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Cj1 j2 j
m1m2m = (−1)j1−j2+m

√
(2j + 1)A!
J !(J + 1)!

CJ(A), (1.221)

where J = j1 + j2 + j is the common row-column line-sum in the magic
square (1.220), and A, as given by relation (1.220), is to be substi-
tuted into this relation to express it entirely in terms of angular mo-
mentum quantum numbers. We have used the relation (−1)TrA33 =
(−1)(j1+m1)+(j2−m2) = (−1)(j1+m1)−(j2−m2) = (−1)j1−j2+m in obtaining
the sign factor. The coefficients CJ(A) are then the expansion coefficient
in

(detX)J =
∑

A∈M3(J)

CJ(A)XA. (1.222)

We thus obtain the famous generating function of Regge [147] for the
Wigner coefficients, but now by using the combinatorial Rota evaluation
coefficients, all without needing to use direct knowledge of the WCG
coefficients.

It is the custom to define the so-called 3j−coefficients by the relation(
j1 j2 j
m1 m2 −m

)
=

(−1)j1−j2+m√
2j + 1

Cj1 j2 j
m1m2m

=

√
A!

J !(J + 1)!
CJ(A), (1.223)

which enhances the symmetry relations of these coefficients: The 3j−
coefficients are invariant under even permutations of the columns, are
multiplied by the factor (−1)j1+j2+j by odd permutations, and by this
same factor under sign reversal of the projection quantum numbers.
These are the classical pre-Regge symmetries.

A symmetry of a WCG coefficient is a linear transformation of its la-
bels that results in a multiple of the original coefficient. Because a deter-
minant either changes its sign or remains invariant under permutations
of its columns or row and under transposition, there are 3!× 3!× 2 = 72
symmetries of the WCG coefficients and the associated 3− j coefficients,
all of which may be deduced explictly from relation (1.222). These have
been given in various places, and will not all be repeated here. (See
Ref. [21] for a generating set of these relations in terms of the present
notations.) We require, however, in the next chapter, the following
classical symmetries of the WCG coefficients, corresponding to rever-
sal of sign of the projection quantum numbers and to permutations
of j1, j2, j3, all of which can be verified directly from (1.222). We set
j1 = a, j2 = b, j = c; m1 = α,m2 = β,m = γ = α + β for clarity of
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presentation:

Ca b c
α β γ = (−1)a+b−cCa b c

−α.−β,−γ ,

Cb a c
α β γ = (−1)a+b−cCa b c

α β γ ,

Ca c b
α,−γ,−β = (−1)a−α

√
2b + 1
2c + 1

Ca b c
α β γ ,

C c b a
−γ,β,−α = (−1)b+β

√
2a + 1
2c + 1

Ca b c
α β γ , (1.224)

C b c a
−β,γ,α = (−1)b+β

√
2a + 1
2c + 1

Ca b c
α β γ ,

Cc a b
γ,−α,β = (−1)a−α

√
2b + 1
2c + 1

Ca b c
α β γ .

We note also the relation of the 3F2 hypergeometric functions of unit
argument to evaluation coefficients. This result can be verified by di-
rect calculation. An example of such a relation, which is suggestive of
generalization, is given by

3F2

( −a, −b, −c
; 1

d + 1, e + 1

)

= (−1)c
evalA(Z)

(d + 1)c(e + 1)c(a + b + c + d + e + 1)!
, (1.225)

where c ≥ a, c ≥ b, with a, b, c, a+ e, b+ e, c+ e, a+ d, b+ d, c+ d all non-

negative integers, and we have defined A =
(

a c + e
e + d b

)
; (x)k =

x(x+1) · · · (x+k−1). We also point out (see Ref. [21]) that the classical
transformation properties of the 3F2 hypergeometric functions account
for all the 72 symmetries of the WCG coefficients, which were discov-
ered independently by physicists in the context of the Regge result (see
Sect. 2.2.8, Chapter 2, for details).

1.4.2 Magic square realization of the addition of two
angular momenta

The relation between the two orthonormal bases of the Hilbert space
Hj1 ⊗ Hj2 corresponding to the addition of two angular momentum is
fully encoded in the properties of magic squares of order 3. The latter
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are purely combinatorial objects, whereas the origin of relation (1.196) is
usually attributed to properties of the direct sum of two copies of the Lie
algebra of SU(2) and of the differential operators that realize these Lie
algebras. The realization of the addition of angular momentum in terms
of magic squares is encoded in the observation of Regge [147] that the
restrictions on the domains of the quantum numbers j1,m1, j2,m2, j,m
can be expressed in terms of a magic square A with line-sum J = j1+j2+
j given by (1.220). The angular momentum quantum numbers are given
in terms of the elements of A = (aij)1≤i,j≤3 by the invertible relations

j1 = (a11 + a21)/2, j2 = (a12 + a22)/2,
j = (a13 + a23)/2;

(1.226)
m1 = (a11 − a21)/2, m2 = (a12 − a22)/2,
m = (a23 − a13)/2.

It follow from these relations and the fact that A is a magic square of
line-sum J that the sum rule m1 + m2 = m, and the triangle condition
j = j1 + j2, j1 + j2 − 1, . . . , |j1 − j2| are fulfilled.

We introduce the special symbol 〈j1, j2, j〉 to denote the set {j1, j2, j}
of angular momentum quantum numbers that satisfy the triangle condi-
tions, where we note that, if a given triple satisfies the triangle conditions,
then all permutations of the triple also satisfy the triangle conditions.
The number of magic squares that have the fixed line-sum J is obtained
as follows: Define the sets ∆J and M(j1, j2, j) by

∆J = {〈j1, j2, j〉 | j1 + j2 + j = J},
(1.227)

M(j1, j2, j) = {(m1,m2) | − j1 ≤ m1 ≤ j1; (1.228)
−j2 ≤ m2 ≤ j2; −j ≤ m1 + m2 ≤ j} .

Then, we have the following identity, which gives the number of angular
momentum magic squares (1.220) with line-sum J :∑

〈j1,j2,j〉∈∆J
|M(j1, j2, j)| =

(
J + 5

5

)
−
(
J + 2

5

)
. (1.229)

It is nontrivial to effect the summation on the left-hand side of this
relation to obtain the right-hand side, but this expression is known from
the theory of magic squares (see Stanley [163, Vol. 1, p. 92]).

Not only can the addition of two angular momenta in quantum theory
with its triangle rule for three angular momentum quantum numbers
and its sum rule on the corresponding projection quantum numbers be
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codified in the structure of magic squares of order 3 and arbitrary line-
sum, but also the content of the abstract state vector relation (1.196)
itself can be so formulated, as follows:

∣∣∣ ((a11 + a21)/2, (a12 + a22)/2) (a13 + a23)/2, (a23 − a13)/2
〉

=
∑

A2∈M2(α,β)

WN (A) (1.230)

×
∣∣∣(a11 + a21)/2, (a11 − a21)/2

〉
⊗
∣∣∣(a12 + a22)/2, (a12 − a22)/2

〉
.

In this relation, A = (aij)1≤i,j≤3 is a magic square of order 3 and ar-
bitrary line-sum N (nonnegative integer), and the summation is over

all matrix arrays of nonnegative integers A2 =
(

a11 a12
a21 a22

)
of order 2

with row and column sums given by α1 = N − a13, α2 = N − a23, β1 =
N − a31, β2 = N − a32, in which the elements (a31, a32, a33) in row 3 and
the elements (a13, a23, a33) in column 3 are held fixed. The coefficients
WN (A) in relation (1.230) are not determined by the magic square struc-
ture, but all domains of definition of the entries in the ket-vectors are
determined. The coefficients WN (A) themselves are WCG coefficients,
as given in terms of the elements of the magic square A by

WN (A) = C
(a11+a21)/2 (a12+a22)/2 (a13+a23)/2
(a11−a21)/2 (a12−a22)/2 (a23−a13)/2

. (1.231)

Thus, to each magic square A of order 3 there corresponds a unique WCG
coefficient WN (A), and conversely. Thus, the full abstract structure of
the addition of angular momentum is one-to-one with the structure of
magic squares of order 3. These rich combinatorial footings of angu-
lar momentum theory are completed by the observation that the WCG
coefficients themselves are obtained by the Regge generating function
(1.222) for the expansion of a determinant of order 3, again there being
no reference to Lie algebraic structures. Addition of angular momentum
in quantum theory can be presented in terms of magic squares and the
Regge generating function for WCG coefficients without reference to Lie
algebras and differential operators.

1.5 Kronecker Product of Solid Harmonics

The Kronecker product, which is sometimes called the direct product of
a matrix A of order m and a matrix B of order n, is defined by
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A⊗B =


a11B a12B · · · a1mB
a21B a22B · · · a2mB
...

... · · ·
...

am1B am2B · · · ammB

 . (1.232)

From this definition, it may be verified that

(A⊗B)⊗ C = A⊗ (B ⊗ C), (1.233)

where C is a matrix of order l. The placement of the parenthesis pair
( ) indicates how the Kronecker product is to be composed, but it is,
in fact, independent of this pairing; hence,

A⊗B ⊗ C = (A⊗B)⊗C = A⊗ (B ⊗C). (1.234)

The rows of the Kronecker product A⊗ B, where A = (aij)1≤i,j≤m and
B = (bkl)1≤k,l≤n are inherited from the row pairs (i, k) and column pairs
(j, l) from A and from B, so that(A ⊗ B)ik;jl = aijbkl. In (1.232), the
(ij)−th block matrix is aijB. Kronecker products satisfy the multiplica-
tion rule

(A⊗B)(C ⊗D) = (AC)⊗ (BD), (1.235)
where A and C are of order m, and B and D are of order n. The Kro-
necker product extends to rectangular matrices as well, it only be re-
quired that the row and column order of the matrices in the products
always match.

The elements in the Kronecker product of two matrices Dj1(X) and
Dj1(Y ) whose elements are the SU(2) solid harmonic are given by(

Dj1(X) ⊗Dj2(Y )
)
m1m2;m′

1m
′
2

= Dj1
m1m′

1
(X)Dj2

m2 m′
2
(Y ). (1.236)

The product of two matrices of solid harmonics satisfies the relation(
Dj1(X ′)⊗Dj2(Y ′)

) (
Dj1(X)⊗Dj2(Y )

)
= Dj1(X ′X)⊗Dj2(Y ′Y ), (1.237)

where the elements of the 2× 2 matrices X,Y,X ′, Y ′ are arbitrary com-
muting indeterminates. This relation has interesting consequences for
special functions, but we give here only those properties for X = Y and
X ′ = Y ′.

The basic property of the Kronecker product of matrices of solid
harmonics defined over the same indeterminates Z is

C(j1 j2)
(
Dj1(Z)⊗Dj2(Z)

) (
C(j1 j2)

)T
=

jmax∑
j=jmin

(detZ)j1+j2−jDj(Z),

(1.238)
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in which ⊕ denotes the direct sum of matrices. The validity of this result
follows from the fact that the implied double WCG coefficient coupling
of the solid harmonics Dj1

m1m′
1
(Z) and Dj2

m2m′
2
(Z) given by (1.239) below

is insensitive to the detailed properties of the polynomials: It depends
only on the angular momentum properties of the coupling of angular
momenta. The presence of (detZ)j1+j2−j is required by the homogeneity
properties of the solid harmonics.

The expresssion of relation (1.238) in terms of the elements of the
matrices is the first result below, the other three being obtained from
the first by using the orthogonality relations for the WCG coefficients
(see (1.145)-(1.156)):

∑
m1,m2
m′
1,m

′
2

Cj1 j2 j
m1m2mC

j1 j2 j′

m′
1m

′
2m

′D
j1
m1m′

1
(Z)Dj2

m2m′
2
(Z)

= δj,j′(detZ)j1+j2−jDj
mm′(Z), (1.239)∑

m′
1,m

′
2

Cj1 j2 j
m′

1m
′
2m

′D
j1
m1m′

1
(Z)Dj2

m2m′
2
(Z)

= Cj1 j2 j
m1m2m(detZ)j1+j2−jDj

mm′(Z), (1.240)∑
m1,m2

Cj1 j2 j
m1m2mD

j1
m1m′

1
(Z)Dj2

m2m′
2
(Z)

= Cj1 j2 j
m′

1m
′
2m

′(detZ)j1+j2−jDj
mm′(Z), (1.241)

Dj1
m1m′

1
(Z)Dj2

m2m′
2
(Z)

=
∑
j

Cj1 j2 j
m1m2mC

j1 j2 j
m′

1m
′
2m

′(detZ)j1+j2−jDj
mm′(Z). (1.242)

These relations apply for an arbitrary matrix Z, including singular ones.
These relations can be specialized in many ways to obtain results for
special functions (see Chen and Louck [40] ). In particular, they hold for
Z an element of any of the groups SU(2), U(2), GL(2,C).

Angular momentum theory is for the most part an extension to n
independent angular momenta of the results summarized in the preced-
ing sections, which, then, is about the properties of the direct product
group SU(2)×SU(2)×· · ·×SU(2) (n times ) and the diagonal subgroup
(U,U, . . . , U), which is isomorphic to SU(2). This structure would not be
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very interesting if such an extension merely involved the replication of
the relations of this section with the generation of complicated formulas
involving summations over multiple WCG coefficients. But, it turns out
that the invariant theory underlying such structures and their combinato-
rial underpinnings lead to a rich comprehensible theory of many-particle
complex quantum systems, which is considered in Chapters 2-4. Already,
in this Introduction, we make this point by introducing a special class of
polynomials that we call SU(n) solid harmonics because of their implicit
occurrence in the fundamental work of Schwinger [160], which has its
basis in a classical result in combinatorics by MacMahon [129].

1.6 SU(n) Solid Harmonics

1.6.1 Definition and properties of SU(n) solid harmonics

Generating functions codify the content of many mathematical entities in
a unifying, comprehensive way. They are very popular in combinatorics,
and Schwinger [160] used them extensively in his fundamental treat-
ment of angular momentum theory. In this subsection and the next, we
present a natural generalization of the SU(2) solid harmonics to a class
of polynomials, called SU(n) solid harmonics, that are homogeneous in
n2 indeterminates. While these polynomials are of interest in their own
right (see Gelfand and Graev [61]), it is their fundamental role in the
addition of n independent angular momenta that motivates their intro-
duction here in the first chapter. The SU(n) solid harmonics already
occur at the level of multiple copies of SU(2) and the binary theory of
addition of angular moment; they bring an unexpected unity and co-
herence to angular momentum coupling and recoupling theory through
their relationship to MacMahon’s [129] master theorem, as rediscovered
and slightly generalized by Schwinger [160].

We list in a compendium format in this section some of the principal
properties of SU(n) solid harmonica, all of which can be proved directly
from their definition, or as outlined below:

1. Definition:

Dp
α β(Z) =

√
α!β!

∑
A∈M

p
n×n(α,β)

ZA

A!
, (1.243)

where we employ the following space-saving notations: A is the ma-
trix A = (aij)1≤i,j≤n of order n in the nonnegative integers aij ; A! =∏n
i,j=1 aij!, Z

A =
∏n
i,j=1 z

aij
ij ;α is a sequence α = (α1, α2, . . . , αn)

of n nonnegative integers that sum to p and is called a composi-
tion of k into p nonnegative parts, this property being denoted by
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α � p. We also write xα = xα1
1 xα2

2 · · · xαnn and α! = α1!α2! · · · αn!,
for each pair (α, β) of such compositions α � p and β � p. The
notation M

p
n×n(α, β) denotes the set of all matrices A such that

the entries in row i sum to αi and those in column j to βj , for
all i, j = 1, 2, . . . , n. The significance of the row-sum vector α is
that αi is the degree of the polynomial Dp

αβ(Z) in the variables
(zi1, zi2, . . . , zin) in row i of Z, while the column-sum vector β has
the significance that βj is the degree of the polynomial Dp

αβ(Z) in
the variables (z1j , z2j , . . . , znj) in column j of Z.

2. Matrix of the Dp
αβ(Z) polynomials:

The number of compositions of the integer k into n nonnegative
parts is given by

(n+p−1
p

)
. The compositions in this set may be

linearly ordered by the lexicographical rule: if the first nonzero
part of α − β is positive, we write α > β; if negative. α < β; if
zero, α = β. The polynomial Dk

αβ(Z) is then the entry in row α

and column β of the square matrix Dp(Z) of order

dimDp(Z) =
(
n + p− 1

p

)
, (1.244)

where, following the convention for SU(2), the rows are labeled
from top-to-bottom by the greatest to the least sequence, and the
columns are labeled in the same manner as read from left-to-right.
We give below the combinatorial proof by Chen and Louck [40]
that these polynomials satisfy the following multiplication rule for
arbitrary matrices X and Y :

Dp(X)Dp(Y ) = Dp(XY ). (1.245)

3. Orthogonality in the inner product ( , ):(
Dp
αβ ,D

p′

α′ β′

)
= δp,p′δα,α′δβ,β′p! . (1.246)

4. Reduction to spinor harmonics:

Dp
αβ(diag(0, . . . , 0, z(j), 0, . . . , 0)) =

(∏n
i=1
i
=j

δ0,βi

) √
p!
α!

zα,

(1.247)
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in which all columns of Z are 0 = col(0, 0, . . . , 0), except column j,
which is z(j) = col(z1, z2, . . . , zn), and α � p. It is also true that

Dp
αβ(diag(z1, z2, . . . , zn)) = δα,βz

α. (1.248)

5. Diagonal matrix:
Dp(In) = I(n+p−1

p ). (1.249)

6. Transposition property:

Dp(ZT ) = (Dp(Z))T . (1.250)

7. Special irreducible unitary representations of SU(n) :

Dp(U)Dp(V ) = Dp(UV ), all U, V ∈ SU(n). (1.251)

Of course, the multiplication property (1.251) is much more gen-
eral than this, applying as it does to matrices X and Y , including
singular matrices, of arbitrary commuting indeteminates.

1.6.2 MacMahon and Schwinger master theorems

1. Schwinger’s master theorem: For any two matrices X and Y of
order n, the following identities hold:

e(∂x:X:∂y)e(x:Y :y)|x=y=0 =
∞∑
p=0

∑
α,β �p

Dp
α β(X)Dp

β α(Y )

=
1

det(I −XY )
, (1.252)

(x :Z: y) = xZyT =
n∑

i,j=1

xizijyj. (1.253)

2. MacMahon’s master theorem: Let X be the diagonal matrix X =
diag(x1, x2, . . . , xn) and Y a matrix of order n. Then, the coefficient
of xα in the expansion of 1

det(I−XY ) equals the coefficient of xα in
the product yα, where yi =

∑n
j=1 yijxj; that is,

1
det(I −XY )

=
∞∑
p=0

∑
α�p

Dp
αα(Y )xα. (1.254)
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3. Basic master theorem: Let Z be a matrix of order n, then

1
det(I − tZ)

=
∞∑
p=0

tp
∑
α�p

Dp
αα(Z). (1.255)

Schwinger’s relation (1.252) follows from (1.255) by setting Z = XY and
using the multiplication property (1.245); MacMahon’s relation (1.254)
then follows from Schwinger’s result by setting X = diag(x1, x2, . . . , xn)
and using property (1.248). Of course, MacMahon’s Master Theorem
preceded Schwinger’s result by many years (Schwinger’s report is reprinted
in Ref. [25]). The unification into the single form by using properties of
the Dp

αβ(Z) polynomials was pointed out by in Ref. [108] . More sur-
prisingly, relation (1.252) was already discovered for the general linear
group in 1897 by Molien [137]. The properties of this relation for groups
are developed extensively in Michel and Zhilinskii [133].

For many purposes, it is better in combinatorics to avoid all square
roots by using the polynomials

Lpαβ(Z) =
∑

A∈M
p
n×n(α,β)

ZA

A!
. (1.256)

1.6.3 Combinatorial proof of the multiplication property

The multiplication of two SU(n) solid harmonics is expressed by

∑
β �p

∑
A∈M

p
n×n(α,β)

∑
B∈M

p
n×n(β,γ)

γ!
A!B!

XA Y B =
∑

C∈M
p
n×n(α,γ)

(XY )C

C!
.

(1.257)
The following identities can be used to simplify this relation:

(XY )C

C!
=
∑
β � p

∑
A∈M

p
n×n(α,β)

∑
B∈M

p
n×n(β,γ)

{
C
AB

}
XA Y B ,

C ∈M
p
n×n(α, γ); (1.258){

C
AB

}
=

∑
H∈M

p
n×n×n(A,B,C)

1
H!

, (1.259)

A ∈M
p
n×n(α, β), B ∈M

p
n×n(β, γ), C ∈M

p
n×n(α, γ).
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The planar matrix arrays in these relations are defined by

M
p
n×n(α, β) = {aij |

n∑
j=1

aij = αi,
n∑
i=1

aij = βj},

M
p
n×n(β, γ) = {bjk |

n∑
k=1

bjk = βj ,

n∑
j=1

bjk = γk}, (1.260)

M
p
n×n(α, γ) = {cik |

n∑
k=1

cik = αi,

n∑
i=1

cik = γk}.

The set M
p
n×n×n(A,B,C) over which the summation in (1.259) is taken

is the collection of cubic arrays in which the lattice points (i, j, k), 1 ≤
i, j, k ≤ n, are assigned all possible nonnegative integers, as defined by

M
p
n×n×n(A,B,C) =

{
hijk

∣∣∣∣
∑n

k=1 hijk = aij ;
∑n

i=1 hijk = bjk;∑n
j=1 hijk = cik

}
.

(1.261)
These cubic arrays are natural generalizations of the 2× 2 planar arrays
(1.260); such arrays are unavoidable in the development of properties
of the monomials XA and of the general unitary group, despite their
explosive counting qualities. Further properties are developed in the
next subsection.

The proof of relations (1.258) and (1.259) is given by using the multi-
nomial theorem to expand (

∑
j xijyjk)

cik , rearranging terms, and paying
careful attention to details. Using these relations in (1.257), we find
that necessary and sufficient conditions that the multiplication property
(1.245) holds are that the following relation is valid:∑

C∈M
p
n×n(α,γ)

{
C
AB

}
=

β!
A!B!

, (1.262)

where A ∈ M
p
n×n(α, β) and B ∈ M

p
n×n(β, γ). A combinatorial proof of

(1.262) has been given by Chen and Louck [40]. Thus, the multiplication
rule (1.245) is true for arbitrary commuting indeterminates.

We present here a somewhat different proof of relation (1.262), using
the more basic identity:

Lpαβ(J) =
∑

A∈M
p
n×n(α,β)

1
A!

=
p!

α!β!
, (1.263)

where Lpαβ(J) is the polynomial (1.256) evaluated at all zij = 1; that is,
at Z = J, where J is the matrix of order n containing all 1′s.
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To show that (1.263) implies (1.262), we require a preliminary result.
It follows from the definition of the cubic array M

p
n×n×n(A,B,C) given

by (1.261) that this set has the following decomposition in terms of planar
matrix arrays perpendicular to e2−axis of a right-handed coordinate
frame (e1, e2, e3) :

Plane perpendicular to the e2−axis at x2 = j, 1 ≤ j ≤ n :

✲ e1

❄

e3

M
βj
n×n(aj ,bj)

where M
βj
n×n(aj ,bj) is the set of planar n× n matrix arrays of the form

h1j1 h1j2 · · · h1jn
h2j1 h2j2 · · · h2jn

...
... · · ·

...
hnj1 hnj2 · · · hnjn

 (1.264)

with row and column sums given by

aj = (a1j , a2j , . . . , anj) � βj ,

(1.265)
bj = (bj1, bj2, . . . , bjn) � βj .

The cubic array M
p
n×n×n(A,B,C) is then expressed in terms of these

planar arrays by

M
p
n×n×n(A,B,C) = M

β1
n×n(a1,b1) � M

β2
n×n(a2,b2) � · · ·� M

βn
n×n(an,bn),

(1.266)
where � denotes that the planes are stacked adjacent to one another (one
unit between). Thus, the planar matrix arrays in (1.266) are located,
respectively, at x2 = 1, 2, . . . , n. The decomposition (1.266) assigns a
unique nonnegative integer hijk to every point (i, j, k) in the cubic array
such that A ∈M

p
n×n(α, β), B ∈M

p
n×n(β, γ), C ∈M

p
n×n(α, γ).

The cubic array M
p
n×n×n(A,B,C) can also be decomposed in terms

of stacked planar arrays perpendicular to the e1−axis or to the e3−axis,
but these decompositions are not required here. The general case is
developed in the next section on Maclaurin monomials.

We can now use the decomposition (1.266) to show that (1.263) im-
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plies (1.262). Substitution of (1.259) into (1.262) gives∑
C∈M

p
n×n(α,γ)

{
C
AB

}
=

∑
C∈M

p
n×n(α,γ)

∑
H∈M

p
n×n×n(A,B,C)

1
H!

=
n∏
j=1

 ∑
Hj∈M

βj
n×n(aj ,bj)

1
Hj!

 =
β!

A!B!
, (1.267)

since relation (1.263) implies that∑
Hj∈M

βj
n×n(aj ,bj)

1
(Hj)!

=
βj!∏n

i=1(aij)!
∏n
k=1(bjk)!

. (1.268)

In the middle relation in (1.267), the summation over C ∈ M
p
n×n(α, γ)

becomes redundant when M
p
n×n×n(A,B,C) is written in the form (1.267),

since it is automatically satisfied. We have thus shown that (1.263) im-
plies (1.262), and it remains only to prove (1.263).

We now give a combinatorial proof of relation (1.263), following the
method in Ref. [40]. Relation (1.263) may be rewritten in the multino-
mial coefficient form∑

A∈M
p
n×n(α,β)

n∏
i=1

(
αi

ai1, ai2, . . . , ain

)
=
(

p

β1, β2, . . . , βn

)
. (1.269)

To prove this result we consider p distinct objects with αi of the objects
colored by color i, where i = 1, 2, . . . , n, hence, α � p. Let these p
objects be distributed into n cells C1, C2, . . . , Cn, such that there are βj
objects in cell Cj with aij objects having color i. The left-hand side of
(1.269) equals the number of ways of distributing the p objects into the
n cells such that cell Cj contains βj objects. The entries in the matrix
A ∈ M

p
n×n(α, β) gives the configuration of these colored objects into

the cells: The number of ways of distributing the αi objects of color i
among the n cells is given by

(
αi

ai1,ai2,...,ain

)
, and the sum of products of

these coefficients is the number of ways
(

p
β1,β2,...,βn

)
of distributing the p

objects into the n cells. �
We remark again that there is also the direct combinatorial proof of

relation (1.262) (Chen and Louck [40]) that does not require the inter-
mediate step of showing that relation (1.263) implies (1.262). The above
method reveals further properties of these relations.
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1.6.4 Maclaurin monomials

The Maclaurin monomials are defined by

MA(Z) =
ZA

A!
=

l∏
i=1

m∏
j=1

z
aij
ij

aij!
, (1.270)

where A = (aij)1≤i≤l,1≤j≤m, is an l × m matrix array of nonnegative
integers (exponents) aij , and Z = (zij)1≤i≤l,1≤j≤m is an l×m matrix of
commuting indeterminates zij . These monomials are just the terms that
occur in every formal power series expansion of a multivariable function
depending on the l ×m commuting indeterminates zij , as given by

F (Z) =
∑
A

C(A)
ZA

A!
, (1.271)

where the C(A) are numerical-valued coefficients, and the summation
is over all l × m matrix arrays A. Since the Maclaurin monomials are
orthogonal in the inner product ( , ), as given by

(MA′ ,MA) = δA′,A
1
A!

, (1.272)

the coefficients C(A) in the formal power series are

C(A) = A!(MA, F ) =
(

∂

∂Z

)A
F (Z)

∣∣∣
Z=0l×m

. (1.273)

We are interested in the product of two such functions (1.271), in
particular, polynomials. The expansion of the product (XY )C into a
sum over XA and Y B becomes a basic relation, which has already been
given in (1.258)-(1.259) for the special case l = m = n, from which the
extensions to the general case are evident, which we restate in detail for
completeness:

(XY )C

C!
=
∑
β � p

∑
A∈M

p
l×m(α,β)

∑
B∈M

p
m×n(β,γ)

{
C
AB

}
XA Y B,

C ∈M
p
n×l(α, γ); (1.274){

C
AB

}
=

∑
H∈M

p
l×m×n(A,B,C)

1
H!

, (1.275)

A ∈M
p
l×m(α, β), B ∈M

p
m×n(β, γ), C ∈M

p
n×l(α, γ).
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M
p
l×m(α, β) = {aij |

m∑
j=1

aij = αi,
l∑
i=1

aij = βj},

M
p
m×n(β, γ) = {bjk |

n∑
k=1

bjk = βj ,

m∑
j=1

bjk = γk}, (1.276)

M
p
n×l(α, γ) = {cik |

n∑
k=1

cik = αi,
l∑
i=1

cik = γk}.

The set M
p
l×m×n(A,B,C) over which the summation in (1.259) is taken

is the collection of l×m×n dimensional parallelepiped (six rectangular
faces) in which the lattice points (i, j, k), 1 ≤ i ≤ l, 1 ≤ j ≤ m, 1 ≤ k ≤
n, are assigned all possible nonnegative integers, as defined by

M
p
l×m×n(A,B,C) =

{
hijk

∣∣∣∣ ∑n
k=1 hijk = aij;

∑l
i=1 hijk = bjk;∑m

j=1 hijk = cik

}
.

(1.277)

The set M
p
l×m×n(A,B,C) is described geometrically in Cartesian 3−

space R3 by specifying the assignment of the hijk to points (i, j, k) re-
ferred to a right-handed triad of unit geometrical vectors (e1, e2, e3) di-
rected from the origin (0, 0, 0) to the points (1, 0, 0), (0, 1, 0), (0, 0, 1),
respectively, as depicted by

✲ e2

✻

e3

M
p
l×m×n(A,B,C)

✁
✁
✁☛

e1

(e1 out of page)

(1.278)

We require the sequences as follows, which for clarity we denote by bold
letters:

ai = (ai1, ai2, . . . , aim), aj = (a1j , a2j , . . . , alj),

bj = (bj1, bj2, . . . , bjn), bk = (b1k, b2k, . . . , bmk), (1.279)

ci = (ci1, ci2, . . . , cin), ck = (c1k, c2k, . . . , clk).
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These sequences give the row and column sums of various planar matrix
arrays that are perpendicular to the respective unit vectors in (1.278)
that determine the geometrical structure of the set M

p
l×m×n(A,B,C) :

Plane perpendicular to the e1−axis at x1 = i, 1 ≤ i ≤ l :

✲ e3

❄

e2

Mαi
m×n(ai, ci)

The entries in the set Mαi
m×n(ai, ci) of m × n planar arrays can be any

array given by 
hi11 hi12 · · · hi1n
hi21 hi22 · · · hi2n

...
... · · ·

...
him1 him2 · · · himn

 , (1.280)

with row and column sums specified to be ai � αi and ci � αi.

Plane perpendicular to the e2−axis at x2 = j, 1 ≤ j ≤ m :

✲ e1

❄

e3

M
βj
n×l(a

j ,bj)

The entries in the set M
βj
n×l(a

j ,bj) of n × l planar arrays can be any
array given by 

h1j1 h1j2 · · · h1jl
h2j1 h2j2 · · · h2jl

...
... · · ·

...
hnj1 hnj2 · · · hnjl

 , (1.281)

with row and column sums specified to be aj � βj and bj � βj .
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Plane perpendicular to the e3−axis at x3 = k, 1 ≤ k ≤ n :

✲ e2

❄

e1

M
γk
l×m(ck,bk)

The entries in the set M
γk
l×m(ck,bk) of l ×m planar arrays can be any

array given by 
h11k h12k · · · h1mk
h21k h22k · · · h2mk

...
... · · ·

...
hl1k hl2k · · · hlmk

 , (1.282)

with row and column sums specified to be ck � γk and bk � γk.

We can write the set of lattice points M
p
l×m×n(A,B,C) in terms of

these planes of lattice points perpendicular to the 1-axis, 2-axis, and
3-axis of the right-handed frame (e1, e2, e3), respectively, by

M
p
l×m×n(A,B,C) (1.283)

= Mα1
m×n(a1, c1) � Mα2

m×n(a2, c2) � · · ·� Mαl
m×n(al, cl)

= M
β1

n×l(a
1,b1) � M

β2

n×l(a
2,b2) � · · ·� M

βm
n×l(a

m,bm)

= M
γ1
l×m(c1,b1) � M

γ2
l×m(c2,b2) � · · · � M

γn
l×m(cn,bn).

The first line in (1.283) denotes the collection of stacked m × n pla-
nar matrix arrays located, respectively, at x1 = 1, 2, . . . , l, with similar
interpretations for the second and third line.

1.6.5 Summary of relations

We summarize the following special results that originate from the gen-
eral expansion (1.274) and the orthogonality of various polynomials with
respect to the inner product ( , ) :

1. Solid harmonics in mn indeterminates:

Lpβ γ(Y ) =
(
xβ

β!
,

(xY )γ

γ!

)
=

∑
B∈M

p
m×n(β,γ)

Y B

B!
, (1.284)
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which is a consequence of
zγ

γ!
=

(xY )γ

γ!
=
∑
β � p

xβLpβ γ(Y ). (1.285)

This relation itself is obtained from (1.274) by choosing l = 1, so
that we have the following simplifications:

C = γ = (γ1, γ2, . . . , γn) � p,A = (β1, β2, . . . , βm) � p,

B ∈ M
p
m×n(β, γ); (1.286)

X = (x11, x12, . . . , x1m) = x = (x1, x2, . . . , xm),
XY = xY = z = (z1, z2, . . . , zn), (1.287)

zk =
m∑
j=1

xjyjk, k = 1, 2, · · · , n.

Here, as will often be the case in this monograph, we abuse the
notation by writing the inner product of two functions f with values
f(x) and g with values g(x) as

(f, g) = (f(x), g(x)). (1.288)
Despite the contradiction of notation, it presents the functions in-
volved in the inner product in more comprehensible fashion.

2. Right and left action polynomials:
The following polynomials, which are defined from the general re-
lation (1.274), also occur in the sequel:

RpA,C(Y ) =
(
XA

A!
,
(XY )C

C!

)
=

∑
B∈M

p
m×n(β,γ)

{
C
AB

}
Y B,

LpB,C(X) =
(
Y B

B!
,
(XY )C

C!

)
=

∑
A∈M

p
l×m(α,β)

{
C
AB

}
XA,

A ∈M
p
l×m(α, β), B ∈M

p
m×n(β, γ), C ∈M

p
n×l(α, γ). (1.289)

1.7 Generalization to U(2)

1.7.1 Definition of U(2) solid harmonics

A full list of properties of the SU(2) solid harmonics Dj
mm′(Z) defined

by relation (1.160) must include the action of the indeterminates zij and
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the derivatives ∂/∂zij on these polynomials, as given below in Sect. 1.7.3.
It is convenient to give these actions in terms of the extension of these
polynomials to their U(2) counterparts. The U(2) solid harmonics are
polynomials that are enumerated by double Gelfand-Tsetlin patterns
that depend on partitions having two parts as defined by (λ1, λ2), where
the λi are nonnegative integers satisfying λ1 ≥ λ2 ≥ 0. Just as it requires
two pairs, (j m) and (j m′), where j is the angular momentum shared
by the two projection quantum numbers m and m′, to define the SU(2)
solid harmonics, it requires two Gelfand-Tsetlin patterns(

λ1 λ2
m11

)
and
(

λ1 λ2
m′
11

)
(1.290)

to define the U(2) solid harmonics. For each partition (λ1, λ2), the quan-
tities m11 and m′

11 are integers that can take on the λ1 − λ2 + 1 values
given by

m11,m
′
11 ∈ {λ2, λ2 + 1, . . . , λ1}. (1.291)

These conditions are referred to as “betweenness conditions,” and the
labels m11 and m′

11 are positioned between the partition labels to suggest
this condition. To economize the notation, so as not to write the partition
twice, it is convenient to invert the second pattern over the first in (1.290)
and write the double pattern as m′

11

λ1 λ2
m11

 =

 m′
11

m12 m22

m11

 , (1.292)

where we often write the common partition as (λ1 λ2) = (m12m22).
The pattern (1.292) is referred to as a double Gelfand-Tsetlin pattern.
General patterns of this form for the unitary group U(n) are discussed
in detail in Sect. 11.3, Compendium B. We use the notation (1.292) here
for easy comparison with the general results given later for the general
unitary group.

The U(2) solid harmonics are defined in terms of the SU(2) Dj− solid
harmonics (1.160) by

D

 m′
11

λ1 λ2
m11

 (Z) = (detZ)λ2Dj
mm′(Z)

=
∑

A∈M
p
2×2(α,α

′)

C

 m′
11

λ1 λ2
m11

 (A)
ZA

A!
, (1.293)
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where the relations between notations are given by

p = λ1 + λ2, j = (λ1 − λ2)/2,

m = m11 − (λ1 + λ2)/2, m′ = m′
11 − (λ1 + λ2)/2;

(1.294)
α = (α1, α2) = (m11, λ1 + λ2 −m11) � p,
α′ = (α′

1, α
′
2) = (m′

11, λ1 + λ2 −m′
11) � p.

The compositions α and α′ are also called the weights of the lower and
upper Gelfand-Tsetlin patterns. The set M

p
2×2(α,α

′) of 2 × 2 matrix
arrays over which the summation is effected in the expansion on the
right-hand side of (1.293) is defined by

M
p
2×2(α,α

′) =
{
A =

(
a11 a12
a21 a22

) ∣∣∣∣ a11 + a12 = α1, a21 + a22 = α2,

a11 + a21 = α′
1, a12 + a22 = α′

2

}
.

(1.295)

We have already met the special case of the polynomials (1.293) in
the context of the addition of two angular momenta given by (1.198):

ψ(j1 j2)j m(Z) = (M(j1 j2)j)
−1/2D

 2j1
j1 + j2 + j j1 + j2 − j

j1 + j2 + m

 (Z),

(1.296)

M(j1 j2)j =
(j1 + j2 + j + 1)!(j1 + j2 − j)!

2j + 1
.

These coupled angular momentum basis functions are the special case
m′ = j1−j2 of the more general U(2) solid harmonics defined by (1.293):

D

 j1 + j2 + m′

j1 + j2 + j j1 + j2 − j

j1 + j2 + m

 (Z) = (detZ)j1+j2−jDj
mm′(Z)

=
∑

m1,m2
m′
1,m

′
2

C
j1 j2 j
m1m2m

C
j1 j2 j

m′
1m

′
2m

′

×D

 j2 + m′
2

2j2 0
j2 + m2

 (Z)D

 j1 + m′
1

2j1 0
j1 + m1

 (Z). (1.297)

If we set m′ = j1 − j2, then this relation reduces to (1.198) and (1.296)
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in consequence of the relations:

C
j1 j2 j

m′
1 m′

2 j1 − j2
= δm′

1,j1δm′
2,−j2

√
(2j + 1)(2j1)!(2j2)!

(j1 + j2 − j)!(j1 + j2 + j + 1)!
,

(1.298)

D

 2j1
2j1 0
j1 + m1

 (Z) =
√

(2j1)!Pj1m1(z11, z21),

(1.299)

D

 0
2j2 0
j1 + m1

 (Z) =
√

(2j2)!Pj1m1(z12, z22).

(It is not particularly useful here to extract the C−coefficient in (1.293)
from the above relations. See, however, Sect. 7.3.2, Chapter 7.)

The above results place the U(2) solid harmonics in the notational
context of general results that are presented for U(n) in Chapters 5-7.
Indeed, they are the model results for that generalization. We often re-
fer to these polynomials as the D(λ1λ2)−polynomials and the coefficients
in (1.293) as the C(λ1λ2)−coefficients. By design, the notation has been
chosen such that the D(λ1λ2)−polynomials and the C(λ1λ2)−coefficients
in (1.293) have similar forms, the first being defined over arbitrary in-
determinates Z, the second over discrete nonnegative integers A. The
polynomials are fully defined in terms of the monomials ZA/A!, once the
discrete C(λ1λ2)−coefficients are known, as is the case above with n = 2.
Indeed, the generalization to U(n) is precisely that of determining the
correspondence

D

 m′
λ
m

 (Z)↔ C

 m′
λ
m

 (A) (1.300)

between Dλ−polynomials and Cλ−coefficients for an arbitrary partition
λ = (λ1, λ2, . . . , λn), where now Z and A are of order n, and the lower
an upper patterns m and m′ become general Gelfand-Tsetlin patterns.

1.7.2 Basic multiplication properties

It is useful to note several of the properties of the D(λ1λ2)−polynomials
and the C(λ1λ2)−coefficients that generalize to arbitrary partitions. The
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general multiplication property of Dλ1λ2−polynomials follow from rela-
tion (1.245), the multiplication property of determinants, and definition
(1.299):

∑
m′′

11

D

(
m′′
11

λ1 λ2
m11

)
(X)D

 m′
11

λ1 λ2
m′′
11

 (Y ) = D

 m′
11

λ1 λ2
m1

 (XY ).

(1.301)
This result implies that the multiplication of discretized C(λ1λ2)−coefficients
is given by

∑
m′′

11

C

 m′′
11

λ1 λ2
m11

 (A)C

 m′
11

λ1 λ2
m′′
11

 (B)

=
∑

C∈M
p
2×2(α,α

′)

{
C
AB

}
C

 m′
11

λ1 λ2
m11

 (C),

(1.302)
A ∈M

p
2×2(α,α

′′), B ∈M
p
2×2(α

′′, α′),

where the coefficients
{

C
AB

}
are those that enter into the product of

two Maclaurin polynomials for n = 2.

We also have the important Kronecker product relationship, as fol-
lows, from relation (1.242) (with similar relations corresponding to (1.239)-
(1.241)):

D

 m′′′
11

λ′1 λ′2
m′
11

 (Z)D

 m′′
11

λ1 λ2
m11

 (Z) (1.303)

=
∑
λ′′

1 , λ
′′
2

C

[(
λ′′1 λ′′2
m11 + m′

11

)(
λ′1 λ′2
m′
11

)(
λ1 λ2
m11

)]

×C
[(

λ′′1 λ′′2
m′′
11 + m′′′

11

)(
λ′1 λ′2
m′′′
11

)(
λ1 λ2
m′′
11

)]

×D

 m′′
11 + m′′′

11

λ′′1 λ′′2
m11 + m′

11

 (Z).

The C−coefficients in this relation are U(2) WCG coefficients, which are
related to SU(2) WCG coefficients by associating each of the three GT
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patterns with an angular momentum quantum label and its projection
by the rule (1.294). The three patterns in the C−coefficient are placed
in the indicated positions, which corresponds to reading the two patterns
of the D−polynomials on the left in (1.303) in the order right-to-left; if
the order of the D−polynomials on the left is reversed, the patterns in
the C− coefficients are reversed. This rule is referred to as the standard
mapping rule for WCG coefficients: Thus, the first C−coefficient is given
by

C

[(
λ′′1 λ′′2
m′′
11

) ∣∣∣( λ′1 λ′2
m′
11

)(
λ1 λ2
m11

)]
= C

j j′ j′′

mm′m′′ ; (1.304)

j = (λ1 − λ2)/2, j′ = (λ′1 − λ′2)/2, j′′ = (λ′′1 − λ′′2)/2,

m = m11 − (λ1 + λ2)/2,m′ = m′
11 − (λ′1 + λ′2)/2, (1.305)

m′′ = m′′
11 − (λ′′1 + λ′′2)/2.

The relation
λ1 + λ2 + λ′1 + λ′1 + λ′2 = λ′′1 + λ′′2 (1.306)

is a consequence of the homogeneity of the D−polynomials.

The reason for the ad hoc ordering rule in (1.303)-(1.304) is that it
convenient to think of the patterns as being initial, intermediate, and
final, a viewpoint that encompasses subsequent uses, when the initial
and final D−polynomials are interpreted as state vectors, or the left-
hand pair as noncommuting quantities (tensor operators). The order
rule could have been done oppositely, as in relations (1.239)-(1.242),
which is the usual presentation. Since the C−coefficients occur as pairs
in such relations, no error is made because of the phase factor relation
Cj1 j2 j3
m1 m2 m3 = (−1)j1+j2−jCj2 j1 j3

m2 m1 m3 . In all subsequent chapters, we use
the “read backwards” rule (1.303)-(1.304).

All of the above relations can also be written in matrix form. For
this, we order the Gelfand-Tsetlin patterns by(

λ1 λ2
m11

)
>

(
λ1 λ2
m′
11

)
, for m11 > m′

11, (1.307)

where they are equal, of course, for m11 = m′
11. Then, the row and col-

umn elements of the matrix D(λ1λ2)(Z) are given by the pairs (m11,m
′
11),

where the elements in row m11 are ordered from left-to-right as read
across the row by λ1, λ1 − 1, . . . , λ2; and the elements in column
m′
11 are ordered from top-to-bottom as read down the column by λ1,

λ1 − 1, . . . , λ2. (This follows the convention used for SU(2) representa-
tion functions.) In matrix form, the basic relations for the D(λ1λ2)−
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polynomials and the C(λ1λ2)−coefficients are the following:

D(λ1λ2)(Z) =
∑
A

ZA

A!
C(λ1λ2)(A),

D(λ1λ2)(X)D(λ1λ2)(Y ) = D(λ1λ2)(XY ), (1.308)

C(λ1 λ2)(A)C(λ1 λ2)(B) =
∑
C

{
C
AB

}
C(λ1 λ2)(C);

D(λ′
1 λ

′
2)(Z)⊗D(λ1 λ2)(Z) = (C(λ

′;λ))T

∑
λ′′

1 ,λ
′′
2

⊕D(λ′′
1 λ

′′
2 )(Z)

C(λ
′;λ),

(λ;λ′) = ((λ1 λ2); (λ′1 λ
′
2)). (1.309)

1.7.3 Indeterminate and derivative actions on the U(2)
solid harmonics

The indeterminates zij and the derivatives ∂/∂zij have the action on
the Dλ1λ2−polynomials listed below. We take these relations from the
methods of the pattern calculus presented in Chapter 6 for U(n). The
results are presented in terms of a mixed notation that uses the partial
hooks p12 = λ1 + 1, p22 = λ2, p11 = m11, p

′
11 = m′

11 in place of the
λ1, λ2,m11,m

′
11 that label the polynomials, because of the symmetry of

coefficients shown by the partial hook notation, which is pervasive in
U(n) : The below results apply also to the Dj−polynomials by making
the conversion (1.293)-(1.294) of notations and canceling detZ factors,
as appropriate:

z11D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p11−p22+1
p12−p22

√
p′11−p22+1
p12−p22 D

(
m′
11 + 1

λ1 + 1 λ2
m11 + 1

)
(Z)

+
√

p12−p11−1
p12−p22

√
p12−p′11−1
p12−p22 D

(
m′
11 + 1

λ1 λ2 + 1
m11 + 1

)
(Z),

z12D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p11−p22+1
p12−p22

√
p12−p′11
p12−p22D

(
m′
11

λ1 + 1 λ2
m11 + 1

)
(Z)

−
√

p12−p11−1
p12−p22

√
p′11−p22
p12−p22D

(
m′
11

λ1 λ2 + 1
m11 + 1

)
(Z),
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z21D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p12−p11
p12−p22

√
p′11−p22+1
p12−p22 D

(
m′
11 + 1

λ1 + 1 λ2
m11

)
(Z)

−
√

p11−p22
p12−p22

√
p12−p′11−1
p12−p22 D

(
m′
11 + 1

λ1 λ2 + 1
m11

)
(Z),

z22D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p12−p11
p12−p22

√
p12−p′11
p12−p22D

(
m′
11

λ1 + 1 λ2
m11

)
(Z)

+
√

p11−p22
p12−p22

√
p′11−p22
p12−p22D

(
m′
11

λ1 λ2 + 1
m11

)
(Z);

∂
∂z11

D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p11−p22
p12−p22−1

√
p′11−p22
p12−p22−1D

(
m′
11 − 1

λ1 − 1 λ2
m11 − 1

)
(Z)

+
√

p12−p11
p12−p22+1

√
p12−p′11
p12−p22+1D

(
m′
11 − 1

λ1 λ2 − 1
m11 − 1

)
(Z),

∂
∂z12

D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p11−p22
p12−p22−1

√
p12−p′11−1
p12−p22−1D

(
m′
11 − 1

λ1 − 1 λ2
m11

)
(Z)

−
√

p12−p11
p12−p22+1

√
p′11−p22+!
p12−p22+1D

(
m′
11

λ1 λ2 − 1
m11 − 1

)
(Z),

∂
∂z21

D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p12−p11−1
p12−p22−1

√
p′11−p22
p12−p22−1D

(
m′
11 − 1

λ1 − 1 λ2
m11

)
(Z)

−
√

p11−p22+1
p12−p22+1

√
p12−p′11
p12−p22+1D

(
m′
11 − 1

λ1 λ2 − 1
m11

)
(Z),

∂
∂z22

D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p12−p11−1
p12−p22−1

√
p12−p′11−1
p12−p22−1D

(
m′
11

λ1 − 1 λ2
m11

)
(Z)

+
√

p11−p22+1
p12−p22+1

√
p′11−p22+1
p12−p22+1D

(
m′
11

λ1 λ2 − 1
m11

)
(Z).


