Chapter 1

Classical Field Theory

The concept of a (classical) field as used in contemporargipbyriginates from
Faraday’s intuitive picture of what he called “lines of fetdo describe mag-
netism and electricity. Maxwell turned this profound pretuwhich was based
on analogies with fluid flow and elastic media, into the modeetd theory of

electromagnetism. The concept proved useful and foundcapipins in much of
physics.

1.1 One-Dimensional Crystal

One of the simplest examples of a classical field theory dsstra one-

dimensional crystal in the harmonic approximation. Towdeii, consider a chain
of equal mass points arranged in a straight line, each coeméc the next one
through identical springs, see Fig. 1.1. Assume that thesezasvhose equilib-
rium positions are separated by a distaacean vibrate only in the direction of
the chain, and lep,(t) denote the displacement of tihth mass point from its

equilibrium position at timeé. The kinetic energyl of the chain is

m .
T=3 2,40, (1.1)

where the sum extends over all particles of masand¢ = d¢/dt. The potential
energyV of the chain is the sum of the contributions of the individsgings,

V= Sl - wOF: 12)

Fig. 1.1 A chain of equal mass points connected by springsuiliequm.
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2 Classical Field Theory

with k the force constant. A spring contributesMovhen it is stretched or com-
pressed from its equilibrium length. The Lagranglamlescribing the chain is
defined by the dference of the two energiés=T - V.

Rather than working with this discrete system, we wish tadbs the crystal
as a continuum by letting the lattice spaciagend to zero. In this limit, the

Lagrangian
a
L=<
2 Z

can be written as an integral over the line

L= % f dx* {u[9:6 ()17 = Y [916(0))} (1.4)

whereu = m/ais the equilibrium mass per unit length of the continuougesys

= kais the Young modulus of elasticity, ant(x), with x = (t,x%), is the
displacement field. The corresponding act®a fdt L is seen to be given by an
integral over space, which is one-dimensional in this edamgnd time

s:fddxz, (1.5)

with d = 2 and £ the Lagrangian density. In the harmonic approximatignrs
guadratic in the displacement field, and the continuum misdefree field theory.

As a side remark, note that for a real field, a term in the aatiothe form
$0i¢ linear in time derivatives is a total derivative and can bwigd.

2
(¢r+1(t)a— i (t)) } 1.3)

M2y
~92(0 —ka

1.2 Action Principle

As for a free theory, fields with local interactions are alsvayned by an action
that can be written as a spacetime integral of some Lagmanmigiasity. Let be a
function of a set of fieldg, (a = 1,2, - - -) and their derivatived, ¢,. In principle,
£ can also contain higher-order derivatives of the fields mishall not discuss
these cases here. Consider an arbitrary infinitesimalti@mia’s, in the fields,

8°pa(x) = $5(X) — da(¥). (1.6)
The superscript 0 on the variations to indicate that the spacetime coordinates
of the original and varied fieldgy(x) and¢’(x), respectively, are the same. Under
this variation, the action restricted to some regidof spacetime varies as:

oL
§°S = fdd(SOL fdd[ = 5%, + aaoa}
362" 2 G50 € 9

oL
ddx ( )50 a f dS, ———&%x, 1.7
f 90 " 50,00)° * "6(6@) far (D)
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1.3. Noether’s Theorem 3

where the last line follows by integrating by parts. The tasin, withoQ bound-
ing the spacetime regiof2 and &5, a surface element on the boundary, is the
resulting boundary term. The equations governing the fiatdsobtained by re-
quiring that the action be stationary under any variatiof)(that vanishes on the
boundary. This variational principle of least action ygttie field equations

oL . oL _ 0
Opa " 0(Bupa)

known as the&Euler-Lagrange equations
For the free theory of the preceding section, this gives theevequation

59— c2dip =0 (1.9)

(1.8)

with speed of propagatioo; = +/Y/u. It is common to absorb the constant
appearing in the Lagrangian (1.4) by definigig= /¢ so that the ca@cient of
the kinetic term become§ and

£= 3007 - B0 (1.10)

where the primes on the field have been dropped again. THig istandard La-
grangian density describing longitudinal elastic wavesria space dimension.

1.3 Noether's Theorem

Symmetries play an important role in physics. A theorem duédether connects
symmetries of the action to conserved charges, i.e., palygi@antities that do not
change in time. Examples of such conserved charges areyen@mentum, and
particle number.

To derive the Noether theorem, consider the change in thenai yet un-
specified infinitesimal transformations of the fields andrdottes,

d¢a(X) = ¢a(X) = ga(X) (1.11)
and
oXt = X — %, (1.12)

respectively. In contrast to the variatioff, in Eq. (1.6), the present variations
also include a change of the coordinates. To indicate tlfieréince, the present
variations do not carry a superscript 0. The coordinatestamation (1.12) leads
to a change in the integration measure given by the Jacobiha transformation:

d(x + 6%) = det|9,(x" + 6x)| d?x ~ (1 + ,0%)d"x. (1.13)
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4 Classical Field Theory

Specifically,
§(d%x) = d¥xa,6%". (1.14)

As a result, the change in the action derives from twitedent sources
5S = f AdIX[6L + L£3,0%], (1.15)

which is to be distinguished from the previous one (1.7)rgisrom the variation
(1.6) in the fields alone.

The infinitesimal transformatiodig,(X) in the fields (1.11) can be written in
terms of the variation (1.6) as

¢a(X) = Pa(X + 0X) — ¢a(X)
= ¢a(X) — a(X) + Guda(X)oX"

= 6%a(X) + 0, a(X)0X, (1.16)
and similarly
6L =38L+0,L6%. (1.17)
More explicitly,
oL o oL 0 u
0L = 9. — 0 ¢a+ Ond )c') (67 ¢a) + 0, L5X (1.18)

oL oL oL
- % a(ama)) fat (a(ama)‘S o)+ 5%

where in the first line it is used that the coordinates do nmghainder the varia-

tion ¢°, i.e.,8,(6%3) = 6°9,¢a. For fields satisfying the Euler-Lagrange equations

(1.8), the change in the action (1.15) assumes the form

L
5S = f d%o (—T”V6XV+ — ) 1.19
M a(aﬂ¢a) ¢a ( )
whereT#, defines theenergy-momentum tensor
0L
T = y VL, 1.20
6(8#(253) ¢a 17/1 ( )

and Eq. (1.16) is used to replaé¥s, with 6¢,. Note that in contrast to the vari-
ations (1.6), the infinitesimal transformations (1.11) rmoérequired to vanish on
the boundary. Now, if the action is invariant under the tfarmeations (1.11) and
(1.12), the current density, defined through

oL

j# = -THoX +
: 3(0,02)

— = 5¢a, (1.21)

BOULEVARD OF BROKEN SYMMETRIES - Effective Field Theories of Condensed Matter
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/6826.html



1.3. Noether’s Theorem 5

is conserved for field configurations satisfying the Eulagtange equations, i.e.,
d,j* = 0. This conservation in turn implies that the associatedgeha

Q= f dPx j°, (1.22)
remains unchanged in the course of time:
ddi;" =dex8tj0=—dexaiji =0. (1.23)

The last equation follows from Gauss’ theorem and the asSamthat the cur-
rents decrease fiiciently fast at spatial infinity. The observation that a syetnmy
of the action implies a conservation law constituiesether’'s theoremSymme-
tries that do not involve changes of the coordinated & 0) are callednternal
symmetries

In terms of the canonical conjugatg(X) to the fieldg,(x), which is defined
as

0L

= —, 1.24
"= o) (.24
the charge densitj(x) assumes the compact form
HoJ 0 v
= L6X + ma(6pq — 020X
: Tal00a = 8,¢a0X') (1.25)

= £L6X° + 126%.,

by Eg. (1.16).

The connection between continuous symmetries of the aationconserved
charges becomes even more pronounced when the symmetsfotraations
(1.11) are expressed in terms of the corresponding chasyislews. Consider
the Poisson bracketF, G} of two functionalsF[¢,, 73] andG[ ¢4, 5] Of the fields
and their canonical conjugates at a given tindefined as (no sum ove)

_ (oo 6F G SF 4G
{m“ﬁ4wmwmammm&’ (1.26)

where the integral is over space coordinates only. Héf¢dg,(X) denotes a
functional derivativeIn the same way that a functidifx) assigns a number to its
argumentx:

fix— f(x), (2.27)

a functionalF[g] also assigns a number to its argument, which happens to be a
functiong(x):

F:g—- F[g]. (1.28)
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6 Classical Field Theory

The ordinary derivative of a functiof(x)

df(x . 1
ax - im 2 [T+ o) - (3] (1.29)
is readily generalized to a functional derivative as fokow
oFlgl .1 o
sa) — im S {FI909 + ea(x )] - Flgeoll. (1.30)

with 6(x) the Dirac delta function. The rules for functional derivas are very
much like the ones for ordinary derivatives. As an elemgnéaample, consider
the functional

Flg] = fdxgz(x), (1.31)

which indeed assigns a number to the functifx), namely the value of the inte-
gral. With the definition (1.30), the functional derivatigives

oF[g] 1 2
o = lm = [ axig) + oty - 0]
=2 [ dxo090(x-3) = 200). (1.32)
More complicated functionals can be treated similarly.eDttules are
SF[9l _ pnara OF LD
sgy) 9 5a) (1:33)
and
_ SF[d]
6mw exp(Fld]) = exe(Flal) 3 - (134)

An important bracket is of a field and its canonical conjugate
{¢a(t, X), (L, X)} = dapd(X — X'), (1.35)
which yields a delta function by the definition (1.26). Fonsyetry transforma-
tions withx? = 0, the charge density (1.25) reduces to
i° = 126%a, (1.36)
and

{¢a(X), Q} = 6O¢a(x)’ (137)
by the basic bracket (1.35). The chaf@és said to generate the symmetry trans-
formations®¢a(x) specified in Eq. (1.11).
Consider, as an example, a translatiah= o' in space. Such a transformation
is generated by the charge’' P; with P; the total momentum

— D
P = f d°X 740 Pas (1.38)
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1.4. Nonrelativistic Field Theory 7

through
{#a(2), =a'Pi} = —a'digpa(), (1.39)

where the right side denoté%s, as follows from Eq. (1.16) witkdp,(X) = 0.

The case of translations® = ° in time, to which Eq. (1.37) does not ap-
ply, is somewhat special. The charge density (1.25) redtacésa® times) the
Hamiltonian densityH,

0= 0L - madhpa) = —a"H, (1.40)
and
{#a(¥), —a°H} = —a°di¢a(), (1.41)

whereH = [ d°xH is the Hamiltonian and the right side dena#@s, as follows
again from Eq. (1.16) witldg,(X) = 0. In deriving Eq. (1.41), use is made of the
Hamilton equation

6H
— = . 1.42
ey = a9 (1.42)
Despite their dierent origins, Egs. (1.38) and (1.41) can be summarized oy th

single equation

{#a00). P} = 0u8a(%), (1.43)

where we introduced the notatié¥ = (H, P).
As an application, we investigate in detail the symmetryteonof a nonrela-
tivistic theory in the next section.

1.4 Nonrelativistic Field Theory
Consider the nonrelativistic classical theory specifiedhgyl agrangian density

0 n?
L=y’ i = S-Vy™ - Vg = VYY), (1.44)

featuring the complex fielg. The potential energy densifly/ is assumed to be a
function ofy*y. To be specific, we choose the simple form

V= -y 00, (1.45)

with positive codficientg, while the codficientu can be either negative or pos-
itive. This classical theory plays an important role in censied matter physics,
as we will see in the following. In the context of Bose-Eimsteondensation in
weakly interacting Bose gases, it is known as@ress-Pitaevskiiheory.
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8 Classical Field Theory

The fieldy is a classical, complex field satisfying the Euler-Lagraegeation

h 2, VW'Y
|h = o VA + o0 (1.46)
Its canonical conjugate is the fleJ,'d,
oL
n(x) = 30w = i"(X) (1.47)
so that
{y(t, X), i (t,x")} = 6(x — X). (1.48)

The two fieldsy andy* are therefore to be considered as independent. In the same
way that the electromagnetic vector poten#glsatisfies the classical Maxwell
equationsy satisfies the classical field equation (1.46), which becadssur
choice of parameters, formally assumes the form of a Schgédiequation. After
guantizing, the electromagnetic vector potential dessriphotons—the quanta
of light, while the displacement field featuring in the Lagrangian (1.10) of a
one-dimensional crystal describes acoustic phonons—thatguof sound. In a
similar fashion, the fields describes after quantizing nonrelativistic bosons of
massm. With this in mind, the specific forms of the déeients in the classical
theory (1.44) were chosen. The classical figld the average field produced by
many bosons in the same way that the classical vector pateh&lectrodynamics
describes the average behavior of many photons.

For the time being, we take < 0 so that the minimum of the potential is
aty = 0. In a classical setting, where it is more appropriate tcehRlanck’s
constant not appear explicitly, one introduces dmgersion constany = #/m
andwg = —u/h > 0. The dispersion relation, which can be obtained from the
Euler-Lagrange equation (1.46) by Fourier transformirgftald and expanding
the expression to linear order around: 0, then reads

1
w(K) = wo + 5Y k2, (1.49)

with k the wave vector andyy denoting the lowest attainable frequency. This
shows that the Lagrangian (1.44) describes a quadratidelhersing mode with
frequencies larger than the ctta.

We next investigate the symmetry content of the theory. @endirst a
translation of the spacetime coordinates by an infinitesiznastant vector”,
oxX = XV - X' = o, andéy(x) = 0. Itis readily checked that the action is
invariant under this coordinate transformation so that by @.21), the current
density

*=-Ta" (1.50)
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1.4. Nonrelativistic Field Theory 9

and, sincey” is a constant vector, also the energy-momentum tensor secosed,
0,T" =0. (1.51)

The energyE = H = P° and momentun® of the system are given by
E= dexTOO, P = dexTOi, (1.52)

respectively. For the nonrelativistic theory (1.44), tlengral expression (1.20)
for the energy-momentum tensor reduces to

2 o
T = ;l—mw* VY +Vty), TO= —%ihw*aiw, (1.53)

whered; = d;— ; stands for the the right minus left derivative. Note thlat —d;,
with 9; denoting the components ¥, see Notation and Conventions. To arrive
at the symmetric form (1.53) foF®, the first term of the Lagrangian (1.44) has

been recast in the equivalent for%‘frﬁzp*ﬁtw, which differ only by an irrelevant
total derivative.
The theory (1.44) is also invariant under phase transfaomsit

P - ' () = €9(¥), ¥ -y (X ="y (%), (1.54)
with « a constant transformation parameter. Because the sanmeefealuis used

throughout spacetime, these transformations are refesrasglobal transforma-
tions. Witha small, the transformations (1.54) take the infinitesimatfe

O (X) = iay(x), 6% (X) = —ia*(X). (1.55)
By Eqg. (1.21), this symmetry leads to the conservation ottireent density
. i oL oL
= - , 1.56
dtomiaont (59
where the constantiia has been divided out for convenience. Specifically,
it =aj°+V-j=0, (1.57)
with
=n=yy j=-ity'V (1.58)
=n=yy, j=-iuVy. :

After quantization, the conservation of the chalye dex n= dexw*(// phys-
ically denotes the conservation of particle number. Thersgtry (1.54) gener-
ated by this charge,

(¥ = (W(¥), ~haN} = iap(X), (1.59)
plays an important role in understanding superfluidity teiacting systems.
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10 Classical Field Theory

A final symmetry enjoyed by the nonrelativistic theory (.&4the invariance
under Galilei transformations. Under a Galilei boost witbomstant velocityu,
the coordinates transform as

t>t' =t x—>x =x-ut (1.60)

so that
a oto  Ox

at—>%_ﬁa+W~V=8t+u~V, VoV =V, (1.61)
while the fields pick up an extra phase factor

Y) = P/ (X) = MUz y ). (1.62)
Both the field equation (1.46) and the action are invariamteurthese Galilei
transformations, as can be explicitly checked. In infinited form, the trans-
formations become

SX = U, Sw(X) = i%u"xﬂz//(x), (1.63)

and

Cy(x) = i%"uﬂxﬂlp(x) + Ut Y(X) (1.64)
with * = (0,u). The conserved current density reads by the general farmul
(1.21)

i .o.m( 0L oL i
g =THt + |—( - Ut IX, (1.65)
h\0@Ouw) "~ B(0uy)

where the index arises because we dropped the constant boost vectdrhe

conservation 8% /dt = 0 of the charges
GY = dex o = dex(TOit —mnX) = P't— mNX, (1.66)

signifies that the center of mass

[ dPxxn(x)
X{t) = ¥%——— (1.67)
[ dPxn(x)
of the system moves with constant momentum,
dXx
P=mN—. 1.
m @ (1.68)

It can be explicitly checked that

{w (0. u,G%} = % (x), (1.69)
with the right side given by Eq. (1.64).

In closing this section, we point out the remarkable refatio

ji'= %TO‘, (1.70)
linking the particle number current densifyto the momentum densiff®. The
relation is remarkable because of its complete asymmetrer@ds;' is a vector
and a current densitff® is part of a tensor and a charge density. The relation
is the hallmark of a Galilei-invariant theory and stateg #haery particle has the
same particle-number-to-mass ratio.
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1.5. Spontaneously Broken Symmetries 11

1.5 Spontaneously Broken Symmetries

Instead of taking the cdicientu in Eqg. (1.45) as negative, we how assume it to
be positive. The shape of the potential energy density tleeornes as depicted
in Fig. 1.2, showing thal’ develops a minimum away from the origin= 0 at

Wi =V = p/g. (1.71)

The uniform system will, in the absence of an outside agetiiesat some point
chosen at random along the circle forming the minimum of thteiptial. Because
the entire system spontaneously settles on the same phasgystem is said to
order itself. In the context of a weakly interacting Bose gas, theditiony # 0
signifies the formation of a Bose-Einstein condensate.

The dispersion relation (1.49) was obtained by expandiograt the value
¥ = 0, which fory > 0 we recognize as the false ground state. To obtain the dis-
persion relation fop > 0, we must expand around the true ground state specified
by the minimum value (1.71). To this end, we introduce two neal fieldsy and
n by writing

Y(X) = [v+ n(x)] e¥WX. (1.72)

In terms of these new variables, the Lagrangian densityrheso

L=—-(+n)?

n? 2 n? 2 2 9 4
howp + En(v‘”) ] - %(Vn) +u(v+n) - E(\H n’,  (1.73)

omitting a total derivative. The real fielgdis seen to have no time derivative. It
therefore is not dispersing or, putfidirently,n does not represent a propagating
degree of freedom.

In this respect, the nonrelativistic theory (1.44ifelis fundamentally from its
relativistic counterpart, where the fiejdrepresents a genuine propagating mode.

Fig. 1.2 Graphical representation of the potential enemgsiy (1.45).
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12 Classical Field Theory

That mode, which has a frequency dtif@orresponds to radial oscillations that
climb the walls of the potential energy density in Fig. 1.2. &haking the non-
relativistic limit, this mode becomes nondispersing.

For spatial variations of wave numb&f small compared to/k, where

g (1.74)

V2mu
defines the typical length scale for such variations, theigrda term ¥7)? can be
neglected, ang satisfies the field equation

2
W =5 {hae9 + o e B @)

To remove the interaction betwegrandy, we substitute this field equation back
into the Lagrangian density, giving

2
L= _5 hop + —(V(p) ] (1.76)

Tidwp + —(V‘P)

1
+_
29

where an irrelevant additive constant is dropped. The dispe relation can now
be read & from the quadratic terms,

w?(K) = k2, (1.77)

where the parameter= \//J/_m defines the phase velocity. Instead afieadrati-
cally dispersing mode found in Eq. (1.49) fox 0, foru > 0 alinearly dispersing
mode emerges. More importantly, in contrast to what wasddonu < 0, this
mode is gapless. It physically represents sound wavespr@pagating density
perturbations. In terms of the parameteasdc, the codficients in the Lagrangian
density (1.76) assume the form

K\ 1 = }i 1.78
g 29 2me (1.78)
The combinatioridyp + (72/2m)(Vy)? appearing in the féective theory (1.76)
of the nonrelativistic gapless mode is invariant under l&iaiansformations for
which
Im
<p(x)—>¢p(x)_¢,o(x)——u X + éﬁu 2t (2.79)
according to the Galilei transformation (1.62) and the digdim (1.72) of the phase

field. In terms of the new variables, the current density§ldssumes the form

j =nvs, (1.80)
with n = y*y = (v + n)? the particle number density and
ve= Ly (1.81)
s=m ¥ .
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1.5. Spontaneously Broken Symmetries 13

a velocity field. This last expression shows that the phakkdiphysically plays
the role of a velocity potential.

We next come to an important observation concerning the stmyneontent
of the theory. In the previous section it was observed thathleory is invariant
under the phase transformations (1.54) generated by thgecNasee Eq. (1.59).
These transformations constitute the group U(1). The naaltrground state,
characterized by the constantntroduced in Eq. (1.71), is however not invariant
under this symmetry group, singdgransforms as

VoV =€V (1.82)

The ground state is invariant under the symmetry group othlgrw is zero, cor-
responding to the trivial ground state. A finite valés said tospontaneously
breakthe global U(1) symmetry.

A symmetry that is spontaneously broken is not completedy. [dhe invari-
ance of the action implies that satisfies the same field equation as the constant
field v, i.e., the transformed field also characterizes the ground state. The dif-
ferent ground states, all minimizing the potential energpdity, are degenerate
and related by a phase transformation. The complete sebahdrstates, known
as the space of degeneracygoound-state manifolgs obtained by operating with
the symmetry group on a given ground state. Such a set isidakeorbit of the
group. For the case at hand, the orbit is givervg§ and is represented by the
circle at the bottom of the potential energy density depiate-ig. 1.2.

According to a theorem due to Goldstone, the spontaneowkdoen of

a continuous symmetry in higher than two dimensions gives to a gapless
mode—known as thlambu-Goldstone modBecause they are gapless, Nambu-
Goldstone modes are the dominant degrees of freedom iffeatiee description
of the system valid at low frequency and long wave length.niixdas of Nambu-
Goldstone modes are spin waves in ferro- and antiferrontagaed sound waves
in superfluids and crystals. In the case under study, theepeesof a Nambu-
Goldstone mode is signaled by the gaplessness of the dmpeedation (1.77).
It corresponds to excitations that lie at the bottom of theeptial energy den-
sity shown in Fig. 1.2. A little thought reveals that Nambal@tone fields al-
ways parametrize the ground-state manifold. Under the stmyrtransformation
(1.54),¢ is shifted,

0p(X) = {p(X), —haN} = a, (1.83)
which is the typical transformation property of a Nambu-@&bbne field under

the action of a spontaneously broken symmetry.
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14 Classical Field Theory

1.6 Hffective Theory of Hydrodynamics

Probably the most familiaronrelativisticfield theory is provided by hydrodynam-
ics. As a second application of the field concept we in thisicegive a modern
field theoretic description of the hydrodynamics of an igdekssical fluid, which
was already well understood in the 19th century. The casmwofentropicflow,
for which the entropy per unit mass is constant, is partityilsimple. The pres-
sureP is then a function of the mass densitpnly, and the flow is automatically
a potential flow. A feature of such a fluid is that it supportattenuated sound
waves, i.e., propagating density oscillations. The wavesinattenuated because
viscosity and thermal conductivity, which usually servelissipate the energy of
a propagating mode, are absent. More important to our presesiderations is
that sound waves are gapless. In this and the next sectiowjlindentify them
as the Nambu-Goldstone mode associated with the spontsigdwoken Galilei
symmetry. This identification then explains their gaplessras aemergenprop-
erty.

As starting point to describe the hydrodynamics of a honogmtrfluid, we
take the Lagrangian density

L= %PVZ —pe+¢[ow + V- (pV)], (1.84)

wherev is the velocity field,p the mass density, arelthe internal energy per
unit mass. For homentropic flow,is a function ofp alone. The first and second
term in (1.84) represent the kinetic and potential energsity respectively. The
variableg is a Lagrange multiplier introduced to impose the consemaif mass:

O +V-(ov)=0. (1.85)
The action principle yields fov the field equation
v=Ve¢, or V =-0¢, (1.86)

showing that, indeed, a homentropic flow is automaticallyoteptial flow. It
also identifies the Lagrange multipligr whose dimension isp] = m?s™, as the
velocity potential. With Eg. (1.86), the Lagrangian dey$it.84) becomes

L=—p[o+3(Ve)* + €l (1.87)

after integrating by parts. A second field equation is olgdifrom the action
principle by considering variations jph This yields the Bernoulli equation

O + %(Vcb)z +h=0, (1.88)
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1.6. Hfective Theory of Hydrodynamics 15

with
= M (1.89)

the so-called enthalpy density. For a homentropic fluidethibalpy density coin-
cides with the chemical potentialper unit massh = u, and

— (Bre + 3v?) (1.90)
by Eqg. (1.88). From the definition (1.89), the thermodynaralation for homen-

tropic flow

vh=1vp (1.91)
P

with P = p2de/dp the pressure, readily follows. On taking the gradient of
Eg. (1.88) and using Eq. (1.91), we obt&ualer’'s equation

1 1
AV + EVv2 +-VP=0 (1.92)
P

governing the flow of the fluid. Sinceé x v = 0 in the absence of vortices, this
equation with (1p)VP = Vu can be equivalently written as
— =-Vpu, 1.93
@ u (1.93)
where the total derivative
% =0 +Vv-V (1.94)
is the derivative following the flow.

From the Lagrangian density (1.87), the canonical congiggto ¢ follows
as

oL
Ty = 0 P (1.95)
implying the Poisson bracket
{¢(t,X), p(t, X')} = —6(x — X'). (1.96)

The following symmetries can be identified in classical lmgymamics:

(i) Invariance under spacetime translatioks —» x* + o*, with o a constant
vector. By Noether’s theorem, this invariance implies tbaservation (1.51) of
the energy-momentum tensor with components
oL

TO = 60t¢51¢ :pvj (1.97)
Til = %5% Lyl = pvVl + P§'] (1.98)
TO0 _ ;fqﬁ b — L = 1pV +pe (1.99)
o _ :afp 0 = V(TP + P), (1.100)
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16 Classical Field Theory

as follows from Eq. (1.87). A few remarks are in order. Fitishe derivatives;¢
have been eliminated through the field equation (1.88) 9p filvaexample, £ in
the last equation is replaced with

£ — ph—pe= (pa% —1) (0€) = P. (1.101)

Second, the energy or Hamiltonian denstfy= T is the sum of the kinetic and
potential energy density, as required. By Eq. (1.89) Withy, it gives

o 1,
Z=z 1.102
(9p(]{ SVt (1.102)

which is the standard definition of the chemical potentiahally, yielding the

complete set of equations of hydrodynamics, the Lagrandénsity (1.87) en-

codes all the relevant information for the description obankentropic ideal fluid.
(ii) Invariance under global shifts of the velocity potehi

¢(X) = ¢'(X) = ¢(X) + a, (1.103)

with a a constant. This symmetry of the action leads to the conServéaw
(1.85), ord,g* = 0, with g° the mass density argithe mass current density,

o_ 0L _
g’ = o =p (1.104)
i oL _

g = e = pV. (1.105)

(i) Invariance under Galilei boosts (1.60), which leadstlhe conservation
law, cf. Eq.(1.65),

8,9 =0, (1.106)

with g% = Tt — g°x andg’ = T'lt — g xI the corresponding charge and current
densities. Note that the equivalence of the mass cug'eahd the momentum
densityT%, which is the hallmark of Galilei invariance, is satisfiedthg theory.

1.7 Sound Waves

We next turn to a description of sound waves. We restricteues to waves of
small amplitude. These generate only small deviationsemthss density and
pressureP_Of the uniform fluid at rest so that the Lagrangian densitg{1can be
expanded in powers @f = p — p, with |p] << p as

12\ (5, Ry _ e s Lpie2 ~3
.E:—(at¢+zv)(p+p)—QO—hp—éh'p + 0. (1.107)
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1.7. Sound Waves 17

Here, the prime denotes the derivative with respeptidich is to be evaluated at
p = p. Since for a uniform system at restjs constant, it follows from Eq. (1.88)
thath = 0. Denoting the thermodynamic derivative/dip by ¢?, which has the
dimension of velocity squared, we can write the fiioent of the quadratic term
inp as
help- i (1.108)
P P

Apart from an irrelevant additive constantep), the Lagrangian density thus be-
comes to this order

L=~ (0 + 3V )(p+p)——§p (1.109)

We next eliminate from the Lagrangian density (1.109) by substituting
~ p_ 1,,2
p = —g <6t¢ + EV ), (1110)

which follows from expanding the field equation (1.88). Rbghy, this equation
with the minus sign on the right reflects Bernoulli’'s prifeipin regions of rapid
flow, the mass density = p + p and therefore the pressure is low. It also shows
that the expansion ip ifivolves derivativeg), ¢. At low frequency and long wave
length, the higher-order terms can therefore be safelyreghoAfter eliminating

0, We obtain as #ective theory governing the velocity potentjal

Loy = —p (0 + 3v?) + 2% (60 + %VZ)Z, (1.111)

which is of exactly the same form as thiéetive theory (1.76) obtained for a non-
relativistic theory with spontaneously broken global Ugginmetry, with the ve-
locity potentialg replacing /m)¢. The main diference is that while the Nambu-
Goldstone fieldy of the spontaneously broken U(1) symmetry is compact, the
velocity potentialp featuring in classical hydrodynamics is not.

The field equation for the velocity potentialthat follows from the fective
theory (1.111) is nonlinear:

B 1_
P(OF + 30v°) = pC°V -V + Sp(0N +V- VV?) = 0. (1.112)

The information contained in this equation cannot be moaa the conservation
of mass becausgwas initially introduced in Eq. (1.84) as a Lagrange muiéipl
precisely to enforce this conservation law. Indeed, EdL1@.), with o denot-
ing the constant mass density of the uniform fluid at rest liespthat the field
equation (1.112) reproduces Eq. (1.85) in this approxiomatiTo simplify the
field equation, we replagein the first and last term with the full mass dengity
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18 Classical Field Theory

(which is justified to this order) to arrive at the completat fomewhat unfamiliar
field equation

1
¢ — CPV2p = —9v? - SV vv2 (1.113)
of sound waves. It can be cast in the succinct form
%,u +c?V-v=0, (1.114)

with d/dt denoting the derivative (1.94) following the flow, apdhe chemical
potential (1.90). If the nonlinear terms are ignored, tljeation reduces to the
more familiar linear wave equation

o - V2 =0, (1.115)

implying a gapless linear dispersion relation, and idgmtgd c, which was intro-
duced through the thermodynamic derivati®/ do = c?, as the speed of sound.

As for the combinatiorid,p + (712 /2m)(V)? in Sec. 1.5, the combinatiaghe +
%(WB)Z appearing here is dictated by Galilei invariance, with talgity potential
transforming as

(X)) = ¢'(X) =p(X) —u-X+ %uzt. (1.116)

Note that the chemical potential (1.90) is invariant undher Galilei transforma-
tions (1.61) and (1.116), while — v — u, as required. It is readily checked that
also the complete field equation (1.113) is invariant undalil& boosts—that
is, sound waves in a classical fluid enjoy Galilei invariantke linearized wave
equation (1.115) is, of course, not invariant because &aseanlinear terms have
been dropped.

From the &ective Lagrangian density (1.111), the various Noethergghand
current densities can again be computed. They are, inéyitaihthe same form
as the exact expressions (1.97)—(1.100), but now with tpecapmations

pxp— % (0 + 3v?) (1.117)
by Eq. (1.110),
H o~ Pv2 g C_z_(p - 0> (1.118)
2 2
and
P~ —p (0 + 3v%) ~ (o - p). (1.119)

This last equation is consistent with the expression onaidfrom directly ex-
panding the pressur®(p) = P + 5P’ sinceP = 0 andP’ = ¢2.
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1.8. Topological Defects 19

To sum up, we arrived at thefective theory describing a gapless nonrelativis-
tic mode, viz. sound waves, starting from the Lagrangian density (1.87¢hvh
entails the complete hydrodynamics of a homentropic fluide &ective theory
(1.111) displays a property typical for systems with spoataisly broken sym-
metry, namelyLes is a function not of the velocity potential itself, but only o
derivatives of the field. The energy is minimalgfis uniform in space, i.e., the
system is rigid. This is a direct consequence of the shiftragtny (1.103) gener-
ated by the total masdl = [ d°xp(x),

d(X) = {¢(X), —aM} = a, (1.120)

which in turn is a direct consequence of the Poisson bradk@6}, stating that
¢ andp are canonically conjugate. A finite mass density automifiteeaks
Galilei invariance. Indeed, under an infinitesimal Gallb@iostéx* = —u‘t, ¢
transforms as

8%p(x) = {¢(x), u,,GO”} = U, X + U,td'e, (1.121)

where, as beforay' = (0,u). The first term on the right shows that the velocity
potential is shifted under a Galilei boost. As already rémdrelow Eq. (1.83),
such a shift is typical for a Nambu-Goldstone field under tttea of the sponta-
neously broken symmetry group.

1.8 Topological Defects

The emergence of gapless Nambu-Goldstone modes is a genesglquence of
spontaneously broken continuous symmetries. Here, wetshabncerned with a
second, intimately related, manifestation of broken syinie® namely the emer-
gence of topological defects. The core of defects are regidrere the symmetry
is realized diferently than in the bulk of the system. Often, the defect t®ie
the normal state so that here the symmetry is restored.

As an example, consider the Gross-Pitaevskii theory witmgmeously bro-
ken global U(1) symmetry. To be specific, we study static fimdfigurations
which are independent of the third coordinate, iygx) = ¥(p, 6) in cylindrical
coordinates. For such a field configuration to be of finite gpeit must take
values in the ground-state manifold at spatial infinity

lim y (o, 6) = €Oy, (1.122)
p—)DO

with ¢ the Nambu-Goldstone field, parametrizing the ground-steteifold, and
v given in Eg. (1.71). From the mathematical point of viesgp — o, §) defines
a smooth mapping from the boundary of two-dimensional spabih is a circle
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20 Classical Field Theory

U(p — 0,6)

77X
< >

Fig. 1.3 Mapping of the boundary of two-dimensional space ihe ground-state manifold.

at spatial infinity and will be denoted I8¢, into the ground-state manifold U(1),
which also has the topology of a circle and will be denote(‘spy

Ylp = 0,0): Sy — S, (1.123)

see Fig. 1.3. Such a mapping is characterized Wwynaling number wgiving the
number of times the mapping wraps the boundary of space ditberground-state
manifold. If the loop in coordinate space is traversed omcehat the path returns
to its starting point, then the phag@) must wind around the loop constituting the
ground-state manifold exactlytimes fory to be single valued. That is, the phase
must change bys&v. A nonzero winding number is the signature of a topological
defect—a vortex in this case. The vortex is represented bystitagght line in
Fig. 1.3.

The winding number is a topological invariant. All the mamys (1.123) fall
into distincthomotopy classdabeled by the winding numbev. It is impossible
to deform a mapping of a given class with winding numtyesmoothly into an-
other mapping belonging to a class with winding number: w. [Two smooth
functionsf andf’ are said to be homotopic (Greek for “same place”), or to gelon
to the same homotopy classfifcan be smoothly deformed int3.] Now, con-
sider shrinking the loop around the vortex core to becomeiteBimally small.
Because the winding number is a topological invariant, istrkeep the same
valuew it had initially. This requireg(6) to turn through an anglerdv no matter
how small the loop becomes. The derivativesdherefore diverges at the vortex
core andvexplip(6)] becomes singular. In this region, the ordered state is de-
stroyed and the system reverts to the normal stateg(8schanges by 2w on
going around the vortex core, the circulatigrdefined as

K= Sgdx Vs, (1.124)
is nonvanishing. Specifically,
h 21th
k=—Qadx Vo =w—, (1.125)
m m
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1.9. Homotopy Groups 21

showing that the circulation is quantized in unitsgf= 277i/m. Thetopological
chargedefined as

_ %SEdX~V¢=W (1.126)

is simply the winding number of the mapping. A field configioatof finite
energy evolves in time such that the winding number remaichanged, i.e., the
topological charge is conserved.

The above reasoning can be extended to defects of dimeBsionD > D’
space dimensions. The way to characterize such defectsisraund them by a
hypersphere [Sof dimensionr, such that

r=D-D"-1 (2.127)
The minus one on the right represents the radial distance fhe defect core
to the surrounding hypersphere. Vortices are detected bgusuding them by a
circle, i.e.,r = 1. They are therefore pointlikdd( = 0) in two space dimensions
and linelike O’ = 1) in three space dimensions, according to Eq. (1.127). Dboma
walls are detected by considering a point to the far left antthé far right of the
wall, forming the hyperspheredS They are therefore pointlikeX = 0) in one
space dimension, lineliké( = 1) in two space dimensions, and surfaceliké &
2) in three space dimensions. Point defe@s$ € 0) in three space dimensions
can be detected by surrounding them by an ordinary sphet&].

There also exist defects for which the entire space is todsdd as the sur-
rounding hypersurface. To visualize such defects, coatdispace is compact-
ified to a hypersphereS This is justified when the ground state tends to a
unique value at spatial infinity. The defect can then be piciias a point de-
fectin (D + 1)-dimensional space, surrounded by the hyperspHgreBesenting
coordinate space.

In all these cases, a mapping can be defined from the hypeesghimto the
ground-state manifold. Singularities arise when the in@fghis mapping cannot
be smoothly shrunk to a point on the ground-state manifolte Mmappings can
be classified by winding numbers as in our example, telling hany times the
ground-state manifold is covered when the hypersphgis &vered once.

1.9 Homotopy Groups

The homotopy classes characterizing a vortex form a (discggoup, called the
first homotopy, or fundamental group[U (1)] defined on the ground-state man-
ifold M = U(1). To demonstrate this, consider for each homotopy aassep-
resentative patlp.(2) on the manifold parametrized by 9 z < 1, starting and
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22 Classical Field Theory

ending at some base poipg, i.e., pc(0) = pc(1) = po. The product; o ¢, of
two homotopy classes is defined as the class containing feasite path ob-
tained by first traversing the pafl, () and then, after returning to the base point,
traversing the patip,(2). That is, the representatiy®, . ,(2) is defined as

pe, (22), 0<z<i

pclocZ(z) = { pCz(ZZ_ 1), % <z< 1l

With this multiplication rule, associating to any two hompy classes; andc, a
third homotopy classs = ¢; o ¢, all the requirements for these classes to form a
group are satisfied.

Indeed, the multiplication rule is associatime (c;0C3) = (C10C,)oC3 because
the order in which the three representative paths, eactingtand ending at the
base poinpg, are transversed is unimportant. The unit element of theédorental
groupr1(M) is defined as the homotopy class containing the path thatirsnat
the base pointpe(2) = po for 0 < z < 1. To verify thate o ¢ = ¢, consider the
smooth functiorP(z t),

| Ppos O0<z<t/2
Py = { pl2z-1/2-1)], tj2<z<1, (1.129)

with 0 < t < 1. Its definition is such tha®(z,0) = p(2) andP(z 1) = pe.c(2)

by Eq. (1.128) withc; replaced withe andc, replaced withc. The existence of
such a function, called lmomotopyshows that the functiop(z) can be smoothly
deformed intope, (2), implying that they belong to the same homotopy class and
eoc = c. The inverse™! of the homotopy classis defined as the homotopy class
containing the patip.-:(2) obtained by traversing the representative pailz) of

the homotopy classin the opposite direction, i.e.,

Pe1(2) = pe(1 - 2. (1.130)
To show that ™ o ¢ = e, note that by the multiplication rule (1.128)

(1.128)

p(l-22, O<z<1i

Petoc(2) = { pe(22-1). l<z<l (1.131)
The following homotopy
[ pe(1-2t2), 0<z<}
Py = { pe(2tz+1-2t), 1<z<1 (1.132)

reduces t@.1,.(2) in Eq. (1.130) fot = 1 and tope(2) = po for t = 0. Both paths
can thus be smoothly deformed into each other and are pdr¢ siime homotopy
class. This shows that the homotopy classes on the mariotd U(1) indeed
form a groupsr1(M). This is in fact true for an arbitrary manifold, not just for
group manifolds.
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1.9. Homotopy Groups 23

The nature of the fundamental gromgU(1)] characterizing vortices can be
easily established. Consider two widely separated vartiaéh winding number
wi andw,. The finite energy solutiort;, describing the first vortex then belongs
to the homotopy class,,, while the solutiony,, describing the second vortex
belongs to the homotopy clasg,. The composites; o ¥, obtained by patching
together the two widely separated solutions, is readilygedbelong to the ho-
motopy clasy,+w, labeled by winding numbes; + w, as follows. Deform the
boundary of two-dimensional space, which encircles bottices and belongs
to the homotopy class,, +w,, INto two very large circles, each encircling one of
the vortices, such that they almost touch midway betweendhtices. The first
circle belongs to the homotopy clasg,, while the second belongs tg,,, and
hencecy,+w, = Cw, © Cw,. Thatis, the “multiplication” rule is just addition and the
fundamental group forms the additive group of the integers,

m[UQQ)] = m(SH = Z. (1.133)

As itis impossible to “lasso a basketball”, the fundamegtalp of a two-sphere
consists of only the unit element; (S?) = 0. More generally,

m(S) =0 (1.134)

foralln> 2.

The manifoldM has, in the cases of interest to us, the particular form of a
ground-state manifold. To see what this implies,Gebe the symmetry group
of the theory, and lepg be a given ground state. Then the stgig obtained by
subjectingpg to a symmetry transformatiane G also belongs to the ground state.
Bearing accidental degeneracies, the ground-state nicigftherefore given by
the sef{g¢o}. Assume that certain transformations leggénvariant. The set

H = {h;h € G, hgo = ¢o) (1.135)

is readily verified to form a subgroup H of G, called tlesidual symmetry group
With g € G parametrized as

g=kh (1.136)

it follows that{g¢o} = {ke¢o}, showing that the ground-state manifold is identical
in structure, i.e.jsomorphic(Greek for “equal shape”), to the coset sp&g.
The mappings from the hypersphergis coordinate space into the ground-state
manifoldG/H form therth homotopy grougr;(G/H). Two mappings in the same
equivalent class can be smoothly deformed into each other.

The proof thatr, (M) falls into equivalent classes which for> 1 form a
group proceeds along the same line of arguments given fdutttamental group
(r = 1). Itis convenient to represent the hypersphérasSar-dimensional unit

BOULEVARD OF BROKEN SYMMETRIES - Effective Field Theories of Condensed Matter
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/6826.html



24 Classical Field Theory

hypercube, with all the points on the boundary identified amgle point. This
implies that the mapping from this hypercube iMomust take all the points of
the boundary into the same base pgigtof M. Let0< z < 1,i =1,...,r
denote the parameters on the hypercube. A representatifie bbmotopy class
c is denoted byp.(z,...,z). Two mappingsp(zi,...,z) and p'(z,...,z) of

S" into M belong to the same homotopy classp{fz, ..., z) can be smoothly
deformed intop’(z, . . ., z), while keeping the value of the interpolating function
on the boundary of the hypercube fixeduat The product; o ¢, of two homotopy
classeg; andc; is defined as the homotopy class represented by

<1
=2
.2 (1.137)

27,...,7), 0
Peocy(Zts ..., %) = {pcl( 1y Zr) :
2

P, (221 -1,...,27),

where the intervals are patched together side by side. Asdehis multiplica-
tion rule can be readily shown to be associative. The unibefe and the inverse
¢! of c can be defined as for= 1. Whereas the fundamental gromgM) need
not be Abelian, all higher-order homotopy groupéM), r > 1 are. In general it
is hard to visualize the higher homotopy groups. Howevenesspecial cases can
be understood by analogy with the fundamental group, such as

m(S)=2, (ST =0 (1.138)

form>r.

Finally, the zeroth homotopy groum(M) may be defined as the set of dis-
connected components of the maniféMd For the cyclic group £of ordern, for
exampleo(Zn) = Z,. Despite its namero(M) need not be a group.

A useful tool for determining homotopy groups is the homgtepquence

-+ = 1p(H) = m(G) —» 7mn(G/H) — mn_1(H) —» m21(G) — - - - (1.139)

Each of the mappings in this sequence from one homotopy gmthe next pre-
serves group multiplication, i.e., each mapping isamomorphisn{Greek for
“same shape”). In formula, if denotes such a mapping, then for two homotopy
classex; andcy, f(cp o ¢) = f(cy) o f(cp). The sequence (1.139) is aleract
which means that the kernel (Ker) of a mapping is the imagg @lithe previous
mapping, where the kernel of a homomorphism is defined aettwd all elements
that are mapped into the unit element 1.

As a first example of the use of the homotopy sequence (1.t88%ider the
Hopf mapf : S* - P with G = S, G/H = S?, and H= S. For these manifolds,
the homotopy sequence takes the form

7n(SY) = 7n(S%) = (D) = mnea(SH). (1.140)
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Sincen,(SY) = 0 for alln > 1, and Im[0— 7,(S%)] = 0, the exactness of the
sequence gives for the first two mappings

0 = Ker[rn(S®) - mn(S?)], (1.141)
implying that the second mapping is one to one,
IM[770(S?) = 7n(SH)] = 7mn(S5). (1.142)

We next shift one mapping to the right in the sequence to olitein—1 > 1, i.e.,
n>2

mn(S®) = Ker[rn(S?) — 0]. (1.143)
But Ker[r,(S?) — 0] =~ ,(S?) by definition, and hence
Ta(S3) = 7 (SP). (1.144)

For the Hopf map, this implies the somewhat surprising tesul
m3(S?) = m3(SP) = Z. (1.145)

As a second example of the use of the homotopy sequence J1ctB&ider
a symmetry group G with a trivial second homotopy grayfG) = 0, meaning
that the image of the mapping from any closed surface in ¢oatel space into G
can be smoothly shrunk to a point. By the exactness of the tappsequence
(1.139),

IM[0 — 72(G/H)] = Ker[na(G/H) — m(H)]. (1.146)

With Im[0 — 7(G/H)] = 0, this implies that the kernel of the homomorphism
m2(G/H) — m1(H) consists of only the unit element,

0 = Ker[r2(G/H) — m1(H)]. (1.147)
In other words, the mapping is one to one,
Im[72(G/H) — m1(H)] = 72(G/H). (1.148)

Using the exactness of the homotopy sequence (1.139) adsBow we conclude
that

m2(G/H) =~ Ker[mi(H) — 71(G)]. (1.149)
If the symmetry group is in addition simply connected, izg(G) = O, then
7T2(G/H) = 7T1(H), (1.150)

and the computation of the second homotopy group of a coaeesp reduced to
the computation of; of a group.
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As a physical application of this last result, consider a¢hdimensional ferro-
magnet. Below the Curie temperature, the system spontalyetevelops a finite
magnetization. The resulting preferred direction breaks3IO(3) rotational sym-
metry down to spin rotations about that axis, which form treug SO(2) or U(1).
It is convenient to consider the simply connected coveriogig SU(2) instead of
SO(3) which is not simply connected. The result (1.150) thigas

m[SU(2)/U(1)] = m[U(1)] = Z, (1.151)
showing that a ferromagnet may exhibit topologically stgtbint defects. As an
aside, since SO(3) SU(2)/Z,, the arguments leading to the result (1.150) can be
adapted to yieldr;[SO(3)] = no(Z2) = Z>.

1.10 Quantized Vortices

Although topological considerations reveal what defecty @rise in a given sys-
tem, the actual existence of finite-energy solutions depemdthe details of the
field equations governing the system. To see what is invohwedn this section
explicitly construct the topological solution describiagstatic straight vortex of
winding numbem in the Gross-Pitaevskii theory. The symmetry axis is taken t
define thex3-axis. AsAnsatzfor this classical solution, we assume that it factor-
izes as

w(x) = vi(p/&) €™, (1.152)
with ¢ the azimuthal angle and a function of only the distance =

J(x1)? + (x)? from the vortex axis. Herayis the value minimizing the potential
energy densityy, andé is the typical length scale for spatial variations introgdic
in Eq. (1.74). By Eq. (1.46), the amplitude functib@), with o the dimensionless
variablep = p/¢, satisfies the equation
f”+}f’—ﬁ2f+f—f3=0. (1.153)
Q ©
For smallp, where the last two terms can be neglected in thiedéntial equation,

the functionf (o) vanishes fop — 0 as
f(o) ~ o™, (1.154)

with a power ofp determined by the winding number. It shows that on approach-
ing the vortex centery tends to zero in a region of radips~ £, which defines
the vortex core. Fas >> 1, the amplitude function tends to the asymptotic value
f = 1 of a spatially uniform system as

flo) ~1- ﬂzi, (1.155)
2 o?
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1.11. Villain Vector Potential 27

as can be verified by settin = 1 — §f and linearizing Eq. (1.153) with the
derivatives set to zero. The density profile in the preserice siraight vortex
follows as

é‘;Z
n(X) = WP ~ V2 (1 - wzﬁ), (1.156)

while the condensate velocity (1.81) assumes the form

aw Aw X
vs(x)z—Vez—%ziegi ,
m mp 2t p

(1.157)

with e denoting the unit vector in the azimuthal direction, arttie (quantized)
circulation (1.125).

1.11 Villain Vector Potential

An essential dterence between spontaneously broken Galilei and U(1) symme
tries is that the latter group is compact. More specificdthg transformation
parametekr of the U(1) group is a compact variable, taking values in thifi
interval 0< a < 2, while the transformation parameteiof the Galilei group is
noncompact and can take any valudRif. It is consequently impossible to repre-
sent the velocity potential of classical hydrodynamicshespghase of a complex
field. As aresult, whereas a system with a spontaneoushehrglobal U(1) sym-
metry supports topologically stable vortices, a systemre/oaly Galilei symme-
try is spontaneously broken does not. This is not to say thidices are absent in
classical hydrodynamics. It merely states that their Btglis not guaranteed by
topological conservation laws. Closely connected to thikat while quantized in
superfluids, the circulation around a vortex is not quandtireclassical hydrody-
namics. Yet, the circulation is conserved also in homeitridpids. This is again
not for topological, but for dynamical reasons, and can lmvgut by invoking
Euler’'s equation (3.136).

Vortices in a classical fluid can be easily observed by purgchi hole in the
bottom of a vessel containing the fluid. As the fluid pours awtortex is formed
in the remaining fluid—a phenomenon daily observed by peopfgugging a
sinkhole. The vortex core consists of air, i.e., the fluid sm@ensityp is zero there
and Galilei invariance restored.

In the eye of a tropical cyclone—another example of a vortextuneadoes
its best to restore Galilei symmetry, record low atmosphgréssures being mea-
sured there. A complete restoration would imply the absefhed and thus zero
pressure.
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28 Classical Field Theory

To describe vortices in a potential flow, we introduce a vegotential
AV# = (®V,AV) in the Lagrangian density (1.87) through minimal coupling
the Nambu-Goldstone field:

O — 0, + A/ (1.158)
with the requirement
VxAY = 20, (1.159)
wherew denotes the vorticity of the fluid induced by the vortices,
w= %v X V. (1.160)

Equation (1.159) relates the vector potenfidl to the vorticity in the same way
that Ampere’s law relates the magnetic induction to thetgtecurrent which
produces it. The vector potential is the continuum analothefinteger-valued
field featuring in the so-called Villain formulation of cam lattice models, and
will be referred to asvillain potential The combinatiord,¢ + Al\{ is invariant
under thdocal gauge transformation

() = ¢(¥) +a(¥),  Al(X) - AY(X) - dua(X), (1.161)

with the Villain potential playing the role of a gauge fieldndtransformation is
local as the transformation parametgx) now depends on spacetime. The left
side of Eqg. (1.159) can be thought of as defining the “magdigction” associ-
ated with the Villain vector potentiaBY = V x AV. Similarly, the corresponding
“electric field” EV is defined as

0

EV = —EAV - VoV, (1.162)

The field equation forp obtained after the minimal substitution (1.158) can be
cast in the same succinct form (1.114) as in the absence ofettter potential,
provided the expressions (1.90) and (1.86) for the chenmiotntial (per unit
mass)u and the velocity fields in the presence of a vortex are rendered gauge
invariant by defining

p=—(0p+0" +3v?), v=vg-AY. (1.163)

By taking the gradient of the first equation, we arrive at tieEequation in the
presence of vortices

1
OV + zVv2 =EY -V (1.164)
By Eqg. (1.159), this can be cast in the equivalent form
d
ik EV +vxBY -V, (1.165)
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1.11. Villain Vector Potential 29

which by construction has the form of the Euler equation dfi@ged system.

To illustrate the use of Villain potentials, we consider arpgd, static vortex
in three space dimensions with circulatiofocated along an (infinitely thin) line
L, which may be closed or infinitely long. Then the vorticityctar is given by

w(X) = %K(SL(X), (1.166)
whered| (X) is a delta function on the link,
sL(x) = fL dx’' 5(x — x') (1.167)
so that
Kzggdx'v= dS- (Vxv)=2 dS- w, (1.168)
r S(I) S(I)

wherer is a closed path around the vortex &(@’) a surface spanned by this loop
with surface elemerdS. The Villain potential then satisfies the equatidns= 0
and

V x AV(X) = —kbL(X). (1.169)

Ignoring the higher-order terms, we obtain as equatiortfeflow in the presence
of a static vortex:

V-v=0, or V-(Vg-AY)=0, (1.170)

which is solved by
(X)) = — f d®x G(x — X )V’ - AV (X), (1.172)

with G(x) denoting the Green function of the Laplace operator
d3k gk 1
(21)3 k2 4n|x|’

Straightforward manipulations then yield the well-knowioBSavart law for the
velocity field in the presence of a static vortex

V(x) = ﬁ fL X x =X (1.173)

Ix — x’[3°

G(x) = (1.172)

where the integration is along the vortex lihe For an infinite straight vortex
line along thex®-axis, this more general solution reduces to the form (1.157
This exemplifies the use of Villain potentials to describjgaiagical defects in the
continuum.
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Notes

(i) Standard introductions to classical fields can be found in [GoldsteiB0)]1%nd
[Landau and Lifshitz (1975)].

(ii) The action principle and Noether’s theorem are covered in any madggtbook on
quantum field theory, see, for example, [Ramond (1981)].

(iii)y The variational principle applied to hydrodynamics was developeddkaH (1938).
For a survey of variational principles, see [Yourgrau and Mandel§i&709)].

(iv) The emergence of gapless modes in systems with spontaneoakntzontinuous
symmetries was pointed out in [Nambu and Jona-Lasinio (1961)] ar@dtdftone
(1961); Goldstonet al. (1962)].

(v) Anderson (1984) provides original and deep insights into the palysamsequences
of spontaneously broken symmetries in condensed matter, such awy ragid the
emergence of topological defects.

(vi) The nonlinear fective theory of a nonrelativistic gapless mode was proposed inde-

pendently by Kemoklidze and Pitaevskii (1966), Takahashi (1988) Greiteret al.
(1989). The nonlinear wave equation describing sound in hydrodigsaran be
found in, for example, the textbook [Shivamoggi (1998)]. SectioBsahd 1.7 are
based on [Schakel (1996)].

(vii) There exist various excellent introductions to topological defects laomotopy
theory for physicists. See, for example, [Coleman (1977); Volovi#d Bfineev
(1977); Mermin (1979); Mineev (1980); Trebin (1982); Rajarar(f882); Weinberg
(1996)], and [Nakahara (2003)]. Coleman’s Erice lecture is réguliin [Coleman
(1988)].

(viii) The classical field theory (1.44) was put forward by Gross @)9&nd Pitaevskii
(1958).

(ix) Vortices in the Gross-Pitaevskii theory were first studied in [Grd€61)] and in
[Pitaevskii (1961)].

(x) A more conventional way to describe vortices in hydrodynamics utiin the use
of Clebsch rather than Villain potentials, see [Yourgrau and Mandelst&ToJLL
The integer-valued fields to describe topological defects in lattice modetsimteo-
duced by Villain (1975). For reviews, see [Savit (1980)] and [Pawad987)]. The
continuum formulation was developed by Kleinert (1989), see also Bifaecond)
seminal paper [Dirac (1948)] on magnetic monopoles.
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