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‘We present simulation studies of the formation and dynamics of dark solitons
and vortices, and of nonlinear interactions between intense circularly polarized
electromagnetic (CPEM) waves and electron plasma oscillations (EPOs) dense
in quantum electron plasmas. The electron dynamics in the latter is governed
by a pair of equations comprising the nonlinear Schrédinger and Poisson sys-
tem of equations, which conserves electrons and their momentum and energy.
Nonlinear fluid simulations are carried out to investigate the properties of fully
developed two-dimensional (2D) electron fluid turbulence in a dense Fermi
(quantum) plasma. We report several distinguished features that have resulted
from our 2D computer simulations of the nonlinear equations which govern the
dynamics of nonlinearly interacting electron plasma oscillations (EPOs) in the
Fermi plasma. We find that a 2D quantum electron plasma exhibits dual cas-
cades, in which the electron number density cascades towards smaller turbulent
scales, while the electrostatic potential forms larger scale eddies. The char-
acteristic turbulent spectrum associated with the nonlinear electron plasma
oscillations determined critically by quantum tunneling effect. The turbulent
transport corresponding to the large-scale potential distribution is predomi-
nant in comparison with the small-scale electron number density variation, a
result that is consistent with the classical diffusion theory. The dynamics of
the CPEM waves is also governed by a nonlinear schrédinger equation, which
is nonlinearly coupled with the nonlinear Schrédinger equation of the EPOs
via the relativistic ponderomotive force, the relativistic electron mass increase
in the CPEM field, and the electron density fluctuations. The present gov-
erning equations in one spatial dimension admit stationary solutions in the
form a dark envelope soliton. The dynamics of the latter reveals its robust-
ness. Furthermore, we numerically demonstrate the existence of cylindrically



symmetric two-dimensional quantum electron vortices, which survive during
collisions. The nonlinear equations admit the modulational instability of an in-
tense CPEM pump wave against EPOs, leading to the formation and trapping
of localized CPEM wave pipes in the electron density hole that is associated
with a positive potential distribution in our dense plasma.

1. Introduction

About forty five years ago, Pines! had laid down foundations for quantum
plasma physics through his studies of the properties of electron plasma oscil-
lations (EPOs) in a dense Fermi plasma. The high-density, low-temperature
quantum Fermi plasma is significantly different from the low-density, high-
temperature “classical plasma” obeying the Maxwell-Boltzmann distribu-
tion. In a very dense quantum plasma, there are new equations of state?
associated with the Fermi-Dirac plasma particle distribution function and
there are new quantum forces involving the quantum Bohm potential® and
the electron-1/2 spin effect® due to magnetization. It should be noted that
very dense quantum plasmas exist in intense laser-solid density plasma in-
7710 in laser-based inertial fusion,!!
12-15 and in quantum diodes.

During the last decade, there has been a growing interest in investigating
new aspects of dense quantum plasmas by developing the quantum hydro-
dynamic (QHD) equations® by incorporating the quantum force associated
with the Bohm potential.® The the Wigner-Poisson (WP) model'®2° has
been used to derive a set of quantum hydrodynamic (QHD) equations®3
for a dense electron plasma. The QHD equations include the continuity,
momentum and Poisson equations. The quantum nature? appears in the
electron momentum equation through the pressure term, which requires
the knowledge of the Wigner distribution for a quantum mixture of elec-
tron wave functions, each characterized by an occupation probability. The
quantum part of the electron pressure is represented as a quantum force®>
~V¢p, where ¢p = —(h*/2me\/ne)V?/nc, h is the Planck constant di-
vided by 27, m,. is the electron mass, and n, is the electron number density.
Defining the effective wave function 9 = /n.(r,t) exp[iS(r,t)/f], where
VS(r,t) = meue(r,t) and u.(r,t) is the electron velocity, the electron mo-
mentum equation can be represented as an effective nonlinear Schrédinger
(NLS) equation,®* in which there appears a coupling between the wave
function and the electrostatic potential associated with the EPOs. The
electrostatic potential is determined from the Poisson equation. We thus
have the coupled NLS and Poisson equations, which govern the dynamics
of nonlinearly interacting EPOs is a dense quantum plasmas. This mean-

teraction experiments, in astrophysical

and cosmological environments, 16-18
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field model of Ref.23 is valid to the lowest order in the correlation param-
eter, and it neglects correlations between electrons. The QHD equations is
useful for deriving the Child-Langmuir law in the quantum regime!”'® and
for studying numerous collective effects?421-24 involving different quantum
forces (e.g. due to the Bohm potential® and the pressure law?? for the Fermi
plasma, as well as the potential energy of the electron—1/2 spin magnetic
moment in a magnetic field**). In dense plasmas, quantum mechanical ef-
fects (e.g. tunnelling) are important since the de Broglie length of the charge
carriers (e.g. electrons and holes/positrons) is comparable to the dimensions
of the system. Studies of collective interactions in dense quantum plas-
mas are relevant for the next generation intense laser-solid density plasma
experiments,®102% for superdense astrophysical bodies!?14:15:26 (e.g. the
interior of white dwarfs and neutron stars), as well as for micro and nano-
scale objects (e.g. quantum diodes,!”18 2
nano-photonics,?®2% ultra-small electronic devices®°) and micro-plasmas.3!
Quantum transport models similar to the QHD plasma model has also
been used in superfluidity3? and superconductivity,3® as well as the study
of metal clusters and nanoparticles, where they are referred to as nonsta-
tionary Thomas-Fermi models.3* The density functional theory3*—37 incor-
porates electron-electron correlations, which are neglected in the present
paper.

It has been recently recognized?®383% that quantum mechanical effects
play an important role in intense laser-solid density plasma interaction ex-
periments. In the latter, there are nonlinearities?® associated with the elec-
tron mass increase in the electromagnetic (EM) fields and the modification
of the electron number density by the relativistic ponderomotive force. Rel-
ativistic nonlinear effects in a classical plasma is very important, because
they provide the possibility of the compression and localization of intense
electromagnetic waves. In this Letter, we consider nonlinear interactions

between intense CPEM waves and EPOs in dense quantum plasmas, which
9,10

quantum dots and nanowires,

are relevant for a variety of applications in laboratories.

In this paper, we investigate, by means of computer simulations, the for-
mation and dynamics of dark/gray envelope solitons and vortices in quan-
tum electron plasmas with fixed ion background. The results are relevant
for the transport of information at quantum scales in micro-plasmas as well
as in micro-mechanical systems and microelectronics. For our purposes, we
shall use an effective Schrédinger-Poisson model,>2"24 which was devel-
oped by employing the Wigner-Poisson phase space formalism on the Vlasov
equation coupled with the Poisson equation for the electric potential. Such
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a model was originally derived by Hartree in the context of atomic physics
for studying the self-consistent effect of atomic electrons on the Coulomb
potential of the nucleus. The properties of 2D electron fluid turbulence and
associated electron transport in quantum plasmas are investigated numeri-
cally by simulations. We find that the nonlinear coupling between the EPOs
of different scale sizes gives rise to small-scale electron density structures,
while the electrostatic potential cascades towards large-scales. Finally, we
present theoretical and simulation studies of the CPEM wave modulational
instability against EPOs, as well as the trapping of localized CPEM waves
into a quantum electron hole in very dense quantum plasmas, which may
be relevant for the next generation intense laser-plasma interaction experi-
ments.

2. Dark solitons and vortices in a dense quantum plasma

In this section, we discuss the nonlinear properties and dynamics of
dark solitons and vortices in a quantum plasma.? Generalizing the one-
dimensional Schrédinger-Poisson system of equations® to multi-space di-
mensions, we have
 Ov 2 4
15{+AV ¥+ U — |§]*T =0, 1)
and

vch: |\IJ|2_1’ (2)
where the wave function ¥ is normalized by ,/ng, the electrostatic poten-
tial ¢ by kpTr/e, the time t by AKX gTr and the space r by Ap. We have
introduced the notations A\p = (kgTr /47rnoe2)1/ 2and A = 'q/2, where
the quantum coupling parameter I'g = 4we?m/ hné/ 3 can be both smaller
and larger than unity for typical metallic electrons.? Here ng is the equilib-
rium electron particle density, k7w = fmg/ 3 /m, is the Fermi temperature,
m, is the electron mass, e is the magnitude of the electron charge, kp is
Boltzmann’s constant, and £ is the Planck constant divided by 27. Strictly
speaking, the nonlinearity |¥|* in the last term in the left-hand side of Eq.
(1) was derived for the one-dimensional model? and takes the form |¥|%/P
in D dimensions. However, our numerical investigations of the profiles of
dark solitons and vortices have shown very small differences if we use D = 2
(for two dimensions) instead of D = 1; henceforth, we will keep Eqs. (1)
and (2) in the present form. The system (1) and (2) is supplemented by the
Maxwell equation

OB /8t = iA (YVI* — T*VT), (3)
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where the electric field E = —V. The system of equations (1)—(3) con-
serves the number of electrons N = [ |¥| d3z, the electron momentum P =
—i [ U*VU d3z, the electron angular momentum L = —i [ I*r x V¥ d°z,
and the total energy £ = [(—U*AV2T + |Vp|2/2 + |¥|6/3) d3z. We note
that one-dimensional version of Eq. (1) without the ¢-term has also been
used to describe the behaviour of a Bose-Einstein condensate.*!

Let us first consider a quasi-stationary, one-dimensional structure mov-
ing with a constant speed vy, and make the ansatz ¥ = W(¢{) exp(:Kz —
1€2t), where W is a complex-valued function of the argument ¢ = x—upt, and
K and Q are a constant wavenumber and frequency shift, respectively. By
the choice K = vg/2A, we can then write the coupled system of equations
as

d*W oW WtW

Fg‘l‘/\W-F—A—-——A——-O, (4)
and

d*p 2

Fr Wi -1, (5)

where A = /A —v¢/4A? is an eigenvalue of the system. From the boundary
conditions [W| = 1 and ¢ = 0 at |£] = oo, we determine A = 1/A and
Q =14 v¢/4A. The system of Egs. (4) and (5) supports a first integral in

the form
awi® 1 dcp)2 )
H=A|—| -z ([=%) +|W
l dg 2 (d§ v (6)
_we 2

3 +‘P|W(2—<P—§ =0,
where we have used the boundary conditions |W| = 1 and ¢ = 0 at |¢| = oo.
We have solved (4) and (5) numerically and have presented the results
in Fig. 1. Here we have plotted the profiles of W2 and ¢ for a few values
of A, where W was set to ~1 on the left boundary and to +1 on the right
boundary, i.e. the phase shift is 180 degrees between the two boundaries. We
see that we have solutions in the form of a dark soliton, with a localized
depletion of the electron density N, = |W|2%, and where W has different
sign on different sides of the solitary structure. The local depletion of the
electron density is associated with a positive potential. Larger values of the
parameter A give rise to larger-amplitude and wider dark solitons. Unlike
a dark soliton associated with usual cubic Schrédinger equation in which
the group dispersion and the nonlinearity coefficient have opposite sign, the
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Fig. 1. The electron density |¥|2 (the upper panel) and electrostatic potential ¢ (the
lower panel) associated with a dark soliton supported by the system of equations (4) and
(5), for A = 5 (solid lines), A = 1 (dashed lines), and A = 0.2 (dash-dotted line). After
Ref. 4.

X X

Fig. 2. The time-development of the electron density [¥]|? (left-hand panel) and elec-
trostatic potential p (the right-hand panel), obtained from a simulation of the system of
equations (1) and (2). The initial condition is ¥ = 0.18 + tanh[20sin(z/10)] exp(iKz),
with K = vg/2A, A =5 and vo = 5. After Ref. 4.

modulus of the wave function in the present work has localized maxima on
both sides of the density depletion. If the boundary conditions are shifted
below 180 degrees (i.e. by a complex number), we have a “grey soliton”
which is characterized by a non-zero density at the center of the soliton.
In order to assess the dynamics and stability of the dark soliton, we have
solved the time-dependent system of Egs. (1) and (2) numerically, and
have displayed the result in Fig. 2. The initial condition is ¥ = 0.18 +
tanh[20 sin(z/10)] exp(iKx), where K = vp/24, A = 5 and vy = 5. We
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clearly see oscillations and wave turbulence in the time-dependent solution
presented in Fig. 2. Two very clear and long-lived dark solitons are visible,
associated with a positive potential of ¢ = 3, which is consistent with the
quasi-stationary solution of Fig. 1 for A = 5. Hence, the dark solitons seem
to be robust structures that can withstand perturbations and turbulence
during a considerable time.
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Fig. 3. The electron density |¥|? (upper panel) and electrostatic potential ¢ (lower
panel) associated with a two-dimensional vortex supported by the system (7) and (8),
for the charge states n = 1 (solid lines), n = 2 (dashed lines) and n = 3 (dash-dotted
lines). We used A = 5 in all cases. After Ref. 4.

We next consider two-dimensional vortex structures of the form ¥ =
¥(r) exp(inf — iSdt), where r and 6 are the polar coordinates defined via
x = rcos() and y = rsin(), Q is a constant frequency shift, and n =
0, £1, £2,... for different excited states (charge states). With this, we can
write Egs. (1) and (2) in the form

2 1d n
Q¢—+—A<dr2+;B7__:2>1/’+<P¢—|¢141/’:0v (7)
and
£ 1d
<W+;$>¢:;¢{2—1, (®)

respectively, where the boundary conditions ¢ = 1 and ¢ = dy/dr = 0
at 7 = oo determine ) = 1. Different signs of n describe different rotation
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Fig. 4. The electron density |¥]? (left panel) and an arrow plot of the electron current
1 (FVE* — T*VV¥) (right panel) associated with singly charged (n == 1) two-dimensional
vortices, obtained from a simulation of the time-dependent system of equations (1) and
(2), at times t = 0, t = 3.3, t = 6.6 and t = 9.9 (upper to lower panels). We used A = 5.
The singly charged vortices form pairs and keep their identities. After Ref. 4.

directions of the vortex. For n # 0, we must have ¥ = 0 at r = 0, and
from symmetry considerations we have dyp/dr = 0 at r = 0. In Fig. 3, we
display numerical solutions of Eqs. (7) and (8) for different charge states
n and for A = 5. We see that the vortex is characterized by a complete
depletion of the electron density at the core of the vortex, and is associated
with a positive electrostatic potential. In order to assess the stability of the
vortices, we have numerically-solved the time-dependent system of Eqgs. (1)
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Fig. 5. The electron density |¥|? (left panel) and an arrow plot of the electron current
i (FVE* — T*VT) (right panel) associated with double charged (n = 2) two-dimensional
vortices, obtained from a simulation of the time-dependent system of Egs. (1) and (2),
at times £t =0, t = 3.3, t = 6.6 and t = 9.9 (upper to lower panels). We used A =: 5. The
doubly charged vortices dissolve into nonlinear structures and wave turbulence. After
Ref. 4.

and (2) in two-space dimensions for singly charged vortices and presented
our results in Fig. 4. We have placed four vortex-like structures at some
distance from each other, by the initial condition ¥ = f; f2f3 f4, where f; =
tanh[\/(z — z;)? + (v — y;)2] exp[+inarg(z — z;,y — y;)]. Here (z1,71) =
(—'4, 10), (.’Eg,yz) = (2,10), (il}g,yg) = (—-2,-—10), and (.’L’4,y4) = (4,-—10)
The function arg(z,y) denotes the angle between the z axis and the point
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(z,y), and it takes values between —m and 7. The initial conditions are such
that the vortices are organized in two vortex pairs, as seen in the upper
panels of Fig. 4. The vortices in the pairs have opposite polarity on the
rotation, as seen in the electron fluid rotation direction in the upper right
panel. The time-development of the system exhibits that the “partners” in
the vortex pairs attract each other and propagate together with a constant
velocity. When the two vortex pairs collide and interact (see the second and
third pairs of panels in Fig. 4), the vortices keep their identities and change
partners in a manner of asymptotic freedom, resulting into two new vortex
pairs which propagate obliquely to the original propagation direction. For
vortices that are multiply charged (|n| > 1), we have a breakup of the
vortices and the formation of quasi one-dimensional dark solitons and pairs
of vortices with single charge states. One such example is shown in Fig.
5, where we have simulated the system of Egs. (1) and (2), with the same
initial condition as the one in Fig. 4, except that we here have takenn = 2 to
make the vortices doubly charged. The second row of panels in Fig. 5 reveals
that the vortex pairs keep their identities for some time, while a quasi one-
dimensional density cavity is formed between the two vortex pairs. At a later
stage, the four vortices dissolve into complicated nonlinear structures and
wave turbulence. Hence, the nonlinear dynamics is very different between
singly and multiply charged solitons, where only singly charged vortices are
long-lived and keep their identities. This is in line with previous results on
the nonlinear Schrédinger equation, where it was noted that vortices with
higher charge states are unstable.#? In the numerical simulations of Egs.
(1) and (2), we used a pseudo-spectral method to approximate the x and y
derivatives and a fourth-order Runge-Kutta scheme for the time-stepping.
The numerical simulations confirmed the conservation laws of the electron
number, momentum and energy up to the accuracy of the numerical scheme.
The numerical solutions of the time-independent systems (4)-(5) and (7)-
(8) were obtained by using the Newton method, where the £ derivatives
were approximated with a second-order centered difference scheme with
appropriate boundary conditions on ¥ and ¢.

3. Turbulence in quantum plasmas

In this Section, we use the coupled NLS and Poisson equations for inves-
tigating, by means of computer simulations, the properties of 2D electron
fluid turbulence and associated electron transport in quantum plasmas.*®
We find that the nonlinear coupling between the EPOs of different scale
sizes gives rise to small-scale electron density structures, while the elec-
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trostatic potential cascades towards large-scales. The total energy associ-
ated with our quantum electron plasma turbulence, nonetheless, processes
a characteristic spectrum, which is a non- Kolmogorov-like. The electron
diffusion caused by the electron fluid turbulence is consistent with the dy-
namical evolution of turbulent mode structures.

For our 2D turbulence studies, we use the nonlinear Schrédinger-Poisson

equations?4

i\/QH%—f + HV2V 4 ¥ — [T20 =0, (9)
and
Vi =¥]? -1, (10)

which are valid at zero electron temperature for the Fermi-Dirac equilib-
rium distribution, and which govern the dynamics of nonlinearly interacting
EPOs of different wavelengths. In Egs. (9) and (10) the wave function ¥
is normalized by ,/ng, the electrostatic potential ¢ by kgTr /e, the time t
by the electron plasma period w;el, and the space r by the Fermi Debye
radius Ap. We have introduced the notations A\p = (kBTF/47I’TL062)1/2 =
Vr/wpe and VH = Fuwpe / V2kpTr, where the Fermi electron temperature
kpTr = (A2/2m.)(372)/3n2/, e is magnitude of the electron charge, and
wpe = (4mnge? /me)'/? is the electron plasma frequency. The origin of the
various terms in Eq. (9) is obvious. The first term is due to the electron
inertia, the H-term in (9) is associated from the quantum tunneling involv-
ing the Bohm potential, ¢V comes from the nonlinear coupling between
the scalar potential (due to the space charge electric field) and the electron
wave function, and the cubic nonlinear term is the contribution of the elec-
tron pressure? for the Fermi plasma that has a quantum statistical equation
of state.

Equations (9) and (10) admit a set of conservation laws,%¢ including
the number of electrons N = [ ¥2dzdy, the electron momentum P =
—i [ ¥*V¥dzdy, the electron angular momentum L = —i [ U*r x V¥dzdy,
and the total energy £ = [[~U*HV2¥ + |Vyp|2/2 + | T3 /2]dzdy. In ob-
taining the total energy £, we have used the relation OE/8t = iH(TVI* —
U*V ), where the electric field E = —V¢. The conservations laws are used
to maintain the accuracy of the numerical integration of Egs. (9) and (10),
which hold for quantum electron-ion plasmas with fixed ion background.
The assumption of immobile ions is valid, since the EPOs (given by the
dispersion relation®? w? = w2, + k*VZ + A%k* /4m?) occur on the electron
plasma period, which is much shorter than the ion plasma, period w;il. Here
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w and k are the frequency and the wave-number, respectively. The ion dy-
namics, which may become important in the nonlinear phase on a longer
timescale (say of the order of w;il), in our investigation can easily be in-
corporated by replacing 1 in Eq. (10) by n;, where the normalized (by ny)
ion density n; is determined from din; +n;V - u; = 0 and dyu; = —C2Vp,
where d; = (0/6t) + u; - V, u; is the ion velocity, Cy = (Tr/m;)/? is the
ion sound speed, and m; is the ion mass.

The nonlinear mode coupling interaction studies are performed to inves-
tigate the multi-scale evolution of a decaying 2D electron fluid turbulence,
which is described by Egs. (9) and (10). All the fluctuations are initialized
isotropically (no mean fields are assumed) with random phases and am-
plitudes in Fourier space, and evolved further by the integration of Egs.
(9) and (10), using a fully de-aliased pseudospectral numerical scheme?®
based on the Fourier spectral methods. The spatial discretization in our
2D simulations uses a discrete Fourier representation of turbulent fluctu-
ations. The numerical algorithm employed here conserves energy in terms
of the dynamical fluid variables and not due to a separate energy equation
written in a conservative form. The evolution variables use periodic bound-
ary conditions. The initial isotropic turbulent spectrum was chosen close
to k=2, with random phases in all three directions. The choice of such (or
even a flatter than —2) spectrum treats the turbulent fluctuations on an
equal footing and avoids any influence on the dynamical evolution that may
be due to the initial spectral non-symmetry. The equations are advanced
in time using a second-order predictor-corrector scheme. The code is made
stable by a proper de-aliasing of spurious Fourier modes, and by choosing
a relatively small time step in the simulations. Our code is massively paral-
lelized using Message Passing Interface (MPI) libraries to facilitate higher
resolution in a 2D computational box, with a resolution of 5122 grid points.

We study the properties of 2D fluid turbulence, composed of nonlinearly
interacting EPOs, for two specific physical systems. These are the dense
plasmas in the next generation laser-based plasma compression (LBPC)
schemes'® as well as in superdense astrophysical objects'!526 (e.g. white
dwarfs). It is expected that in LBPC schemes, the electron number density
may reach 1027 cm—3 and beyond. Hence, we have wpe = 1.76 x 1018 71,
kpTr = 1.7 x 1079 erg, hwpe = 1.7 X 10~° erg, and H = 1. The Fermi
Debye length Ap = 0.1 A. On the other hand, in the interior of white
dwarfs, we typically have® ny ~ 1039 ¢m—3
in dense neutron stars and supernovae), yielding wpe = 5.64 x 101° 571,
kpTr = 1.7x 1077 erg, Awye = 5.64x 1078 erg, H ~ 0.3, and Ap = 0.025 A.

(such values are also common



13

The numerical solutions of Egs. (9) and (10) for H = 1 and H = 0.025
(corresponding to ng = 102" cm™2 and ng = 10%° cm™3, respectively) are
displayed in Figs. 6 and 7, respectively, which are the electron number
density and electrostatic (ES) potential distributions in the (z,y)-plane.

2 H=0.025 o

Fig. 6. Small scale fluctuations in the electron density resulted from a steady turbulence
simulations of our 2D electron plasma. Forward cascades are responsible for the gener-
ation of small-scale fluctuations. Large scale structures are present in the electrostatic
potential, essentially resulting from an inverse cascade. The 2D electron fluid turbulence
interestingly relaxes towards an Troshnikov-Kraichnan (IK) type k—3/2 spectrum in a
dense plasma for H = 1 as shown in the next figure. After Ref. 43.

Figures 6 and 7 reveal that the electron density distribution has a ten-
dency to generate smaller length-scale structures, while the ES potential
cascades towards larger scales. The co-existence of the small and larger scale
structures in turbulence is a ubiquitous feature of various 2D turbulence
systems. For example, in 2D hydrodynamic turbulence, the incompressible
fluid admits two invariants, namely the energy and the mean squared vor-
ticity. The two invariants, under the action of an external forcing, cascade
simultaneously in turbulence, thereby leading to a dual cascade phenomena.
In these processes, the energy cascades towards longer length-scales, while
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Fig. 7. The 2D electron fluid turbulence interestingly relaxes towards an Iroshnikov-
Kraichnan (IK) type k=3/2 spectrum in a dense plasma for H = 1. H == 0.025 results in
a flat spectrum. After Ref. 43.

the fluid vorticity transfers spectral power towards shorter length-scales.
Usually, a dual cascade is observed in a driven turbulence simulation, in
which certain modes are excited externally through random turbulent forces
in spectral space. The randomly excited Fourier modes transfer the spec-
tral energy by conserving the constants of motion in k-space. On the other
hand, in freely decaying turbulence, the energy contained in the large-scale
eddies is transferred to the smaller scales, leading to a statistically sta-
tionary inertial regime associated with the forward cascades of one of the
invariants. Decaying turbulence often leads to the formation of coherent
structures as turbulence relaxes, thus making the nonlinear interactions
rather inefficient when they are saturated. The power spectrum exhibits an
interesting feature in our 2D electron plasma system, unlike the 2D hydro-
dynamic turbulence.*”4® The spectral slope in the 2D quantum electron
fluid turbulence is close to the Iroshnikov-Kraichnan power law5%:5% k=3/2,
rather than the usual Kolomogrov power law?? k=5/3, We further find that
this scaling is not universal and is determined critically by the quantum
tunneling effect. For instance, for a higher value of H=1.0 the spectrum
becomes more flat (see Fig 7). Physically, the flatness (or deviation from
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the k~5/3), results from the short wavelength part of the EPOs spectrum
which is controlled by the quantum tunneling effect associated with the
Bohm potential. The peak in the energy spectrum can be attributed to
the higher turbulent power residing in the EPO potential, which eventually
leads to the generation of larger scale structures, as the total energy encom-
passes both the electrostatic potential and electron density components. In
our dual cascade process, there is a delicate competition between the EPO
dispersions caused by the statistical pressure law (giving the k%V}2 term,
which dominates at longer scales) and the quantum Bohm potential (giv-
ing the /%k*/4m? term, which dominates at shorter scales with respect to
a source). Furthermore, it is interesting to note that exponents other than
k—5/3 have also been observed in numerical simulations®%%3 of the Charney
and 2D incompressible Navier-Stokes equations.

5
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Fig. 8. Time evolution of an effective electron diffusion coefficient associated with the
large-scale electrostatic potential and the small-scale electron density. Here a comparison
between H =1 and H = 0.025 is shown. After Ref. 43.

We finally estimate the electron diffusion coefficient in the presence of
small and large scale turbulent EPOs in our quantum plasma. An effec-
tive electron diffusion coefficient caused by the momentum transfer can be
calculated from Desy = [°(P(r,t)-P(r,t +t'))dt/, where P is electron mo-
mentum and the angular bracket denotes spatial averages and the ensemble
averages are normalized to unit mass. Since the 2D structures are confined
to a = —y plane, the effective electron diffusion coefficient, Dy, essentially
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relates the diffusion processes associated with random translational mo-
tions of the electrons in nonlinear plasmonic fields. We compute D,z in our
simulations, to measure the turbulent electron transport that is associated
with the turbulent structures that we have reported herein. It is observed
that the effective electron diffusion is lower when the field perturbations
are Gaussian. On the other hand, the electron diffusion increases rapidly
with the eventual formation of longer length-scale structures, as shown in
Fig. 8. The electron diffusion due to large scale potential distributions in
quantum plasmas dominates substantially, as depicted by the solid-curve
in Fig. 8. Furthermore, in the steady-state, nonlinearly coupled EPOs form
stationary structures, and D.ss saturates eventually. Thus, remarkably an
enhanced electron diffusion results primarily due to the emergence of large-
scale potential structures in our 2D quantum plasma.

4. Interaction between intense electromagnetic waves and
quantum plasma oscillations

In this section, we discuss the nonlinear interaction between intense elec-
tromagnetic radiation and quantum plasma oscillations.?* We consider a
one-dimensional geometry of an unmagnetized dense electron-ion plasma,
in which immobile ions form the neutralizing background. Thus, we are
investigating the phenomena on a timescale shorter than the ion plasma
period. Our dense quantum plasma contains an intense circularly polar-
ized electromagnetic (CPEM) plane wave that nonlinearly interacts with
EPOs. The nonlinear interaction between intense CPEM waves and EPOs
gives rise to an envelope of the CPEM vector potential A} = A (X +
i¥) exp(—iwot + ikoz), which obeys the nonlinear Schrédinger equation®®

(9 ) 024, (v
2290 <5¥ + Vga> A_L -+ 622 - (T - ) A_]_ - O, (11)

where the electron wave function 1 and the scalar potential are governed
by, respectively,

. O He2 8%y
zHeEt—Jr 5 29?+(¢_7+1)¢_0’ (12)
and
0%
52 [|® -1, (13)

where Qo = wo/wpe, Vy = vg/c, He = Rwpe/mc?, vy = koc? Jwy is the group
velocity of the CPEM waves, and v = (1 + |A1|?)/2 is the relativistic
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gamma factor due to the electron quiver velocity in the CPEM wave fields.
Furthermore, wo = (kjc* + w2,)1/? is the CPEM wave frequency, ko is the
wavenumber, c is the speed of light in vacuum, wpe = (47nge?/m)*/? is the
electron plasma frequency, e is the magnitude of the electron charge, ng is
the equilibrium electron number density, and m is the electron rest mass.
In (11)—(13) the time and space variables are normalized by the inverse
electron plasma frequency w;el and skin depth A\ = c¢/wy., respectively,
the scalar potential ¢ by mc?/e, the vector potential A; by mc?/e, and
the electron wave function ¥(z,t) by n(l)/ % The nonlinear coupling between
intense CPEM waves and EPOs comes about due to the nonlinear current
density, which is represented by the term |1|2A4, /7 in Eq. (11). The electron
number density is defined as n, = ¥¥* = |¢|?, where the asterisk denotes
the complex conjugate. In Eq. (12), 1 — v is the relativistic ponderomotive
potential *° which arises due to the cross-coupling between the CPEM wave-
induced electron quiver velocity and the CPEM wave magnetic field. The
second term in the left-hand side in (12) is associated with the quantum
Bohm potential.®

It is well known®® that a relativistically strong electromagnetic wave
in a classical electron plasma is subjected to the Raman scattering and
modulational instabilities. At quantum scales, these instabilities will be
modified by the dispersive effects caused by the tunnelling of the electrons.
In order to investigate the quantum mechanical effects on the relativis-
tic parametric instabilities in a dense quantum plasma in the presence
of a relativistically strong CPEM pump wave, we let ¢(z,t) = ¢1(z,1),
A (z,t) = [Ao+A1(z,t)] exp(—iagt) and 9 (z,t) = [1+11(z, t)] exp(—ifst),
where Aq is the large-amplitude CPEM pump and A; is the small-
amplitude fluctuations of the CPEM wave amplitude due to the nonlin-
ear coupling between CPEM waves and EPOs, ie. |4;] < |A4q|, and 9
(« 1) is the small-amplitude perturbations in the electron wave function.
The constant frequency shifts, detcrmined from Eqgs. (11) and (12), are
co = (1/70 — 1)/(26%) and fo = (1 — 70)/He, where 70 = (1 + [Ao[2)2.
The first-order perturbations in the electromagnetic vector potential and
the electron wave function are expanded into their respective sidebands
as Ai(z,t) = Ay exp(iKz — Q) + A_exp(—iKz + i) and ¢1(z,t) =
P4 exp(iKz — i§kt) + ¢¥_ exp(—iK z + i§0t), while the potential is expanded
as @(z,t) = aexp(iKz — Q) + & exp(—iKz + i), where  and K are
the frequency and wave number of the electron plasma oscillations, respec-
tively. Inserting the above mentioned Fourier ansatz into Egs. (11)-(13),
linearizing the resultant system of equations, and sorting into equations for
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different Fourier modes, we obtain the nonlinear dispersion relation

1 1 K2\ |A4o)?

1~—(D—++E> (1+E) o =0, (14)
where Dy = F2Q0(Q — V,K) + K% and Dy, = 1+ H2K*/4 — Q2. We
note that Dy, = 0 yields the linear dispersion relation Q2 = 1 + H2K*/4
for the EPOs in a dense quantum plasma.! For H, — 0 we recover from
(14) the nonlinear dispersion relation for relativistically large amplitude
electromagnetic waves in a classical electron plasma.5® The dispersion re-
lation (14) governs the Raman backward and forward scattering instabil-
ities, as well as the modulational instability. In the long wavelength limit
Vo < 1, @ = 1 we introduce the ansatz @ = iT", where the normalized
(by wpe) growth rate I' <« 1, and obtain from Eq. (14) the growth rate
I = (1/2)|K|{(JAcl>/4)[1 + K%/(1 + H2K*/4)] — K?}'/2 of the modu-
lational instability. For [K| < 1 and H, < 1, the linear growth rate is
only weakly depending on the quantum parameter H,. However, possi-
ble nonlinear saturation of the modulational instability may lead to local-
ized CPEM wave packets, which are trapped in a quantum electron hole.
Such localized electromagnetic wavepackets would have length scales much
shorter than those involved in the modulational instability process. Here
quantum diffraction effects (associated with the quantum Bohm poten-
tial) become very important. In order to investigate the quantum diffrac-
tion effect on such localized electromagnetic pulses, we consider a steady
state structure moving with a constant speed V. Inserting the ansatz
Al = W(€)exp(—ifkt), v = P(€)exp(ikz — iwt) and ¢ = ¢(&) into
Eqgs. (11)—(13), where £ = z - Vyt, k =V, /H, and w = Vg2/2He, and where
W (&) and P(§) are real, we obtain from (11)-(13) the coupled system of

equations
o*wW p?
8_§2+<)‘_7+1)W—0’ (15)
H?9°P
28—£2+(¢—’Y+1)P—0, (16)
where v = (1 4+ W?)¥/2 and
¢ _ o
5z = Pe—1, (17)

with the boundary conditions W = & = 0 and P? =1 at |¢| = co. In Eq.
(15), A = 2Q0Q2 represents a nonlinear frequency shift of the CPEM wave.
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In the limit H, — 0, we have from (16) ¢ = v — 1, where P # 0, and we
recover the classical (non-quantum) case of the relativistic solitary waves
in a cold plasma.5® We note that the system of equations (15)—(17) admits
a Hamiltonian

1 /w\® H2 /oP\® 1 a¢)2
=3 (%) +7 (%) -2 (5 18)
+%(/\+1)W2+P2—7P2+¢P2—¢:0,

where we have used the boundary conditions 8/9¢ = 0, W = ¢ = 0 and
|P| =1 at |{| = o0.

In order to asses the importance of our investigation, we now present
numerical solutions of (8)-(13) and (15)—(17), ensuring that (18) is con-
served. We chose parameters that are representative of the next genera-
tion laser-based plasma compression (LBPC) schemes.'®!! The formula*’
eA) /mc® = 6 x 1071%X,4/T will determine the normalized vector poten-
tial, provided that the CPEM wavelength A, (in microns) and intensity I
(in W/cm?) are known. It is expected that in LBPC schemes, the electron
number density no may reach 1027 cm~2 and beyond, and the peak val-
ues of eA) /mc? may be in the range 1-2 (e.g. for focused EM pulses with
As ~ 0.15 nm and I ~ 5 x 1027 W/cm?). For wpe = 1.76 x 10 571, we
have Awpe = 1.76 x 1079 erg and H, = 0.002, since mc? = 8.1 x 107 erg.
The electron skin depth A, ~ 1.7 A. On the other hand, a higher value
of He = 0.007 is achieved for wpe = 5.64 x 1018 s~1. Thus, our numerical
solutions below, based on these two values of H,, have focused on scenarios
that are relevant for the next generation intense laser-solid density plasma
interaction experiments.1°

We first numerically solved Eqgs. (15)—(17) for several values of H,. Here,
we solved the nonlinear boundary value problem with the boundary con-
ditions W = ¢ = 0 and P = 1 at the boundaries at £ = +10. We used
centered second-order approximations for the second derivatives and solved
the obtained nonlinear system of equations numerically by using the New-
ton method. The results are displayed in Figs. 9 and 10. We see that the
solitary envelope pulse is composed of a single maximum of the localized
vector potential W and a local depletion of the electron density P2, and a
localized positive potential ¢ at the center of the solitary pulse. The latter
has a continuous spectrum in A, where larger values of negative X are associ-
ated with larger amplitude solitary EM pulses. At the center of the solitary
EM pulse, the electron density is partially depleted, as in panels a) of Fig.
9, and for larger amplitudes of the EM waves we have stronger depletion
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of the electron density, as shown in parels b) and c) of Fig. 9. For cases
where the electron density goes to almost zero in the classical case,’® one
important quantum effect is that the electrons can tunnel into the depleted
region. This is seen in Fig. 10, where the electron density remains nonzero
for the larger value of H, in panels a), while the density shrinks to zero for
the smaller value of H, in panel b).

a) A=-03 b) A=-0.34 ¢) A=-0.4
4 4
z2 2 2
0 0 0
-5 0 5 -5 0 5 -5 0 5
15 2 2

T
i

0 0 0
-5 0 5 -5 ] 5 -5 o] 5
2 2 2
) | A | J\
O‘—A 0
-5 0 5 -5 0] 5 ° -5 0] 5
4 4 £

Fig. 9. The profiles of the CPEM vector potential A, the electron number density
and the scalar potential (upper to lower rows of panels) for A = ~0.3, A = -3.4 and
A = —04, with H, = 0.002. After Ref. 54.

In order to investigate the quantum diffraction effects on the dynamics of
localized CPEM wavepackets, we have solved the system of Egs. (11)—(13)
numerically. We considered the long-wavelength limit wy = 1 and V, =~ 0.
In the initial conditions, we use an EM pump with a constant amplitude
Al = Ap =1 and a uniform plasma density 1 = 1. A small amplitude
noise (random numbers) of order 1072 is added to A} to give a seed for
any instability. The numerical results are displayed in Figs. 11 and 4 for
H, = 0.002 and H, = 0.007, respectively. In both cases, we see an initial
linear growth phase and a wave collapse at ¢ = 70, in which almost all the
CPEM wave energy is contracted into a few well separated localized CPEM
wave pipes. These are characterized by a large bell-shaped amplitude of the
CPEM wave, an almost complete depletion of the electron number density
at the center of the CPEM wavepacket, and a large-amplitude positive
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a) He=0.007 b) He=0.002
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2 2
1 1
0
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Fig. 10. The profiles of the CPEM vector potential A, the electron number density
and the scalar potential (upper to lower rows of panels) for H. = 0.007 and H. = 0.002,
with A = —0.34. After Ref. 54.

Al o

Fig. 11. The dynamics of the CPEM vector potential A; and the electron number
density |1|? (upper panels) and of the electrostatic potential & (lower panel) for H, =
0.002. After Ref. 54.
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Fig. 12. The dynamics of the CPEM vector potential A; and the electron number
density [¢|? (upper panels) and the electrostatic potential ¢ (lower panel) for He = 0.007.
After Ref. 54.

electrostatic potential. Comparing Fig. 11 with Fig. 12, we see that thereis a
more complex dynamics in the interaction between the CPEM wavepackets
for the larger H, = 0.007, shown in Fig. 12, in comparison with H, = 0.002,
shown in Fig. 11, where the wavepackets are almost stationary when they
are fully developed. We have here neglected the effects of the ion dynamics.
The latter may be important for the development of expanding plasma
bubbles (cavities) on longer timescales (e.g. the ion plasma period).5”

5. Conclusions

In summary, we have demonstrated the existence of localized nonlinear
structures in quantum electron plasmas. The electron dynamics in the lat-
ter is governed by a coupled nonlinear Schrodinger and Poisson system
of equations, which admit a set of conserved quantities (the total number
of electrons, the electron momentum, the electron angular momentum, and
the electron energy). The latter were checked numerically. Quasi-stationary,
localized structures in the form of one-dimensional dark solitons and two-
dimensional vortices were found by solving the time-independent coupled
system of equations numerically. These structures are associated with a lo-
cal depletion of the electron density associated with positive electrostatic
potential, and are parameterised by the quantum coupling parameter only.
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In the two-dimensional geometry, we have a class of vortices of different
excited states (charge states) associated with a complete depletion of the
electron density and an associated positive potential. The numerical sim-
ulation of the time-dependent system of equations shows the formation of
stable dark solitons in one-space dimension with an amplitude consistent
with the one found from the time-independent solutions. In two-space di-
mensions, the dark solitons of the first excited state were found to be stable
and the preferred nonlinear state was in the form of vortex pairs of vortices
with different polarities. One-dimensional dark solitons and singly charge
two-dimensional vortices are thus long-lived nonlinear structures, which can
transport information at quantum scales in micro-mechanical systems and
dense laboratory plasmas. We have presented computer simulation stud-
ies of 2D fluid turbulence in a dense quantum plasma. Our simulations,
for the parameters that are representative of the next generation intense
laser-solid density plasma experiments as well as of the superdense astro-
physical bodies, reveal new features of the dual cascade in a fully developed
2D electron fluid turbulence. Specifically, we find that the power spectrum
associated with nonlinearly interacting EPOs in quantum plasmas follow
a non-Kolmogorov-like spectrum. The deviation from a Kolmogorov-like
spectrum resulting from the flattening of the spectrum is mediated essen-
tially by the nonlinear EPQOs interactions in the inertial range (basically
controlled by the electron plasma wave dispersion effect represented by
h2k*/4m?), which impedes the spectral transfer of the turbulent power
associated with the short scale Fourier modes. In the nonlinear regime,
the inhibition of the spectral transfer is caused by short scale EPOs that
are nonlinearly excited by the mode coupling of the EPOs in the forward
cascade regime, which then grow, acquire nonlinear amplitudes, and even-
tually saturate in the nonlinear phase. We have also presented theoretical
and computer simulation studies of nonlinearly interacting intense CPEM
waves and EPOs in very dense quantum plasmas. The localized dark soli-
tons, vortices, and CPEM wave structures, as discussed here, may be useful
for information transfer as well as for electron acceleration in dense quan-
tum plasmas.
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