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troduced for nonspecialists. Subjects inclulde quantum physics, qubits, quan-
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1. Introduction

Quantum computing and quantum information processing are emerging dis-
ciplines in which the principles of quantum physics are employed to store
and process information. We use the classical digital technology at almost
every moment in our lives: computers, mobile phones, mp3 players, just
to name a few. Even though quantum mechanics is used in the design of
devices such as LSI, the logic is purely classical. This means that an AND
circuit, for example, produces definitely 1 when the inputs are 1 and 1. One
of the most remarkable aspects of the principles of quantum physics is the
superposition principle by which a quantum system can take several differ-
ent states simultaneously. The input for a quantum computing device may
be a superposition of many possible inputs, and accordingly the output is
also a superposition of the corresponding output states. Another aspect of
quantum physics, which is far beyond the classical description, is entangle-
ment. Given several objects in a classical world, they can be described by
specifying each object separately. Given a group of five people, for example,
this group can be described by specifying the height, color of eyes, personal-
ity and so on of each constituent person. In a quantum world, however, only
a very small subset of all possible states can be described by such individual
specifications. In other words, most quantum states cannot be described by
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such individual specifications, thereby being called “entangled”. Why and
how these two features give rise to the enormous computational power in
quantum computing and quantum information processing will be explained
in this contribution.

A part of this lecture note is based on our forthcoming book.! General
references are [2-4].

2. Quantum Physics
2.1. Notation and conventions

We will exclusively work with a finite-dimensional complex vector space C"
with an inner product { , ) (Hilbert spaces). A vector in C" is called a
ket vector or a ket and is denoted as

I
lz) = | z; €C

Tn

while a vector in the dual space C™* is called a bra vector or a bra and
denoted

(o] = (a1, ...,ap) «a; €C.

Index ¢ sometimes runs from 0 to n — 1. The inner product of |z) and («/| is

n
(a]z) = Z ;T
i—1

This inner product naturally introduces a correspondence
|IIT> = (xlv"wxn)t - <£C| = (x’{,...,x*),

by which an inner product of two vectors are defined as (z|y) = > ., ¥} y;.
The inner product naturally defines the norm of a vector |x) as |||z)|| =

v (z|x).

Pauli matrices are generators of su(2) and denoted

oo (01 (0= (10
fo\ro0) Y o \io0) 77 \0-1

in the basis in which o, is diagonalized. Symbols X = 0,Y = —io, and
Z = o, are also employed.
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Let A be an m X n matrix and B be a p X ¢ matrix. Then
a11B,a12B,...,a1,B
A2 B = a21B,a22B, ... a2, B

CLml-By CngB, AR amnB

is an (mp) x (ng) matrix called the tensor product of A and B.

2.2. Azxioms of quantum mechanics

Quantum mechanics was discovered roughly a century ago.

5710 Tp spite of

its long history, the interpretation of the wave function remains an open
question. Here we adopt the most popular one, called the Copenhagen in-
terpretation.

Al

A2

A3

A pure state in quantum mechanics is represented by a normalized vec-
tor 1) in a Hilbert space H associated with the system. If two states
|11) and |i¢o) are physical states of the system, their linear superpo-
sition ¢1]1)1) + ealtp2) (e € C), with Z?Zl le;|? = 1, is also a possible
state of the same system (superposition principle).

For any physical quantity (observable) a, there exists a correspond-
ing Hermitian operator A acting on H. When a measurement of a is
made, the outcome is one of the eigenvalues A; of A. Let Ay and Ay
be two eigenvalues of A: A|\;) = \;|\;). Consider a superposition state
c1|A1) + calA2). If we measure a in this state, the state undergoes an
abrupt change (wave function collapse) to one of the eigenstates |\;)
corresponding to the observed eigenvalue \;. Suppose we prepare many
copies of the state ¢1|A1) + c2|A2). The probability of collapsing to the
state |\;) is given by |¢;|? (i = 1,2). The complex coefficient ¢; is called
the probability amplitude in this sense. It should be noted that a mea-
surement produces one outcome \; and the probability of obtaining
it is experimentally evaluated only after repeating measurements with
many copies of the same state. These statements are easily generalized
to superposition states of more than two states.

The time dependence of a state is governed by the Schrédinger equation
L O[Y)
—=H 1
ihs = HI), 1)

where £ is a physical constant known as the Planck constant and H is a
Hermitian operator (matrix) corresponding to the energy of the system
and is called the Hamiltonian.
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Several comments are in order.

e In Axiom A 1, the phase of the vector may be chosen arbitrarily; |v)
in fact represents the “ray” {e‘®|s)) |« € R}. This is called the ray
representation. The overall phase is not observable and has no physical
meaning.

e Axiom A 2 may be formulated in a different but equivalent way as
follows. Suppose we would like to measure an observable a. Let the
spectral decomposition of the corresponding operator A be

A= XAl where A[X) = Ai|As).

Then the expectation value (A4) of a after measurements with respect
to many copies of |¢) is

(4) = (¢]AlY). (2)
Let us expand [¢) in terms of |\;) as [¢) = >, ¢i|A\;). According to
A 2, the probability of observing \; upon measurement of a is |¢;|> and

therefore the expectation value after many measurements is Y, Ai|c;|%.
If, conversely, Eq. (2) is employed, we will obtain the same result since

(h|AJp) = ZCCZMAM ZACCHJ ZMQF

This measurement is called the pI‘OJQCthG measurement. Any particular
outcome \; will be found with the probability

leil® = (¥l Pilv), (3)
where P; = |\;){)\;] is the projection operator and the state immediately
after the measurement is |\;) or equivalently

Pil) [/ (DI Bil). (4)

e The Schrodinger equation (1) in Axiom A 3 is formally solved to yield
[9(1)) = e~/ (0)), (5)

if the Hamiltonian H is time-independent, while

o) =Texp [+ [ roar] oo ©)

if H depends on t, where 7 is the time-ordering operator. The state
at t > 0is |[¥(t)) = U(t)]|¥(0)). The operator U(t) : |¢(0)) — |1(t)),
called the time-evolution operator, is unitary. Unitarity of U(¢) guar-
antees that the norm of |¢(t)) is conserved: ((0)|UT(t)U(t)[(0)) =

(¥(0)[4(0)) =1 (vt >0).
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Two mutually commuting operators A and B have simultaneous eigen-
states. If, in contrast, they do not commute, the measurement outcomes of
these operators on any state |1) satisfy the following uncertainty relations.
Let (A) = (¢|Al¢) and (B) = (| BJe)) be their respective expectation

values and AA = /((A — (A))?) and AB = /{(B — (B))?) be respective

standard deviations. Then they satisfy

AAAB 2 (w4, BIIY)| @

2.3. Simple example

Examples to clarify the axioms introduced in the previous subsection are

given. They are used to controll quantum states in physical realizations of a

quantum computer. A spin-1/2 particle has two states, which we call spin-

up state | T) and spin-down state | |). It is common to assign components

| T) = (1,0)" and | |) = (0,1). They form a basis of a vector space C2.
Let us consider a time-independent Hamiltonian

H= —gwaz (8)

acting on the spin Hilbert space C2. Suppose the system is in the eigenstate
of o, with the eigenvalue +1 at time ¢t = 0; |1/(0)) = | 1). The wave function
[(£)) (t > 0) is then found from Eq. (5) as

w coswt/2 isinwt/2
[¥(t)) = exp ('L’gazt) [9(0)) = <iSinwt//2 coswt//2 ) ((1)>
( coswt /2

w LW
isinwt/Z) = cos §t| 1) +isin 2t| 1) (9)

Suppose we measure o, in | (t)). The spin is found spin-up with probability
P (t) = cos?(wt/2) and spin-down with probability Pj(t) = sin?(wt/2).
Consider a more general Hamiltonian

H = —gwﬁ .o, (10)

where 7 is a unit vector in R3. The time-evolution operator is readily
obtained, by making use of a well known formula

e (M0) — cosal + i(n-o)sina (11)
as

U(t) = exp(—iHt/h) = coswt/2 I +i(n - o) sinwt/2. (12)
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Suppose the initial state is [1/(0)) = (1,0)* for example. Then we find, at a
later time ¢t > 0,

(13)

[(t)) = U(t)|4(0)) = (COS(wt/2) +in, sin(wt/2)>

i(ng + iny) sin(wt/2)

2.4. Multipartite system, tensor product and entangled
state

So far, we have implictly assumed that the system is made of a single
component. Suppose a system is made of two components, one lives in a
Hilbert space H; and the other in Hsy. A system composed of two separate
components is called bipartite. The system as a whole lives in a Hilbert
space H = H; ® Ha2, whose general vector is written as

[9) = Z cijleri) ® lezj), (14)

where {|eq,i)} (a =1,2) is an orthonormal basis in H, and >, ; |cij|? = 1.

A state |tp) € H written as a tensor product of two vectors as [p) =
[1)®|1)2), (|ta) € Ha) is called a separable state or a tensor product state.
A separable state admits a classical interpretation “The first system is in
the state |i1) while the second system is in |¢)2)”. It is clear that the set
of separable state has dimension dim H; + dim H>. Note, however, that the
total space H has different dimension than this: dimH = dim H; dim Hs.
This number is considerably larger than the dimension of the sparable states
when dimH, (a = 1,2) are large. What are the missing states then? Let
us consider a spin state

1
V2

of two electrons. Suppose |¢)) may be decomposed as

[v) = (e1] T) +c2| 1) @ (da] T) +do] 1))
adil| NN +eade 1) Q1) +cadi| |) @] 1) +cada] |)®] 1)

|¥) (INeIN+Ihell) (15)

However this decomposition is not possible since we must have c1ds =
cady =0, ¢1dy = cady = 1/+/2 simultaneously and it is clear that the above
equations have no common solution, showing [¢) is not separable.

Such non-separable states are called entangled. Entangled states refuse
classical descriptions. Entanglement is used extensively as a powerful com-
putational resource in the following.
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Suppose a bipartite state (14) is given. We are interested in when the
state is separable and when entangled. The criterion is given by the Schmidt
decomposition of |1)).

Theorem 2.1. Let H = H1 ®Hz be the Hilbert space of a bipartite system.
Then a vector 1) € H admits the Schmidt decomposition

) =3 VElfL0) © | fa), (16)
=1

where s; > 0 are called the Schmidt coefficients satisfying » . s; = 1 and
{lfa,i)} is an orthonormal set of H,. The number r € N is called the
Schmidt number of |1).

It follows from the above theorem that a bipartite state |¢) is separable
if and only if its Schmidt number 7 is 1. See® for the proof.

2.5. Mixzed states and density matrices

It might happen in some cases that a quantum system under considertation
is in the state |¢);) with a probability p;. In other words, we cannot say
definitely which state the system is in. Therefore some random nature comes
into the description of the system. Such a system is said to be in a mixed
state while a system whose vector is uniquely specified is in a pure state.
A pure state is a special case of a mixed state in which p; = 1 for some i
and p; =0 (5 #1).

A particular state |¢;) € H appears with probability p; in an ensemble
of a mixed state, in which case the expectation value of the observable a
is (1;]A|1;). The mean value of a averaged over the ensemble is then given
by

N
(A) = Zpi<¢i|A|¢i>a (17)
i=1
where N is the number of available states. Let us introduce the density
matrix by

N
P = Z]%WJ@M (18)

Then Eq. (17) is rewritten in a compact form as (A) = Tr(pA).
Let A be a Hermitian matrix. A is called positive-semidefinite if
(Y|Alp) > 0 for any |¢) € H. It is easy to show all the eigenvalues of
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a positive-semidefinite Hermitian matrix are non-negative. Conversely, a
Hermitian matrix A whose every eigenvalue is non-negative is positive-
semidefinite.

Properties which a density matrix p satisfies are very much like axioms
for pure states.

A 1’ A physical state of a system, whose Hilbert space is H, is completely
specified by its associated density matrix p : H — H. A density matrix
is a positive-semidefinite Hermitian operator with tr p = 1, see remarks
below.

A 2’ The mean value of an observable a is given by

(4) = tr (pA). (19)

A 3’ The temporal evolution of the density matrix follows the Liouville-von
Neumann equation

o= H,) (20)
where H is the system Hamﬂtoman7 see remarks below.
Several remarks are in order.

e The density matrix (18) is Hermitian since p; € R. It is positive-
semidefinite since (1[p|1) = >, pil(¥i]1)|* > 0.

e Each |¢);) follows the Schrodinger equation ih-<%|v;) = H|v;) in a closed
quantum system. Its Hermitian conjugate is —ih% (| = (i|H. We
prove the Liouville-von Neumann equation from these equations as

jtp—lh szhbz ¢z|—zsz|w '@[}z Zplldjz ’@[}z'H [ ]

We denote the set of all possible density matrices as S(H).

Example 2.1. A pure state [¢)) is a special case in which the corresponding
density matrix is p = |¢)(¢b|. Therefore p is nothing but the projection
operator onto the state. Observe that (A) = trpA = 3" (e;|V)(V|Ale;) =
(WA, lei)(ei|v) = (Y| A|), where {]e;)} is an orthonormal set.

Let us consider a beam of photons. We take a horizontally polarized
state |e1) = | «») and a vertically polarized state |ez) = | |) as orthonormal
basis vectors. If the photons are a totally uniform mixture of two polarized
states, the density matrix is given by

1 10 1
p=slenterl + glentel = 3 (31 ) =57
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This state is called a maximally mixed state.
If photons are in a pure state |¢)) = (|e1 ) +|e2))/v/2, the density matrix,

with {|e;)} as basis, is
1 /11
p=towl =5 (1)

We are interested in when p represents a pure state or a mixed state.
Theorem 2.2. A state p is pure if and only if trp? = 1.

Proof: Since p is Hermitian, all its eigenvalues \; (1 <i < dimH) are real
and the corresponding eigenvectors {|\;)} are made orthonormal. Then
p7 =205 NI (NG NG | = 305 A7) (A Therefore trp? = 37, A7 <
Amax 2 ; Ai = Amax < 1, where A\pax is the largest eigenvalue of p. There-
fore tr p2 = 1 implies Amax = 1 and all the other eigenvalues are zero. The
converse is trivial. I

We classify mixed states into three classes, similarly to the classification
of pure states into separable states and entangled states. We use a bipartite
system in the definition but generalization to multipartitle systems should
be obvious.

Definition 2.1. A state p is called separable if it is written in the form

p= Zp¢p1,¢ ® p2,i, (21)

where 0 < p; < 1and ), p; = 1. It is called inseparable, if p does not admit
the decomposition (21).

It is important to realize that only inseparable states have quantum cor-
relations analogous to entangled pure states. It does not necessarily imply
that a separable state has no non-classical correlation. It is pointed out that
useful non-classical correlation exists in the subset of separable states.!!

In the next subsection, we discuss how to find whether a given bipartite
density matrix is separable or inseparable.

2.6. Negativity

Let p be a bipartite state and define the partial transpose pP* of p with
respect to the second Hilbert space as

Pij,kl — Pilkj» (22)
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10

where pij i = ({e1,i|® (e2,5]) p (Je1,x) ®|e2,1)). Here {|e1 )} is the orthonor-
mal basis of the first system while {|es )} of the second system. Suppose
p takes a separable form (21). Then the partial transpose yields

pPt = me“ ® p ;- (23)

Note here that p’ for any density matrix p is again a density matrix since
it is still positive semi-definite Hermitian with unit trace. Therefore the
partial transposed density matrix (23) is another density matrix. It was
conjectured by Peres'? and subsequently proven by the Hordecki family!'?
that positivity of the partially transposed density matrix is necessary and
sufficient condition for p to be separable in the cases of C? ®C? systems and
C? ® C? systems. Conversely, if the partial transpose of p of these systems
is not a density matrix, then p is inseparable. Instead of giving the proof,
we look at the following example.

Example 2.2. Let us consider the Werner state

220 0 0
0 &2 _2 ¢

p: O _4% %%n O ) (24)
0 0 o 2

where 0 < p < 1. Here the basis vectors are arranged in the order

len,1)le2,1), le1,1)|e2,2), [e1,2)]e2,1), [e1,2)[ea,2).

Partial transpose of p yields

pr =

2o
. 0 2 0
0 o0 42 o
0 -

4 1
p
0 4

pPt must have non-negative eigenvalues to be a physically acceptable state.
The characteristic equation of pP! is

D(N) = det(pP* — \I) = (/\ - %)3 ()\ 1 _43p) =0.

There are threefold degenerate eigenvalue A = (1+p)/4 and nondegenerate
eigenvalue A = (1 — 3p)/4. This shows that pP' is an unphysical state for
1/3 < p < 1. If this is the case, p is inseparable.
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From the above observation, entangled states are characterized by non-
vanishing negativity defined as

N(p) = 5D = D). (25)

Note that negativity vanishes if and only if all the eigenvalues of pP' are
nonnegative. However there is a class of inseparable states which are not
characterized by negativity.

2.7. Partial trace and purification

Let H = H; ® H2 be a Hilbert space of a bipartite system made of compo-
nents 1 and 2 and let A be an arbitrary operator acting on H. The partial
trace of A over Hs generates an operator acting on H; defined as

Ay =traA=) (1@ (k)A(I @ k). (26)
k

We will be concerned with the partial trace of a density matrix in prac-
tical applications. Let p = |¢)(¥| € S(H) be a density matrix of a pure
state |1). Suppose we are interested only in the first system and have no
access to the second system. Then the partial trace allows us to “forget”
about the second system. In other words, the partial trace quantifies our
ignarance on the second sytem.

To be concrete, consider a pure state

) = %uelneo + les)lea),

where {|e;)} is an orthonormal basis of C2. The corresponding density ma-
trix is

1001
~1{0000
P=3510000 "

1001

where the basis vectors are ordered as {|e1)|e1), |e1)]ea), |e2)|e1), le2)|ea)}-
The partial trace of p is

==Y Ushirele) -3 (y1). e
i=1,2

Note that a pure state |¢) is mapped to a maximally mixed state p;.
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We have seen above that the partial trace of a pure-state density matrix
of a bipartite system over one of the constituent Hilbert spaces yields a
mixed state. How about the converse? Given a mixed state density matrix,
is it always possible to find a pure state density matrix whose partial trace
over the extra Hilbert space yields the given density matrix? The answer
is yes and the process to find the pure state is called the purification. Let
p1 = > Pk|Uk) (k| be a general density matrix of a system 1 with the
Hilbert space H;. Now let us introduce the second Hilbert space Hs whose
dimension is the same as that of H;. Then formally introduce a normalized
vector

0) = VPrlvw) ® [én), (28)
k

where {|¢r)} is an orthonormal basis of Hy. We find

w2 U)(W| =Y (1@ (i) [VPiPrlv)os) (rl(dn]] (I @ |64))

.5,k

= 3" pelun) (] = 1. (29)
k

It is always possible to purify a mixed state by tensoring an extra Hilbert
space of the same dimension as that of the original Hilbert space. Purifica-
tion is far from unique.

3. Qubits

A (Boolean) bit assumes two distinct values, 0 and 1, and it constitutes the
building block of the classical information theory. Quantum information
theory, on the other hand, is based on qubits.

3.1. One qubit

A qubit is a (unit) vector in the vector space C2, whose basis vectors are
denoted as

|0) = (1,0)" and |1) = (0,1)". (30)

What these vectors physically mean depends on the physical realization
employed for quantum information processing.

They might represent spin states of an electron, |0) = | T) and [1) = | |).
Electrons are replaced by nuclei with spin 1/2 in NMR (Nuclear Magnetic
Resonance).
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In some cases, |0) stands for a vertically polarized photon | ) while |1)
represents a horizontally polarized photon | «). Alternatively they might
correspond to photons polarized in different directions For example, |0)
may represent a polarization state | /') = | 1)+ <)) while |1) represents
a state |N\) = |I—|<—>

Truncated two states from many levels may be employed as a qubit. We
may assign |0) to the ground state and |1) to the first excited state of an
atom or an ion.

In any case, we have to fix a set of basis vectors when we carry out
quantum information processing. In the following, the basis is written in
an abstract form as {|0), |1)}, unless otherwise stated.

It is convenient to assume the vector |0) corresponds to the classical bit
0, while |1) to 1. Moreover a qubit may be in a superposition state:

[v) = al0) +b|1), with |a>+[b]* = 1. (31)

If we measure |¢)) to see whether it is in |0) or |1), the outcome will be
0 (1) with the probability |a|? (|b]*) and the state immediately after the
measurement is [0) (|1)).

Although a qubit may take infinitely many different states, it should be
kept in mind that we can extract from it as the same amount of informa-
tion as that of a classical bit. Information can be extracted only through
measurements. When we measure a qubit, the state vector ‘collapses’ to the
eigenvector that corresponds to the eigenvalue observed. Suppose a spin is
in the state a|0) + b|1). If we observe that the z-component of the spin is
+1/2, the system immediately after the measurement is in |0). This hap-
pens with probability (1/|0)(0[1)) = |a|?>. The measurement outcome of a
qubit is always one of the eigenvalues, which we call abstractly 0 and 1.

3.2. Bloch sphere

It is useful, for many purposes, to express a state of a single qubit graphi-
cally. Let us parameterize a one-qubit pure state 1)) with 6 and ¢ as

[4(0, $)) = cos g|0> + ¢ sin g|1> (32)

The phase of |¢) is fixed in such a way that the coefficient of |0) is real. It is
easy to verify that (n(6, ¢) - o)|¥(6, ) = |¥(8, ¢)), where o = (0,,0y,0)
and 7(0, ¢) is a real unit vector called the Bloch vector with components
n(0,$) = (sinfcos¢,sinfsin¢,cosf)t. It is therefore natural to assign
n(0,¢) to a state vector [1(6,¢)) so that [1)(0, ¢)) is expressed as a unit
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vector n(6,¢) on the surface of the unit sphere, called the Bloch sphere.
This correspondence is one-to-one if the ranges of # and ¢ are restricted to
0<f<7mand0<¢<2m.

It is verified that state (32) satisfies

(0, 9)lov(0,¢)) = (0, ¢). (33)

A density matrix p of a qubit can be represented as a point on a unit
ball. Since p is a positive semi-definite Hermitian matrix with unit trace,
its most general form is

1
P = 5 I+ Z U;0; s (34)

1=x,Y,2

where @ € R3 satisfies |u| < 1. The reality follows from the Hermitic-
ity requirement and trp = 1 is obvious. The eigenvalues of p are AL =

% (1 + |u|) /2 and therefore non-negative. The eigenvalue A_ vanishes in

case |u| = 1, for which rank p = 1. Therefore the surface of the unit sphere
corresponds to pure states. The converse is also shown easily. In contrast,
all the points u inside a unit ball correspond to mixed states. The ball is
called the Bloch ball and the vector w is also called the Bloch vector.

It is easily verified that p given by Eq. (34) satisfies

(o) = tr (po) = u. (35)

3.3. Multi-qubit systems and entangled states

Let us consider a group of many (n) qubits next. Such a system behaves
quite differently from a classical one and this difference gives a distinguish-
ing aspect to quantum information theory. An n-qubit system is often called
a (quantum) register in the context of quantum computing.

As an example, let us consider an n-qubit register. Suppose we specify
the state of each qubit separately like a classical case. Each of the qubit is
then described by a 2-d complex vector of the form a;]0) 4 b;|1) and we need
2n complex numbers {a;, b; }1<i<n t0 specify the state. This corresponds the
a tensor product state (a1|0) + b1]1)) ® ... ® (a,|0) + b,|1)) € C?". If the
system is treated in a fully quantum-mechanical way, however, a general
state vector of the register is represented as

) = Y iy lin) ®i2) @ ... ® |in) € C*".

i, =0,1
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Note that 2" >> 2n for a large number n. The ratio 2" /2n is ~ 102% for
n = 1000. Most quantum states in a Hilbert space with large n are entan-
gled having no classical analogues. Entanglement is an extremely powerful
resource for quantum computation and quantum communication.

Let us consider a 2-qubit system for definiteness. The system has a
binary basis {]|00),]01),|10), |11)}. More generally, a basis for a system of
n qubits may be {|b,_1bp_2...bo)}, where by_1,bn_2,...,b0 € {0,1}. It is
also possible to express the basis in terms of the decimal system. We write
|z}, instead of |b,,_1bn_2...bo), where = b, 12" 4+ b, 92" "2 4 ... +by.
The basis for a 2-qubit system may be written also as {|0}, |1), |2), |3)} with
this decimal notation.

The set
1 _ 1
{19%) = —5(00) + 1)), [27) = —=(100) —11)), "
1 _ 1
o) = E(IOD +110)), [¥7) = E(IOD —[10))}

is an orthonormal basis of a two-qubit system and is called the Bell basis.
Each vector is called the Bell state or the Bell vector. Note that all the Bell
states are entangled.

4. Quantum Gates, Quantum Circuit and Quantum
Computation

4.1. Introduction

Now that we have introduced qubits to store information, it is time to
consider operations acting on them. If they are simple, these operations
are called gates, or quantum gates, in analogy with those in classical logic
circuits. More complicated quantum circuits are composed of these simple
gates. A collection of quantum circuits for executing a complicated algo-
rithm, a quantum algorithm, is a part of a quantum computation.

Definition 4.1. (Quantum Computation) A quantum computation is a
collection of the following three elements:

(1) A register or a set of registers,

(2) A unitary matrix u, which is taylored to execute a given quantum
algorithm and

(3) Measurements to extract information we need.

More formally, a quantum computation is the set {H, U, {M,,}}, where
H = C?" is the Hilbert space of an n-qubit register, U € U(2") represents
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a quantum algorithm and {M,,} is the set of measurement operators. The
hardware (1) is called a quantum computer.

Suppose the register is set to a fiducial initial state, |¢i,) = |00...0)
for example. A unitary matrix U,y is generated by an algorithm which
we want to execute. Operation of U on [ii,) yields the output state
[Yout) = Ualg|thin). Information is extracted from |ious) by appropriate
measurements.

4.2. Quantum gates

We have so far studied the change of a state upon measurements. When
measurements are not made, the time evolution of a state is described
by the Schrodinger equation. The time evolution operator U is unitary:
UU' = U'U = I. We will be free from the Schrédinger equation in the
following and assume there always exist unitary matrices which we need.

One of the important conclusions derived from the unitarity of gates is
that the computational process is reversible.

4.2.1. Simple quantum gates

Examples of quantum gates which transform a one-qubit state are given
below. We call them one-qubit gates in the following. Linearity guarantees
that the action of a gate is completely specified if its action on the basis
{]0), |1)} is given. Consider the gate I whose action on the basis vectors is
I:]0) —0), |1) — |1). The matrix expression of this gate is

r=pyo+ il = (). (37)

Similarly we introduce X : |0) — 1), |1) — [0), Y : |0) — —|1), |1) — |0)
and 7 [0) — 10}, 1) — —[1) by

X = [1)(0] +]0)(1] = (?é) =0, (38)
v =0 o= (7)) = =i (39)

Z = [0)(0] — |1)(1] = ((1)_01> — .. (40)

The transformation [ is the identity transformation, while X is the negation
(NOT), Z the phase shift and Y = X Z the combination thereof.
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CNOT (controlled-NOT) gate is a 2-qubit gate, which plays an impor-
tant role. The gate flips the second qubit (the target qubit) when the first
qubit (the control qubit) is |1), while leaving the second bit unchanged
when the first bit is |0). Let {]00), |01),]10), |11)} be a basis for the 2-qubit
system. We use the standard basis vectors with components

|00) = (1,0,0,0)", [01) = (0,1,0,0)", |10) = (0,0,1,0)", [11) = (0,0,0,1)".

The action of CNOT gate, whose matrix expression will be written as
Ucnor, is Ucnor : |00) — ]00), |01) — |01), |10) — |11), |11) — |10). It
has two equivalent expressions

Ucnor = [00)(00[ +[01)(01] + [11){10] + [10)(11]

= [0){0| @ I + [1)(1] ® X, (41)
having a matrix form
1000
0100
Ucnor = 0001 (42)
0010

Let {|i)} be the basis vectors, where ¢ € {0,1}. The action of CNOT on
the input state |7, j) is written as |i,i@® j), where ¢® j is an addition mod 2.
A 1-qubit gate whose unitary matrix is U is graphically depicted as

input output

U

The left horizontal line is the input qubit while the right horizontal line is
the output qubit: time flows from the left to the right.
A CNOT gate is expressed as

control bit
_"_

target bit

_69_

where o denotes the control bit, while @ denotes the conditional negation.
There may be many control bits (see CCNOT gate below). More generally,
we consider a controlled-U gate, V' = |0)(0| ® I + |1)(1| ® U, in which the
target bit is acted on by a unitary transformation U only when the control
bit is |1). This gate is denoted graphically as
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control bit

1

target bit
g i I

CCNOT (Controlled-Controlled-NOT) gate has three inputs and the
third qubit flips only when the first two qubits are both in the state |1)
The explicit form of the CCNOT gate is

Ucenor = (100)(00] 4 [01) (01 + [10)(10)) @ I + [11){11] @ X.

(43)
This gate is graphically expressed as

control bit 1

control bit 2

target bit

4.2.2. Walsh-Hadamard transformation

The Hadamard gate or the Hadamard transformation H is an important
unitary transformation defined by

UH : |0>

S =

(|0> +11)
(44)
5(10) = [1)).

ol

The matrix representation of H is

Un =

(45)

1 1 (11
E(I()) + [1){0] + f(|0> )] = NG <1 —1) '

A Hadamard gate is depicted as

H

There are numerous important applications of the Hadamard transfor-
mation. All possible 2" states are generated when Uy is applied on each
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qubit of the state |00...0):

(Up®@Up®...0Uy)|00...0)

1 1 1
= ﬁ(l()) +1)® E(I()) +1)® ~~~$(IO> + 1))
1 2" —1

=— ) |x). (46)
2n =0
Therefore, we produce a superposition of all the states |z) with 0 < x <
2" — 1 simultaneously. The transformation U™ is called the Walsh trans-
formation, or Walsh-Hadamard transformation and denoted as W,,.
The quantum circuit

q1

—HT
q2

U

is used to generate Bell states from inputs |00),]01),]10) and |11).

4.2.3. SWAP gate and Fredkin gate
The SWAP gate acts on a tensor product state as

Uswap|¥1,¢2) = |ba2, 1), (47)

The explict form of Uswap is given by

1000
0010
Uswap = |00)(00| 4 [01)(10| + [10)(01| + [11){11| = 0100 | (48)

0001
The SWAP gate is expressed as

1) }C [1h2)

|12) |11)
Note that the SWAP gate is a special gate which maps an arbitrary tensor
product state to a tensor product state. In contrast, most 2-qubit gates

map a tensor product state to an entangled state.
The controlled-SWAP gate
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is also called the Fredkin gate. It flips the second (middle) and the third
(bottom) qubits only when the first (top) qubit is in the state |1). Its explicit
form is Upyedkin = [0)(0] ® I4 + |1){1] ® Uswap-

4.3. No-cloning theorem

Theorem 4.1. (Wootters and Zurek#) An unknown quantum system can-
not be cloned by unitary transformations.

Proof: Suppose there would exist a unitary transformation U that makes
a clone of a quantum system. Namely, suppose U acts, for any state |p), as
U : |p0) — |pp). Let |¢) and |¢) be two states that are linearly independent.
Then we should have U|p0) = |pp) and U|é0) = |p¢) by definition. Then

the action of U on [¢) = %(h@) + |¢)) yields

L 10 + Ulo0)) = =

+ .
7 ﬁ(lww |66))
If U were a cloning transformation, we must also have

UI0) = [vs) = 3 (1ee) + lod) + I6¢) + 166)).

which contradicts the previous result. Therefore, there does not exist a uni-
tary cloning transformation. I

Ulp0) =

Note however that the theorem does not apply if the states to be cloned
are limited to |0) and |1). For these cases, the copying operator U should
work as U : |00) — |00), :|10) +— |11). We can assign arbitrary action of
U on a state whose second input is |1) since this case will never happen.
What we have to keep in mind is only that U be unitary. An example of
such U is

U = (|00)(00] + |11)(10]) + (|01)(01| + |10)(11]). (49)

where the first set of operators renders U the cloning operator and the
second set is added just to make U unitary. We immediately notice that U
is nothing but the CNOT gate.
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Therefore, if the data under consideration is limited within |0) and |1),
we can copy the qubit states even in a quantum computer. This fact is used
to construct quantum error correcting codes.

4.4. Quantum teleportation

The purpose of quantum teleportation is to transmit an unknown quantum
state of a qubit using two classical bits in such a way that the recipient
reproduces the same state as the original qubit state. Note that the qubit
itself is not transported but the information required to reproduce the quan-
tum state is transmitted. The original state is destroyed such that quantum
teleportation is not in contradiction with the no-cloning theorem.

Quantum Alice Bob Quantum

State State
Encoder Classical Channel Decoder
EPR pair

Fig. 1. In quantum teleportation, Alice sends Bob two classical bits so that Bob repro-
duces a qubit state Alice initially had.

Yy

Alice: Alice has a qubit, whose state she does not know. She wishes to
send Bob the quantum state of this qubit through a classical communication
channel. Let |¢) = a|0) + b|1) be the state of the qubit. Both of them have
been given one of the qubits of the entangled pair

1
V2

in advance. They start with the state

[@7) = —=(100) + [11))

6) ® [®T) = % (al000) + al011) + B[100) + /111)), (50

where Alice possesses the first two qubits while Bob has the third. Alice
applies Ucnor ® I followed by Uy ® I ® I to this state, which results in

(Un ®1®I)(Ucnor @ I)(|¢) ® |@7T))
[100)(al0) +b]1)) + [01)(al1) + b|0))
+[10)(al0) — b[1)) + [11)(all) — b]0))]. (51)

N =

MATHEMATICAL ASPECTS OF QUANTUM COMPUTING 2007
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/6851.html



22

If Alice measures the 2 qubits in her hand, she will obtain one of the states
|00), |01), |10) or |11) with equal probability 1/4. Bob’s qubit (one of the
EPR pair previously) collapses to a|0) +b|1), a|1) +b|0), a|0) —b|1) or a|l) —
b|0), respectively, depending on the result of Alice’s measurement. Alice
then sends Bob her result of the measurement using two classical bits.

Bob: After receiving two classical bits, Bob knows the state of the qubit
in his hand;

received bits Bob’s state decoding

00 al0) + b|1) I
01 al1) + b|0) X (52)
10 al0) — b|1) Z
11 al1) — b]0) Y

Bob reconstructs the intial state |¢) by applying the decoding process shown
above. Suppose Alice sends Bob the classical bits 10, for example. Then Bob
applies Z on his qubit to reconstruct |¢) as Z : (a|0)—b|1)) — (a|0)+b|1)) =
|9).

Figure 2 shows the actual quantum circuit for quantum teleportation.

Alice Encodi ; Bob
ncoding an, .
measurement Decoding
S

classical
channel

=

~

é]
fanY
A\

quantum channel !

=)
=
fany
\vy

Fig. 2. Quantum circuit implementation of quantum teleportation.

4.5. Universal quantum gates

It can be shown that any classical logic gate can be constructed by using a
small set of gates, AND, NOT and XOR for example. Such a set of gates
is called the universal set of gates. It can be shown that the CCNOT gate
simulates these classical gates, and hence quantum circuits simulate any
classical circuits. The set of quantum gates is, however, much larger than
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those classical gates. Thus we want to find a universal set of quantum gates
from which any quantum circuits can be constructed.

It can be shown that

(1) the set of single qubit gates and

(2) CNOT gate
form a universal set of quantum circuits (universality theorem). The proof
is highly technical and is not given here.!"?16 We, instead, sketch the proof
in several lines.

It can be shown that any U € U(n) is written as a product of NV two-level
unitary matrices, where N < n(n — 1)/2 and a two-level unitary matrix is
a unit matrix I,, in which only four components V,q, Vup, Vie and Vi are
different from I,,. Moreover V' = (V;;) is an element of U(2). An example
of a two-level unitary matrix is

o* 008"
0100
0010 |
—300 «

V= (Jaf> +18* = 1)

where a = 1 and b = 4.

Now we need to prove the universality theorem for two-level unitary
matrices, which is certainly simpler than the general proof. By employing
CNOT gates and their generalizations, it is possible to move the elements
Viaas Vab, Voa and Vi so that they acts on a single qubit in the register. We
need to implement the controlled-V gate whose target qubit is the one on
which V' acts. Implementation of the controlled-V gate requires generalized
CNOT gates and several U(2) gates.>216

4.6. Quantum parallelism and entanglement

Given an input z, a typical quantum computer “computes” f(z) as

U [2)|0) = [2)[f(2)), (53)

where Uy is a unitary matrix which implements the function f.

Suppose Uy acts on an input which is a superposition of many |z).
Since Uy is a linear operator, it acts on all the constituent vectors of the
superposition simultaneously. The output is also a superposition of all the
results;

Uy [2)l0) = D )| f (). (54)
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This feature, called the quantum parallelism, gives quantum computer an
enormous power. A quantum computer is advantageous over a classical
counterpart in that it makes use of this quantum parallelism and also en-
tanglement.

A unitary transformation acts on a superposition of all possible states
in most quantum algorithms. This superposition is prepared by the action
of the Walsh-Hadamard transformation on an n-qubit register in the initial
state [00...0) = |0) ®|0) ®...®|0) resulting in Zir:ol |z)/+/27. This state
is a superposition of vectors encoding all the integers between 0 and 2" — 1.
Then the linearlity of Uy leads to

= = =
Uy (\/27 Z:O Iw>|0>> =7 ; Uylz)|0) = T ; |[2)| f (). (55)
Note that the superposition is made of 27 = ™2 states, which makes
quantum computation exponentially faster than classical counterpart in a
certain kind of computation.

What about the limitation of a quantum computer3? Let us consider
the CCNOT gate for example. This gate flips the third qubit if and only
if the first and the second qubits are both in the state |1) while it leaves
the third qubit unchanged otherwise. Let us fix the third input qubit to
|0). The third output qubit state is |x A y), where |z) and |y) are the first
and the second input qubits respectively. Suppose the input state of the
first and the second qubits is a superposition of all possible states while the
third qubit is fixed to |0). This can be achieved by the Walsh-Hadamard
transformation as

Unl0) © Unl0) & 10) = = (10) + 1) © —=(0) + |1)) @ [0

V2 V2
_ %(|000> +1010) + [100) + [110)). (56)

By operating CCNOT on this state, we obtain
1
Ucenor(Unl0) @ Ugl|0) ® |0)) = §(|000> +1(010) + |100) + |111)). (57)

This output may be thought of as the truth table of AND: |z, y, x Ay). It is
extremely important to note that the output is an entangled state and the
measurement projects the state to one line of the truth table, i.e., a single
term in the RHS of Eq. (57).

There is no advantage of quantum computation over classical one at this
stage. This is because only one result may be obtained by a single set of
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measurements. What is worse, we cannot choose a specific vector |z, y, zAy)
at our willl Thus any quantum algorithm should be programmed so that
the particular vector we want to observe should have larger probability to
be measured compared to other vectors. The programming strategies to
deal with this feature are

(1) to amplify the amplitude, and hence the probability, of the vector that
we want to observe. This strategy is employed in the Grover’s database
search algorithm.

(2) to find a common property of all the f(z). This idea was employed in
the quantum Fourier transform to find the order® of f in the Shor’s
factoring algorithm.

Now we consider the power of entanglement. Suppose we have an n-
qubit register, whose Hilbert space is 2"-dimensional. Since each qubit has
two basis states {|0), 1)}, there are 2n basis states, i.e., n |0)’s and n [1)’s,
involved to span this Hilbert space. Imagine that we have a single quantum
system, instead, which has the same Hilbert space. One might think that
the system may do the same quantum computation as the n-qubit register
does. One possible problem is that one cannot “measure the kth digit”
leaving other digits unaffected. Even worse, consider how many different
basis vectors are required for this system. This single system must have
an enormous number, 2", of basis vectors! Multipartite implementation
of a quantum algorithm requires exponentially smaller number of basis
vectors than monopartite implementation since the former makes use of
entanglement as a computational resource.

5. Simple Quantum Algorithms

Let us introduce a few simple quantum algorithms which will be of help
to understand how quantum algorithms are different from and superior to
classical algorithms.

5.1. Deutsch algorithm

The Deutsch algorithm is one of the first quantum algorithms which showed
quantum algorithms may be more efficient than their classical counterparts.

aLet m, N € N (m < N) be numbers coprime to each other. Then there exists P € N
such that m” = 1 (mod N). The smallest such number P is called the period or the
order. It is easily seen that m**F = m® (mod N), Vz € N.
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In spite of its simplicty, full usage of superposition principle and entangle-
ment has been made here.

Let f:{0,1} — {0,1} be a binary function. Note that there are only
four possible f, namely

f1:0-0,1—0, fo:0—1,1~1,
f3:0-0,1—1, f4:0—~1, 1—0.

First two cases, f1 and fs, are called constant,while the rest, f3 and fy, are
balanced.If we only have classical resources, we need to evaluate f twice to
tell if f is constant or balanced. There is a quantum algorithm, in contrast,
with which it is possible to tell if f is constant or balanced with a single
evaluation of f, as was shown by Deutsch.'®

Let |0) and |1) correspond to classical bits 0 and 1, respectively, and
consider the state |1)9) = 3(]00) — |01) + [10) — |11)). We apply f on this
state in terms of the unitary operator Uy : |z,y) — |z,y @ f(x)), where &
is an addition mod 2. To be explicit, we obtain

1) = Uslgo) = %(IO,f(O» =10, =(0)) + 11, (1)) = 1, =f(1))),

where — stands for negation. Therefore this operation is nothing but the
CNOT gate with the control bit f(z); the target bit y is flipped if and
only if f(x) =1 and left unchanged otherwise. Subsequently we apply the
Hadamard gate on the first qubit to obtain

2) = UH|¢1>

= 2f [(10) + 1) (1£(0)) = [=£(0))) + (10) = [1))(If (1)) = |=f(1)))]

The wave function reduces to

|vp2) = f|0>(|f(0)> = |=f(0)) (58)

in case f is constant, for which |f(0)) = |f(1)), and

[a) = —=[1)(£(0)) — [ F(1))) (59)

if f is balanced, for which |-f(0)) = |f(1)). Therefore the measurement of
the first qubit tells us whether f is constant or balanced.

Let us consider a quantum circuit which implements the Deutsch algo-
rithm. We first apply the Walsh-Hadamard transformation Wy = Ug ® Uy
on |01) to obtain |¢g). We need to introduce a conditional gate Uy,
i.e., the controlled-NOT gate with the control bit f(z), whose action is

[\
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Us i |z,y) — |2,y @ f(z)). Then the Hadamard gate is applied on the first
qubit before it is measured. Figure 3 depicts this implementation.

odaH s Hel

Uy

”

) H

fany
”

Fig. 3. Implementation of the Deutsch algorithm.

In the quauntum circuit, we assume the gate Uy is a black box for which
we do not ask the explicit implementation. We might think it is a kind of
subroutine. Such a black box is often called an oracle. The gate Uy is called
the Deutsch oracle. Its implementation is given only after f is specified.

Then what is the merit of the Deutsch algorithm? Suppose your friend
gives you a unitary matrix Uy and asks you to tell if f is constant or
balanced. Instead of applying |0) and |1) separately, you may contruct the
circuit in Fig. 3 with the given matrix Uy and apply the circuit on the input
state |01). Then you can tell your friend whether f is constant or balanced
with a single use of Uy.

5.2. Deutsch-Jozsa algorithm

The Deutsch algorithm introduced in the previous section may be general-
ized to the Deutsch-Jozsa algorithm.'® Let us first define the Deutsch-Jozsa
problem. Suppose there is a binary function

f:8.={0,1,...,2" —1} — {0,1}. (60)

We require f be either constantor balancedas before. When f is constant,
it takes a constant value 0 or 1 irrespetive of the input value x. When it is
balanaced the value f(x) for a half of € S,, is 0 while it is 1 for the rest of
x. Although there are functions which are neither constant nor balanced, we
will not consider such cases here. Our task is to find an algorithm which tells
if f is constant or balanced with the least possible number of evaluations
of f.

It is clear that we need at least 2”71 + 1 steps, in the worst case with
classical manipulations, to make sure if f(x) is constant or balanced with
100 % confidence. It will be shown below that the number of steps reduces
to a single step if we are allowed to use a quantum algorithm.
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The algorithm is divided into the following steps:

(1) Prepare an (n + 1)-qubit register in the state |1g) = [0)®" ® |1). First
n qubits work as input qubits while the (n + 1)st qubit serves as a
“scratch pad”. Such qubits, which are neither input qubits nor output
qubits, but work as a scratch pad to store temporary information are
called ancillas or ancillary qubits.

(2) Apply the Walsh-Hadamard transforamtion to the register. Then we
have the state

1) = U™+ i) = <=0 + 1) © —=(0) = 1)

- Y e 5000 = 1), (61)
x=0

(3) Apply the f(z)-controlled-NOT gate on the register, which flips the
(n+1)st qubit if and only if f(x) = 1 for the input x. Therefore we need
a Uy gate which evaluates f(x) and acts on the register as Uy|z)|c) =
|z)|c @ f(x)), where |c) is the one-qubit state of the (n + 1)st qubit.
Observe that |c) is flipped if and only if f(z) = 1 and left unchanged
otherwise. We then obtain a state

[Y2) = Uglihr) = \/— Z |z) z)) = |=f(2)))

m—nz f<|o> 1)), (62)

Although the gate Uy is applied once for all, it is applied to all the
n-qubit states |x) simultaneously.

(4) The Walsh-Hadamard transformation (46) is applied on the first n
qubits next. We obtain

[s) = (Wa @ I)|t) = DI OUE )= (0) - [1)). (63)
7= Z V2
It is instructive to write the action of the one-qubit Hadamard gate as

1 211y = L 1)y
UH|x>:ﬁ(|0>+(_l) |1>)—\/§ Y =1"y),

y€{0,1}

where z € {0,1}, to find the resulting state. The action of the Walsh-
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Hadamard transformation on |z) = |zp—1 ... z120) yields

Wylz) = (Unlzn-1))(Unlzn-2)) . .. (Un|zo))

1
— (_1)1n—1yn—1+1n—2yn—2+---+$0y0
VDD

Yn—1,Yn—2,---,90€{0,1}

X[Yn—1Yn—2 - - - Yo) \/2—11 Z )1y, (64)

where £y = Ty 1Yn—1P Tn—2Yn—2®...Pxoyo. Substituting this result
into Eq. (63), we obtain

2m—1

1 1

= | 3 ()@ (17 | —=(0) — 1)) 65

¥s) = 5 <T y:o( )(=1) |y>> ﬁ(l )—11) (65)

(5) The first n qubits are measured. Suppose f(x) is constant. Then |i3)
is put in the form

[a) = 3 (1) —=(10) = 1)

z,y

up to an overall phase. Let us consider the summation 2171 ?;Bl (=1)*v
for a fixed y € S,,. Clearly it vanishes since « - y is 0 for half of x and
1 for the other half of x unless y = 0. Therefore the summation yields
dy0. Now the state reduces to |¢3) = |0>®”%(|0) — 1)) and the mea-
surement outcome of the first n qubits is always 00...0. Suppose f(x)
is balanced next. The probability amplitude of |y = 0) in |¢3) is pro-
portional to Ei:gl(—l)f(”)(—l)r'y = Zin:gl(—l)f(” = 0. Therefore
the probability of obtaining measurement outcome 00...0 for the first
n qubits vanishes. In conclusion, the function f is constant if we obtain
00...0 upon the meaurement of the first n qubits in the state |¢)3) and
it is balanced otherwise.

6. Decoherence

A quantum system is always in interaction with its environment. This in-
teraction inevitably alter the state of the quantum system, which causes
loss of information encoded in this system. The system under consideration
is not a closed system when interaction with outside world is in action.
We formulate the theory of open quantum system in this chapter by re-
garding the combined system of the quantum system and its environment
as a closed system and subsequently trace out the environment degrees of
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freedom. Let pg and pg be the initial density matrices of the system and
the environment, respectively. Even when the initial state is an uncorre-
lated state ps ® pg, the system-environment interaction entangles the total
system so that the total state develops to an inseparable entangled state
in general. Decoherence is a process in which environment causes various
changes in the quantum system, which manifests itself as undesirable noise.

6.1. Open quantum system

Let us start our exposition with some mathematical background materi-
als, 12,24

We deal with general quantum states described by density matrices. We
are interested in a general evolution of a quantum system, which is described
by a powerful tool called a quantum operation. One of the simplest quantum
operations is a unitary time evolution of a closed system. Let pg be a density
matrix of a closed system at ¢ = 0 and let U(¢) be the time evolution
operator. Then the corresponding quantum map £ is defined as

E(ps) = U(t)psU (1)1 (66)

One of our primary aims in this section is to generalize this map to cases
of open quantum systems.

6.1.1. Quantum operations and Kraus operators

Suppose a system of interest is coupled with its environment. We must
specify the details of the environment and the coupling between the system
and the environment to study the effect of the environment on the behav-
ior of the system. Let Hg, Hg and Hgg be the system Hamiltonian, the
environment Hamiltonian and their interaction Hamiltonian, respectively.
We assume the system-environment interaction is weak enough so that this
separation into the system and its environment makes sense. To avoid con-
fusion, we often call the system of interest the principal system. The total
Hamiltonian Hp is then

Hr =Hgs+ Hg + Hsg. (67)

Correspondingly, we denote the system Hilbert space and the environment
Hilbert space as Hg and Hpg, respectively, and the total Hilbert space as
Hr = Hs ® Hg. The condition of weak system-environment interaction
may be lifted in some cases. Let us consider a qubit propagating through
a noisy quantum channel, for example. “Propagating” does not necessarily
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mean propagating in space. The qubit may be spatially fixed and subject
to time-dependent noise. When the noise is localized in space and time, the
input and the output qubit states belong to a well defined Hilbert space Hg
and the above separation of the Hamiltonian is perfectly acceptable even for
strongly interacting cases. We consider, in the following, how the principal
system state pg at t = 0 evolves in time in the presence of its environment.
A map which describes a general change of the state from pg to E(pg) is
called a quantum operation. We have already noted that the unitary time
evolution is an example of a quantum operation. Other quantum operations
include state change associated with measurement and state change due to
noise. The latter quantum map is our primary interest in this chapter.

The state of the total system is described by a density matrix p. Suppose
p is uncorrelated initally at time ¢t = 0,

p(0) = ps ® pE, (68)

where ps (pg) is the initial density matrix of the principal system (envi-
ronment). The total system is assumed to be closed and to evolve with a
unitary matrix U(t) as

p(t) =U(t)(ps @ pr)U(H)". (69)

Note that the resulting state is not a tensor product state in general. We
are interested in extracting information on the state of the principal system
at some later time ¢ > 0.

Even under these circumstances, however, we may still define the system
density matrix pg(t) by taking partial trace of p(t) over the environment
Hilbert space as

ps(t) = trp[U(t)(ps © pp)U(1)']. (70)

We may forget about the environment by taking a trace over Hpg. This is
an example of a quantum operation, £(ps) = ps(t). Let {|e;)} be a basis of
the system Hilbert space while {|e,)} be that of the environment Hilbert
space. We may take the basis of Hr to be {|e;) ® |e4)}. The initial density
matrices may be written as ps = >, pjlej)ejl, pE =2, Tala)(Eal-

Action of the time evolution operator on a basis vector of Hr is explicitly
written as

|e]7€a ZUkbja|ek7€b (71)
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where |ej,eq) = |e;) ® |eq) for example. Using this expression, the density
matrix p(t) is written as

U(t)(ps @ pe)U (1)

Zpﬂ’a t)lej,€a)(ej, €alU(t )f

> piraUsegjalers eo)eneclUpnj- (72)
dakble

The partial trace over Hg is carried out to yield

ps(t) = tre[Ut)(ps @ pr)U M) = Y piraUssjaler) (el Upja
7,a,k,b,l

=Y p (Z mUkb;juew) (Z m<el|U;z;ja> . (73)
7,a,b k !

To write down the quantum operation in a closed form, we assume the
initial environment state is a pure state, which we take, without loss of
generality, pg = |e0){(g0|. Even when pg is a mixed state, we may always
complement Hg with a fictitious Hilbert space to “purify” pg, see § 2.7.
With this assumption, pg(t) is written as

ps(t) = trplU(t)(ps @ leo)(eo)U (1))
= Z(I® (eaDU (1) (ps @ leo){eaDIU ()T (I © |ea))

= Z (I ® (DU @ |e0))ps( @ (£0DU (1) (I © |ea))-

We will drop I® from I ® {(g,| hereafter, whenever it does not cause confu-
sion. Let us define the Kraus operator E,(t) : Hg — Hs by

Eqo(t) = (ealU(#)[e0). (74)
Then we may write

E(ps) = psl(t ZE (t)psEalt (75)

This is called the operator-sum representation (OSR) of a quantum opera-
tion £. Note that {E,} satisfies the completeness relation

> Eu(t)'Ea(t)

where I is the unit matrix in Hg. This is equivalent with the trace-
preserving property of £ as 1 = trgps(t) = trg(E(ps)) = trs (3, El Eaps)
for any ps € S(Hg). Completeness relation and trace-preserving property

=lZ@oIU(b‘)TIéa)<€aIU(t)|€o> = Ok, (76)

kl a kl
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are satisfied since our total system is a closed system. A general quantum
map does not necessarily satisfy these properties.?’

At this stage, it turns out to be useful to relax the condition that U (t) be
a time evolution operator. Instead, we assume U be any operator including
an arbitrary unitary gate. Let us consider a two-qubit system on which the
CNOT gate acts. Suppose the principal system is the control qubit while
the environment is the target qubit. Then we find

Ey = (I®(0))Ucxor(I ®|0)) = Py, E1 = (I ® (1|)Ucxor(I ®|0)) = P,

where P; = |i)(i], and consequently

0
E(ps) = PopsPo + PipsP1 = pooPo + p11 P = (pgo p11> , (77)

where ps = <Z 00 ZOI> . Unitarity condition may be relaxed when mea-
10 P11
surements are included as quantum operations, for example.

Tracing out the extra degrees of freedom makes it impossible to invert
a quantum operation. Given an initial principal system state pg, there are
infinitely many U that yield the same £(pg). Therefore even though it is
possible to compose two quantum operations, the set of quantum operations
is not a group but merely a semigroup. ”

6.1.2. Operator-sum representation and noisy quantum channel

Operator-sum representation (OSR) introduced in the previous subsection
seems to be rather abstract. Here we give an interpretation of OSR as a
noisy quantum channel. Suppose we have a set of unitary matrices {U,}
and a set of non-negative real numbers {p,} such that )  p, = 1. By
choosing U, randomly with probability p, and applying it to pg, we define
the expectation value of the resulting density matrix as

M(pS) = ZanapSUla (78)

which we call a mixing process.?8 This occurs when a flying qubit is sent
through a noisy quantum channel which transforms the density matrix by
U, with probability p,, for example. Note that no enviroment has been
introduced in the above definition, and hence no partial trace is involved.

PA set S is called a semigroup if S is closed under a product satisfying associativity
(ab)c = a(be). If S has a unit element e, such that ea = ae = a,Va € S, it is called a
monoid.
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Now the correspondence between £(ps) and M(pg) should be clear. Let
us define Eq = \/paU,. Then Eq. (78) is rewritten as

M(ps) = EapsE] (79)

and the equivalence has been shown. Operators E, are identified with the
Kraus operators. The system transforms, under the action of U,, as

ps — BapsE}/tr (EapsE]). (80)

Conversely, given a noisy quantum channel {U,,p,} we may intro-
duce an “environment” with the Hilbert space Hg as follows. Let Hg =
Span(|e,)) be a Hilbert space with the dimension equal to the number of
the unitary matrices {U,}, where {|e,)} is an orthonormal basis. Define
formally the environment density matrix pg = Y_, palea)(€a| and

U= Us®lea)(eal (81)

which acts on Hg ® Hg. It is easily verified from the orthonormality of
{|ea)} that U is indeed a unitary matrix. Partial trace over Hg then yields

E(ps) = tru[U(ps @ pp)U']

= Z(I ® (eal) <Z Up ® |€b><5b|> <PS ® Zp0|56><80|>
a b ¢
X (Z Ug ® |€d><€d|> (I ®lea))
d

= palUapsUf = M(ps) (82)

showing that the mixing process is also decribed by a quantum operation
with a fictitious environment.

6.1.3. Completely positive maps

All linear operators we have encountered so far map vectors to vectors.
A quantum operation maps a density matrix to another density matrix
linearly. A linear operator of this kind is called a superoperator. Let A
be a superoperator acting on the system density matrices, A : S(Hs) —

¢Of course, the space of density matrices is not a linear vector space. What is meant
hear is a linear operator, acting on the vector space of Hermitian matrices, also acts on
the space of density matrices and it maps a density matrix to another density matrix.
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S(Hs). The operator A is easily extended to an operator acting on Hy by
Ar = A ® Ig, which acts on S(Hs ® Hg). Note, however, that Ay is not
necessarily a map S(Hr) — S(Hr). It may happen that Ar(p) is not a
density matrix any more. We have already encountered this situation when
we have introduced partial transpose operation in § 2.7. Let Hr = H1 @ Ha
be a two-qubit Hilbert space, where Hj is the kth qubit Hilbert space.
It is clear that the transpose operation A; : p; — p! on a single-qubit
state p; preserves the density matrix properties. For a two-qubit density
matrix pio, however, this is not always the case. In fact, we have seen that
ANRI:prg — plf; defined by Eq. (22) maps a density matrix to a matrix
which is not a density matrix when pj2 is inseparable.

A map A which maps a positive operator acting on Hg to another
positive operator on Hg is said to be positive. Moreover, it is called a
completely positive map (CP map), if its extension Ap = A ® I, remains a
positive operator for an arbitrary n € N.

Theorem 6.1. A linear map A is CP if and only if there exists a set of
operators {E,} such that A(ps) can be written as

Aps) =Y EapsE]. (83)

We require not only that A be CP but also A(p) be a density matrix:

trA(pg) = tr <Z EapEZL> =tr <Z EZLEap> =1 (84)

This condition is satisfied for any p if and only if
N ElE, =1s. (85)

Therefore, any quantum operation obtained by tracing out the environment
degrees of freedom is CP and preserves trace.

6.2. Measurements as quantum operations

We have already seen that a unitary evoluation pg — UpsUT and a mixing
process ps — ZipiUingiT are quantum operations. We will see further
examples of quantum operations in this section and the next. This section
deals with measurements as quantum operations.
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6.2.1. Projective measurements

Suppose we measure an observable A = Y. \; P;, where P; = |\;)()\;] is the
projection operator corresponding to the eigenvector |A;). We have seen in
Chapter 2 that the probability of observing )\; upon a measurement of A
in a state p is

p(i) = (Ailp|Ai) = tr (Pip) (86)

and the state changes as p — P;pP;/p(i). This process happens with a prob-
ability p(i). Thus we may regard the measurement process as a quantum
operation

~PipsPi
ps — Y _ (i) pp(f) =Y PipsP, (87)

where the set {P;} satisifes the completeness relation ), PP =1.
The projective measurement is a special case of a quantum operation in
which the Kraus operators are F; = P;.

6.2.2. POVM

We have been concerned with projective measurements so far. However, it
should be noted that they are not unique type of measurements. Here we
will deal with the most general framework of measurement and show that
it is a quantum operation.

Suppose a system and an environment, prepared initially in a product
state |¥)]eg), are acted by a unitary operator U, which applies an operator
M, on the system and, at the same time, put the environment to |e;) for
various 7. It is written explicitly as

W) = Ulw)leo) = 3 Mil)les). (88)

The system and its environment are correlated in this way. This state must
satisfy the normalization condition since U is unitary; (¢|(eo|UTU|¢)|eg) =
Ei’j<¢|<ei|MJMj ®IY)le;) = (W] >, Mle|’§[J> = 1. Since |¢) is arbitrary,
we must have

> MM =1, (89)

where Ig is the unit matrix acting on the system Hilbert space Hg. Opera-
tors { M M;} are said to form a POVM (positive operator-valued measure).
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Suppose we measure the environment with a measurement operator
O=1s® Z Ailei)(ei| = Z)\i (Is ® |es){eq]) .
i i

We obtain a measurement outcome \; with a probability

p(k) = (U[(Is @ |ex)(ex|)| )
= > (Wlel M (Is ® lex)(ex ) Mjl)les) = (WIM{Mile), (90)
2
where |U) = Uly)|eg). The combined system immediately after the mea-
surement is

pl(k) (Is ® |ex) (ex)U 1) eo) = ﬁus ® [ex){ex]) ;ane»
- pl( =Ml ). (91)

Let ps = Y, pi|1s)(1i| be an arbitrary density matrix of the principal
system. It follows from the above observation for a pure state |¢) (1| that
the reduced density matrix immediately after the measurement is

Myps M

D k)=t = Myps M. (92)
- p(k) k

This shows that POVM measurement is a quantum operation in which the

Kraus operators are given by the generalized measurement operators {M;}.

The projective measurement is a special class of POVM, in which {M;} are

the projective operators.

6.3. Examples

Now we examine several important examples which have relevance in quan-
tum information theory. Decoherence appears as an error in quantum infor-
mation processing. The next chapter is devoted to strategies to fight against
errors introduced in this section.

6.3.1. Bit-flip channel

Consider a closed two-qubit system with a Hilbert space C2 @ C2. We call
the first qubit the “(principal) system” while the second qubit the “envi-
ronment”. A bit-flip channel is defined by a quantum operation

E(ps) = (1 —p)ps +pogpsoe, 0 <p<1. (93)
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The input pg is bit-flipped with a probability p while it remains in its input
state with a probability 1 — p. The Kraus operators are read off as

E():\/l—pI, Elz\/ﬁar. (94)

pPs

D

(1 —=p)ps ©[0)(0]
(1 =p)I0)(O[ + p[1){1] +pXps X @ 1) (1]

Fig. 4. Quantum circuit modelling a bit-flip channel. The gate is the inverted CNOT
gate I ® (0)(0] + oz ® |1)(1].

The circuit depicted in Fig. 4 models the bit-flip channel provided that
the second qubit is in a mixed state (1 — p)|0)(0| + p|1)(1]. The circuit is
nothing but the inverted CNOT gate V = I ® |0)(0| + 0, ® |1)(1|. The
output of this circuit is

V(ps @ [(1 = p)[0)(0] + p1){1]]) VT
= (1 = p)ps @ 10)(0] + pospsos|1)(1], (95)

from which we obtain

E(ps) = (1 —p)ps + pozpsos (96)

after tracing over the environment Hilbert space.

The choice of the second qubit input state is far from unique and so is
the choice of the circuit. Suppose the initial state of the environment is a
pure state [¢g) = /1 —p|0) + ,/p|1), for example. Then the output of the
circuit in Fig. 4 is

E(ps) = tru[Vps @ [vp) (WplV'] = (1 = p)ps + powpsos,  (97)

producing the same result as before.
Let us see what transformation this quantum operation brings about in
ps. We parametrize pg using the Bloch vector as

1
ps =5 |1+ > cor |, (cr€R) (98)

k=xz,y,z
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where ), ¢ < 1. We obtain

E(ps) = (1 = p)ps +pozpsos

1_
= Tp(I + g0y + Cyoy +C205) + g([ + cpoy — Cyoy — €20)

_ 1/ 1+ =2p)e. ¢z —i(1—2p)ey (99)
2\ +i(1—=2p)ey, 1—(1—=2p)e, )

Observe that the radius of the Bloch sphere is reduced along the y- and the
z-axes so that the radius in these directions is |1 —2p|. Equation (99) shows
that the quantum operation has produced a mixture of the Bloch vector
states (cg, ¢y, ;) and (cz, —cy, —c;) with weights 1 — p and p respectively.
Figure 5 (a) shows the Bloch sphere which represents the input qubit states.
The Bloch sphere shrinks along the y- and z-axes, which results in the
ellipsoid shown in Fig. 5 (b).

=]

744y
T

i,

W
&

7/
qil
fm

(b)

Fig. 5. Bloch sphere of the input state pg (a) and output states of (b) bit-flip channel
and (c) phase-flip channel. The probability p = 0.2 is common to both channels.

6.3.2. Phase-flip channel

Consider again a closed two-qubit system with the “(principal) system” and
its “environment”.
The phase-flip channel is defined by a quantum operation

E(ps) =1 —=p)ps +po.pso., 0<p< 1. (100)

The input pg is phase-flipped (|0) — |0) and |1) — —|1)) with a proba-
bility p while it remains in its input state with a probability 1 — p. The
corresponding Kraus operators are

Eo=+/1—-pl, Ey = \/po-. (101)
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pPs

i (L= pps  [0)(0)

(1 =p)[0)(0] + p[1)(1] +pZpsZ @ |1)(1]

Fig. 6. Quantum circuit modelling a phase-flip channel. The gate is the inverted
controlled-o, gate.

A quantum circuit which models the phase-flip channel is shown in
Fig. 6. Let pg be the first qubit input state while (1 — p)|0)(0] + p|1)(1] be
the second qubit input state. The circuit is the inverted controlled-o, gate

V=I&|0){0|+ o, ® [1)(1].
The output of this circuit is
V (ps @ [(1 = p)|0)(0] + p[1){1[])) VT
= (1 =p)ps ®10){(0] + po=pso. @ [1){1], (102)

from which we obtain

E(ps) = (1 —p)ps + po=pso-. (103)
The second qubit input state may be a pure state
[Wm) = /1= pl0) + VB1), (104)
for example. Then we find
E(ps) = trp[Vps ® [ve)(WE|VT] = EopsE) + EipsEY, (105)

where the Kraus operators are

EQ = O|V|1ﬁE \ 1-— I E1 1|V|’@/JE> = \/]_70z. (106)

Let us work out the transformation this quantum operation brings about
to ps. We parametrize pg using the Bloch vector as before. We obtain

E(ps) = (1 —p)ps + po.pso.

1 i
= —2 p(I + Cwa-a: + CyO'y + CZUZ) + g(‘[ - CQ;O'w - CyUy + CZGZ)
1 1+e, (1= 2p)(—ca — icy) (107)
=2\ (1= 2p)(cq +icy) 1—c. '

Observe that the off-diagonal components decay while the diagonal com-
ponents remain the same. Equation (107) shows that the quantum oper-
ation has produced a mixture of the Bloch vector states (cg,cy,c,) and
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(=g, —cy, c.) with weights 1 — p and p respectively. The initial state has a
definite phase ¢ = tan='(c,/c,) in the off-diagonal components. The phase
after the quantum operaition is applied is a mixture of states with ¢ and
¢+ m. This process is called the phase relaxation process, or the T, process
in the context of NMR. The radius of the Bloch sphere is reduced along
the z- and the y-axes as 1 — |1 — 2p|. Figure 5 (c) shows the effect of the
phase-flip channel on the Bloch sphere for p = 0.2.
Other examples will be found in [1,2].

7. Quantum Error Correcting Codes
7.1. Introduction

It has been shown in the previous chapter that interactions between a quan-
tum system with environment cause undesirable changes in the state of the
quantum system. In the case of qubits, they appear as bit-flip and phase-
flip errors, for example. To reduce such errors, we must implement some
sort of error correcting mechanism in the algorithm.

Before we introduce quantum error correcting codes, we have a brief look
at the simplest version of error correcting code in classical bits. Suppose
we transmit a serise of 0’s and 1’s through a noisy classical channel. Each
bit is assumed to flip independently with a probability p. Thus a bit 0 sent
through the channel will be received as 0 with probability 1 — p and as 1
with probability p. To reduce channel errors, we may invoke to majority
vote. Namely, we encode logical 0 by 000 and 1 by 111, for example. When
000 is sent through this channel, it will be received as 000 with probability
(1—p)3, as 100, 010 or 001 with probability 3p(1—p)2, as 011, 101 or 110 with
probability 3p?(1 — p) and finally as 111 with probability p3. By taking the
majority vote, we correctly reproduce the desired result 0 with probability
po = (1 —p)3 +3p(1 — p)? = (1 — p)?(1 + 2p) while fails with probability
p1 = 3p*(1 —p) + p> = (3 — 2p)p?. We obtain py > p; for sufficiently small
p > 0. In fact, we find pg = 0.972 and p; = 0.028 for p = 0.1. The success
probability pg increases as p approaches to 0, or alternatively, if we use
more bits to encode 0 or 1.

This method cannot be applicable to qubits, however, due to no-cloning
theorem. We have to somehow think out the way to overcome this theorem.

7.2. Three-qubit bit-flip code: the simplest example

It is instructive to introduce a simple example of quantum error correcting
codes (QECC). We closely follow Steane®° here.
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7.2.1. Bit-flip QECC

Suppose Alice wants to send a qubit or a series of qubits to Bob through a
noisy quantum channel. Let |¢)) = a|0)+b|1) be the state she wants to send.
If she is to transmit a serise of qubits, she sends them one by one and the
following argument applies to each of the qubits. Let p be the probability
with which a qubit is flipped and we assume there are no other types of
errors in the channel. In other words, the operator X is applied to the qubit
with probability p and consequently the state is mapped to

[¥) = [¢) = X[¥) = al1) + ]0). (108)

We have already seen in the previous section that this channel is described
by a quantum operation (93).

7.2.2. Encoding

To reduce the error probability, we want to mimic somehow the classical
counterpart without using a clone machine. Let us recall that the action of
a CNOT gate is CNOT : |j0) — |jj), j € {0,1} and therefore it duplicates
the control bit j € {0,1} when the target bit is initially set to |0). We use
this fact to triplicate the basis vectors as

[4)]00) = (al0) +b[1))[00) — |¢) & = a]000) + b|111), (109)

where |¢) g denotes the encoded state. The state |¢) g is called the logical
qubit while each constituent qubit is called the physical qubit. We borrow
terminologies from classical error correcting code (ECC) and call the set

C = {a|000) + b|111)|a,b € C, |a|® + |b]* = 1} (110)

the code and each member of C' a codeword. It is important to note that the
state |¢) is not triplicated but only the basis vectors are triplicated. This
redundancy makes it possible to detect errors in |¢) g and correct them as
we see below.

A quantum circuit which implements the encoding (109) is easily found
from our experience in CNOT gate. Let us consider the circuit shown in
Fig. 7 (a) whose input state is [¢)|00). It is immediately found that the
output of this circuit is [¢) g = a|000) + b|111) as promised.

7.2.3. Transmission

Now the state |¢)p is sent through a quantum channel which introduces
bit-flip error with a rate p for each qubit independently. We assume p is
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_ Noisy Error Syndrome
Encoding Channel Detection Correction Decoding
9) [ Na - _ 19)
0 A& - [ IRED
0) +—&+ - Ay}~ —
|0) ——b I’(\|-——
Syndrome
|0) &b I’(\|-——
() (b) (©) (d)

Fig. 7. Quantum circuits to (a) encode, (b) detect bit-flip error syndrome, (c) make
correction to a relevant qubit and (d) decode. The gate Nx stands for the bit-flip noise.

sufficiently small so that not many errors occur during qubit transmission.
The received state depends on in which physical qubit(s) the bit-flip error
occurred. Table 1 lists possible received states and the probabilities with
which these states are received.

Table 1. State Bob receives and the
probability which this may happen.

State Bob receives  Probability

a|000) + b|111) (1—p)3
a|100) + b|011) p(1 — p)?
al010) + b|101) p(1 — p)?
a|001) + b|110) p(1 — p)?
a|110) + b|001) p2(1 —p)
a|101) + b|010) p?(1 —p)
al011) + b|100) p2(1 —p)
a|111) + b|000) p3

7.2.4. Error syndrome dectection and correction

Now Bob has to extract from the received state which error occurred during
qubits transmission. For this purpose, Bob prepares two ancillary qubits in
the state |00) as depicted in Fig. 7 (b) and apply four CNOT operations
whose control bits are the encoded qubits while the target qubits are Bob’s
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two ancillary qubits. Let |z12223) be a basis vectors Bob has received and
let A (B) be the output state of the first (second) ancilla qubit. It is seen
from Fig. 7 (b) that A = 1 ®z2 and B = 1 @x3. Let a|100)+b|011) be the
received logical qubit for example. Note that the first qubit state in both
of the basis vectors is different from the second and the third qubit states.
These difference are detected by the pairs of CNOT gates in Fig. 7 (b). The
error extracting sequence transforms the anicillary qubits as

(a]100) + b[011))[00) — a|10011) 4 b[01111) = (a|100) + b]011))[11).

Both of the ancillary qubits are flipped since 1 ® z2 = 1 © x3 = 1 for
both [100) and |011). It is important to realize that (i) the syndrome is
independent of a and b and (ii) the received state a|100) + b|011) remains
intact; we have detected an error without measuring the received state!
These features are common to all QECC.

We list the result of other cases in Table 2. Note that among eight

Table 2. States after error extraction is made and the
probabilities with which these states are produced.

State after error syndrome extraction  Probability
(a]000) + b|111))|00) (1-p)3

(a[100) + 5]011))[11) p(1 —p)?
(a|010) + b|101))|10) p(1 — p)?
(al001) + b|110))[01) p(1 —p)?
(a|110) + b|001))|01) p%(1 —p)
(al101) + ]010))[10) p*(1—p)
(a]011) + b|100))|11) p?(1 —p)
(a]111) + b|000))|00) p?

possible states, there are exactly two states with the same ancilla state. Does
it mean this error extraction scheme does not work? Now let us compare the
probabilities associated with the same ancillary state. When the ancillary
state is |10), for example, there are two possible reseived states a|010) +
b|101) and a|101)+b|010). Note that the former is received with probability
p(1 — p)? while that latter with p?(1 — p). Therefore the latter probability
is negligible compared to the former for sufficiently small p.

It is instructive to visualize what errors do to the encoded basis vectors.
Consider a cube with the unit length. The vertices of the cube have coor-
dinates (i, 7, k) where 4, j,k € {0,1}. We assign a vector |ijk) to the vertex
(1,7, k), under which the vectors |000) and |111) correspond to diagonally
separated vertices. An action of X;, the operator X = o, acting on the
tth qubit, sends these basis vectors to the nearest neighbor vetices, which
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differ from the correct basis vectors in the ith position. The intersection
of the sets of vectors obtained by a single action of X; on |000) and |111)
is an empty set. Therefore an action of a single error operator X can be
corrected with no ambiguity.

Now Bob measures his ancillary qubits and obtains two bits of classical
information. The set of two bits is called the (error) syndrome and it tells
Bob in which physical qubit the error occurred during transmission. Bob
applies correcting procedure to the received state according to the error
sydrome he has obtained. Ignoring extra error states with small probabili-
ties, we immediately find that the following action must be taken:

error syndrome correction to be made
00 identity operation (nothing is required)
01 apply o, to the third qubit
10 apply o, to the second qubit
11 apply o, to the first qubit

Suppose the syndrome is 01, for example. The state Bob received is likely to
be a|001) + b|110). Bob recovers the initial state Alice has sent by applying
I ® I ® o, on the received state:

(I ®1® 0,)(al001) 4 b[110)) = a|000) + b|111).
If Bob receives the state a|110) + b|001), unfortunately, he will obtain
(I ®I®0,)(al110) 4 b001)) = a|111) 4 b|000).

In fact, for any error sydrome, Bob obtaines either a|000)+b|111) or a|111)+
b/000). The latter case occurs if and only if more than one qubit are flipped,
and hence it is less likely to happen for sufficiently small error rate p. The
probability with which multiple error occurs is found from Table 1 as

P(error) = 3p*(1 — p) + p* = 3p? — 2p°. (111)

This error rate is less than p if p < 1/2. In contrast, success probability has
been enhanced from 1 — p to 1 — P(error) = 1 — 3p% + 2p3. Let p = 0.1,
for example. Then the error rate is lowered to P(error) = 0.028, while the
success probability is enhanced from 0.9 to 0.972.

7.2.5. Decoding

Now that Bob has corrected an error, what is left for him is to decode
the encoded state. This is nothing but the inverse transformation of the
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encoding (109). It can be seen from Fig. 7 (d) that

CNOT;,CNOT13(a|000) + b|111)) = a|000) + b|100) = (a|0) + b|1))|00).
(112)

7.2.6. Miracle of entanglement

This example, albeit simple, contains almost all fundamental ingredients of
QECC. We prepare some redundant qubits which somehow “triplicate” the
original qubit state to be sent without violating no-cloning theorem. Then
the encoded qubits are sent through a noisy channel, which causes a bit-flip
in at most one of the qubits. The received state, which may be subject to an
error, is then entangled with ancillary qubits, whose state reflects the error
which occurred during the state transmission. This results in an entangled
state

Z |A bit-flip error in the kth qubit) ® |corresponding error syndrome).

k
(113)

The wave function, upon the measurement of the ancillary qubits, collapses
to a state with a bit-flip error corresponding to the observed error syndrome.
In a sense, syndrome measurement singles out a particular error state which
produces the observed syndrome.

Once syndrome is found, it is an easy task to transform the received state
back to the original state. Note that everything is done without knowing
what the origial state is.

7.2.7. Continuous rotations

We have considered noise X so far. Suppose noise in the channel is charac-
terized by a contiuous paramter « as

Uy = €% = cosal +iXsina, (114)
which maps a state [¢) to

Ua ) = cosaly) + isinaX|y). (115)
Suppose U, acts on the first qubit, for example. Bob then receives

(Ua @ I ® I)(al000) + b|111))
= cos a(a|000) + b|111)) + i sin a(a|100) + b|011)).
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The output of the error syndrome detection circuit, before the syndrome
measurement is made, is an entangled state

cos a(a|000) 4 b|111))|00) + ¢ sin cae(a|100) + b|111))[11), (116)

see Table 2. Measurement of the error syndrome yields either 00 or 11.
In the former case the state collapses to |[¢)) = @]|000) + b|111) and this
happens with a probability cos? . In the latter case, on the other hand,
the received state collapses to X|¢) = a|100) + b|011) and this happens
with a probability sin® . Bob applies I (X) to the first qubit to correct the
error when the syndrome readout is 00 (11).

It is clear that error U, may act on the second or the third qubit.
Continuous rotation U, for any a may be corrected in this way. In general,
linearity of a quantum circuit guarantees that any QECC, which corrects
the bit-flip error X, corrects continuous error U,,.

8. DiVincenzo Criteria

We have learned so far that information may be encoded and processed in
a quantum-mechanical way. This new discipline called quantum informa-
tion processing (QIP) is expected to solve a certain class of problems that
current digital computers cannot solve in a practical time scale. Although
a small scale quantum information processor is already available commer-
cially, physical realization of large scale quantum information processors is
still beyond the scope of our currently available technology.

A quantum computer should have at least 102 ~ 10% qubits to be able
to execute algorithms that are more efficient than their classical counter-
parts. DiVincenzo proposed necessary conditions, so-called the DiVincenzo
criteria that any physical system has to fulfill to be a candidate for a viable
quantum computer.?® In the next section, we outline these conditions as
well as two additional criteria for networkability.

8.1. DiVincenzo criteria

In his influential article,® DiVincenzo proposed five criteria that any phys-
ical system must satisfy to be a viable quantum computer. We summarize
the relevant parts of these criteria in this section.

(1) A scalable physical system with well characterized qubits.

To begin with, we need a quantum register made of many qubits to store
information. Recall that a classical computer also requires memory to
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store information. The simplest way to realize a qubit physically is
to use a two-level quantum system. For example, an electron, a spin
1/2 nucleus or two mutually orthogonal polarization states (horizontal
and vertical, for example) of a single photon can be a qubit. We may
also employ a two-dimensional subspace, such as the ground state and
the first excited state, of a multi-dimensional Hilbert space, such as
atomic energy levels. In any case, the two states are identified as the
basis vectors, |0) and [1), of the Hilbert space so that a general single
qubit state takes the form [¢)) = «|0) + B|1), |a|? + |3/> = 1. A multi-
qubit state is expanded in terms of the tensor products of these basis
vectors. Each qubit must be separately addressable. Moreover it should
be scalable up to a large number of qubits. The two-dimensional vector
space of a qubit may be extended to three-dimensional (qutrit) or, more
generally, d-dimensional (qudit).
A system may be made of several different kinds of qubits. Qubits
in an ion trap quantum computer, for instance, may be defined as:
(1) hyperfine/Zeeman sublevels in the electronic ground state of ions
(2) a ground state and an excited state of a weakly allowed optical
transition and (3) normal mode of ion oscillation. A similar scenario is
also proposed for Josephson junction qubits, in which two flux qubits
are coupled through a quantized LC circuit. Simultaneous usage of
several types of qubits may be the most promising way to achieving a
viable quantum computer.

(2) The ability to initialize the state of the qubits to a simple fiducial state,
such as 100...0).

Suppose you are not able to reset your (classical) computer. Then you
will never trust the output of some computation even though processing
is done correctly. Therefore initialization is an important part of both
quantum and classical information processors.

In many realizations, initialization may be done simply by cooling to
bring the system into its ground state. Let AFE be the difference between
energies of the first excited state and the ground state. The system is
in the ground state with a good precision at low temperatures satis-
fying kpT <« AE. Alternatively, we may use projective measurement
to project the system onto a desired state. In some cases, we observe
the system to be in an undesired state upon such measurement. Then
we may transform the system to the desired fiducial state by applying
appropriate gates.

For some realizations, such as liquid state NMR, however, it is im-
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possible to cool the system down to extremely low temperatures. In
those cases, we are forced to use a thermally populated state as an ini-
tial state. This seemingly difficult problem may be amended by several
methods if some computational resources are sacrificed. We then obtain
an “effective” pure state, so-called the pseudopure state, which works
as an initial state for most purposes.

Continuous fresh supply of qubits in a specified state, such as |0), is
also an important requirement for successful quantum error correction.
as we have seen in Section 7.

(3) Long decoherence times, much longer than the gate operation time.

Hardware of a classical computer lasts long, for on the order of 10 years.
Things are totally different for a quantum computer, which is fragile
against external disturbance called decoherence, see Section 6.
Decoherence is probably the hardest obstacle to building a viable quan-
tum computer. Decoherence means many aspects of quantum state
degradation due to interactions of the system with the environment
and sets the maximum time available for quantum computation. De-
coherence time itself is not very important. What matters is the ratio
“decoherence time/gate operation time”. For some realizations, deco-
herence time may be as short as ~ ps. This is not necessarily a big
problem provided that the gate operation time, determined by the Rabi
oscillation period and the qubit-coupling strength, for example, is much
shorter than the decoherence time. If the typical gate operation time
is ~ ps, say, the system may execute 10'2~6 = 10° gate operations
before the quantum state decays. We quote the number ~ 103 of gates
required to factor 21 into 3 and 7 by using Shor’s algorithm.*"

There are several ways to effectively prolong decoherence time. A
closed-loop control method incorporates QECC, while an open-loop
control method incorporates noiseless subsystem?*! and decoherence free
subspace (DFS).42

(4) A “universal” set of quantum gates.

Suppose you have a classical computer with a big memory. Now you
have to manipulate the data encoded in the memory by applying various
logic gates. You must be able to apply arbitrary logic operations on the
memory bits to carry out useful information processing. It is known that
the NAND gate is universal, i.e., any logic gates may be implemented
with NAND gates.

Let H(v(t)) be the Hamiltonian of an n-qubit system under con-
sideration, where ~(t) collectively denotes the control parameters in
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the Hamiltonian. The time-development operator of the system is
Uly(t)] = T exp [—% I H(’y(t))dt} € U(2"), where T is the time-
ordering operator. Our task is to find the set of control parameters
7(t), which implements the desired gate Ugate as U[y(t)] = Ugate. Al-
though this “inverse problem” seems to be difficult to solve, a theorem
by Barenco et al. guarantees that any U(2") gate may be decomposed
into single-qubit gates € U(2) and CNOT gates.'6 Therefore it suffices
to find the control sequences to implement U(2) gates and a CNOT gate
to construct an arbitrary gate. Naturally, implementation of a CNOT
gate in any realization is considered to be a milestone in this respect.
Note, however, that any two-qubit gates, which are neither a tensor
product of two one-qubit gates nor a SWAP gate, work as a component
of a universal set of gates.*3

(5) A qubit-specific measurement capability.
The result of classical computation must be displayed on a screen or
printed on a sheet of paper to readout the result. Although the read-
out process in a classical computer is regarded as too trivial a part of
computation, it is a vital part in quantum computing.
The state at the end of an execution of quantum algorithm must be
measured to extract the result of the computation. The measurement
process depends heavily on the physical system under consideration. For
most realizations, projective measurements are the primary method to
extract the outcome of a computation. In liquid state NMR, in con-
trast, a projective measurement is impossible, and we have to resort to
ensemble averaged measurements.
Measurement in general has no 100% efficiency due to decoherence, gate
operation error and many more reasons. If this is the case, we have to
repeat the same computation many times to achieve reasonably high
reliability.

Moreover, we should be able to send and store quantum information
to construct a quantum data processing network. This “networkability”
requires following two additional criteria to be satisfied.

(6) The ability to interconvert stationary and flying qubits.

Some realizations are excellent in storing quantum information while
long distant transmission of quantum information might require differ-
ent physical resources. It may happen that some system has a Hamil-
tonian which is easily controllable and is advantageous in executing
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quantum algorithms. Compare this with a current digital computer, in
which the CPU and the system memory are made of semiconductors
while a hard disk drive is used as a mass storage device. Therefore a
working quantum computer may involve several kinds of qubits and
we are forced to introduce distributed quantum computing. Intercon-
verting ability is also important in long distant quantum teleportation
using quantum repeaters.

(7) The ability to faithfully transmit flying qubits between specified loca-
tions.

Needless to say, this is an indispensable requirement for quantum com-
munication such as quantum key distribution. This condition is also
important in distributed quantum computing mentioned above.

8.2. Physical realizations

There are numerous physical systems proposed as possible candidates for a
viable quantum computer to date.** Here is the list of the candidates;

Liquid-state/Solid-state NMR and ENDOR
Trapped ions

Neutral atoms in optical lattice

Cavity QED with atoms

Linear optics

Quantum dots (spin-based, charge-based)
Josephson junctions (charge, flux, phase qubits)
Electrons on liquid helium surface

,_\,_\,_\,_\,_\,_\/_\/_\
[S2 NN
oo EE

D

and other unique realizations. ARDA QIST roadmap?* evaluates each of
these realizations. The roadmap is extremely valuable for the identification
and quantification of progress in this multidisciplinary field.
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