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dI2

dt
=

N2 − I2

N2
(β21I1 + β22I2) − γ2I2

(1.53)

−
[
µ2 + (1 − a2)

r2N2

K2

]
I2 − nN1I2,

dN2

dt
=
[
r2

(
1 − N2

K2

)
− nN1

]
N2,

Ni ≥ Ii ≥ 0, 0 ≤ ai ≤ 1, i = 1, 2,

where m and n are the coefficients of competition, βii, i = 1, 2, are the
adequate contact rate coefficients for the contacts within species and βij ,
i �= j, are for those between species.

The model (1.53) exists six boundary equilibria and one positive
equilibrium. The existence and global attractivity of each equilibrium have
been discussed completely [Han et al. (2001)].

1.4.4.3. Models with vector-host

There are diseases whose infections are acquired through vectors rather than
the direct contacts within the infectives in a population. For instance, the
transmission of malaria to human beings is from infected mosquitoes, the
transmission of schistosomiasis to human beings is from infected snails. In
the following, we introduce the idea for modeling of these vector-borne dis-
eases by a simple malaria model proposed first by Ross (1911).

Let Nh(t) denote the human population size in a given region at time
t, Ih(t) the proportion of the infective human beings at time t, Nm(t) the
number of female mosquitoes at time t (only female mosquitoes bite human
beings because they need blood to produce eggs), and Im(t) the proportion
of infective mosquitoes. Then k := Nm/Nh is the average number of female
mosquitoes possessed by a host (human). Suppose that a is the biting rate
per female mosquito, that is, the number of bites per female mosquito, per
unit of time, βh and βm are the probabilities that a bite leads to infection
to a susceptible human and to a susceptible mosquito, respectively, γ is
the recovery rate coefficient of infective humans, and µ is the death rate
coefficient of mosquitoes. Hence, the average number of bites by female
mosquitoes per human, per unit of time, is aNm/Nh, and the probability
of infection for one susceptible person per unit of time is βhaNmIm/Nh =
βhakIm. Noticing that the proportion of the susceptible human beings at
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time t is 1 − Ih(t), we obtain the following system of equations:

dIh

dt
= βhakIm(1 − Ih) − γIh,

dIm

dt
= βmaIh(1 − Im) − µIm.

(1.54)

Model (1.54) always has a disease-free equilibrium (0, 0). When the
reproductive number R0 := a2βmβhk/(γµ) > 1, (1.54) also has a unique
endemic equilibrium E∗(I∗h, I∗m), where

I∗h =
akβh(1 − 1/R0)

akβh + γ
, I∗m =

aβm(1 − 1/R0)
aβm + µ

.

It can be proved that if the reproductive number R0 < 1, the disease-free
equilibrium E0(0, 0) is asymptotically stable, and if R0 > 1, E0 becomes
unstable, and the endemic equilibrium E∗(I∗h, I∗m) is asymptotically stable.
It is easy to see that when the biting rate of a mosquito during its whole
lifespan, a/µ, increases, the reproductive number R0, the proportions of the
infected humans I∗h and the infected mosquitoes I∗m (if R0 > 1) all increase.
Unfortunately, this does not always agree with the reality. It follows from the
data acquired by experiments that the proportion of the infected mosquitoes
is less than 10% even if in highly infected regions. This can be improved by
introducing latent periods in the infectedmosquitoes.We explain it as follows.

During the life-cycle of malaria transmission, gametocytes are ingested
by a mosquito when it ingests human blood. Within the mosquito the game-
tocytes develop into gametes that fuse to form zygotes. They become motile
ookinete formwhichbore through thegutwall of thevectorand formanoocyst
from which large numbers of sporozoites are released. These sporozoites then
invade the salivary glands of the mosquito from which they are injected into
human host when the vector feeds. Hence, there is a latent period, denoted by
τ , between a mosquito being infected and becoming infectious. Let Em(t) be
the proportion of the mosquitoes in the exposed (latent) compartment. Model
(1.54) can be modified to as the following model with time delay:

dIh

dt
= βhakIm(1 − Ih) − γIh,

dEm

dt
= aβmIh(t)[1 − Im(t) − Em(t)] − µEm(t)

− aβmIh(t − τ)[1 − Im(t − τ) − Em(t − τ)]e−µτ ,

dIm

dt
= aβmIh(t − τ)[1 − Im(t − τ) − Em(t − τ)]e−µτ − µIm(t).

(1.55)
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It can be shown that the reproductive number of infection for model
(1.55) is

R̄0 = R0e−µτ =
a2βmβhk

γ
× e−µτ

µ
,

and the corresponding components I∗h and I∗m are

I∗h =
akβhe−µτ (1 − 1/R̄0)

akβhe−µτ + γ
, I∗m =

aβme−µτ (1 − 1/R̄0)
aβme−µτ + µ

.

Another point of view to investigate the epidemic models for vector-
borne diseases, such as malaria, is to transform approximately the infected
mosquitoes into the infective hosts by means of transformation of time scales.
In this way, we need only to investigate the host population in the model.
Let us explain it, using an example [Takeuchi et al. (2000)], as follows.

Consider an SIR malaria model with vital dynamics included in the
human population where the human population size is a constant, N , such
that the death rate and birth rate coefficients are the same, denoted by µ̃,
and assume that all human newborns are susceptible. We also assume a
constant mosquito population, VT, such that the death rate and birth rate
coefficients are the same, denoted by δ, and assume VT is sufficiently larger
than N so that q = N/VT 	 1. We divide the mosquito population into two
groups: susceptibles, Vs, and infectives, Vi, and let τ be the latent period
for an infected mosquito to become infectious. Under these assumptions,
we have the following equations for the human population

dS

dt
= −β̃S(t)Vi(t) − µ̃S(t) + µ̄N,

dI

dt
= β̃S(t)Vi(t) − λ̃I(t),

dR

dt
= λ̃I(t) − µ̃R(t),

(1.56)

where β̃ is the transmission rate coefficient from mosquitoes to humans, λ̃ is
the recovery rate, and N(t) = S(t)+ I(t)+R(t) = N(t0); and the following
equations for the mosquito population:

dVs

dt
= −keδτI(t − τ)Vs(t − τ) − δVs(t) + δ[Vs(t) + Vi(t)],

dVi

dt
= keδτ I(t − τ)Vs(t − τ) − δVi(t),

(1.57)
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where k is the the transmission rate coefficient from humans to mosquitoes,
δ is the birth and death rate coefficient, and Vs(t)+Vi(t) = VT(t) = VT(t0),
and the term keδτ I(t − τ)Vs(t − τ) is the number of mosquitoes who were
infected at time t − τ , are still alive after the latent period τ , and become
infectious, at time t .

Now we set the two models in dimensionless forms by the trans-
formations

s(t) =
S(t)
N

, i(t) =
I(t)
N

, r(t) =
R(t)
N

;

and

vs(t) =
Vs(t)
VT

, vi(t) =
Vi(t)
VT

.

Notice that the time scales for human beings and mosquitoes are quite
different, where σ = kNt (slow scale) such that σ = 1 at tσ = 1/(kN),
which is the mean duration of infection for human beings; ρ = kVTt (fast
scale) such that ρ = 1 at tρ = 1/(kVT), which is the mean duration of
infection for mosquitoes. Hence, tρ = qtσ and q = N/VT 	 1. We uniform
the two scales by using the slow scale σ.

Now, we let t = ρ/(kVT). It follows from model (1.57) that

dvi

dρ
= q

[
e−δτ i(t − τ)vs(t − τ) − δ

kN
vi(t)

]
,

dvs

dρ
= −dvi(t)

dρ
.

(1.58)

It can be derived easily from the first expression of (1.58) that

− qδ

kN
≤ dvi

dρ
≤ qe−δt,

and hence

dvi

dρ
→ 0 if q → 0.

Thus, when q = N/VT is small enough,

dvi

dρ
= q

[
e−δτ i(t − τ)vs(t − τ) − δ

kN
vi(t)

]
≈ 0,

that is,

vi(t) ≈ kN

δ
e−δτ i(t − τ)vs(t − τ). (1.59)
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Since vs(t) + vi(t) ≡ 1, vs ≈ 1 if the death rate coefficient δ for mosquitoes
is sufficiently large such that kNe−δτ/δ 	 1, that is, δeδτ � kN . (Note
that the assumption of a large death rate for mosquitoes is more realistic.)
Hence, it follows from (1.59) that

vi(t) ≈ kN

δ
e−δτ i(t − τ). (1.60)

Next, let t = σ
kN and denote

s(t) := s

(
σ

kN

)
= s̄(σ), i(t) := i

(
σ

kN

)
= ī(σ), r(t) := r

(
σ

kN

)
= r̄(σ).

By straightforward calculations and using the approximate equality (1.60),
models (1.56) and (1.57) can be combined into the following system:

ds̄(σ)
dσ

= −βs̄(σ)̄i(σ − τ) − µs̄(σ) + µ,

dī(σ)
dσ

= βs̄(σ)̄i(σ − τ) − µī(σ) + λī(σ),

dr̄(σ)
dσ

= λī(σ) − µr̄(σ),

(1.61)

where

β =
β̃VTe−δτ

δ
, µ =

µ̃

kN
, λ =

λ̃

kN
.

System (1.61) represents a vector-borne SIR model with an incubation
time τ .

Model (1.61) can be further more realistically improved as follows.
Assume that the incubation time τ is not the same for whole vector
population, but distributed over the interval [0, h], where h ∈ R+ is
the superior limit of incubation time. Then, if we replace the incidence
βs̄(σ)̄i(σ − τ) by βs̄(σ)

∫ h

0 f(τ )̄i(σ − τ)dτ , system (1.61) becomes

ds̄(σ)
dσ

= −βs̄(σ)
∫ h

0

f(τ )̄i(σ − τ)dτ − µs̄(σ) + µ,

dī(σ)
dσ

= βs̄(σ)
∫ h

0

f(τ )̄i(σ − τ)dτ − µī(σ) + λī(σ),

dr̄(σ)
dσ

= λī(σ) − µr̄(σ),

(1.62)

where f is the distribution function of incubation time τ among the vector,∫ h

0
f(τ)dτ = 1.
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System (1.62) needs the following appropriate initial conditions: xσ0 =
φ(θ), θ ∈ [−h, 0], where xσ0 = (s̄(σ0+θ), ī(σ0+θ), r̄(σ0+θ)), for any σ0 ∈ R,
φ ∈ C: [−h, 0] → Ω = {x ∈ R3

+0 : s̄σ + īσ + r̄σ ≤ 1, x = (s̄σ, īσ, r̄σ)}.
Note that model (1.62) neglects a possible latent component for the

human population as pointed out by Takeuchi et al. (2000). Further im-
provement of the model is needed.

1.4.5. Epidemic models with age structure

Age is one of the most important characteristics in the modeling of pop-
ulations and infectious diseases. Individuals with different ages may have
different reproductive and survival capacities. Diseases may have different
infection rates and mortality rates for different age groups. Individuals of
different ages may also have different behaviors. Young individuals tend
to be more active in interactions within or between populations, and in
disease transmissions. STDs are spread through partner interactions with
pair formations, and the pair formations are clearly age dependent in most
cases. Most AIDS cases occur in the group of young people. Childhood
diseases, such as measles, chickenpox, and rubella, are spread mainly by
contracts between children of similar ages. More than half of the deaths
attributed to malaria are in children under 5 years of age due to their
weaker immune systems [Anderson and May (1991)]. All of these suggests
that age structure needs to be incorporated into epidemic models in many
cases [Gurtin and MacCamy (1985); Webb (1985); Charlesworth (1994);
Iannelli (1995); Hethcote (2000); Li and Brauer (2008)].

In this section, we consider three types of age-structured epidemic
models: those with discrete age structure, continuous age structure, and
age groups or stages, respectively.

To have better understanding of epidemic models with age structure,
we first introduce age-structured population models.

1.4.5.1. Population models with age structure

Discrete age-structured population growth model. We partition
the age interval into n equal subintervals, and discretize the time interval
with the step size as same as the length of the age subintervals, starting
with t0. Let Nij (i = 1, 2, . . . , n; j = 1, 2, 3, . . .) be the number of individuals
whose age is in the ith age subinterval at time j, pi is the probability that
individuals at the ith age subinterval survive to the (i+1)th age subinterval,
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that is, Ni+1,j+1 = piNij , and Bi is the number of newborns produced by
an individual at ith age subinterval. We assume density independence. Then
the discrete age-structured population growth model is given by

N1,j+1 = B1N1j + B2N2j + · · · + BnNnj ,

N2,j+1 = p1N1j ,

...

Nn,j+1 = pn−1Nn−1,j,

or in the vector form

Nj+1 = ANj , (1.63)

where

Nj =




N1j

N2j

...

Nnj


 , A =




B1 B2 B3 · · · Bn−1 Bn

p1 0 0 · · · 0 0

0 p2 0 · · · 0 0
...

...
...

...
...

...

0 0 0 · · · pn−1 0




.

Equation (1.63) is called the Leslie matrix model [Leslie (1945,
1948)].

Continuous age-structured population growth model. When pop-
ulation size is sufficiently large or generations overlap, models with a
continuous distribution in age are more appropriate for modeling of
population growth.

Let f(a, t)da be the number of individuals whose age is between a and
a + da, at time t, where f(a, t) is called the age distribution function such
that the number of individuals whose age is between a − da and a at time
t is f(a − da, t)da. Suppose that the probability of death for individuals
whose age is between a − da and a in unit of time is µ(a − da), such the
number of deaths for those individuals growing from age interval [a−da, a]
to [a, a + da] is

µ(a − da)f(a − da, t)da.
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Thus we have

[f(a − da, t) − f(a, t + dt)]da = µ(a − da)f(a − da, t)dadt. (1.64)

Notice that age and time have the same scale so that da = dt. Then
expanding the both sides of (1.64) in Taylor series, keeping the terms of
first degree, and factoring out dt, we obtain

∂f

∂t
+

∂f

∂a
+ µ(a)f = 0. (1.65)

Equation (1.65) is a hyperbolic partial differential equation with first
order. To find the boundary condition, let B(a)da express the mean number
of offspring produced by an individual with age between a and a + da.
Notice that f(0, t)da is the number of all newborns in the population at
time t. Thus

f(0, t) =
∫ +∞

0

B(a)f(a, t)da.

Therefore, the system with definite conditions satisfied by the age distribu-
tion function of the population is the following:

ft + fa + µ(a)f = 0,

f(0, t) =
∫ +∞

0

B(a)f(a, t)da,

f(a, 0) = f0(a),

(1.66)

where f0(a) is an initial age distribution.

Population growth model with age groups or stages. In many cir-
cumstances, vital dynamics of individuals are approximately homogeneous
in a given age interval, but significantly different compared to those in a
different age interval. Then, under certain conditions, the age-structured
partial differential equation model (1.66) can be reduced to a system of
ordinary differential equations [Hethcote (1997); Li and Hallam (1988);
Tudor (1985)].

Partition the age interval into n subintervals [0, a1), [a1, a2), . . . ,
[an−1, an), where an ≤ ∞.
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Define the group of individuals with ages in interval [ai−1, ai], where
a0 = 0, by Ni(t) such that Ni(t) =

∫ ai

ai−1
f(t, a)da, i = 1, . . . , n. Then

integrating the partial differential equation in (1.66) from 0 to a1, we have

dN1(t)
dt

+ f(t, a1) − f(t, a0) +
∫ a1

0

µ(t, a)f(t, a)da = 0. (1.67)

Assume that individuals with ages in each interval have the same vital
rates such that B(a) = Bi, µ(t, a) = µi, for a in [ai−1, ai], i = 1, . . . , n.
Here Bi and µi are age independent, but may be density dependent. Then,
in age interval [0, a1], we have

f(t, 0) =
n∑
1

BiNi(t),
∫ a1

0

µf(t, a)da = µ1N1(t),

which leads to

dN1

dt
=

n∑
1

BiNi − m1N1 − µ1N1. (1.68)

Here m1 is the age progression rate from groups 1 to 2, defined by m1 =
f(t, a1)/N1(t), and we assume it is time independent.

Integrating (1.66) from ai−1 to ai for 2 ≤ i ≤ ∞, we have

dNi

dt
= mi−1 Ni−1 − (mi + µi) Ni, i = 2, . . . , n, (1.69)

where mi is the age progression rate from groups i to i + 1, and we let
mn = 0. Then the system (1.66) is reduced into a system of ordinary
differential equations.

1.4.5.2. Epidemic models with age structure

Epidemic models with continuous age structure. There are many
studies on continuous age-structured epidemic models in the literature. See
for example, [Busenberg et al. (1988, 1991); Capasso (1993); Dietz and
Schenzle (1985); Iannelli et al. (1992, 1999); Langlais (1995); Li et al. (2003);
Muller (1998)]. The ideas for modeling are similar as those in the previous
sections, but all individuals in every compartment are of continuously age
distributed. The following SIS model without disease-induced death is an
example [Busenberg et al. (1985, 1988)].
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Let s(a, t) and i(a, t) be the age distributions of the susceptibles and
infectives in a population at time t, and assume that the disease is only
transmitted between individuals with the same age. According to the ideas
for age-structured population growth models and epidemic compartment
SIS models, we have

∂s(a, t)
∂a

+
∂s(a, t)

∂t
= −µ(a)s(a, t) − k0(a)i(a, t)s(a, t)

+ γ(a)i(a, t),

∂i(a, t)
∂a

+
∂i(a, t)

∂t
= k0(a)i(a, t)s(a, t) − (γ(a) + µ(a))i(a, t),

s(0, t) =
∫ A

0

B(a)[s(a, t) + (1 − q)i(a, t)]da,

i(0, t) =
∫ A

0

qB(a)i(a, t)da,

s(a, 0) = s0(a), i(a, 0) = i0(a),

(1.70)

where µ(a) and B(a) are, respectively, the natural death and birth rate
coefficients of the individuals with age a, γ(a) is the recovery rate coefficient
at age a, A is the maximum age of all individuals in the population, and
k0(a) is the infection rate coefficient of the infectives with age a. It also
assumed that there exists a vertical transmission with q being the vertical
transmission coefficient.

Define R0 := q
∫ A

0 B(a)e
R a
0 [−(µ(σ)+γ(σ))+p∞(σ)]dσda, where p∞(σ) =

b0e−
R a
0 µ(σ)dσ with b0 ≥ 0, a constant. It is proved in [Busenberg et al.

(1988)] that the disease-free equilibrium solution is globally asymptotically
stable if R0 < 1, unstable if R0 > 1, and there exists an endemic equilibrium
solution which is globally asymptotically stable if R0 > 1.

In general, a disease can be transmitted between individuals with
different ages. In such a case, the incidence k0(a)i(a, t)s(a, t) in model (1.70)
should be replaced by the term k1(a)

∫ A

0
k2(a′)i(a′

1, t)da′, which is the sum
of infective forces of all the infectives to the susceptibles with age a.

For some diseases, the course of infection is long and infectives with
different infection stages have different infectivities. Then in addition to
the chronologic ages, we should also consider infection ages.

Let c denote the infection age, that is the time since infected, and let
f(a, c, t) be the distribution function of chronologic age a and infection
age c. (We call chronologic age simply age for convenience hereafter.)
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We then consider the following epidemic model with age and infection
age structures, which was studied by [Zhou et al. (2001)]. It is assumed that
there is no disease-induced death and all newborns are susceptibles:


∂s

∂a
+

∂s

∂t
= −µ(a)s(a, t) − G(a, t) + γ(a)

∫ a

0

i(a, c, t)dc,

∂i

∂a
+

∂i

∂c
+

∂i

∂t
= −(µ(a) + γ(a))i(a, c, t),

s(0, t) =
∫ A2

A1

B(a, P (t))p(a, t)da,

i(a, 0, t) = G(a, t) = C(a)S(a, t)
∫ A

0

∫ a′

0

β(a′, c)
i(a′, c, t)
p(a′, t)

ρ(a, a′, t)dcda′,

s(a, 0) = s0(a), s(A, t) = 0,

i(A, c, t) = 0, i(a, c, 0) = i0(a, c),

where s(a, t) and i(a, c, t) are the density functions for susceptibles and
infectives, respectively,

p(a, t) = s(a, t) +
∫ a

0

i(a, c, t)dc

is the total population density function such that P (t) =
∫ A

0
p(a, t)da is

the total population size at time t, B(a, P (t)) is the density-dependent age-
specific birth rate, C(a) is the age-specific contact rate, s0(a) and i0(a, c)
are the initial distributions, [A1, A2] is the period of fecundity, 0 < A1 <

A2 < A, with A the maximum age, β(a, c) is the age-specific probability
that a susceptible becomes infected through a contact with an infective with
age a and infection-age c, and ρ(a, a′, t) is the probability that an individual
of age a has contact with an individual of age a′, at time t.

We assume proportionate mixing [Busenberg and Castillo-Chavez
(1991)] such that

ρ(a, a′, t) = ρ(a′, t) =
C(a′)p(a′, t)∫ A

0 C(a)p(a, t)da
.

Then the reproductive number of infection for model (Sec. 1.4.5.2) is
derived as

R0 =
∫ A

0

∫ a′

0

C(a′ − c)p∞(a′ − c)
C(a′)β(a′c)∫ A

0 C(a′)p∞(a′)da′
π(a′, c)dcda′,
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where

p∞ = P∞
exp(− ∫ a

0
µ(τ))dτ

exp(− ∫ a

0
µ(τ)dτ)da

is the total population at its demographic steady-state, with P∞ a positive
contact, and

π(a′, c) = exp

(
−
∫ a′

a′−c

[µ(a) + γ(a)]da

)

is the survival probability of an infective surviving from a′ − c to a′. The
global stability of the disease-free steady-state and endemic steady-state
are investigated under certain conditions. The reader is refereed to [Zhou
et al. (2001)] for further details.

Epidemic models with discrete age structure. Since the time unit
of collection of data about epidemic transmission is usually days or
months, it is more natural and convenient to use models with discrete age
structure. Moreover, parameters for discrete age-structure models can be,
in general, relatively analyzed and computed easier. In the meantime, many
discrete age-structures models exhibit richer dynamics. While continuous
age-structured models have been widely used and well developed, taking
advantage of the advanced theories of differential equations, integral
equations, and dynamic systems, however, theoretic development of discrete
systems in epidemic modeling is still in an infant stage, and existing results
are relatively fewer. Now we introduce a discrete age-structured SIS model
without vertical transmission and disease-induced death in the example
below. [See Zhou and Fergola (2004) for further details.]

Let A be the maximum age of the lifespan of individuals, and
partition equally the maximum age interval [0, A] into n + 1 subin-
tervals. Let βiλj be the adequate contact rate coefficient for the
contact between an infected individual whose age in the interval
[iA/(n + 1), (i + 1)A/(n + 1)] (i = 0, 1, . . . , n) and an individual with
age in the interval [jA/(n + 1), (j + 1)A/(n + 1)], j = 0, 1, . . . , n, γj be
the recovery rate coefficient of the infective with age in the interval
[jA/(n + 1), (j + 1)A/(n + 1)], µj and bj be the natural death and birth
rate coefficients, respectively, and pj = 1−µj. Then, according to the ideas
of constructing population growth models with discrete age structure and
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the epidemic compartment models, an SIS model with discrete age structure
can be formulated as

S0(t + 1) =
n∑

k=0

bk[Sk(t) + Ik(t)],

I0(t + 1) = 0,

Si+1(t + 1) = piSi(t) − λi

n∑
k=0

βkIk(t)
Si(t)
Ni(t)

+ γiIi(t), i = 0, 1, . . . , n − 1,

Ii+1(t + 1) = piIi(t) + λi

n∑
k=0

βkIk(t)
Si(t)
Ni(t)

− γiIi(t), i = 0, 1, . . . , n − 1,

Si(0) = Si0 ≥ 0, Ii(0) = Ii0 ≥ 0, Si0 + Ii0 = Ni, i = 0, 1, . . . , n.
(1.71)

Consider the function

f(x) = β1λ0 + β2[λ1 + λ0q1(x)] + β3[λ2 + λ1q2(x) + λ0q1(x)q2(x)] + · · ·
+ βn[λn−1 + λn−2qn−1(x) + λn−3qn−2(x)qn−1(x) + · · ·
+ λ1q2(x)q)3(x) · · · qn−1(x) + λ0q1(x)q2(x) · · · qn−1(x),

where qi(x) = pi − γi − λix/Ni, i = 1, 2, . . . , n − 1. By defining the basic
reproductive number R0 = f(0), it is proved [Zhou and Fergola (2004)] that
the disease-free steady-state is globally asymptotically stable if R0 < 1,
unstable if R0 > 1, and that there exists a small endemic steady-state if R0

is greater and near one. Although sufficient conditions for the uniqueness
and global stability of an endemic steady-state have not been obtained for
model (1.71), the authors introduced another reproductive number R02 and
proved that the disease-free steady-state is globally asymptotically stable
if R02 < 1, and the endemic steady-state is globally asymptotically stable
if R02 > 1, for the special case n = 2.

Epidemic models with discrete age groups or stages. Epidemic
models with age groups or stages have been studied by many authors [Xiao
and Chen (2001b, 2002b, 2003); Xiao et al. (2002); Lu et al. (2003)]. In the
following, we introduce an SIS model to show the idea of modeling. The
reader is referred to Xiao and Chen (2003) for further details.

Consider a population consisting of only two stages, larva and adult,
and assume that a disease is transmitted only among the larvae. Let x1(t)
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denote the numbers of the susceptibles in the larvae at time t, x2(t) the
number of adults at time t, y(t) the number of the infected larvae at time t, τ

the maturation period, b and µ the birth and natural death rate coefficients,
respectively, α the disease-induced death rate coefficient, γ the recovery
rate coefficient, and c the coefficient for the density dependence in the
adults.

Since the maturation period of the larvae is τ , the number of individuals
progressing out of the larva class at time t is just the number of the
newborns bx2(t − τ) at time t − τ multiplied by the probability e−µτ of
those newborns who survive to time t. Thus the corresponding model can
be described by the following system:

dx1(t)
dt

= bx2(t) − be−µτx2(t − τ) − µx1(t) − βx1(t)y(t) + γy(t),

dy(t)
dt

= βx1(t)y(t) − µy(t) − (γ + α)y(t),

dx2(t)
dt

= be−µτx2(t − τ) − cx2
2(t).

Here, it is assumed that the density dependence affects only the death rate
of the adults. Results of determining whether the disease dies out or persists
have been obtained [Xiao and Chen (2003)].

1.4.6. Epidemic models with impulses

Impulse can describe phenomena with sudden, rapid changes in continuous
processes, such as changes during seasonal reproductives of some marine
animals, and vaccinations given at certain fixed time of a year. In such cases,
it is more appropriate to describe their dynamics by means of impulsive
differential equations.

1.4.6.1. Concepts of impulsive differential equations

Impulsive equations can be classified into two types if the classification is
according to the happening time of impulse: equations with fixed times
or nonfixed times. If the classification is on the bases of the category
of equations, then there are impulsive ordinary differential equations,
impulsive delay differential equations, impulsive integral equations, and
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so on. In the following, we only introduce impulsive ordinary differential
equations with fixed times, which is often used in the population and
epidemic models.

In general, differential equations with impulses happening at a fixed
times take the following form:

dx

dt
= f(t, x), t �= τk,

∆xk = Ik(x(τk)), t = τk, k = 1, 2, . . . ,

x(t0) = x0,

(1.72)

where f ∈ C[R × Rn, Rn] satisfies the Lipschitz condition, t0 < τ1 <

τ2 < · · · , Ik ∈ C[Rn, Rn], ∆xk = x(τk+) − x(τk), x0 ∈ R+, x(τ+
k ) =

limn→0+ x(τk + h).
Function x(t) is called a solution of system (1.72) if it satisfies

(1) dx
dt = f(t, x(t)) for t ∈ [τk, τk+1);

(2) ∆xk = x(τ+
k ) − x(τk) for t = τk, that is, x(τ−

k ) = x(τk) and x(τ+
k ) =

x(τk) + ∆xk.

Since impulsive differential equations are nonautonomous, they have
no equilibria. When ∆τk = τk − τk−1 is a constant, the existence
and stability of the periodic solutions are often of interest. For further
comprehension with respect to impulsive differential equations, see the
related references [Lakshmikantham et al. (1989); Bainov and Simeonov
(1995)].

1.4.6.2. Epidemic models consist of impulsive differential equations

Epidemic models with impulsive birth. We introduce the ideas
of the modeling in terms of an SIS model by showing the following
example.

Let b and µ denote the birth and natural death rate coefficients,
respectively, and k be the carrying capacity of the environment. Assume
that there are neither vertical transmission nor disease-induced death, the
density dependence only affects the birth, and ∆τk = 1. Notice that
the birth happens only at time t = τk. Then the impulsive conditions
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and the density dependent birth should also only take place at t = τk.
Thus a corresponding model, investigated by [Han (2002)], is given as
follows.

dN

dt
= −µN(t), t �= k,

dS

dt
= −µS(t) − βS(t)I(t) + γI(t), t �= k,

dI

dt
= βS(t)I(t) − (µ + γ)I(t), t �= k,

N(t+) =
[
1 + b − rN(t)

K

]
N(t), t = k,

S(t+) = S(t) +
[
b − rN(t)

K

]
N(t), t = k,

I(t+) = I(t), t = k,

k = 1, 2, 3, . . . ,

where we write r = b − µ. Since N = S + I, we only need to study the
following system:

dN

dt
= −µN(t), t �= k,

dI

dt
= β[N(t) − I(t)]I(t) − (µ + γ)I(t), t �= K,

N(t+) =
[
1 + b − rN(t)

K

]
N(t), t = k,

I(t+) = I(t), t = k.

k = 1, 2, 3, . . . ,

This model always has a disease-free periodic solution (N∗
1 (t), 0), and

there also exists an endemic periodic solution (N∗
2 (t), I∗2 (t)), provided∫ 1

0
A(t)dt > 0, where A(t) = βN∗

1 (t) − (µ + γ).

Epidemic models with impulsive vaccinations. Assume, in a
population, a fraction, p, of the susceptibles is vaccinated at time
t = k, k = 0, 1, 2, . . . , and enters into the removed compartment.
Then we have an SIR epidemic model with impulsive vaccinations as
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follows:

dS

dt
= µK − µS(t) − βS(t)I(t), t �= k,

dI

dt
= βS(t)I(t) − (µ + α + γ)I(t), t �= k,

dR

dt
= γI(t) − µR(t), t �= k,

S(t+) = (1 − p)S(t), t = k,

I(t+) = I(t), t = k,

R(t+) = R(t) + pS(t), t = k,

k = 0, 1, 2, . . . , (1.73)

where µK = A represents recruitment, µ and α are the natural death
and disease-induced death rate coefficients, respectively. It is proved in
[Jin (2001)] that system (1.73) always has a disease-free periodic solution,
(S∗(t), 0, R∗(t)), with period 1 and it is globally asymptotically stable if
σ < 1, where

σ =
βK

µ + α + γ

[
1 − p(eµ − 1)

µ(eµ − 1 + p)

]
.

1.4.7. Epidemic models with migration

The models in the previous sections do not include the diffusion or migration
of individuals in space. In fact, with the migration of individuals, the
influence of individual diffusions on the spread of a disease should not
be neglected. Here, we simply introduce two types of diffusions into the
epidemic models.

1.4.7.1. Epidemic models with migration among different patches

Although Hethcote (1976) established an epidemic model with migration
between two patches, more intensive studies dealing with this aspect only
happened in recent years. To explain the ideas of the modeling and the
main questions that people are interested in, we introduce the following
SIS model as an example.

Wang and Zhao (2004) considered an SIS model with immigration
among n patches. It is assumed that in the absence of migration among



April 21, 2009 17:7 spi-b727 9in x 6in b727-ch01

Basic Knowledge and Modeling on Epidemic Dynamics 75

patches; that is, the patches are isolated, the dynamic model in the ith
patch, i = 1, 2, . . . , n, are given by

dSi

dt
= Bi(Ni)Ni − µiSi − βiSiIi + γiIi,

dIi

dt
= βiSiIi − (γi + µi)Ii,

where the birth rate coefficient Bi(Ni), for Ni > 0, i = 1, . . . , n, satisfies
the following common hypothesis:

Bi(Ni) > 0, Bi(Ni) ∈ C1(0, +∞), B′
i(Ni) < 0 and Bi(+∞) < µi.

If the n patches are connected with each other; that is, the individuals
between any two patches can migrate, then an SIS epidemic model with
migration among the n patches can be formulated as

dSi

dt
= Bi(Ni)Ni − µiSi − βiSiIi + γiIi +

n∑
j=1

aijSj ,

dIi

dt
= βiSiIi − (µi + γi)Ii +

n∑
j=1

bijIj ,

i = 1, 2, . . . , n,

(1.74)
where aii and bii (aii ≤ 0, bii ≤ 0) denote the emigration rates of
the susceptibles and the infectives from the ith patch to other patches,
respectively; aij and bij (aij ≥ 0, bij ≥ 0) denote the immigration rates
of the susceptibles and the infectives from the jth patch to the ith patch,
respectively. Model (1.74) assumes that the disease is not fatal, and the
death and birth of individuals in the process of migration are neglected.
Since the individuals emigrating from the ith patch will move dispersedly
to the other n − 1 patches, we have

−aii =
n∑

j=1
j �=i

aji, −bii =
n∑

j=1
j �=i

bji. (1.75)

Under the assumptions that the matrices (aij) and (bij) are all in-
reducible, Wang and Zhao (2004) obtained conditions for the local and
global stability of the disease-free equilibrium, and the conditions under
which the disease persists in all patches.

For the sake of better understanding, we consider a model with
migration only between two patches. In this case, from (1.75) we know
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that

−a11 = a21, −a22 = a12, −b11 = b21, −b22 = b12.

Assume that the birth rates satisfy

Bi(Nn)Ni = bi + ciNi, ci < µi, Ni = Si + Ii, i = 1, 2.

Then model (1.75) is simplified as

dS1

dt
= b1 + c1I1 − (µ1 − c1 − a11)S1 − β1S1I1 + γ1I1 − a22S2,

dI1

dt
= β1S1I1 − (µ1 + γ1 − b11)I1 − b22I2,

dS2

dt
= b2 + c2I2 − (µ2 − c2 − a22)S2 − β2S2I2 + γ2I2 − a11S1,

dI2

dt
= β2S2I2 − (µ2 + γ2 − b22)I2 − b11I1,

(1.76)

where aii ≤ 0, bii ≤ 0, and other parameters are all nonnegative.
In system (1.74), we actually assumed that Si and Ii are residents in

patch i, and that an individual who moves to a new patch will become a
resident of the new patch.

Another type of epidemic models with migration describe the trans-
mission from traveling rather than residence. During traveling, susceptibles
may get infection when they contact infectives in other patches, and
traveling infectives may also transmit a disease to others. We discuss an
epidemic model [proposed by Sattenspiel and Dietz (1995)], to describe
such situations as follows.

Let Sii be the number of susceptibles, who are the residents in the
patch i. They travel to other patches at a rate σi per unit of time. These
visitors are distributed among the n − 1 patches with probability vij to
patch j, where 0 ≤ vij ≤ 1, vii = 0, and

∑n
j=1 vij = 1. Let ρij be the rate

of the traveling individuals residing in patch i, who return from patch j

to patch i, with ρii = 0. Let Ijk be the number of infectives presently in
patch k who are residents in patch j, βijk be the transmission coefficient
of an infective from patch j contacting a susceptible from the patch i in
patch k. If we omit the death rate, the corresponding SIR epidemic model
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with standard incidence can be described as in the following system:

dSii

dt
=

n∑
k=1

ρikSik − σiSii −
n∑

j=1

βiji
SiiIji

N∗
i

,

dSik

dt
= σivikSii − ρikSik −

n∑
j=1

βijk
SikIjk

N∗
k

,

dIii

dt
=

n∑
k=1

ρikIik − σiIii +
n∑

j=1

βiji
SiiIji

N∗
i

− γIii,

dIik

dt
= σvikIii − ρikIik +

n∑
j=1

βijk
SikIjk

N∗
k

− γIik,

dRii

dt
=

n∑
k=1

ρikRik − σiRii + γIii,

dRik

dt
= σivikRii − ρikRik + γIik,

(1.77)

where N∗
k =

∑k
m=1(Smk + Imk + Rmk), γ is the recovery rate coefficient.

The term ρikSik in the first equation of (1.77) is the number of the residents
in patch i who travel back from patch k per unit of time and have not been
infected, so that

∑n
k=1 ρikSik is the number of all susceptibles traveling

back from other patches per unit of time, the term σiSii represents the
number of susceptible residents in patch i who travel out per unit of time,
and the term

∑n
j=1 βijiSiiIji/N∗

i represents the number of newly infected
residents in patch i who are infected by the infectives traveling from all
other patches to patch i per unit of time.

In the second equation of the system (1.77), Sik is the number of
susceptibles presently in patch k who are residents in patch i, the term
σiviksii is the number of susceptibles who presently in patch k but are
residents and traveling from patch i per unit of time, ρikSik is the number
of susceptibles who traveled to patch k and now return to their home patch
i per unit of time, and the term

∑n
j=1 βijkSikIjk/N∗

k represents the number
of newly infected residents in patch i who traveled to and infected in patch
k by infective visitors from all other patches. The meanings of terms in the
other equations in (1.77) are similar.

1.4.7.2. Epidemic models with continuous diffusion in space

We supposed that individuals in a population and the adequate contacts in
a given environment are uniformly distributed in the previous sections.
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Nevertheless, it is not always the case in reality. The distribution of
individuals and their interactions depend on not only time t, but also
location x, in given space Ω. In the following, we explain the idea of
modeling by using an SIR model as an example.

Let S(x, t), I(x, t), and R(x, t) be the numbers of susceptibles, infec-
tives, and recovereds at time t and location x ∈ Ω, respectively, ∆ represent
the Laplace operator, µi, i = 1, 2, 3, represent the diffusion rate coefficients,
and assume that, at time t and location x, the susceptibles can be infected
by infectives at any location y ∈ Ω with the adequate contact rate K(x, y).
Then an SIR epidemic model with diffusion in space and without death can
be described by the system

∂S

∂t
= d1∆S − S(x, t)

∫
Ω

I(y, t)K(x, y)dy,

∂I

∂t
= d2∆I + S(x, t)

∫
Ω

I(y, t)K(x, y)dy − γI(x, t),

∂R

∂t
= d3∆R + γI(x, t),

(1.78)

under the boundary value conditions

∂S

∂n
(x, t) =

∂I

∂n
(x, t) =

∂R

∂n
(x, t) = 0, (x, t) ∈ ∂Ω × (0, +∞),

and initial conditions

S(x, 0) = S0(x), I(x, 0) = I0(x), R(x, 0) = R0(x), x ∈ Ω.

For some diseases, the infectives at location x ∈ Ω at the present time
t may be infected at another location y ∈ Ω at an earlier time t − τ with
the adequate contact rate K(x, y, t−τ). In this case, the corresponding SIR
model may be described by the system

∂S

∂t
= d1∆S − S(x, t)

∫ t

−∞

∫
Ω

I(y, τ)K(x, y, t − τ)dydτ,

∂I

∂t
= d2∆I + S(x, t)

∫ t

−∞

∫
Ω

I(x, τ)K(x, y, t − τ)dydτ − γI(x, t),

∂R

∂t
= d3∆R + γI(x, t),

(1.79)
under suitable boundary and initial conditions [Takeuchi et al. (2007)].
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For diffusion models, such as (1.78) and (1.79), the interesting problems
to be studied are the stability of the disease-free equilibrium and the
existence of traveling waves.

1.4.8. Epidemic models with time-dependent coefficients

In many real situation, the growth of a population and the transmission
of a disease vary seasonally, which implies that it is more appropriate to
assume coefficients of some epidemic models to be time-dependent, and
more specifically, to be continuous and bounded periodic functions of time t.
In such cases, the corresponding models become nonautonomous differential
systems and the model analysis is more difficult. It seems, to our knowledge,
that few results appeared in the literature so far for this kind of epidemic
models. In the following, we explain some ideas by means of two examples.

1.4.8.1. SIR model with time-dependent coefficients

First, we consider the following simple SIR model:

dS

dt
= µ(t) − µ(t)S − β(t)SI,

dI

dt
= β(t)SI − γ(t)I − µ(t)I,

dR

dt
= γ(t)I − µ(t)R,

(1.80)

where we assume that µ(t), β(t), and γ(t) are all continuous functions with
upper bounds and positive lower bounds, and that S(t) + I(t) + R(t) =
N(t) ≡ 1.

To control the spread of an epidemic, we intend to find conditions under
which the number of infectives I(t) tends to zero.

We can see, from the second equation of model (1.80), that

dI

dt
=
[

β(t)S(t)
γ(t) + µ(t)

− 1
]

[γ(t) + µ(t)]I(t).

Then, if there exists a t0 such that β(t0)/[γ(t0) + µ(t0)] < 1 and S(t0) ≈
1, I(t) decreases in a neighborhood of t0. Hence if we want I(t) to
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be decreasing with t for any initial value, then we only need

Rmax = max
t

[
β(t)

γ(t) + µ(t)

]
< 1.

Notice that to make Rmax < 1 we need to spend more energy and it costs
more.

The following results obtained by [Ma and Ma (2006)] gives a threshold
to determine whether the disease dies out or not.

Define

R̄ =
〈β〉

〈γ〉 + 〈µ〉 .

Then the disease-free solution (1, 0, 0) of model (1.80) is unstable if R̄ > 1,
and globally asymptotically stable if R̄ < 1, where

〈f〉 = lim
t→∞

1
t

∫ t

0

f(u)du

is defined as the long-term average of function f . We assume that 〈β〉, 〈γ〉,
and 〈µ〉 all exist.

It is easy to see that if β, γ, and µ are all constants, then R̄ = β/(γ + µ)
is the basic reproductive number. For the nonautonomous system (1.80),
the number R̄ is actually the basic reproductive number of the following
long-term average system:

dS

dt
= 〈µ〉 − 〈µ〉S − 〈β〉SI,

dI

dt
= 〈β〉SI − 〈γ〉I − 〈µ〉I,

dR

dt
= 〈γ〉I − 〈µ〉R.

For the following SIRS model with disease-induced death, different
birth and natural death rate coefficients, and standard incidence,

dS

dt
= b(t)N − µ(t)S − β(t)SI

N
+ δ(t)R,

dI

dt
=

β(t)SI

N
− µ(t)I − α(t)I − γ(t)I,

dR

dt
= γ(t)I − µ(t)R − δ(t)R,

(1.81)
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it is proved by [Ma and Ma (2006)] that the modified reproductive number
for the corresponding long-term average system

R̄1 =
〈β〉

〈b〉 + 〈α〉 + 〈γ〉 = 1

is still the threshold to distinguish between the instability and global
stability of the disease-free solution of model (1.81).

Next, we consider the following simple SEIRS model with latent
compartment E and no death:

dS

dt
= −β(t)SI + δR,

dE

dt
= βSI − σE,

dI

dt
= σE − γI,

dR

dt
= γI − δR.

(1.82)

We suppose that S(t) + E(t) + I(t) + R(t) ≡ 1, and 〈β〉 = β̄ exists.
The corresponding long-term average system of model (1.82) is

dS

dt
= −β̄SI + δR,

dE

dt
= β̄SI − σE,

dI

dt
= σE − γI,

dR

dt
= γI − δR.

(1.83)

It is easy to see that the basic reproductive number of model (1.83) is R̄0 =
β̄/γ and that the disease-free equilibrium E0 is globally asymptotically
stable if R̄0 < 1, and unstable if R̄0 > 1. However, for model (1.82), is
R̄0 = β̄/γ still a threshold to determine the stability of the disease-free
solution? It is, unfortunately, not necessary! A counterexample was given
by [Ma and Ma (2006)]. Nevertheless, the condition of R̄0 = β̄/γ < 1 is
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still sufficient to guarantee the global stability of the disease-free solution
of model (1.82), although it is not necessary.

We would like to point out that, actually, for model (1.82), the threshold
should be

R̄0 =
σ〈ω〉

γ
= 1,

where ω(t) is a solution of the equation

dω

dt
= β(t) − (σ − γ)ω − σω2.

Even though we may not be able to find an explicit formula for the threshold
analytically, a numeric approximation can provide useful information to
prevent and control the disease.


