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Proof: We build a machine M and it has coding constant e given by the
recursion theorem. (This means that if we put o in dom(M), U later puts
something of length |o] 4 ¢ into dom(U).) Let Qs = 315y o]<s 27
For n < s, if we see K¢(Qs | n) < n — e, find some o of K (Q | n with
Us(o) — Qg | n. Declare M(o) |, which causes Qg [ n # Q | n. Note we
cannot put more into the domain of M than U has in its domain and hence
we may apply Kraft-Chaitin to build M. |

Solovay was the first to look at other computability-theoretical aspects
of Q. For instance, consider D,, = {z : |x| < n A U(z) |}. Solovay proved
that K(D,) = n+ O(1), where K(D,,) is the K-complexity for an index
for D,,. Solovay also proved the following basic relationships between D,,
and Q [ n.

Theorem 3.7: (Solovay [83])

(i) K(Dn|Q2 | n) = O(1). (Indeed D,, <y Q | n via a weak truth
table reduction with identity use.)

Proof: (i) is easy. We simply wait till we have a stage s where Qs =ger
2_U(o)[s] 27191 is correct on its first n bits. Then we can compute D,,.

The proof of (ii) is more involved. We follow Solovay [83]. Let D =
D1 i (n)- Note that K (n+ K(n)|D) = O(1). We can simply compute from
D, K(j) for all j < n+ K (n), by looking for the length of the least z € D,,
with U(z) = j. Hence we can find the least j such that j+ K (j) = n+K(n).
Then we claim that j —n = O(1). To see this note that

K(j) = K(n)| < K(|j —nl) + O(1).

Hence, |j—n| < K(]j—n|)+0(1) < 2log|j —n|+O(1). Therefore |j —n| =
O(1). Also this means K (j|D) = O(1), and hence K(n|D) = O(1).

We prove that there is a g such that K(Q [ n—¢|D)O(1). We construct
a machine M that does the following. M (xy) is defined if

(i) U(z) = n.

(i) |y[ = n.

(iii) Q> .
Here of course we are interpreting y € {0,...,2" — 1}. Now we can find ¢

such that, for all n,

Ty |+ K(n—q)+n—qg<n+ K(n).
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But then,

o> Y
> o

Therefore K(Q [ n — ¢|D) = O(1), since K(n|D) = O(1). Clearly, K(Q |
n|Q ' n—q)=0(1). Thus K(Q [ n|D) = O(1), as claimed. O

iff Tlar(n — @)*y € Dyyk(n)-

In the light of Schnorr’s Theorem, Solovay had asked whether
liminfy K(2 | n) —n — oo. This was solved affirmatively by Chaitin. How-
ever, there is a very attractive generalization of this due to Miller and Yu
who show that the complexity of a random real must be above n eventually
by “quite a bit.”

Theorem 3.8: (Ample Excess Lemma, Miller and Yu [62]) A real « is
random iff

Z 2n7K(aFn) < 0.
neN

Proof: One direction is easy. Suppose that « is not l-random. Then we
know that for all ¢, for infinitely many n, K(« [ n) < n — ¢. That means
that >, 2" K@) = o

Now for the nontrivial direction. For the other direction, note that, for
any m € N,

Y Y oK@ 2§ § glrl-K)

oe2m™ nlm ce2™ T<o

- Z gm—|rlolT|=K(r) _ gm Z 2~ K1) < gm

re2sm reasm

by Kraft’s inequality. Therefore, for any p € N, there are at most 2" /p
strings o € 2™ for which ) . gn—K(oln) >y This implies that
p{a € 29 > 2nK@m) > pby < 1/p. Define Z, = {a € 2¢ :
S nen 2 K@) > pt We can express 7, as a nested union |J,,y{a €
2¢ | 32, o, 2n K@) > i Fach member of the nested union has mea-
sure at most 1/p, so u(Z,) < 1/p. Also note that Z, is a %9 class. There-
fore, T = (,enZor is a Martin-Lof test. Finally, note that o € T iff
S nen 2K @Im) = oo, Now assume that o € 2 is 1-random. Then a ¢ Z,
because it misses all Martin-Lof tests, so 3, o 2"~ 5@ g finite. O

The following corollary was proven for f computable by Solovay.
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Corollary 3.3: (Miller and Yu [63]) Suppose that f is an arbitrary function
with 32, 2 7™ = oco. Suppose that a is l-random. Then there are
infinitely many m with K(« [ m) > m+ f(m).

To finish this section we remark that it was a longstanding question
whether there was a plain complexity characterization of l-randomness.
This was also solved by Miller and Yu, having been open for 40 years.

Definition 3.3: (Miller and Yu [62]) Define a computable function G: w —
w by

Gn) Koi(t), ifn =20 and K, 1(t) # K(t)
n)=
n, otherwise.

Theorem 3.9: (Miller and Yu [62]) For z € 2¢, the following are equiva-
lent:

(i) z is 1-random.
(ii) (Vn) C(x In)>n—K(n)£O(1).
(iii) (Vn) C(z [ n) > n —g(n) £ O(1), for every computable g: w — w
such that >, . 279(" is finite.
(iv) (Vn) C(xz [ n) >n—_G(n) £ 0(1).

3.3. Martingales and the prediction paradigm

The very earliest work on randomness was by von Mises [93] and involved
selection, as we have already mentioned. This encapsulates the general view
that random reals should be “unpredictable.” Using computable functions,
attempts were made to give a definition of randomness in terms of com-
putable or partial computable selection procedures. This gives rise to no-
tions of computable or partial computable stochasticity. It turned out that
the correct way to formalize this notion of effective prediction was in terms
of betting strategies.

Definition 3.4: (Levy [48]) A martingale is a function f : 2<% — RTU{0}
such that for all o,

oy = 101D

We say that the martingale succeeds on a real « if limsup,, F'(a [ n) = cc.
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Definition 3.5:

(i) A supermartingale is a function f :2<* — R* U {0} such that for
all o,

f(00) + (o))

flo) > 5

We say that the supermartingale succeeds on a real « if
limsup,, F(a [ n) = cc.
(ii) Similarly we can define a submartingale and its success if we ask
that

f(00) + f(o1)

flo) < 5

Ville [94] proved that null sets correspond to success sets for martingales.
They were used extensively by Doob in the study of stochastic processes.

The principal tool for using martingales is the classical result below. It
says that the distribution of capital must be fair level by level.

Theorem 3.10: (Kolmogorov’s inequality, see Ville [94])

(i) Let f be a (super-) martingale. For any string ¢ and prefix-free set
X C{z:v2a},

27 Mfw) = Y 27 f(a).

zeX

(ii) Let S¥(f) = {o: f(o) > k}, then

x| =

u(S*(£) < FN)

Schnorr showed that Martin-Lof randomness corresponded to effective
(super-)martingales failing to succeed.

Definition 3.6: (Schnorr [77]) We will define a (super-, sub-)martingale
f as being effective or computably enumerable if f(o) is a c.e. real, and
at every stage we have effective approximations to f in the sense that
f(o) =limg fs(0), with fs(o) a computable increasing sequence of rationals.

Theorem 3.11: (Schnorr [77]) A real o is Martin-Lof random iff no effec-
tive (super-)martingale succeeds on a.
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Proof: We show that test sets and martingales are essentially the same.
This effectivizes Ville’s work. Firstly suppose that f is an effective (super-)
martingale. Define open sets

Vi =U{g: f(B) =2"}.

Then V,, is clearly a c.e. open set. Furthermore, pu(V,) < 27" by Kol-
mogorov’s inequality. Thus {V,, : n € N} is a Martin-Lof test. Moreover,
a € N,V, iff limsup,, f(a [ n) = oo, by construction. Hence f succeeds on
« iff it fails the derived Martin-Lof test.

For the other direction, we show how to build a martingale from a
Martin-Lof test. Let {U, : n € N} be a Martin-Lof test. We represent
U, by extensions of a prefix-free set of strings o, and whenever such a
o is enumerated into U, U2, increase F(o)[s] by one. To maintain the
martingale nature of F', we also increase I’ by 1 on all extensions of o, and
by 27" on the substring of o of length (|o| — ). m|

Corollary 3.4: (Levin [45,101], Schnorr [77]) There is a universal effective
martingale. That is there is an effective martingale f, such that for all
martingales g, and reals «, f succeeds on « implies g succeeds on «.

Proof: Apply the proof above to the universal Martin-Lof test. |

Notice that any constant multiple of a martingale will succeed on a set
exactly if the martingale does. The following strengthens Corollary 3.4 and
is an analog to saying that K is a minimal information content measure.

Theorem 3.12: (Schunorr [77]) There is a multiplicatively optimal super-
martingale. That is there is an effective supermartingale f such that for all
effective supermartingales g, there is a constant ¢ such that, for all o,

cf(o) = g().

Proof: It is easy to construct a computable enumeration of all effective
supermartingales, g; for i € N. (Stop the enumeration when it threatens to
fail the supermartingale condition.) Then we can define

flo)=> 27"gi(o).

€N
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e the following requirement is satisfied for each e, k € w and 7 < 2:
Ricp : ®c total = In(a — ag, (n) > k(B = BL)).

There are very interesting timing problems and these can be seen with a
two requirement scenario, which we discuss below.

e Ry:® total = In(a— s = k(B —59))
o Ry : V¥ total = In(a — age) > 1B —5y)

We will be measuring whether ® and ¥ are total and only work when this
appears so. Thus, without loss of generality, we will assume that ® and ¥
are total. The reader should imagine the construction as follows. We have

e two containers, labeled 4% and 3!, and
e a large funnel, through which bits of « are being poured.

Ry and R; fight for control of the funnel. In particular, bits of o must
go into the containers (because we want 4 + ' = «) at the same rate as
they go into a (because we want 3°, 3! <g «). However, each R; wants to
funnel enough of « into 8'~* to be satisfied.

As Ry is stronger, it could potentially put all of o into 8, but that
would leave R; unsatisfied. The trouble comes from trying to recognize
when enough of o has been put into 3' so that Ry is satisfied.

Definition 5.2: Ry is satisfied through n at stage s if ®(n)[s] | and o, —
To achieve satisfaction, the idea is that Ry sets a quota for R; (how

much may be funneled into 4% from that point on). If the quota is 2=™ and
Ry finds that either

e it is unsatisfied or
e the least number through which it is satisfied changes,

then it sets a new quota of 2~ ("*1 for how much may be funneled into 3°
from that point on.

Lemma 5.4: There is an n through which Ry is eventually permanently
satisfied, that is,

In, sVt > s (o — ag(n) > k(B — BY)).
Proof: (of Lemma) Suppose not. Then R;’s quota — 0, so 3° is com-

putable. Also, Vn,s 3t > s [y — agn) < k(B) — B)]. So Vn [a — Qp(n) <
(k+1)(8° — BY)]. Thus a <g 3° is computable. Contradiction. 0
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Thus the strategy above yields a method for meeting Rj. At the end
of this process, Ry is permanently satisfied, and R; has a final quota 27
that it is allowed to put into 3°.

Now we hit the crucial problem, precisely where we need incompleteness
for a. If R; waits until a stage s s.t. @ — ag < 27" then it can put all of
a — ag into A% and Ry will, in turn, be satisfied.

The problem is that Ry cannot tell when such an s arrives. If Ry is too
quick, it may find itself unsatisfied and unable to do anything about it since
it will have used all of its quota before s arrives.

The key new idea is that

R1 uses Q as an investment advisor.

Let s be the stage at which Ry’s final quota of 27™ is set. At each
stage t > s, Ry puts as much of a;y; — ay into 3% as possible so that
the total amount put into 3° since stage s does not exceed 27™€;. The
total amount put into 3% after stage s is < 27™Q < 27, so the quota is
respected. We finish the proof with the following Lemma

Lemma 5.5: There is a stage ¢ after which R; is allowed to funnel all of
a — oy into (Y.

Proof: It is enough that Ju > ¢ > s Vo > u (27" (Qy — Qp) > o — ).
Suppose not. Then Yu > ¢ > s Jv > u [Q, — O < 2™(ap — a;)]. Thus
Vi > s [Q—Q <2™(a — ay)]. So there is a d s.t. Vt [Q — Q; < d(a — ay)],
and hence 2 <g «. Contradiction. O

Downey and Hirschfeldt [18] have shown that the proof can be made to
work for any ¥ measure of relative randomness where + is a join, the 0
degree includes the computable reals, and the top degree is 2.

5.3. Other measures of relative randomness

We remark that there are a number of other interesting measures of relative
randomness, aside from <g and the fundamental initial segment ones <¢
and <g. They include

(i) A <. B iff thereis a c and a wtt procedure ' with use v(n) = n+c,
and I'® = A. (We met this in Theorem 5.3.) If ¢ = 0, then this is
called :bT-reducibility and is the one used by Soare and Csima in
differential geometry, such as Soare [81].

(ii) A <,k B means that there there is a ¢ such that for all n,

K((A T n)|(B [ n+c) = O(1).
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Similar arguments show the following.

Theorem 5.11: (Barmpalias and Lewis [3]) There is a c.e. real « such
that for any random c.e. real 8, o £ .

An argument of a different kind shows the following.

Theorem 5.12: (Hirschfeldt, unpubl) There is a real o such that for all
random reals 3, a £ B.

We have seen that if W is a c.e. set the W <. Q. Also on the c.e. sets,
S and ¢l coincide. Little else is known about <.

The reducibility » K is implied by either of ¢/ and S. It has many of the
best features. By unpublished work of Downey, Greenberg, Hirschfeldt, and
Miller it is not implied by <¢ even on the c.e. reals. It is an appropriate
¥9 reducibility and hence it is dense on the c.e. reals. It implies <r. Little
else is known about <, .

Other reducibilities include <y, <k (i-e. supermartingale reducibil-
ity), but these are more or less completely unexplored, save the fact that
<gn is dense on the c.e. reals.

5.4. <¢ and <k

Recall A <i B means that, for all n, K(A [ n) < K(B | n) + O(1), and
similarly <c.

Thanks mainly to the work of Miller and Yu, we know some basic facts
about the <y degrees of random reals. The first thing we discover about
<c¢ and < is that they are not really “reducibilities” though we will
confusingly call them such.

Theorem 5.13: (Yu, Ding, Downey [99]) For Q € {K,C},{X : X <q Y}
has size 280 and has members of each degree, whenever Y is random.

The proof is relatively easy. Take a sufficiently computable sparse set
X. Then it’s complexity is eventually always well below a random real. But
any degree can be coded into a really sparse set. The replacement for this
theorem is a measure-theoretical one:

Theorem 5.14: (Yu, Ding, Downey [99]) For any real A, u({B : B <k
A}) = 0. Hence there are uncountably many K degrees.

Yu and Ding improved this result to construct 280 many K-degrees
directly ([98]), but this can also be obtained by observing that <y is Borel,
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and hence a theorem of Silver can be used. Using direct analysis of the the
fluctuations of initial segment complexities Yu, Ding, and Downey obtained
the following.

Theorem 5.15: (Yu, Ding, Downey [99]) For all ¢ and n < m,
(3K [K(Q™ [ k) < K(Q™ k) —].

For n = 0,m = 1 Theorem 5.15 was proven by Solovay [83], using
totally different methods. Using van Lambalgen’s Theorem as a base. more
powerful results have recently been obtained by Miller and Yu. Recall that
van Lambalgen’s Theorem states: B n-random and A is B-n-random iff
A ® B is n-random.

Definition 5.3: (Miller and Yu [62]) We say that a <, 08, a is van
Lambalgen® reducible to 3 if for all z € 2¥, o @ x is random implies 3 @ =
is random.

Theorem 5.16: (Miller and Yu [62]) For all random «, (3,

(i) @ n-random and « <, § implies [ is n-random.
(ii) If « @ B is random then « and [ have no upper bound in the
vL-degrees.
(iii) If o <7 B and « is 1-random, then 8 <, a.
(iv) There are random « =, 1, § of different Turing degrees.
(v) There are no maximal or minimal random vL-degrees, and no join.
) If @ B is random then a ® 8 <, «, 5.
) The XY theory of the vL-degrees is decidable.

(vi

(vii

The proofs of most of these are relatively easy once you figure out what
to do. For instance, suppose that o n-random and a <, 3. Use Kucera’s
Theorem that there is a random z with z =7 0(*~Y. Then a @ z is random,
and hence &z is random and hence (3 is 1-z-random, that is 3 is n-random.

Furthermore, Miller and Yu show that Q(") and Q0™ have no upper
bound in the vL degrees for n # m. This improves the Yu, Ding, Downey
(Theorem 5.15) result above.

M This is closely related to a relation introduced by Nies: He defined A < B if for all Z,
Z is 1-B-random implies Z is 1-A-random. If A and B are both random then A <;p B
iff B <pgr A. Note that <, ;, is really only interesting on the randoms, but there are a
number of possible extensions which also make sense on the non-randoms. These have
yet to be explored.
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I don’t really have room to discuss all the results but will try to give
a flavour. cl-reducibility® says that not only is the case that the initial
segments converge at more of less the same rate, but there is an efficient
way to convert the bits of B into those of A.

Thus in spite of the fact that the Kucera-Slaman Theorem says that all
versions of  are the same in terms of their S-degrees, Yu and Ding [97]
established the following.

Theorem 5.10: (Yu and Ding [97])

(i) There is no cl-complete c.e. real.
(ii) There are two c.e. reals 5y and /[ so that there is no c.e. real «
with Gy <g4 a and (1 <. a.

The proof roughly works by picking two long intervals 8y | [n,n+t], 81 |
[n, n+t], to diagonalize against some « and ¢l reduction I', with use n+e.
Initially the reals have 3;(k) = 0 on this interval. Our procedure will work
by alternating between 3y and 3; adding 2~ ("1 each time, where time
here means “expansionary stages.”

The key observation of Yu and Ding here is that this simple procedure
can drive « to be large. This is proven by induction, the nicest proof being
due to Bamparlias and Lewis [3]. The main lemma is to show that a’s
best strategy is the obvious one of least effort (nomenclature of Bamparlias
and Lewis [3]) where @ changes as far right as it can. You argue that if o’
works then so would « given by this least effort strategy. This is proven by
induction.

Here is an example which would show why the least effort strategy won’t
work.

stage 1: Bp,1 = 0.001, 81,1 = 0 and a; = 0.001

stage 2: fp2 = 0.001, 812 = 0.001 and ap = 0.010

stage 3: ﬁ073 = 0010, ﬁ173 = 0.001 and a3 = 0.100

stage 4: $p,4 = 0.010, 81,4 = 0.010 and a4 = 0.110

stage 5: Bp,5 = 0.011, 815 = 0.010 and a5 = 0.111

stage 6: Bp,6 = 0.011, 31,6 = 0.011 and o = 1.000

stage 7: Bo,7 = 0.100, 31,7 = 0.011 and a7 = 1.100

stage 8: Bp,s = 0.100, 31,8 = 0.100 and ag = 10.000

&This reducibility was originally called sw-reducibility by Downey, Hirschfeldt and
LaForte, for “strong weak truth table reducibility”, but in keeping with the spirit of
recent usage, we have adopted the more sensible notion suggested by Barmpalias and
Lewis of computable Lipschitz reducibility.
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All of this is filters through an interesting relationship between <, and
<c, <k.

Lemma 5.6: (Miller and Yu [62]) For random «, (3,

(i) Suppose that o <x 8. Then o <1, 5.
(ii) Suppose that a <o . Then a <., 5.

We state the following for <y but they hold equally for <c. (Most of
the proofs are in this area work equally well for < and <g. There are
occasional cases where the proof needs considerably more work in the <¢
case, such as the proof of Lemma 5.6(ii) above.)

Corollary 5.2: (Miller and Yu [62])

(i) Suppose that a <k 3, and « is n-random and f is random. Then
[ is n-random.
(ii) If a @ B is 1-random, then a|x and have no upper bound in the
K-degrees.
(iii) For all n # m, the K-degrees of Q™ and Q0™ have no upper
bound.

Miller and Yu provided a natural way to demonstrate that the vL-
degree and the K-degrees differ on randoms. The following result should
be compared with Theorem 5.16 (vi).

Theorem 5.17: (Miller and Yu [62]) If a @ 8 is 1-random, then o|xa® .

A simple application yields Theorem 5.14, that u{f : 8 <k a} for
random « is zero. Namely, if 3 is 1-a-random, then 8 £, « and hence,
since u({0 : B is l-a-random }) = 1, we get p({5 : B <k a}) = 0, since
<k implies <,, .

Using new techniques and extensions of the above, Miller has proven
the following.

Theorem 5.18: (Miller [58])

(i) If o, B are random, and o =k 3, then o = 3'. As a consequence,
every K-degree of a random real is countable.
(i) If a <k f3, and « is 3-random, then § <p a & (.

Notice that (ii) implies that the cone of K-degrees above a 3-random
is countable. Miller and Yu have constructed a 1-random whose K-upper
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cone is uncountable. This last result uses their method of constructing K-
comparable reals. Its proof uses the following clever lemma. The current
proof of Lemma 5.19 is quite difficult.

Theorem 5.19: (Miller and Yu) Suppose that ) 2-/(") < o, then there
is a l-random Y with

K [n)<n+ f(n),
for almost all n.

Then to get K-comparable reals, use the result taking g(n) = K(B |
n) — n for random B. This function is convergent by the Ample Excess
Lemma. Now we use Theorem 5.19 on some convergent function f with
g—f— o

We remark that Miller has also constructed an uncountable (non-
random) K-degree.

Finally Miller has shown that if « is 3-random then its often useless as
an oracle. We will call o weakly-low for K if (3%°n)[K (n) < K*(n)+O(1)].
Thus in a weakly-low real, the information in « is so useless that it cannot
help to compress n. The following result echoes the theme articulated by
Stephan that most random reals have little usable information in them:.

Theorem 5.20: (Miller [58])

(i) If v is 3-random it is weakly-low.
(ii) If « is weakly-low, and random, then « is strongly Chaitin random
in that

(3*n)[K(a [ n) > n+ K(n) —O(1)].

5.5. Outstide of the randoms

Little is known about <¢ and <y outside of the random reals. On the c.e.
reals <¢ and <k are appropriate 3 measures of relative randomness, and
hence the following is true.

Theorem 5.21: (Downey and Hirschfeldt [18]) The C- and K- degrees of
c.e. reals form dense uppersemilattices.

We remark that this needs the result of Downey, Hirschfeldt, Nies, Stephan
[22] that + is a join. To see this, given z,y < z, run the enumerations, and
have one z-program if zs [ n stops first, and one if y, [ n first.
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Other than this, Frank Stephan has shown that < implies <7 on the
c.e. reals. (see [18]). This generalizes earlier theorems of Loveland and of
Chaitin.

Theorem 5.22: (Loveland [50]) Suppose that for all n, C(X | n|n) =
O(1). Then X is computable.

Theorem 5.23: (Chaitin [8]) A <¢ 1¢ iff A is computable.

Proof: (Sketch) All of these use the “IIY class method” each time. They use
the fact that a I1J class with a finite number of paths has computable com-
putable paths. Take Loveland’s Theorem, for instance. Since there are only
finitely many programs to consider for the C(X | njn) = O(1). Knowing
these and the maximum hit infinitely often will allow for the construction
of the TIY class.

Chaitin’s Theorem uses the same method but needs the combinatorial
fact below.

Lemma 5.7: (Chaitin [8]) [{o : C(0) < C(n) +dA |o| =n}| = O(29).

Since we know that between n and 2" there are C-random lengths with
C(n) = logn, we can then apply the Lemma to construct the I1{ class. Fi-
nally, Stephan’s result is similar, but uses a relativization plus enumeration
argument. O

5.6. <k and <

This naturally leads us to ask whether <y implies <7 for c.e. reals. As it
turns out the implication fails at the very first place it can.

Definition 5.4: We say that A is K -trivial iff there is a constant d such
that for all n, K(A [ n) < K(n) 4+ d. We would write A € KT'(d).

Theorem 5.24: (Solovay [83]) There are noncomputable K-trivial reals.

As we will see, such reals can even be c.e. sets. The reader might well
ask, “what about the II{ class method?” The IIY class method kind of
works, except to construct the tree, we don’t know the K-complexity of
any n, like we do for C. For C, we know “logn” is the answer in long
enough interval. (That is, between m and 2™ there is a random length and
its C-complexity will be logn.) But in the prefix-free case, the tree is only
AY since ()’ can construct it. Now the same methods work (this time using
the Coding Theorem to bound the width). We get the following.
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Theorem 5.25: (Chaitin [9], Zambella [100]) There are only O(2¢) mem-
bers of KT(d). They are all AY.

The reader might wonder with the nice computable bound how many
K-trivial reals there are. Let G(d) = |{X : X € KT(d)}. Then there is a
crude estimate that G(d) <r 0"’. This is the best upper bound known. In
unpublished work, Downey, Miller and Yu have shown that G(d) £r ',
using the fact that ), Gz(f ) is convergent. This is all related to the Csima-
Montalban functions. We say that f is a Csima-Montalbdn function if f is
nondecreasing and

K(A|n)<K(n)+ f(n)+0(1)

implies that A | n is K-trivial. Such functions can be constructed from (" ®
G. We define f to be weakly Csima-Montalbén, if we weaken the hypothesis
to be that liminf,, f(n) — oo. Little is known here. It is not known if the
arithmetical complexity of f depends upon the universal machine chosen.

Returning to our story, it is very easy to construct a K-trivial real, using
the “cost function” method. This construction has been well-reported, and
we note it below.

Let

Asp1 = A U{z W sNA;=0Az €W s

A YD 2 KOO < om(erny,

r<j<s

Then A is noncomputable and K-trivial. Work of Nies shows that, basically,
this is the only way to construct such sets.

The K-trivial reals form a fascinating class of reals and has many un-
expected properties. The first such property to be established was the fol-
lowing.

Theorem 5.26: (Downey, Hirschfeldt, Nies, Stephan [22]) If A is K-trivial
then A is Turing incomplete.

The proof of this result is far from easy, and uses the “decanter” method.
This decanter/golden run method has been refined and elaborated through
the deep work of Nies, and Hirschfeldt-Nies, (especially [66,68]) and later
Hirschfeldt-Nies-Stephan to establish a number of amazing results, using
“golden run” constructions. For example:
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Theorem 5.27:

(i) (Nies) Every K-trivial is t¢t-bounded by a K-trivial c.e. set.

(ii) (Nies) Every K-low is superlow, and “traceable”.

(iii) (Nies) K-trivial = low for randomness, meaning that A-random iff
random.

(iv) (Hirschfeldt-Nies) K-trivial=low for K, meaning that K4(o) =
K(o) 4+ O(1), for all o.

(v) (Nies) K-trivials are closed under T-reducibility and form the only
known natural ¥ ideal in the Turing degrees.

(vi) (Nies) They are bounded above by a lowy degree.

Hirschfeldt, Nies and Stephan [31] have shown that if A and B are A
random then there are K-trivials are T-below both of them. I simply don’t
have time in these lectures to tell the “trivial story” which is still being
worked out.

I remark that there are many open questions about this amazing class.
Here is one of my favourites. Is there a low (necessarily non-c.e.) degree
above all the K-trivials. The reason that this is of interest is that if such a
real could be random then it would be a genuinely new strategy for coding
into randoms, as has been pointed out by Kucera.

5.7. Hausdorff Dimension

We return to the theme of calibrating randomness. This time we will try
another approach. Consider Q. It is random. What about ag0a;0... where
Q = agay . ... Then probably we’'d expect it to be “half random.”

There is an an effectivization of a well-known theory that makes this
correct. A refinement of the class of measure zero sets is given by the theory
of Hausdorff Dimension. In 1919 Hausdorff [30] generalized earlier work of
Carathéodory to define a notion of an s-dimensional measure to include
non-integer values.

The basic idea is that you replace measure by a kind of generalized
measure, where ([o]) is replaced by 2751l where 0 < s < 1. With s = 1
we get normal Lebesgue measure. For s < 1 we get a refinement of measure
zero. Very informally, it can be shown that there is some limsup where the
s-measure is not zero, and this is called the Hausdorff dimension of the set.
One can translate this cover version into a s-gale (a version of martingales)
definition in the same way that it is possible to frame Lebesgue measure in
terms of martingales.
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In any case, for the effective version through the work of Lutz, Mayor-
domo, Hitchcock, Staiger and others we find that the notion corresponds
to liminf, K(‘im), and can take that as a working definition of effective
Hausdorff dimension. (This sentence does not do justice to the work done
by these and other authors in this area.) With this definition, one can eas-
ily see that the thinned version of 2 above gets dimension % Actually it is
-random in the sense of Tadaki [89].

In these lectures I don’t have the space to talk about all the nice results
developed concerning effective Hausdorff dimension (and effective packing
and box counting dimension). I simply want to point out that there are
other ways to calibrate randomness. One very nice question here is the
following. Is there a degree a which has a member of nonzero dimension,
and yet bounds no random degree?

I would like to remark that Lutz [51,52] has even developed a notion of
dimension for individual strings. Again we see that it is immediately related
to prefix-free complexity. The approach is to replace s-gales by “termgales”
which are the analogues of s-gales for terminated strings. (You have a third
bet that you have reached the end of the string.) One of the results he has
proven is the following.

Theorem 5.28: (Lutz [51,52]) Let d denote the discrete dimension ob-
tained using “termgales” as alluded to above. There is a constant ¢ € N
such that for all o € 2<%,

|K (o) — |o] dim(o)| < c.

I refer the reader to Lutz [51,52], Staiger [84,85], Terwijn [90], Reimann
[74, 75], Downey, Merkle, Reimann [25], Tadaki [89], and Downey and
Hirschfeldt [18], for more details.

6. Lecture 5: Measure-theoretical injury arguments
6.1. Risking measure

In the last section we met the effective 0-1 laws. These laws can be ex-
ploited to prove various results about random degrees by making construc-
tions which work on sets of positive measure. This basic idea goes back to
unpublished work of Martin (as we see below) and of Paris [72,73]. The idea
was beautifully exploited by Kurtz in the later chapters of his PhD The-
sis [44]. These results tend to give theorems that hold for almost all degrees.
With more care, we can calculate exactly the level needed to make the con-
structions work and deduce that they hold for all, for example, 2-random
reals, as in Kautz [33].
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6.2. 2-random degrees are hyperimmune

We begin this section with the proof of Martin’s Theorem 6.1 The main
idea is called “risking measure,” in the words of Kurtz [44], and results in
a measure-theoretical version of the priority method. The idea is that if
we fail to meet some requirement then we will fail to define some object
under construction (typically, a Turing functional) on some small measure
of Cantor space. However, things are arranged that this is small enough
that we only fail on a set whose measure is bounded, and then after the
fact argue that the result holds for almost all reals by the effective 0-1 laws.

Theorem 6.1: (Martin, unpubl.) Almost every degree is a hyperimmune
degree.

Proof: By the zero-one law it is enough to prove that p({A : A bounds a
hyperimmune degree }) > 0. To achieve this we construct a partial com-
putable functional = so that

1
p({A : 24 is total and not dominated by any computable function} > 3

For this construction, it is convenient to consider = as a partial computable
function from strings to strings. This will be a reduction provided that
E(v) |, v 2 v and Z(v) |, then Z(v) C E(V). We remark that it is not
necessarily true that if Z(v) | then Z(v) | for all v C v.

On a set of positive measure, we will meet the requirements :

A

Re @ ¢ total — =7 is not majorized by ..

Now suppose that we knew whether . was total. Then we could proceed
as follows. We could begin with A, the empty string. If ¢y was not total,
then we would need to do nothing else and could proceed to treating R;.
Otherwise, we could select some witness ng, compute ¢g(ng) and then set
EMno) = o(no) + 1. Then, of course, @y cannot majorize =4 for any A.
We could then use a new witness for ¢1, etc.

The trouble is that we cannot decide whether ¢ is total, and of course
even for a witness ng, we can’t decide if ¢g(ng) | [s] for some s.

The idea then is to try to implement this process in such a way that
should we fail to meet some R, then the overall cost (in terms of measure)
will be small. (Here small will be 2~(¢+2))

For the sake of Ry we will work as follows. Initially, we will devote the
string 00 to trying to force o not to be total. By this we mean that we
first pick a witness ng = nJ’, for the cone [00] of strings o extending 00.
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We will not define 7 (ny), or indeed Z7 at all for such o until we see some
stage s where ¢o(nd°) | [s]. At this stage we will then define

E%(no) = po(no) + 1.

The point is that now for any strings o extending 00, =7 (ng) = @o(ng)+
1. (And we would make sure that Z°°(m) is defined for all m < ni° so as to
make 2% total on a set of o of positive measure.) Hence Ry is met within
the cone [00] no matter how else we define Z, provided that it is done in a
way consistent with Z°°.

Notice that if we fail to define Z°°, then ni is a witness to the fact that
o is not total. Ry is therefore met globally. The cost of meeting Ry this
way is that 24 will not be defined on a set of measure 271001 = 22,

Now whilst we are devoting [00] to testing Ry, we cannot stop =¥ being
defined for strings not extending 00. Thus, for instance, by the stage s that

we get to define Z(ng) | [s] = ¢(ng) + 1, we might well have defined

E7(m) for various o extending 01.

The idea is that once we succeed for Ry in [00] we will process Ry in
the cone [01] (and then [10], then [11], always risking 272 each time). Thus
Ry will assert control of [01] taking control of all extensions of 01 of length

s. There will be 2572 such extensions v . ..vs:—2 and note that
> 2rl=272
i<i<2s—2

Then the idea is that Ry will pick a new (large, fresh) witness n3! which
will serve for all of the v;’s. Diagram 1 below might be helpful here.

vy Vo(s—2)

)
asserts
control of
[01]

Fig. 1. Rp changes to the next cone
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Then if we ever see a stage t > s such that ¢o(nd') | [t], we will be free
to define 2V (nd) | [t] = po(ndt) + 1, for all v; simultaneously.

Then Ry could assert control of [10], via all strings of length ¢ and take
a new witness for this cone, etc.

The point is that either Ry will eventually get stuck on one of
[00], [01], [10],[11] at a cost of §, or we will diagonalize ¢o in each cone
via the cone’s witness, in which case Ry has no effect on the measure where
= is defined.

The inductive strategies are defined similarly. For R, choose the collec-
tion of strings o1, ..., 092+¢, the antichain of strings of length e 4+ 2 to take
the role of 00,01,10,11 as above. The goal would be, first process R — e
in [o1] then [o2], etc. Of course we would let the priorities sort this out.
Whilst some R; is asserting control of some [v] D [o;] for j < e, we would
let R, assert control of the first available [oy]. In this way, we see that at
any stage each R. has exactly 27(¢+2) of measure risked because of it, of
R — e is completely met. Thus the overall measure where Z is not defined

is bounded by Y o—(e+2) — % -

This result can also be obtained by the following elegant argument of
Nies, Stephan, and Terwijn.

Proof: (Nies, Stephan, and Terwijn [69]) Recall that in Lemma 4.3, it
is shown that A is 2-random iff for all computable time bounds g with
g(n) = n?,

3d3°°n(CY(A | n) > n—d).
Define
f(k) = pn[Fp1,....pe <n)(CI(A | pi) > pi —d).

Then f is A computable. We claim that f is not dominated by any com-
putable function. Suppose that f(k) < h(k) for all k. Define the I19 class

P =A{Z:Vk[3p1,...,px < h(K)|(CY(Z | pi) = pi — d)}.

Then P # (, and every member of P is 2-random. But then there is a
2-random real that is, for instance, of low degree. O

6.3. Almost every degree is CEA

We use the ideas of the Martin’s proof above to establish the following re-
markable result of Kurtz, with the observation of Kautz that 2-randomness
is enough for the proof.
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Theorem 6.2: (Kurtz [44], Kautz [33]) Suppose that A is 2-random. Then
A is CEA.

Proof: As in Theorem 6.1, we satisfy things on a set of positive measure.
Here, we construct an operator = so that

p({A:E(A) total and =Z(A) £r A}) >

)

] =

and A is c.e. in E(A) whenever Z(A) is total. The calculation that weak
2-randomness is enough comes from again analyzing the method of satis-
faction of the requirements.

To make A c.e. in E(A) we will ask that n € A iff (n, m) € E(A) for some
m. Thus, in fact A is enumeration reducible to Z(A). Now whilst doing this
we must meet requirements of the form

Re: A# @7,
there I'. denotes the e-Turing procedure.
Definition 6.1: We say that a string £ is acceptable for a string o iff
e(m,m) =1 o(n) = 1.

Remember we are trying to make A c.e. in 24. Thus we will always

require that =7[s] is acceptable. We will also try, whenever possible, to use
¢ to represent string in the range of Z[s].

The principal difficulty with this proof is that it is very difficult for us
to actually force

A # PN,

The reason is that our opponent is playing ®..

The main idea is the following. In this proof, we will inductively be
working above some string (3, to which Kurtz assigns a state via a colour
blue,. This more or less indicates that we are presently happy with the
situation up to this string. Now we consider the action in the cone [5]. As
in the previous construction, we will willfully be not defining = on some
cone of small measure in the cone [3]. In this case, the test string will be
B71¢72. We will only ever define =7 for ¢ extending 571°%2, should it be
possible for us to actually perform some kind of diagonalization.

For those reading the account of Kurtz [44] or Kautz [33], this testing
is signaled by assigning the string 3712 the state red,.
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While we are waiting for suitable conditions for diagonalization to occur,
we will devote [11],. .., [Vaet+2)_1] (the length e + 2 extensions of 3) to the
rest of the construction in this cone [3]. Note that we will only be defining =7
for 7 extending v; in this cone, with priority e. In Kurtz’s construction, this
part of the current inductive module satisfying R, is given the state/colour
yellow,. Diagram 2 below might be helpful here.

all yellowe

ﬁy%

Vo(e+2) _9
141 Vo(e+2)_1

p= /81(F+2)
red

blue
e

B

Fig. 2.  R¢’s basic module

Now, in the background, the construction is running along, gradually
defining =7 for various 6 extending v; in the cone [3].
Question: Under what circumstances would a string 6 look bad from R.’s
point of view?
Answer: It would look bad if it looked like the initial segment of a real «
with &2 = a.

This threatening situation can be detected as by looking at strings which
might approximate such reals.

Definition 6.2: We say that a string 6 is threatening a requirement R, is
there is a yellow, strings v extending its blue, predecessor g with v < 6,
and a strings & acceptable to 6 such that

(i) 0] <s
(i) €] =
(iii) =¥[s] < ¢

)
)
(iv) ®5(k) = v(k) = 0[s] for some k such that |3| < k < |v|, and
(v) no initial segment of # has colour purple,.
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Item (v) is a mystery at present, but is simply a minimality condition
now to be described, and can presently be ignored. If we see a threatening
string 6, then it looks bad for us to continue to define = on strings extending
6. Thus we will do the following. In the construction we will give any string
6 which is threatening R, colour purple.. While this situation holds, we
will not define = on any extension of 6.

Now it might be that above (3, the measure of the strings coloured
red, (namely 2 (I8 \+e+2)) plus the measure of purple. strings remains small
enough. That is, we don’t kill too much measure above [3] by this process.
Then we would be safe to continue out construction, and R, would only
have measure-theoretically small effect. Then R, will be met, and the string
571(¢+2) draws attention to this fact.

What about if the amount of measure killed by threatening strings be-
comes too great. Then we risk defining = only on a set of measure zero
above (. The key thing to notice is that the collection of strings v; are cho-
sen so that they each differ from 112 in at least one place where they are
a 0. That is, the reader should note that item (iv) in Definition 6.2 means
that if p = $1°T2 denotes the unique red, extension of 3 at stage s, for
some k with p(k) = 1 we must have ®¢(k) = v(k) = 0 # p(k) = 1, by fact
that p = 172, That means if we chose to define Z% on extensions a of p
to emulate =¥, then it cannot be that ®Z° = « as it must be wrong on p.

For each purple, string 6, let " denote the unique string of length |6
extending the red. string p with 8(m) = 6’ (m) for all n > |p|. The idea
is that we will be able to give these 6’ the colour green., and bound their
density away from 0, if the density of purple, strings grows too much.

Specifically, when the density of purple,. strings above the blue, string
B exceeds 27(¢13) there must be some yellow, string v such that the den-
sity of purple. strings above v must also exceed 27(¢+3) by the Lebesgue
Density Theorem. Let {61, ...,60,} list the purple, strings above v, where
for definiteness v is chosen lexicographically least. For each 6;, let &; be the
least string which witnesses the threat to R, according to Definition 6.2.

Thus,

(i) &; is acceptable for 6;,
(il) ¥ =&, and
(iii) ®% (k) =0 = 6,(k) for some k with p(k) = 1.
Now we are in a position to win R, in the cone above p, and on a set

of large measure. In the construction, we will now define Z to mimic the
action of = on the 6, above v, so that Z¥[s] = Z°[s]. The action is that
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(a) Any string extending [ loses its colour.

(b) B loses colour blue,.

(¢) Each string ¢} is given colour green,.

(d) We define 2% = ¢;, which will then force ® (k) # ¢’ (k) for some
k with |8] < k < |v].

Notice that (d) above justifies the use of the colour green, for the strings
0}. Diagram 3 might be helpful here.

all green o
= defined to purple,
agree with the 6; of "large” measure
K—JR
% o 0, o 0 o,

v(g) #pli) =1

here

&

Fig. 3. R¢’s acts under purplee pressure

The reader should note that each time we are forced to use the red.
string p, we are guaranteed to succeed on set of measure at least 2—(e+5)
above (3, and hence we will succeed on a set of positive measure. Notice also
that since we remove all colours from the purple strings then we will be able
to replicate this construction on strings extending those that have lost their
colour. Finally, we remark that the fact that we only consider acceptable
strings will mean that some subset of A is computably enumerable in Z4.
This will be fixed via a “catch up” when we assign blue. colours. It is
also why we chose 172 as the extension for 3 since all strings of interest
will remain acceptable, and we can always find an extension to make the
enumeration reduction work.

To see that 2-randomness is enough for the result, we have made sure
that {Z4 is total } is a I3 class of positive measure and contains at least
one 2-random real. Thus by the effective 0-1 law, it contains members of
every 2-random degree.
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Full details can be found in Downey and Hirschfeldt [18], and Kautz [33].
O

In Kautz’s Thesis [33], Kautz mistakenly claims that weak 2-randomness
is enough. His error is to assume that the effective 0-1 law holds for weak 2
randomness. In fact for hyperimmune free degrees Martin-Lof randomness
is the same as weak 2-randomness, as we have already seen.

6.4. Variations and marginalia

Kurtz proved that almost every degree bounds a 1-generic degree. He re-
marks that this result can also be deduced from the theorem above, via the
following result which was known to several authors in the 70’s. P The proof
below is an unpublished one due to Richard Shore (also found in Soare’s
book [80], Exercise VI, 3.9).

Theorem 6.3: Suppose that A is CEA(B) with B <7 A. Then A bounds
a 1-generic degree.

Proof: Let A = UsA; be a B-computable enumeration of A. Let ¢(n)
denote the computation function of A:

o(n) = ps(Ay [ n= AT n).

We construct the 1-generic set G = limy G4 via a finite extension argu-
ment. Let V. denote the e-th c.e. set of strings. At stage s we let G511 = G
unless (for some least ) we see some extension v € V, o(s41) with G4 < 7.
In this latter case, let Gsy1 = 7.

Suppose that G is not 1-generic. We claim that A <p B. Let e such that
G does not meet V. and every initial segment of G is extended by one in
Ve. Let s be a stage after which e has priority. It suffices to compute ¢(n)
from B, since B enumerates A. Using simultaneous induction on s and Gy,
for s > sg.

Now assume that G is known. Compute a minimal stage ¢ such that
some extension 7, of G occurs in V. ;. The it must be that t > ¢(s + 1),
lest we would act for e. This allows us to compute ¢(s+1), and hence Gy ;.

O

Corollary 6.1: (Kurtz [44])Suppose that a is 2-random. Then a bounds a
1-generic degree.

Actually, Kurtz proved an even more surprising result in [44]. Recall
that we say that a class C of degrees is downward dense below a degree a
iff for all nonzero b < a there is a degree ¢ < b with c € C.
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Theorem 6.4: (Kurtz [44]) The 1l-generic degrees are downward dense
below any 2-random degree.

Again the methods of proof are elaborations of the measure risking ones.
Roughly speaking, a key ingredient is the de Leeuw, Moore, Shannon, and
Shapiro-Sacks result that the cone of degrees above a noncomputable real
has measure zero. However, this time the argument is much more delicate,
since, in particular, we need to recognize when we are dealing with a com-
putable real where the de Leeuw, Moore, Shannon, and Shapiro-Sacks result
might fail. The proof of this result is beyond the scope of the present lecture
and we refer the reader to Kurtz [44] and Downey-Hirschfeldt [18].

We remark that there has been a reasonable amount of work pursuing
analogs of these results for other classes, such as the generic reals. For
instance, Yu Liang [96] has proven an analog of van Lambalgen’s Theorem:

Theorem 6.5: (Yu [96]) © @ z is n-generic iff = is n-z-generic and z is
n-generic.

This allowed Yu to prove a number of interesting results about generics.
We can also ask whether reals « can be low for, say, 1-genericity meaning
that y is x-generic iff y is generic.

Theorem 6.6: (Greenberg, Miller, Yu [96]) No noncomputable real is low
for 1-genericity.

We remark that Miller and Yu have shown that there are reals low for weak
genericity. One question is whether the class of low for weakly generic reals
is the same class as the computably traceable reals.
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