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A near-field reconstruction method which locates the radius and the position of 
a small elastic rigid sphere in the low-frequency sense is considered. In particu- 
lar, the direct scattering problem for a rigid sphere by a point generated dyadic 
field is presented in a dyadic form, and the exact Green’s function as well as the 
elastic far-field patterns of the radiating solution in form of infinite series are ob- 
tained. Finally, the inversion scheme is based on a closed form approximation of 
the scattered field at the source for various point-source locations. 

1. Introduction 

This paper is concerned with scattering of elastic point-sources by a 
bounded obstacle, as well as with a related near-field inverse problem for 
small scatterers. One main type of boundary value problem, which char- 

*The authors acknowledge partial financial support of the project entitled “Mathematical 
Analysis of Wave Propagation in Chiral Electromagnetic and Elastic Media” which is co- 
funded by the European Social Fund and-National Resources (EPEAEK 11) PYTHAGO- 
RAS 11. 

3 



4 

acterize the scattering region will be examined. In particular, we consider 
the rigid problem, where the displacement field is vanishing on the surface 
of the scatterer. A dyadic formulation for the aforementioned scattering 
problem is considered, in order to gain the symmetry-compactness of the 
dyadic analysis lo. 

For acoustic and electromagnetic scattering, results on incident waves 
generated by a point-source appear in '; see also references therein, and in 
particular the book by Dassios-Kleinmann 7, and therein related references. 
All of the aforementioned studies deal with scattering relations by point- 
sources, and related simple inversion algorithms for small scatterers. For 
elasticity now, related problems such as the location and identification of 
a small three-dimensional elastic inclusion, using arrays of elastic source 
transmitters and receivers, is considered in I .  

The present paper provides results on the direct scattering problem by 
point-generated elastic waves for the two and the three-dimensional elastic 
case. Further, a related near-field inversion algorithm for a small rigid 
sphere, in the low-frequency sense is established, where the key idea is to 
measure the scattered field for various point-source locations. 

2.  Formulation of the problem in RN, N = 2,3  

We assume that R", N = 2 or 3, is filled by an isotropic and homogeneous 
elastic medium with positive Lam6 constants A, p and density e. The 
propagation of time-harmonic elastic waves in such a medium is described 
by the reduced Navier equation 

pAG(r) + (A + p) graddivG(r) + ew2G(r) = 6, (1) 
where w > 0 is the angular frequency, and the overtilde (" N ") is used to  
denote dyadic fields. Using the standard abbreviation 

A* := p A + (A + p )  grad div, (2) 
an alternative form of equation (1) (which will be considered from now on), 
is given by 

(3) (A* + e w 2 )  G(r) = 0. 
Let now V be a open, bounded and simply connected subset of lRN 

with C2- boundary S. The set V will be referred to as the scatterer. 
The physical parameters of the elastic background medium lead to the 
mathematical formulation of the problem through a main type of boundary 
condition that is described on the surface of the scatterer. 
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From the mathematical point of view, the scattering problem is de- 
scribed by the following exterior boundary-value problem: For a given 
point source incident field 32' at  a, and zero body forces, find a solution 
U, E [C2(lRN \ v) n C1(RN \ V)IN such that 

(A* + e w 2 )  ii,(r) = 0, r E R Y \ V ,  (4) 
- 
V = VUS which for the rigid body problem, satisfies the Dirichlet boundary 
condition 

iia(r) = 0, r E S. (5) 

Due to  the point source incident field at a, the corresponding component 
of the scattered field is denoted by CFt.  Then the total field iiFt in the 
exterior RN \ V, N = 2,3,  of the scatterer, is given by 

UFt(r) = ii?"(r) + iiFt(r), ( 6 )  

where the incident, the scattered and the total field satisfy (4). In addition, 
for the well-posedness of the problem, the well known radiation conditions 
due to Kupradze should also be satisfied by the scattered field '. 

3. The 2D case: elastic point-sources 

We irradiate our object by an incident elastic wave due to  a source located 
at  a point with position vector a, i.e., 

i 
4w2 -c_ Vr 8 vr~A1)(kP Ir - al), r ~e r # a. (7)  

In (7) is the identity dyadic, HA1)(z), is the Hankel function of first kind 
and zero order and "@" is the juxtaposition between two vectors (this gives 
a dyadic). We note that when a = la1 -+ 03, we recover the plane-wave 
incidence case in the direction -5, i.e., 

- 
UinC(,-; -5) = A, (5 ,g 5) e - z k p  + A,(I - 5 ,g 5) e-iks r'5 7 (8) 

where A,, A, are constant amplitudes, given as 

. (9) 
1 ( l + i ) e i k s a  
P 4& 

and A,  := - 
1 (1 + i) e i k p a  

A, := - 
x + 2 p  4- 
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In what follows, we consider the scatterer to be a circular disk of ra- 
dius R. We take polar coordinates and using cylinder Navier eigenvectors 
@$,, !I?$, 6 ,  0 = 1,2 ,  we obtain for (7) the following expansion 

for r < a. The scattered field has a similar expression and takes the form 

i 
G S C t  a (r) = -- X 

4& 

m = O  

where denotes the standard multiplication and the coefficients 
a,, ,Bm, l̂m and 6, are to be determined. We use the Dirichlet boundary 
condition (5), on r = R, (circular disk of radius R) and using orthogonality 

'' x " 
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arguments, lengthy calculations yield 

We now calculate the elastic far-field patterns in the form of infinite 
series. In order to find the longitudinal and transverse far-field pattern 
of the radiating solution iirt(r) of the exterior boundary-value problem 
(4)-(5), we take into account the asymptotic forms of the Hankel functions 
Hm(kCr) ,  H&(kCr) ,  for c = p ,  s and T -+ CQ. The scattered field (11) takes 
the following form 

where the longitudinal and transverse far-field pattern of the scattered field 
is given by 

1 - i  -""(?) = - 
4(X + 2p)& U a  

and 

m = O  

(16) 

respectively. As one can easily see in (15) and (16), the coefficients ,Bm and 
ym do not appear in the series, (although in (11) exist). This is justified 
from the fact that these coefficients are contained in the terms of O ( T - ~ / ' )  
of the scattered field (14) at the radiation zone. 
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4. The scattered field at the point-source 

We measure the scattered field at the source for various point-source lo- 
cations. Hence, if we compute the scattered field (11) at  point-source a, 
i.e., r=a, due to the orthogonal base {f, +} of the polar coordinate system, 
and taking into account the cylinder Navier eigenvectors, then with some 
computational effort we arrive at  

i 
X -act  u, (a) = -- 

4PkZ 

m=O 

This formula is exact. Let us now consider the low-frequency assumption 
kcR -+ 0, c = p ,  s. Hence, the coefficients am, Pm, ym and 6, (see (12)- 
(13) ,  are computed and we arrive at 

i n  
(m - I)!m! 22" 

'Ym N - (kpR)2ml for m 2 1, 

while for m = 0 we obtain 

i n  i n  
N 4 ( k p R J 2 ,  So 1: 7 ( / C ~ R ) ~ ,  
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After some calculations the scattered field a t  the source is written as 

where k,R -+ 0, and I- = R/a with 0 < I- < 1, (recall here that r < a ) .  
Further, the norm of the scattered field at the source is given by 

as k,R + 0, c = p ,  s, where 

1/2 

Ix YI = ($(xi with x = (21,22), Y = ( Y l , Y 2 ) .  

denotes the norm of a dyadic. 

5. A simple inverse near-field method for a small disk 

In this section, we solve the inverse problem using near-field experiments, 
and in particular the problem of locating the center and the radius of a 
small rigid circular disk is considered. By "small disk" we mean that we 
work in the low-frequency region, namely that k,R << 1, c = p ,  s. 

We choose a Cartesian orthogonal coordinate system OXQ, Four point- 
sources are located at the points ( O , O ) ,  (1,0), (0, l), and (0 ,2 ) .  The point- 
sources are lying at unknown distances ao, al, a2, and a3, respectively, from 
the unknown location of the center of the circular disk. The measurements 
of the low-frequency expansion of the scattered field, a t  the same four 
source points, i.e., no, n1, 722, 723, are given by 

With the aid of the cosine rule for a2 and a3 in appropriate triangles, we 
end up to a system which one has to solve five algebraic equations for the 
five unknowns (ao, all a2, a3 and R). The unknown distances from the 
disk's center are 

j = 0, 1 ,2 ,3 .  (20) 
2n0n2 a? = 

3 nj(non2 + 712723 - 2non3) 

Finally, the center of the circular scatterer is obtained from the intersection 
of the three circles centered at  ( O , O ) ,  (1,O) and (0, l), with corresponding 



10 

radii ao,al,  and a2, while the radius R of the circular disk, in terms of the 
measurements no, 722 and 713, is given by 

6. Some comments on the 3D case 

Concerning now the three-dimensional case and following the same proce- 
dure as before, we present the necessary basic formulas connected with the 
inversion algorithm for the reconstruction of an elastic rigid sphere. There- 
fore, we irradiate now our object by a 3D-incident elastic wave due to a 
point-source at a, i.e., 

i k,  ik, 
GinC(r) = 7 (grad,gradT + kp?) h ( k , ~ )  - 7 grad, grad: h(k,~),(22) 

W W 

where E := Ir - al, r # a and the function h(z)  := e i z / ( i z )  is the spherical 
Hankel function of the first kind and zero order. We note that when a = 

la1 4 a, we recover the planewave incidence case in the direction -8, 
i.e., 

7 (23) cznc(r; -8) = A, (8 ,g 8) e--ik, r . l  + A, (y - 5 ,g 5) e-i'c" r . l  

where A,, A, are constants which stand for the corresponding amplitudes. 
Note here that the first term of the right-hand side of (23), describes the 
incident longitudinal plane wave, while the second one describes the incident 
transverse plane wave. 

Let us now consider the case of a spherical scatterer of radius R. If we 
take spherical polar coordinates (T,  8, 4) and expand the point-source in- 
cident field (22) in terms of spherical Navier eigenvectors, (Hansen vectors) 
LZn,  M z n ,  and N Z n ,  5, we have 

where T := Irl < lal, +(-) denotes the interior (exterior) Hansen vector, 
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the overbar stands for a complex conjugate and 

47r (n+m)! 
2n + 1 (n - m)!' 

amn = - 

The scattered field has a similar expression and takes the form 

Following now similar steps as for the two-dimensional case, a simple in- 
verse near-field method for a small rigid sphere is established. 
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