artifact of a centrosyinmetric 
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Front Surface 

Surface Region N d I L o o o e o o  Y 

0 0 0 0 0 0  

0 0 0 0 0 0  1 
0 0 0 0 0 0  

Back Surface 

Figure 1. 
See the text for the details. 

We show a sketch of the slab, where the small circles represent the atoms. 

slab is bypassed in order to have a finite representative of the surface. 
Even if the front and back surfaces of the slab are different, thus breaking 
the centrosymmetry and therefore giving an overall xikb # 0, we need a 
procedure to extract the front surface xLbc and the back surface xibc from 
the slab non-linear susceptibility x:kb. 

A convenient way to accomplish the separation of the SH signal of either 
surface is to introduce the so called “cut function”, S(Z) ,  which is usually 
taken to be unity over one half of the slab, and zero over the other half. In 
this case, S(Z) will give the contribution of the side of the slab for which 
S ( z )  = 1. However, we can generalize this simple choice for S(Z) ,  by a 
top-hat cut function Se(Z), that selects a given layer, 

St(.) = O(Z - ze + A,b)O(ze - z + A{), ( 5 5 )  

where 0 is the Heaviside function. Here, is the distance that the C-th 
layer extends towards the front (f) or back ( b )  from its ze position. Thus 
A: + A; is the thickness of layer C (see Fig. 1). 

Now, we show how this “cut function” S e ( Z )  is introduced in the calcu- 
lation of xijl. The microscopic current density is given by 

j(r,t) = e ~ % r ) i j ( t ) ) ,  (56) 

where the operator for the electron’s current is 

where ir is the electron’s velocity operator to be dealt with below, and Tr 
denotes the trace. We define f i  = Ir)(rl and use the cyclic invariance of the 
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trace to write 

1 
= - ((nklij+hlnk) + (nklijfi+lnk)) 

nk 
1 = - 
2 (nklijlmk) ((mkl.3lr)(rlnk) + (mklr)(rl+lnk)) 

nmk 

j(r, t )  = e C Pnm(k; t).imn(k; r), (58)  
nmk 

where 

(59) 
1 
2 jmn(k;r) = - ((mkl+lr)(rlnk) + (mklr)(rl+lnk)) , 

are the matrix elements of the microscopic current operator, and we have 
used the fact that the matrix elements between states Ink) are diagonal in 
k, i.e. proportional to b(k - k'). 

Integrating the microscopic current j(r, t )  over the entire slab gives the 
total macroscopic current density, however, if we want the contribution from 
only one region of the unit cell towards the total current, we can integrate 
j(r, t )  over the desired region. The contribution to the current density from 
the t-th layer of the slab is given by 

1 R 1 A- s e ( z )  j(r, t )  = ~ ( e ) ( t ) ,  (60) 

where J(l)(t) is the microscopic current in the t-th layer. Therefore we 
define 

1 
Vgk(k) z -1 d3r S ' ~ ( Z )  jmn(k; r), R 

to write 

JhN?')(t) = e V&z)(k)pi%(k; t ) ,  (62) 
mnk 

as the induced macroscopic current, to order N-th in the external per- 
turbation, of the k'-th layer. The matrix elements of the density operator 
for N = 1 , 2  are given by Eqs. 50 and 54, respectively. Also, the roman 
superindices a ,  b ,  c denote Cartesian components. 

We proceed to give an explicit expression for V$L)(k), for which we 
should work with the velocity operator, that is given by 

ih.3 = [i.,I;ro] 
p 2  .. P2 P 

= [i., - + V(r) + 6(r, p)] M [el -1 = iti- 2m 2m m' 
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where the possible contribution of the non-local pseudopotential 6(rl p) is 
neglected. Now, from above equation, 

m3 M p = -ifiV, (64) 

is the explicit functional form of the velocity or momentum operator. From 
Eq. 59, we need 

(65) 
1 J m 

(rl3lnk) = d3r’(r~3~r‘)(r’~nk) M -p&k(r), 

where we used 

) 
1 (rlGZlr‘) M -(r/@lr’) = S(y - y’)S(z - 2‘) -ifi-S(x - x’) , (66) 

with similar results for the y and z Cartesian directions. Now, from Eqs. 61 
and 59 we obtain 

m ( :x 

(mklvlr)(rlnk) + (mklr)(rlvlnk)] , (67) 

and using Eq. 65, we can write, for any function S(z) used to identify the 
response from a region of the slab, that 

vmn(k) 1 / d3rS(z) [$nk(r)p*$‘hk(r) -k $hk(r)P$nk(r)] 1 (68) 

(70) 
1 

m m = ’ / d3r$hk(r)$’$nk(r) E --‘Pmn(k). 

Here an integration by parts is performed on the first term of the right 
hand side of Eq. 68; since the e-ik’r$nk(r) are periodic over the unit cell, 
the surface term vanishes. From Eqs. 68 we see that the replacement 

is what it takes to change the momentum operator of the electron, p, to 
the new momentum operator $‘ that implicitly takes into account the con- 
tribution of the region of the slab given by s ( ~ ) .  Note that $’ is properly 
symmetrized. 

Finally, the Fourier component of macroscopic current of Eq. 62 is given 
by 
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where the non-local contribution of Ho is neglected, and from Eq. 69 

Actually, to limit the response to one surface, the Eq. 71 was proposed 
in Ref. 15, and latter used in Refs. l6 and l7 in the context of SHG. Then, 
the layer-by-layer analysis of Refs. l8 and actually used Eq. 55 thus 
limiting the current response to a particular layer of the slab, and used it 
to obtain the anisotropic linear optical response of semiconductor surfaces. 
However, the first formal derivation of this scheme is presented in Ref. 2o 
for the linear optical response, and here for the non-linear optical response 
of semiconductors. 

5 .  Non-linear Susceptibil i ty 

In this section we obtain the expressions for the non-linear surface suscep- 
tibility tensor to second order in the perturbing fields. We start with the 
non-linear polarization P written as 

p a ( w 3 )  = Xabc(-W3;  w 1 ,  w 2 ) E b ( w I ) E c ( w Z )  

+Xabcl(-W3;Wl,W2)Eb(Wl)VcEl(W2) + " '  9 (74) 

where Xabc  and Xabcl,' correspond to the dipolar and quadrupolar suscepti- 
bilities, respectively, and the sum continues with higher multipolar terms. 
If we consider a semi-infinite system with a centrosymmetric bulk, above 
equation splits, due to symmetry considerations alone, into two contribu- 
tions, one from the surface of the system and the other from the bulk of 
the system. Indeed, let's take 

(75) 
a 

a r c  
pa(.) = X a b c E b ( r ) E c ( r )  -k X a b c l E b ( r ) - E l ( r )  + ' '  ' 

as the polarization with respect to the original coordinate system, and 

P a  ( - r ) = X a b c E b  ( - r ) E c  ( - r ) 

as the polarization in the coordinate system where inversion is taken, i.e. 
r --t -r. Note that we have kept the same susceptibility tensors, since 
as the system is centrosymmetric, they must be invariant under r -+ -r. 
Recalling that P(r)  and E(r), are polar vectors,21 we have that Eq. 76 
reduces to 

- p a ( r )  = X a b c ( - E b ( r ) ) ( - E c ( r ) )  -k " ' ,  
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Surface - 3 N d  

X a b d  

Centrosymmetric Bulk I 
Figure 2. (color online) We show a sketch of the semi-infinite system with a centrosym- 
metric bulk. The surface region is of width N d. The incoming photon of frequency 
w is represented by a downward red arrow, whereas both the surface and bulk created 
second harmonic photons of frequency 2w are represented by an upward green arrow. 
The red color suggests an infrared incoming photon whose second harmonic generated 
photon is in the green. The dipolar, X a b c ,  and quadrupolar, X a b c l ,  susceptibility tensors 
are shown in the regions where they are different from zero. The axis are also shown, 
with z perpendicular t o  the surface and R parallel to it. 

(77) 

Xabc = 0 for a centrosymmetric bulk. (78) 

a 
arc 

Pa(r) = -XabcEb(r )Ec( r )  -k XabclEb(r)-EEl(r) + ' '  ' 1 

that when compared with Eq. 75 leads to the conclusion that 

Therefore, if we move to the surface of the semi-infinite system, the 
assumption of centrosymmetry necessarily breaks down, and there is no 
restriction in X a b c .  Thus, we conclude that the leading term of the polar- 
ization in a surface region is given by 

J d R  J d z P a ( R , z )  SdPa 

= SP," 
= XabcEbEc,  (79) 

where R is a vector parallel to the surface which is perpendicular to  z ,  S is 
the surface area of the unit cell that characterizes the surface of the system, 
and d is the surface region from which the dipolar signal of P is different 
from zero (see Fig. 2). Also, dP = P(') is the surface SH polarization, given 
by 
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with X:bc = X a b c / S  the surface non-hear susceptibility. On the other 
hand, 

p,(r) = X a b c l E b  (r)VcEl (.> 7 (81) 
gives the bulk polarization. Immediately we see that the surface polariza- 
tion is of dipolar order, whereas the bulk polarization is of quadrupolar 
order, and that the rank of the susceptibility tensors is 3 for the surface, 
i.e. Xabc ,  and 4 for the bulk, i.e. Xabcl. Although the bulk generated SH is 
in itself a very important optical phenomena, in here we concentrate only 
in the surface generated SH. Indeed, in centrosymmetric systems for which 
the quadrupolar bulk response is much smaller that the dipolar surface re- 
sponse, SH is readily used as a very useful and powerful optical surface 
probe.' 

To calculate x&, we start from the basic relation, J = dP/dt with J 
the current calculated in Sec. 4, and from Eq. 7 2  we obtain 

(82 )  
e 

J i 2 9 e ) ( ~ 3 )  = --iw3Pa(w3) = ; C P$:)(k)pk$(k; wg) ,  
mnk 

which upon using Eqs. 54 and 80 leads to 

1 

which gives the surface susceptibility of layer C-th. As can be seen from Eq. 
(54), x:b",' can be split into two terms, one coming from the first term of 
Eq. (54) and the other from the second term of the same equation. Then 
we have, after substituting Eq. 50, that 

and 

where xg(e) is related to intraband transitions and to interband 
transitions. We mention that Eq. (84) and Eq. (85) need to be sym- 
metrized for intrinsic permutation symmetry, i.e. xabc(-w3; w1, w2) = 
x ~ ~ ~ ( - w ~ ; w ~ , w ~ ) , ~ ~  and that for SHG w1 = w:! = w and w3 = 2w. 
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The generalized derivative in Eq. (84) is obtained from the chain rule 
as 

here ( W n m ) ; k a  = (&);ka - ( W m ) ; k a .  In the appendices we show that 

and that 

Above formulas give a complete set of relationships in order to calculate 
the nonlinear susceptibility of any given layer l as x ~ ( ~ )  = x $ ~ )  + 
Then, we can calculate the surface susceptibility as 

where l o  represents the first layer right at the surface, and l d  the layer at 
a distance N d from the surface (see Fig. 2). Of course we can use Eq. 89 
for either the front or the back surface. Likewise 

e f  

ed 

is a dipolar bulk susceptibility, with the property that,  

(91) 
e f z e b  

x%)(24  - 0, 

where f?b is a bulk layer such that the bulk centrosymmetry is fully stablished 
and the dipolar non-linear susceptibility is identically zero, in accordance 
with Eq. 78. We remark that & is not universal, and l b  should be found 
according to Eq. 91. 

In the next section we show that the longitudinal and transverse gauge 
formally give the same result for any order N ,  and present a simple rela- 
tionship that can be checked numerically. 

6. Gauge Invariance 

We present a general procedure to stablish the equivalence between the lon- 
gitudinal and the transverse gauge. In the transverse gauge the interaction 
hamiltonian is given by H' = (-e/mc)p. A. Within the long wavelength 
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approximation, A is constant through out space, and since we are working 
in the semiclassical approximation, A is not an operator. From Eq. 28 we 
can get 

where T denotes the transverse gauge. An integration by parts gives 

To first order we get 

where L denotes the longitudinal gauge. With the velocity operator (T- 
gauge) v = p / m  - eA/mc, Eq. (72) gives x$) = xf) + S(l), where for a 
harmonic perturbation, 

with C1 = [rU,pb]  - ihJub. Therefore, since formally [ru ,pb]  = ihJab, S(l) = 
0, and xg) = xi f ’ ,  which shows gauge invariance. From Eq. (94) one can 
show to any order that xLN) = xiN’ + S ( N ) ,  where again S ( N )  = 0, due 
to commutator identities. Therefore, the gauge invariance relays on the 
fulfillment of the commutator relationships, and thus one has to check this 
for the particular system in question. As an example, we can take matrix 
elements of the simple commutator 

to obtain 

which is a relationship that can be numerically verified. 
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7. SHG Radiation 

In this section we derive the formulas required for the calculation of the 
SHG yield, defined by 

R ( w )  = 1 ( 2 w ) / P ( w ) ,  (98) 

I(w) = c/87rIE(w)I2. (99) 

with the intensity 

There are several ways to calculate R, one of which is the procedure followed 
by Cini.23 This approach calculates the non-linear susceptibility and a t  the 
same time the radiated fields. However, we present an alternative deriva- 
tion based in the work of Mizrahi and S i ~ e , ~ ~  since the derivation of the 
so called three-layer-model is straightforward. Within our level of approxi- 
mation this is the best model that we can use. In this scheme, we assume 
that the SH conversion takes place in a thin layer, just below the surface, 
that is characterized by a surface dielectric function ~ ( w ) .  This layer is 
below vacuum and sits on top of the bulk characterized by ~ ( w )  (see Fig. 
3).  The non-linear polarization immersed in the thin layer, will radiate an 
electric field directly into vacuum and also into the bulk. This bulk directed 
field, will be reflected back into vacuum. Thus, the total field radiated into 
vacuum will be the sum of these two contributions (see Fig. 3) .  We decom- 
pose the field into s and p polarizations, then the electric field radiated by 
a polarization sheet of the form given by Eq. 80, = xijkE,(w)Ek(~),~ is 
given by,24 

where d and p* are the unitary vectors for s and p polarization, respectively, 
and the * refers to upward (+) or downward (-) direction of propagation. 
Also, (ZI = w / c  and w = Gk,, with 

IC, (w) = d t ( w )  - sin2 8, (101) 

(102) 

and p k  = p*/&, with 

p& = ? k Z x  - sinQz. 

In the above equations z is the direction perpendicular to the surface 
that points towards the bulk, 5 is parallel to the surface, and Q is the angle 
of incidence, where the plane of incidence is chosen as the xz plane (see 

bFor convenience of notation we now use subscripts i, j ,  k as Cartesian indices. 
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E ,  bulk 

Figure 3. Sketch of the three layer model for SHG. Vacuum is on top with E = 1, the 
layer with non-linear polarization P is characterized with ~ ( w )  and the bulk with ~ ( w ) .  
In the dipolar approximation the bulk does not radiate SHG. The thin arrows are aIong 
the direction of propagation, and the unit vectors for p-polarization are denoted with 
thick arrows (capital letters denote SH components). The unit vector for s-polarization 
points along y (out of the page). 

Fig. 3), thus 8 = 9. The function k,(w) is the projection of the wave 
vector perpendicular to the surface. As we see from Fig. 3, the SH field is 
refracted at the layer-vacuum interface (Cv), and reflected from the layer- 
bulk (Cb) interface, thus we can define the transmission, T, and reflection, 

, tensors as, 

Tev = 8T98 + Pv+T2Pe+, 

and 

R e b  = 8R:b8 + Pe+RFl?e-, (104) 

where variables in capital letters are evaluated at the harmonic frequency 
2w. Notice that since B is independent of w ,  then B = 8. The Fresnel factors, 
l?%, R,, and Tp, for i = s , p  polarization, are evaluated at the appropriate 
interface Cu or Cb, and will be given below. The extra subscript in P denotes 
the corresponding dielectric function to be used in its evaluation, i.e. E ,  = 1 
for vacuum (v), E e  for the layer (l), and Eb for the bulk (b).  Therefore, the 
total radiated field at 2w is 

The first term is the transmitted s-polarized field, the second one is the 
reflected and then transmitted s-polarized field and the third and fourth 
terms are the equivalent fields for ppolarization. The transmission is from 
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the layer into vacuum, and the reflection between the layer and the bulk. 
After some simple algebra, we obtain 

4 n i 3  
Kze (106) E ( 2 w )  = -H * 'P, 

where, 

H = GT? ( 1  + R : ~ )  i + Pv+Tp"" (Pi+ + R:Pe-) . (107) 

The magnitude of the radiated field is given by E ( 2 w )  = &OUt.E(2w), where 
&Out is the polarization vector of the radiated field, for instance b or Pv+. 
Then we write 

(108) 
4niw E ( 2 w )  = - e 2 w .  'P. 

C 

Using the above equations and the following simple relationships between 
T and R, 

we obtain 

1 1 
cos 8 e 2 w  =  out^ [.GT;'T,O~G - P , + ~ ; e ~ , e b  (€e(2W)Kzbk + Eb(2W) sineii) ,(111) 

and then we write from Eq. (108) 

(112) 
4 ~ i w  eb 
c cos e E , ( ~ w )  = - T, T, X,ijEi(w)Ej(w),  

and 

EP(2W) = - Tp Tp [fe(2w)KZbxzi3 4- fb(2W) sinexZij] - G ( ~ ) E j ( ~ ) . ( 1 1 3 )  

As mentioned before E i ( w )  is the incident field given by the external field 
properly screened; then we have 

-4niw eb 

c cos 0 

E ,  ( w )  = Eotze (1 + rseb) 9, (114) 

and 

E p ( w )  = E, [ce ( 1  - r:) cos6'ek - iie ( 1  + r:b) sine&] , (115) 

where E, is the incoming amplitude and is the angle of refraction in the 
layer. Notice that the transmitted and reflected fields in the layer are taken 
into E, and E,. From Eqs. (109-110) we get 

(116) 
eb E,(w) = Eat, t s  9,  
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and 

Ep(w) = Eot",t: (ce(w)k,bx - Eb(W) s in0i ) .  (117) 
Using Eqs. (112), (113), (116), (117), into R, we finally write 

where i (lower case) stands for initial polarization and F (upper case) stands 
for final polarization, with 

T I P  = ( K z b X z j k  + sinBXzjk) EiEi ,  (119) 
and 

ris = x y j k  E; E L ,  
where from Eqs. (116-117), E" = y ,  and 

EP = ce(w)kzbx - Q(W) sin&. (121) 

The n,e factor in Eq. (118), with no the electronic density, renders x di- 
mensionless. To complete the required formulas, we write down the Fresnel 
factors, 

(123) 
eb 2 b e  

t ,  = eb 2 b e  t" = 

where the appropriate term from the usual definition of tp,21 has 
been taken out to give Eqs. (119) and (120). For a given surface symmetry 
and its corresponding non-zero tensor elements of x i j k ,  Eq. (118) can be 
calculated explicitly through Eqs. (119) and (120) 6 9 2 5 .  With the three- 
layer model we can get two opposite cases, one in which the SH conversion 
takes places in vacuum for which we simply put ce = 1, and the other 
case where the layer is identical to the bulk, or = cb. The former case 
corresponds to no screening and the latter to the usual Fresnel screening. 

kze + k,b ' cb("J)kze -t Es("J)k.zb' 

8. Conclusions 

We have presented a complete derivation of the required elements to cal- 
culate the surface SHG radiated from a semiconductor within the dipole 
approximation, and showed how to calculate the layer-by-layer contribution 
to the optical signal. We derived the nonlinear surface susceptibility tensor 
x within the longitudinal gauge and thus we decomposed x into intraband 
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and interband one-electron transitions. We showed that the longitudinal 
and transverse gauges give the same result, and a simple expression was pre- 
sented in order to check the numerical accuracy of this equivalency. Also, 
we calculated the radiated efficiency R within the three layer model. The 
combination of x and R allow us to study this fascinating surface optical 
phenomena. 
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Appendix A, 

We present some basic results needed in the derivation of the main results. 
The normalization of the states qnq(r) are chosen such that 

and 

where R is the volume is the unit cell and ba,b is the Kronecker delta that 
gives one if a = b and zero otherwise. For box normalization, where we 
have N unit cells in some volume V = NR, this gives 

V 
d3rqzk(r)$mq(r) = -6 8+ nmbk,q, (A.3) 

which lets us have in the limit of N 4 00 

and we recall that 6(z) = b(-z ) .  Now, for any periodic function f (r)  = 

f ( r  + R) we have 
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where we have assumed that k and g are restricted to the first Brillouin 
zone, and thus the reciprocal lattice vector K = 0. 
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from where 

-- Pnn(k) - vkWn(k), 
m 

so from Eq. B.4 

Appendix C .  

We obtain the generalized derivative (rnm(k));k. We start with the basic 
result 

[Ta ,  pb] = ihbab,  (C.1) 

( C . 4  

then 

(nkl[ra,pb]Imk’) = iti6,b6,,6(k - k’), 
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+Pkm (thm - t i n  )) . 

Using Eqs. C.4 and C.6 into Eq. (2.3 gives 

then 

Now, there are two cases. We use Eqs. 21 and 22. 
Case n = m 

that gives the familiar expansion for the inverse effective mass tensor 

Case n # m 

26 
(m , ' )ab  * 
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where 
b b 

((2.12) b Pmm -pnn 
m Amn = 

Now, for n # m, Eqs. 22, B.10 and C . l l  and the chain rule, give 

((3.13) 
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