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We present results of a study of vortex proliferation in the Berezinskii- 
Kosterlitz-Thouless (BKT) regime on a two-dimensional (2D) array of 
Josephson-coupled Bose-Einstein condensates. In our lattice system, tunneling 
between nearest-neighbor condensates provides a Josephson coupling J which 
acts to  keep the condensates' relative phases locked. A cloud of uncondensed 
atoms, on the other hand, interacts with the condensates and induces thermal 
phase fluctuations, which we observe as vortices. As long as the Josephson 
energy J exceeds the thermal energy T, the array is vortex-free, while with 
decreasing J /T,  thermally activated vortices appear. We give an extended de- 
scription of a time-to-length mapping technique that allows us to  obtain infor- 
mation on the size of vortex pairs as J/T is varied. 
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1. Introduction 

Two dimensional (2D) superfluids undergo a thermal phase transition to a 
normal state, which proceeds through the unbinding of vortex-antivortex 
pairs, i.e. pairs of vortices of opposite circulation. Our theoretical under- 
standing of this transition is due to work by Berezinskii' and Kosterlitz 
and Thouless2 (BKT). The BKT picture applies to a wide variety of 2D 
systems, among them Josephson junction arrays (JJA), i.e. arrays of su- 
perfluids in which phase coherence is mediated via a tunnel coupling J 
between adjacent sites. Placing an isolated (free) vortex into a JJA is ther- 
modynamically favored if its free energy F = E - T S  5 0. In an array of 
period d the vortex energy diverges with array size R as E M J l ~ g ( R / d ) , ~  
but may be offset by an entropy gain S M log(R/d) due to the available 
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~ R2/d? sites. This leads to a critical condition (J/T)crit sa 1 indepen-
dent of system size, below which free vortices will proliferate. In contrast,
tightly bound vortex-antivortex pairs are less energetically costly and show
up even above (J/T)crn. The overall vortex density is thus expected to
grow smoothly with decreasing J/T in the BKT crossover regime.

The BKT transition in ultracold gases has been the subject of much ex-
perimental4"6 and theoretical7"9 work, following the observation of concur-
rent thermal phase decoherence and vortex formation4 in a continuous 2D
Bose gas. Our work is focused on a more detailed understanding of vortex-
formation, collected in a 2D array of Bose-Einstein condensates (BECs)
with experimentally controllable Josephson couplings. Parts of our results
have been published previously.5

2. Experimental System and Procedure

Fig. 1. (a) Experimental 2D optical lattice system. In the white-shaded area a lattice
of Josephson-coupled BECs is created. The central box marks the double-well potential
shown in (b). The barrier height VOL and the number of condensed atoms per well,
Nweii, control the Josephson coupling J, which acts to lock the relative phase A<£. A
cloud of uncondensed atoms at temperature T induces thermal fluctuations and phase
defects in the array when J < T. (c) data showing thermally activated vortex formation.
(i) condensate without optical lattice applied, (ii) no vortices form after application of
a weak lattice with J > T, whereas in (iii) for J < T vortices (dark spots) appear as
remnants of the thermal fluctuations in the array.
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W e create an array of Josephson-coupled BECs by adiabatically loading 
a partially Bose-condensed sample of 87Rb atoms into a 2D hexagonal opti- 
cal lattice of period d = 4.7pm in the x-y plane, as shown in Fig.l(a). The 
resulting potential barriers between adjacent sites [Fig.l(b)] rise above the 
condensate's chemical potential, splitting it into an array of condensates 
which now communicate only through tunneling. Each of the central wells 
contains Nzuell M 7000 condensed particles. By varying the optical lattice 
depth VOL in a range between 500 H z  and 2 k H z  we tune J, the collective 
Josephson coupling," between 1.5 p K  and 5 n K .  The temperature T of 
the array can be adjusted between 30 - 70nK.  The "charging" energy E, 
due to repulsive mean field interactions, defined in Ref. 11, is on the order 
of a few p K ,  much smaller than both J and T .  These parameters place 
our array in the Josephson regime," where J >> E, but E, >> J/Niezl. 
In this regime the Josephson coupling energy J(l - cos(A4)) acts to lock 
the relative phases Ag5, and if dominant will ensure at least local phase 
coherence in the array. A cloud of uncondensed atoms at temperature T 
on the other hand induces thermal fluctuations of the relative phases of 
order Aq5~h M m. The charging energy iE,(ANw,11)2 disfavors pop- 
ulation imbalances between sites. In the Josephson regime however, with 
J >> E,, the resulting quantum fluctuations of the relative phase are quite 
negligible," of order A& M (E,/4J)1/4. 

After allowing time for thermalization we probe the array. Because we 
do not have direct experimental access to the condensate phases in the 
array, we turn down the optical lattice on a time-scale t,, which is fast 
enough to trap phase winding defects, but slow enough to allow neighbor- 
ing condensates to merge, provided their phase difference is small. Phase 
fluctuations are thus converted to vortices in the reconnected condensate, 
as has been observed in the experiments of Scherer et We then expand 
the condensate and take a destructive image in the x-y plane. 

3. Earlier Results 

Figure l (c)  illustrates our observations: When J/T < 1 vortices occur in 
the BEC, as remnants of the thermal fluctuations in the array. In an ear- 
lier publication5 we proved thermal activation as the origin of these phase 
fluctuations. We studied vortex activation while varying J at distinct tem- 
peratures T ,  and showed that vortex proliferation is controlled almost exclu- 
sively by the ratio J/T, with a steep rise of vortex number around J/T - 1, 
just as suggested by the free energy arguments presented above. 
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4. Inferring Vortex-Antivortex Pair Sizes

Fig. 2. Vortex-antivortex pairs, imaged just prior to their annihilation. Following the
optical lattice ramp-down, tightly bound pairs annihilate faster than loosely bound pairs,
providing a time-to-length mapping that allows to extract information on vortex pair
sizes.

Here we describe a technique that allows us to infer vortex antivortex
pair sizes. As in our earlier work we use as a robust vortex-density surrogate
the "roughness" T> of the condensate images (see Fig. 1) caused by the
vortex cores. This vortex density T> by itself provides no distinction between
bound vortex-antivortex pairs and free vortices. In the following we exploit
our time-dependent control of the optical potential to distinguish free or
loosely bound vortices from tightly bound vortex-antivortex pairs. We make
use of the fact that, once the optical lattice potential has been turned off,
vortices and antivortices annihilate in the bulk condensate over a w 100 ms
timescale. Figure 2 shows an example image of pairs of vortices just prior
to their annihilation. It is intuitively obvious that tightly bound vortex
pairs will annihilate on a much faster timescale than loosely bound pairs.
A "slow" optical lattice ramp-down therefore allows time for tightly bound
pairs to annihilate before they can be imaged. By slowing down the ramp-
down duration r [inset of Fig. 3 (a)], we can thus selectively probe vortex
pairs of increasing size.

Figure 3 shows vortex activation curves, probed with two different ramp-
down times.13 A slow ramp compared to a fast one shows a reduction of
the vortex density Z>< in arrays with fully randomized phases at low J/T.
The difference directly shows the fraction of tightly bound pairs that have
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Fig. 3. Vortex density £> probed at different optical lattice ramp-down timescales T. A
slow ramp provides time for tightly bound vortex-antivortex pairs to annihilate, allowing
selective counting of loosely bound or free vortices only, whereas a fast ramp probes
both free and tightly bound vortices. A fit to the vortex activation curve determines
its midpoint (J/T)50%, its 27% - 73% width A(J/T)27-73, and the limiting values T><

(£>>) well below (above) (J/T)50%.

annihilated on the long ramp, but not on the fast one.
To map the experimental ramp-down time-scale to theoretically more

accessible vortex-antivortex pair sizes, we compare the observed number of
vortices in fully randomized arrays at low J/T to simulations of vortex dis-
tributions in a hexagonal array with random phases. In these simulations,
following Ref. 12, we count a vortex if all three phase differences in an ele-
mental triangle of junctions are E (0, TT), or if all are G (—7r,0) . A snapshot
of a simulated vortex distribution is shown in Fig. 4(a). Within the cen-
tral 20 lattice sites, comparable to the experimental region of interest5 we
find, on average, a total of 10 vortices. 6 vortices occur in nearest-neighbor
vortex-antivortex pairs [configuration I in Fig. 4(b)], 1.7 (0.4) occur in con-
figuration II (III) respectively, and 1.9 occur in larger pairs or as free vor-
tices. To relate these time-independent simulations to the experiment, we
show in Fig. 4(d) the relevant cumulative vortex distributions, i.e. all vor-
tices occurring in pairs larger than a given lower cutoff size. For a given
experimental ramp-down duration, we expect only those vortex configura-
tions to survive which are above a lower cutoff pair size imposed by the
ramp-down rate.

In Fig. 4(e) we compare the simulated cumulative vortex distributions
to experimentally measured vortex numbers as a function of ramp down
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Fig. 4. Time-to-length mapping based on vortex-antivortex annihilation, (a) simulation
of vortices and antivortices in array with random phases, (b) smallest possible pair sizes
in a hexagonal array, I: d/\/3, II: d, III: 2d/v/3. (c) simulated vortex pair size distribution
(">": free vortices or pairs larger config. Ill), (d) cumulative distribution, (e) Mapping
between ramp-down timescale T and estimated size of the smallest pairs surviving the
ramp (upper axis). The difference 2?< — X>> measures the number of observed vortices
surviving the ramp (right axis). Comparison to the simulated vortex distribution yields
a size estimate of the smallest surviving pairs (upper axis).
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timescale, to obtain the desired time-to-length mapping. Downward trian- 
gles show the decrease of the experimentally measured saturated (low-J/T) 
vortex density V <  with increasing ramp timescale r. The right axis shows 
the inferred number of vortices that survived the ramp. M 11 vortices are 
observed for the fastest ramps, in good agreement with the total number 
of vortices expected from the simulations (indicated as grey bars). For just 
somewhat slower ramps of T M 5 m s ,  only 3 vortices survive, consistent with 
only vortices in configuration I1 & I11 or larger remaining (indicated in Fig. 
4(e), top axis). For T 2 30ms ramps less than 2 vortices remain, according 
to our simulations spaced by more than 2 d / &  Thus we infer that ramps 
of r M 30ms or longer allow time for bound pairs of spacing 5 2 d / a  to 
decay before we observe them. 
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Fig. 5. A downshift in the midpoint ( J / T ) 5 0 %  of vortex activation curves such as in 
Fig. 3 is seen for slow ramp-down times, consistent with the occurrence of loosely bound 
or free vortices at lower J I T  only. 

With this time-to-length mapping we now return to the observations in 
Fig.3. For the slower ramp we observe vortex activation at lower ( J / T ) 5 0 % ,  
confirming that free or very loosely bound vortices occur only at higher T 
(lower J ) .  In Fig. 5 we plot the midpoint (J /T)50% of vortex activation 
curves versus the applied ramp-down time. The data quantitatively show a 
shift of (J/T)So% from 1.4 for fast ramp times when all vortices are expected 
to contribute to the signal, to 1.0 for slow ramp times when only loosely 
bound vortices survive. The data therefore reveal that loosely bound pairs 
of size larger than 2 d / a ,  or indeed free vortices, do not appear in quantity 
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until J / T  5 1.0, whereas more tightly bound vortex pairs appear in large 
number already for J / T  5 1.4. This result clearly illustrates the mechanism 
of vortex-antivortex unbinding with increasing temperature or decreasing 
superfluid coupling, which underlies BKT theory. 
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