Chapter 1

Basic Tools

1.1 Differentiable Manifolds

1.1.1 Manafolds, connections and exterior calculus

We denote by M a connected differentiable manifold of dimension n > 2. At a point
p € M we denote the tangent space by T;, M and its dual by T7 M, accordingly the
tangent bundle by TM and the cotangent bundle by T*M. As far as there is no
emphasis on the degree of differentiability the term “differentiable” means C'*°; as
usual we write f € C°°(M) when f is a C°°-function on M. We denote vectors and
vector fields by v, w, ... and the space of vector fields by X(M).

Connections. We denote an affine connection by V, and use this symbol also to
indicate covariant differentiation in terms of V in case we are using the invariant
calculus. All connections considered are torsion free.

The covariant differentiation of a one-form 7 is defined by:

(Von)(w) := v(n(w)) = n(Vyw).
Exterior calculus. An alternating (0, r)-tensor field on M is called an exterior
differential form of degree r, or simply an r-form. Denote by A"(M) the set of all
smooth exterior differential forms of degree r and define

AM) == AO(M) & AL (M) & ... & A™(M),

where A°(M) := C°°(M). With respect to exterior multiplication A the set A(M)
is an associative algebra, called the ezterior algebra on M.

It is well known that there is a unique linear map d : A(M) — A(M), called the
exterior differentiation, that satisfies the following rules:

(i) d:A"(M)— A"TH(M),

(ii) d(f):=df for f € C>(M),

(iii) for a € A"(M) and 8 € A*¥(M) we have: d(a A 3) = da A B+ (—1)"a Adp,
@(iv) d-d = 0.

The exterior derivative and the covariant derivative of n are related by:
dn(v,w) = (Von)(w) = (Vun)o.
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2 Affine Bernstein Problems and Monge-Ampére Equations

In affine hypersurface theory there appear different affine connections, in such cases
we use additional marks. For f € C°(M), we write Hessy f for the V-covariant
Hessian.

Cartan’s Lemma. Let {w!,....,w"} be a system of linearly independent 1-forms
for 1<r <n and{n',...,n"} be another system of 1-forms satisfying

T
Z w* An®=0.
s=1
Then
ks
s __ s p
=Y e
p=1
with symmetric coefficients Cp-

Cartan’s moving frames. Let O C M be an open set and {eq,...,e,} dif-
ferentiable vector fields on O which are pointwise linearly independent. We call
{e1,...,en} a moving frame on O. Via duality there are linearly independent, dif-
ferentiable one-forms {w!, ..., w"}.

For any tangent vector v in T'O one has

Voej = Z w;’?(v) ek
k

For v = ¢; one usually adapts a notation from the so called local calculus (see below)
and writes:

k k
wj (e;) :== L'

one calls the coefficients I'}; Christoffel symbols. The coefficients w} are linear in v;
thus the collection {w;c | 5,k =1,...,n} forms a matrix of differentiable one-forms;
they are called connection one-forms.
The connection one-forms appear again in the first Cartan structure equations,
giving the exterior derivative of w®:
dw® = Z Wl A w;
J
Curvature. For a given connection V consider the curvature tensor R := Rvy:
R(v,w)z :=V,Vyz = VyViz — Vi )2

This definition follows the sign-convention in [50]. For fixed tangent vectors v, w
one considers R(v,w) : z — R(v,w)z as linear operator, called curvature operator.
Taking the trace ¢r of this linear map, we get a (0,2)-tensor field, the Ricci tensor,
denoted by Ric:

Ric(v,w) : tr{z — R(z,v)w}.

It is symmetric if and only if the connection locally admits a parallel volume form;
this volume form is unique modulo a non-zero constant factor.
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Basic Tools 3

Define the 2-form Q(v, w) := w*(R(v,w)e;), then Cartan’s second structure equa-
tions read

dw? = wa Awp + Q5.
K

Local notation. Consider a local Gauf} basis {01, ..., 9, } associated to local coor-
dinates {z!,...,2"}. As usual we write the dual one-forms as {dz?,...,dz"}. Using
local coordinates, it is convenient to denote a point with coordinates {z1,...,2"}
just by x.

A connection V locally is uniquely determined by its coordinate-components Ffj,
called Christoffel symbols, implicitly defined by:

Vo,0; =T7; O

A connection V is torsion free if and only if the Christoffel symbols satisfy the sym-
metry relation I‘fj = I‘;’CZ As already stated, we consider torsion free connections
only.

Concerning the curvature tensor, we write R(9;,0;)0, =: thij Or and by contrac-
tion for the Ricci tensor Ric(0;,0k) = Rﬁhk =: Ris.

In a local coordinate system, we denote partial derivatives of f € C°°(M) by

fi=0if, fij =0i0;f, etc.,
while we denote covariant derivatives in terms of a given connection by

fis fiis etc.

Bianchi identities. The curvature tensor satisfies two cyclic identities; in local
notation, for torsion free connections, they have the following form:

Rijkl + Riklj + Riljk =0,
Rygim + B + Rypgy = 0.

Ricci identities. Higher order covariant derivatives do not commute in general;
their difference depends on the curvature of the connection. We will apply this in
case of a torsion free connection. Let T' be an (r, s)-tensor field. We write the Ricci
identities in local notation:

S kA

J1---Jr _ Jiedr _ J1e-Jr h _ Ji---Jp—1hjpt1---Jr pip
T T; lk — z : T, R igkl § T’“ ] R hkl *

i1...15 ,kl 1...%s i1...0g—1higy1...15 s
q=1 p=1

The covariant Hessian. For f € C°°(M) and a given torsion free connection V
the covariant Hessian is defined by

(Hessv f)(v,w) :=v(wf) — (V,w)f.

As V is torsion free, the (0,2)-field Hessy f is symmetric.
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4 Affine Bernstein Problems and Monge-Ampére Equations

1.1.2 Riemannian manifolds

A manifold M together with a differentiable, symmetric, positive definite 2-form g
on M is a Riemannian manifold, in short notation (M, g). The metric tensor g, in
short metric, induces the following structures: A distance function d : M x M — R,
thus (M,d) is a metric space; on each tangent space one has an inner or scalar
product, again denoted by g; a norm on r-forms, denoted by || A||4 for an r-form A;
and the Riemannian volume form dV := dV (g).

Fundamental Theorem and Ricci Lemma. There is exactly one torsion free
connection on M, denoted by V(g), that is compatible with the metric g, which
means:

0 = V(9 9ij = Okgij — Tty gin — s gnj»

or in Cartan’s notation

0= dgij - Zgz'kwf - ngjwf-

This connection is called the Levi-Civita connection of g, the compatibility condition
is called the Ricci Lemma. The Ricci Lemma expresses the fact that the metric g
is parallel with respect to the Levi-Civita connection: V(g) g = 0. It follows from
the Ricci Lemma that V(g) is completely determined by g.

Curvature. Following the sign-convention from above, the Levi-Civita connection
defines the curvature tensor R(g) as (1,3)-tensor field and its symmetric Ricci tensor
Ric(g). Contraction by the metric gives the normed scalar curvature k, defined by
n(n — 1)k := try Ric(g).

If there is no risk of confusion we will skip the mark g and simply write w, V, R,
., |JA|| etc; moreover, if the context is clear, we will also write R = R(g) for the
Riemannian curvature tensor which is a (0,4)-form.

The metric defines a conformal Riemannian class, and for n > 3 the simplest in-
variant of this class is the Weyl conformal curvature tensor W:

(n —2)W(u,v)w :=(n — 2)R(u,v)w — nk(g(v,w)u — g(u, w)v)
— [Ric(u, w)v — Ric(v,w)u 4+ Ric*(v)g(u, w) — Ric*(u)g(v, w)].

Here Rict is the g-associated Ricci operator. It is well known that the Riemannian
curvature tensor is an algebraic curvature tensor, see [36]. It has an orthogonal
decomposition into 3 irreducible components with respect to the orthogonal group
associated to g; see pp. 45-49 in [6]. One component, namely the conformal curva-
ture tensor, is totally traceless; the second is Ricci-flat; the third one looks - modulo
a constant non-zero factor - like a curvature tensor of constant curvature.

Orthonormal frames. On a Riemannian manifold (M, g) one often picks frames

{e1,...,en} to be orthonormal at every point of an open set O. Then
wf(v) = g(Vyej, ex), which implies

wf—!—wi:() and Q?—f—Qf;:O.
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Basic Tools 5

Local notation. With respect to a Gaufl basis or a frame, the matrix associated
to g usually is written (gi;), and its inverse matrix by (g%), thus the coefficients
satisfy gi;9* = 6F. As usual the operations of lowering and raising indices via the
metric g are defined; obey the Einstein summation convention.

For the local notation of derivatives we refer to the notational convention above; in
the Riemannian case, for covariant derivatives, we use the Levi-Civita connection;
all exceptions will be explicitly stated.

The Laplacian. For f € C*(M), we write Hess, f for the covariant Hessian in
terms of the Levi-Civita connection, its {race with respect to g, denoted by trg,
defines the Laplace operator:

A f:=tryHessgf.
In terms of a local representation of the metric g, the Laplacian reads:

@“¢£EES§%)

A:

1 0
Ao 2 00

1.1.3 Curvature inequalities

Lemma. Let (M,g) be an n-dimensional Riemannian manifold. We consider
the Riemannian curvature tensor R, the Ricci tensor Ric and the normed scalar
curvature k. Then we have the inequalities:

| Ric||* > n(n — 1)* &2, (1.1.1)
IRI* > 25 || Ric|, (1.1.2)
|R|I? > 2n(n — 1)x?% (1.1.3)

Equality in the first relation holds if and only if (M,g) is Einstein. The second
equality holds if and only if (M, g) is conformally flat, the third if and only if (M, g)
has constant sectional curvature.

Proof. Proofs of this type of inequalities are standard. To prove the first inequality,
calculate the squared norm of the traceless part of the Ricci tensor:

0 < ||Ric— (n—Drg|>

To prove the second inequality, consider the Weyl conformal curvature tensor W
from section 1.1.2 above and calculate 0 < ||R — W||?. The third inequality is a
combination of the two foregoing inequalities. For the discussion of equality in this
case recall that a conformally flat Einstein space is of constant sectional curvature.

|

Inequalities for r-forms. As far as we know inequalities of the above type were
used by E. Calabi the first time. Let (M, g) be a Riemannian manifold.

1. In case an r-form satisfies symmetries and skew-symmetries like arbitrary cur-
vature tensors, the above examples indicate how to prove optimal inequalities.
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6 Affine Bernstein Problems and Monge-Ampére Equations

2. The following sketches a simple method to prove optimal inequalities for arbi-
trary r-forms on (M, g); see [75]. Let D be an r-form for » > 2. Let o(D) be the
normed, totally symmetrized tensor coming from D :

1
U(D)il...ir = F ZDU(il)...U(iTV);

here the summation runs over all permutations o of the r-tuple. Let D be the
traceless part of o(D) with respect to the metric g. Then

0<|D|* < |D|>

Equality on the right holds if and only if D itself is totally symmetric and traceless.

1.1.4 Geodesic balls and level sets

Let 2 C R™ be a domain; a function f: Q — R is called conwvez if, for all 0 <t <1
and x,y € {2 such that tx + (1 — ¢)y € Q, we have

flz+ (1 =t)y) <tf(z)+ (A —-1)f(y)

Let f be a smooth convex function defined on R™. Given a constant C' > 0 and

t@) = f(zo) + (grad f)(zo) - (z — o) a supporting hyperplane to f at (zo, f(z0)),
a section of f at height C' is the level set

St(xo,C) :={z e R" | f(z) < l(x)+ C}.

In particular, if we neglect the point where f attains its minimum, we use a shorter
notation to denote the level set

S¢(C) :={z eR"| f(z) < C}.

This set is convex. We remark that in case the convex function f is defined only on
a convex open set ) C R™, the sections of f at 29 € Q mean the sets S¢(xo,C) C .
Denote by S(£2,C) the class of strictly convex C*°-functions f, defined on €2, such
that

igff(;v) =0, flz)=C on 09

Bpr(p) denotes the open Euclidean ball with center at p and with radius R.

B, (p, G) denotes the open geodesic ball with respect to the metric G, centered at
p with radius a.

I |l denotes the norm of a vector or a tensor with respect to the Riemann metric
G, while || - || g denotes the norm of a vector with respect to the canonical Euclidean
metric.

AFFINE BERNSTEIN PROBLEMS AND MONGE-AMPERE EQUATIONS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6835.html



Basic Tools 7

1.2 Completeness and Maximum Principles

1.2.1 Topology and curvature

We list some results about completeness in a form that we will need. For the first
three theorems, see [33]. Standard references for maximum principles are [35] and
[78].

Theorem. (H. Hopf- W. Rinow). For a Riemannian manifold (M, g) the following
conditions are equivalent:

(1) (M,d) is a complete metric space;

(ii) (M, V) is geodesically complete;

(iii) every topologically closed and bounded subset is compact.

Theorem. (J. Hadamard - E. Cartan). Let (M, g) be complete with non-positive
sectional curvature. Then, for every p € M, the exponential map is a covering map.
In particular, if M is simply connected then M is diffeomorphic to R™.

The following theorem originates from a result of Hadamard for compact surfaces
without boundary and was extended in several steps to a very general result [100];
we need the following part of it.

Theorem. (J. Hadamard - R. Sacksteder - H. Wu). Let (M, g) be an n-dimensional
complete, noncompact, orientiable hypersurface in R™1 with positive sectional cur-
vature. Then there exists p € M such that M can be represented as graph of a
non-negative, strictly convex function over the tangent plane T,M C R"*1,

Theorem. (S.B. Myers). Let (M,g) be complete with Ricci curvature positively
bounded from below:

Ric> (n—1)-c%g
where 0 < ¢ € R. Then the diameter satisfies diam (M, g) < diam (S™(%)), where
% is the radius. In particular, M is compact with finite fundamental group.

1.2.2 Maximum principles

Maximum principle. (E. Hopf). In a bounded domain Q@ C R™, let us consider
a second order differential operator of the form

with continuous, symmetric, positive definite coefficient matriz (a;;(x)), continuous
functions b; and x € Q). Assume that the differentiable function f : — R satisfies
the conditions

() Lf>0inQ;

(ii) there is a point xg € Q such that f(x) < f(xo) for all x € Q.

Then fis constant in Q : f(x) = f(x0).
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8 Affine Bernstein Problems and Monge-Ampére Equations

Remark. (i) Of course, one can reverse all inequalities; then the assertion holds
true.
(ii) Trivially, the Laplacian is a special case of an elliptic operator.

Harmonic functions. (S.T. Yau [104]). Let (M, g) be a complete, non-compact
Riemannian n-manifold with nmon-negative Ricci curvature. Then every positive
function u: M — R that is harmonic, Au = 0, must be constant.

1.3 Comparison Theorems

Laplacian Comparison Theorem. Let (M,g) be an n-dimensional complete,
simply connected Riemannian manifold of constant curvature K and (M,g) an n-
dimensional complete Riemannian manifold with Ricci curvature bounded from be-
low: Ric> (n—1)K -g. Letp € M and p € M be fized points, and denote by
7 the geodesic distance function from p to & on M, and by r from from p to x on
M ; assume that the distance functions are differentiable in their arguments. If, for
€M and & € M, we have r(z) = 7(Z) then

Ar(z) < Ai(3),
where A and A denote the Laplace operators on (M, g) and (M, §), respectively.
For a proof see the Appendix A.2.4 in [58].

From the Laplacian Comparison Theorem we have the following

Theorem. Let (M,g) be an n-dimensional complete Riemannian manifold with
Ricci curvature bounded from below by a constant K < 0. Then the geodesic distance
function r satisfies

rAr(z) <(n—-1)1+v—-K-r).
To state the following comparison Lemma about the normal mapping, we first recall
two definitions from [37]. Up to the end of section 1.3, let © be an open subset of

R" with coordinates (2!,...,2"), and let u : Q2 — R. If E is a set, then P(E) denotes
the class of all subsets of E.

The normal mapping. ([37], p.1). The normal mapping of u, or subdifferential
of u, is the set valued function Ou : Q — P(R™) defined by
Ou(zo) = {p | u(x) > u(zo) +p- (x —x0), for all x € Q}.

Given E C Q, we define Ou(E) :=J,cp Ou(z).

Viscosity solution. ([37], p.8). Let Q € R" be a bounded domain with coordinates
(xt,...,2"), let u € C(Q) be a convex function, and f € C(Q), f > 0. The function

u 18 a wviscosity subsolution (supersolution) of the equation det (af;“wj) =finQ

if, whenever a convex function ¢ € C*(Q) and xo € Q are such that

(u—¢)(z) < (=)(u— ¢)(x0)

AFFINE BERNSTEIN PROBLEMS AND MONGE-AMPERE EQUATIONS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6835.html



Basic Tools 9

for all © in a neighborhood of xq, then we must have

det ((% g;) (z0) 2 (<) f(20)-

Normal mapping comparison Lemma. ([37], p.10). Let  C R" be a bounded
open set, and u, v € C(Q). Ifu = v on IQ and v > u in Q, then the normal
mappings satisfy

ov(2) C Ou(Q).

A comparison principle for Monge-Ampére equations. ([16] or [37], p.25).
Let Q be a bounded open subset of R™, n > 2, and let f € C°(Q) be a positive
function. Assume that w € C°(Q) is a locally convex viscosity subsolution (super-
solution) of

det (5245 ) = f in
and v € C°(Q) N C2%(Q) is a locally convex supersolution (subsolution) of
det (é)w‘awﬂ) =f in Q

Assume also that

Then

1.4 The Legendre Transformation

Consider a locally strongly convex hypersurface  : 2 — R"*!, defined on a domain
Q C R™ and given as graph of a strictly convex function

f:Q—=R, r=(z',..,2") — f(z) = f(z', ..., 2™).

Consider the Legendre transformation of f

& = ggfi, 1=1,2,...,n, w(€) :i=u(br,..., &) = Zﬂ aafi - f(z)

and denote by Q* the Legendre transform domain of f, where v : Q* — R and

Q= {(§I($)7 7£n($)) | x e Q} .

Vice versa we have
ot =L, and f(x E f
d€; i

In the following we keep in mind the bijective relatlon x <« & between corresponding
points of the transformation and consider the functions f = f(z) and v = u(§) at
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10 Affine Bernstein Problems and Monge-Ampére Equations

such corresponding points, resp. This gives an involution of the relations. One
calculates

o _ oz’ f 9
o€, gfj - a_g]" and Oxt Oxd ~—  Oxd °
It follows that the matrix
9 u
is inverse to the matrix
8% f
Ox? Oz .

We will use this transformation for the representation of graph hypersurfaces and
the solution of Monge-Ampere equations. The fact that both matrices are inverse
has advantages for calculations. We define two auxiliary functions p and ® as follows

[aet (524)] ™ = ol) = p(6) = [det (528)] 7

i70lnp dlnp . _ _ i7 0lnp dlnp

Z Mottt = 0(@) = e(6) = Z u 5 “ae;
As above f;; denotes the components of the Hessian matrix and f% f;, = 6% gives its
inverse matrix. The two expressions for p show that we can consider p as a function

in terms of the xz-coordinates and also as a function in terms of the £-coordinates;
analogously, this view point holds for ®, too.
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