Chapter 1

Banach Spaces, Cy-Semigroups of
Linear Operators and Almost
Periodicity of Functions

1.1 Banach Spaces and Linear Operators

1.1.1 Banach Spaces

The notion of Banach spaces will be used throughout this book. A normed
space is a linear space X, endowed with a norm, frequently denoted by ||-||,
that is a function from X to the set of all real numbers, denoted by R, such
that

(1) ||lz|| = 0, ||z|| = 0 if and only if x = 0;
(2) [IMz]| = |Alllz]|, YA€ Cor R,z € X;
@) lz+yl <l +lyl, Vz,y e X

A normed space X is called Banach space if it is complete, i.e., every Cauchy
sequence in X is convergent.

Example 1.1. Let BC(R, X) be the linear space of all bounded continuous
X-valued functions on R with sup-norm

1fIF = jg}gl\f(t)ll, Vf € BO(R,X). (1.1)
Then BC(R,X) is a Banach space.
Similarly, the following spaces are Banach spaces if endowed with norm
(1.1).
BUC(R,X) := {f € BC(R,X) : f is uniformly continuous}  (1.2)
P, = {f € BC(R,X) : f is periodic with period w} (1.3)
However, the function space
C'(R,X) := {f € BC(R,X) : f exists and f’ € BCO(R,X)}

1
TOPICS ON STABILITY AND PERIODICITY IN ABSTRACT DIFFERENTIAL EQUATIONS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6870.html



2 Topics on Stability and Periodicity in Abstract Differential Equations

is not a Banach space. In fact, it is easy to choose a sequence of differen-
tiable functions { f,} with f] € BC(R,X) such that it is a Cauchy sequence
but it does not converge to a differentiable function.

Example 1.2. Let  be the unit open ball of R™, i.e., @ = {z € R" : ||z|| <
1}. We denote by C™ () the set of all m times continuously differentiable
functions in €2 with the derivatives up to the order m bounded and contin-
uously extendable up to the boundary {z € R™ : ||z|| = 1}. Then C™(Q) is
a Banach space with the following norm

1 lem = D suplID*f(x)]. (1.4)

la|<m e

To conclude this subsection we consider the following Banach spaces

Example 1.3. For any interval I = [a,b],a < b € R and a € (0,1) let us
denote
t —
CYI,X):={feBC(I,X): sup 1788) = F)l < 00}
tsels<t (t—8)
Then C*(1,X) is a Banach space with the norm
I£() = f(s)l
o 1= su t)||+ su —_—.
[ flloerx) te?”f( i Ny s
These Banach spaces are called the Banach spaces of Holder continuous
functions.

In general if dimX < oo, then X is a Banach space with any norm.

Exercise 1. Show that X with norm ||-|| is a finite-dimensional Banach space
if and only if the unit ball {x € X : ||z|| < 1} is compact.

1.1.2 Linear Operators

Definition 1.1. Let X be a Banach space. Then a mapping A from D(A) C
X to X is said to be a linear operator if D(A) is a linear subspace of X and
A is linear. In this case D(A) is called domain of A and the range of this
operator will be denoted by R(A).

Remark 1.1. In the definition of a linear operator the domain is necessarily
a linear space. In general, it is a dense subspace of X but not the whole
space X.
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Preliminaries 3

Example 1.4. Let M be an n X n matrix with real entries. Then it defines
a linear operator from R" into itself by the rule z — Mz, where x is a
columm of n rows, an element of R™. In this example, denoting by M the
corresponding linear operator, we have that D(M) = R".

Generally, if dimX < oo, then from the density of D(A) in X follows that
D(A) = X. However, it is not the case for the following operators in infinite
dimensional Banach spaces:

Example 1.5. Let A be the differential operator d/dt with D(A) defined
as follows:

D(A) = {f € BO(R,X) : df /dt € BCO(R,X)}.

Obviously, A is a linear operator and D(A) is a subspace of X that is dense
everywhere in X, but is not X.

Example 1.6. Let B be the differential operator d/dt with D(B) defined
as follows:

D(B) := {g € BO(R,X) : dg/dt € BC(R,X), dg(0)/dt = 1}.
It is not difficult to see that B is not a linear subspace of BC(R, X) as the

domain D(B) is not linear subspace. In fact, we can see that 0 is not in
D(B).

1.1.3 Spectral Theory of Linear (Closed) Operators

First, we introduce the notion of bounded linear operators on a Banach
space X, and then extend our consideration to more general classes of linear
operators, for instance, closed operators.

Definition 1.2. Let A be a linear operator on a Banach space X with
D(A) = X. Then it is said to be a bounded linear operator on X if there
exists a positive constant ¢ such that

|Az| < ¢||z|, Yz € X. (1.5)
Hence, if A is a bounded linear operator, then it is continuous.
Exercise 2. Show the converse of the above assertion.

In view of this exercise, the notion of bounded linear operators is nothing
but that of continuous linear operators.
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4 Topics on Stability and Periodicity in Abstract Differential Equations

Let A be a bounded linear operator. Then the following nonnegative
number

|A]| :==inf{c e R: | Az| < c||z||, Yz € X} (1.6)

is called the norm of A.

Exercise 3. Let L(X) denote the set of all bounded linear operators on the
given Banach space X. Then L(X) endowed with the norm (1.6) is again a
Banach space.

As we have seen in the above example, there are linear operators that
are not bounded. Among the class of unbounded linear operators the class
of closed operators is particularly important. There are two reasons, to our
view, for this importance. The first one is that we encounter the operators
of this class everywhere in problems involving partial differential equations,
functional differential equations, integro-differential equations, etc. The
second one is that the requirement on the closedness is indeed not too
much. Every linear operator with nonempty resolvent set is closed, as
shown below. Now we give a precise definition of this class.

Definition 1.3. A linear operator A from D(A) C X to X is said to be
closed if its graph, i.e., the set {(z, Az) € X x X,Vz € D(A)} is closed.

If a linear operator A is not closed, one may expect that there is an extension
so that the extension of it is closed. In this case, we say that the linear
operator A is closable. The smallest extension is called the closure of A.
We are ready to define the notion of spectrum of a closed linear operator
A. Let X be a given complex Banach space.

Definition 1.4. We call the set
p(A) :={AeC: - A:D(A) — X is bijective}
the resolvent set and its complement o(A) := C\p(A) the spectrum of A.
For A € p(A), the inverse
R\ A) :=(\— At
is, by the closed graph theorem, a bounded linear operator on X and will

be called the resolvent of A in the point .

Remark 1.2. Definition (1.4) can be extended to general linear operators,
which are not necessarily closed, if we require that the map A : D(A) C
X — X has bounded inverse.
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Preliminaries 5

Exercise 4. Show that if a linear operator A : D(A) C X — X has nonempty
resolvent set, then it is closed.

Example 1.7. Let A be any linear operator of the finite dimensional com-
plex Banach space C". Then o(A) is exactly the set of all eigenvalues of
A, i.e. the set of all A € C such that there is a nonzero vector x of C™ with
Az = Ax.

Any bounded linear operator A has nonempty spectrum. Its spectrum
is contained in the disk of radius

r(4) = lim (|A]")
This number is called spectral radius of the bounded operator A.

In contrast to the finite dimensional case, in general, a bounded linear
spectrum may have no eigenvalue, for instance,

n, (1.7)

Example 1.8. Let ¢y be the Banach space of numerical two-sided se-
quences which converge to zero with sup-norm, i.e.,
co = {{xn}rg, 2n € R, lim z, = 0}.
n—oo
Then we define the translation T : ¢ — c¢g which maps every sequence

{zn} to the sequence {y,} such that y, = 2,1, Vn > 1,941 = 0. It is seen
that

ﬂ T"CO = {0}

So, if there is an eigenvalue A, then there is an invariant nontrivial subspace
of T'. This is impossible.

1.1.3.1 Sewveral Properties of Resolvents

An important property of p(A) is that it is an open subset of the complex
plane. The map p(A) 3 A — R(\, A) € L(X) (resolvent map) is analytic in
the open subset p(A4). One can show that any closed subset of the complex
plane can serve as a spectrum of a closed linear operator.

Theorem 1.1. For a closed linear operator A : D(A) € X — X, the
following properties hold true:

(1) The resolvent set p(A) is open in C, and for u € p(A) one has

RN A) =) (= A" R(u, A"+ (1.8)
n=0

for all X € C such that |p — A < 1/||R(u, A)||.
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6 Topics on Stability and Periodicity in Abstract Differential Equations

(2) The resolvent map A — R(\, A) is locally analytic with

jWR(/\’A) = (=1)"n!R(\, A", ¥n € N.
(8) Let A, € p(A) with limit lim,, oo A\, = Xo. Then A\g € o(A) if and only
if

lim [[R(An, A)|| = oc.

Proof. For the proof see e.g. Chap. IV in [Engel and Nagel (30)]. O

The following is concerned with another elementary property of resol-
vents:

Theorem 1.2. Let A be a closed linear operator on a Banach space X.
Then for all A € p(A) we have

1

Proof. This will be an immediate consequence of the fact that
IR\, A)|| > r(R(), A)) once we prove that

o

A—oa(A)

But it is trivial to check that (A — pu)(A — A)R(u, A) is a two-sided inverse
for (A — pu)~' — R(\, A) whenever u € p(A), which proves the inclusion C.
Similarly, (A — ) "R\, A) (A — p)~t — R(\, A)) ! is a two-sided inverse
for 1 — A whenever (A — )=t € p(R(\, A)), which proves the inclusion D.D

o(R(X, 4)) =

Let A be a closed linear operator. Then we introduce some finer notions
of spectrum for A.

Definition 1.5.

(1) Each A € o(A) such that A — A is not injective, is called eigenvalue of
A, and each nonzero vector x € D(A) such that (A — A)z =0 is called
eigenvector corresponding to A. The subset of o(A) consisting of all
eigenvalues of A, is denoted by Po(A) and is called the point spectrum
of A.

(2) We call approximate eigenvalue each A € o(A) such that there is a
sequence {z,} C D(A) ( called approximate eigenvector) satisfying
|zn| = 1 and lim, e ||Azyn — Azyp|| = 0.
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Preliminaries 7

1.2 Strongly Continuous Semigroups of Operators

In this section we collect some well-known facts from the theory of strongly
continuous semigroups of operators on a Banach space for the reader’s
convenience. We will focus the reader’s attention on several important
classes of semigroups such as analytic and compact semigroups which will
be discussed in the next chapters. Among the basic properties of strongly
continuous semigroups we will emphasize on the spectral mapping theorem.
Since the materials of this section as well as of this chapter in the whole can
be found in any standard book covering the area, here we aim at freshening
up the reader’s memory rather than giving a logically self contained account
of the theory.

1.2.1 Definition and Basic Properties

Definition 1.6. A family (7'(¢))¢>0 of bounded linear operators acting on
a Banach space X is called a Cy-semigroup if the following three properties
are satisfied:

(1) T(0) = I, the identity operator on X;

(2) TH)T(s) =T (t+s) for all t,s > 0;
(3) limy_g+ || T(¢t)x — z|| = 0 for all x € X.

The infinitesimal generator of (T'(t))¢>0, or briefly the generator, is the
linear operator A with domain D(A) defined by

D(A) ={z e X: ltil%l %(T(t)x — x) exists},
1
Av=lim 1 (T()e —2), @ € D(A).

The generator is always a closed, densely defined operator. A strongly
continuous semigroup of bounded linear operators on X will be called Cy-
semigroup.

We now consider several examples of strongly continuous semigroups.

Example 1.9. Let A be a bounded linear operator on a Banach space X.
Then (e!4));>0, defined by the formula
oA — (tA)*

=> o (1.9)

k=0
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8 Topics on Stability and Periodicity in Abstract Differential Equations

is a strongly continuous semigroup of bounded linear operators on the Ba-
nach space X. Moreover, its generator is the operator A with D(A) = X.

Proof. First, it may be noted that the formula (1.9) is well defined. In
fact, since A is bounded

Z I€ tA < oIl vy,

Hence, the series is absolutely convergent. To check that this family is
indeed a semigroup we will prove the following

etHs)A — tAgsd vy t e R.
From the absolute convergence of the above series it follows that the product

. tA)* A .
of two series 377 ) YAl and es4 .= 370 BAT s absolutely convergent,

ie.,
o0 o0
tA)F sA)"™
Sty ek
k=0 ’ n=0 ’
is convergent. Moreover, it does not depend on the way of summation, in

particular,
o0
etAesA _ Z k'
k=0

- Z Z n')n (1.10)
m=0 k4+n=m
= (tA)™
= Z:o ( m)! (1.11)
= (t+9)4, (1.12)

We now show that this semigroup is strongly continuous. By definition, we

have to show that

tA

lim ez =z, Vo e X.

t—0+t

By (1.9), Vz € X

tA - (tAgC)kx
et — ] < ”;T”
=1

@A™
< |t/ A Z
[t [l Al k+1
[|(tAz)*||
< [t[[I ANl Z —
(k)!
k=0
= [t|| A [|z||e! A1
TOPICS ON STABILITY AND PERIODICITY IN ABSTRACT DIFFERENTIAL EQUATIONS

© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6870.html



Preliminaries 9

Hence

lim |let4z — 2| = 0.
t—0+

Now we show that A is the generator of this semigroup with D(A) = X
i.e., we have to show that for all x € X, the following holds true

tA,
lim % = Au. (1.13)
t—
In fact, by (1.9), Vz € X
ette —
l=—— —Azll < el AN Al (1.14)
Hence (1.13) holds true. O

Example 1.10. Let (S(t)):>0 be the translation semigroup on BUC(R, X),
where X is a Banach space, i.e.,

St)f(s) = f(t+s), Vt>0,s € R, f € BUC(R,X).

It is easy to check that (S(t))¢>0 is a semigroup of bounded linear oper-
ators on BUC(R,X). From the uniform continuity of every function in
BUC(R,X) it follows that this translation semigroup is strongly continu-
ous.

As an example of a non strongly continuous semigroup we can consider the
translation semigroup (S(t))¢>0 in BC(R,X). The non-strong continuity
follows from the fact that there exists a bounded function which is not
uniformly continuous. Indeed, we can take the following example

Example 1.11. The function f(t) = sint?, ¢ € R, is a continuous and
bounded function that is not uniformly continuous.

In fact, we can choose a sequence to, = 1/2n7 + 7/2, ton+1 = /(2n + 1)7.

Obviously, f(t—2n) = 1 and f(tan+1) = 0 while |ta, —tan+1| — 0asn — oco.

Theorem 1.3. Let (T'(t))i>0 be a Co-semigroup. Then there exist con-
stants w > 0 and M > 1 such that

IT(0)] < Me“*, i > 0.
Proof. For the proof see e.g. p. 4 in [Pazy (90)]. O

Corollary 1.1. If (T'(t))>0 is a Co-semigroup, then the mapping (x,t) —
T(t)z is a continuous function from X x RT — X.

TOPICS ON STABILITY AND PERIODICITY IN ABSTRACT DIFFERENTIAL EQUATIONS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6870.html



10 Topics on Stability and Periodicity in Abstract Differential Equations

Proof. For any x,y € X and t < s € Rt := [0, 00),
[Tz =T (s)yll < [Tz —T(s)z| + |T(s)x — T(s)yll
< Me*?lle —yll + [T@OIT (s — t)z — ||
< Me¥s ||z —y|| + Me“!||T (s — t)x —z|. (1.15)
Hence, for fixed z,t (¢t < s) if (y,s) — (x,t) then ||T(t)z — T(s)y|| — O.
Similarly, for s <t
1Ttz —T(s)yl| < [[T(t)x = T(s)z|| + [T (s)z = T(s)yl|
< Me**|ja — yl| + T () IT(E - 5)z — o]
< Me“?||lx —y|| + Me“?||T(t — s)x — z|. (1.16)
Hence, if (y,s) — (z,t) then ||T(t)x — T'(s)y|| — O. O
Other basic properties of a Cp-semigroup and its generator are listed in the

following:

Theorem 1.4. Let A be the generator of a Co-semigroup (T'(t))i>0 on X.
Then

(1) Forz € X,
1 t+h
%13%) E~/t T(s)xds =T (t)x.
(2) For x € X, fg T(s)zds € D(A) and

A < /O t T(s)xds) = T(t)z — .

(8) For x € D(A),T(t)x € D(A) and

d
ET(t)i = AT (t)x = T(t)Ax.

(4) For x € D(A),
¢ ¢
Tt)x —T(s)x = / T(7)Azxdr = / AT (7)zxdr.
Proof. For the proof see e.g. p. 5 in [Pazy (90)]. O

We continue with some useful facts about semigroups that will be used
throughout this book. The first of these is the Hille- Yosida theorem that
characterizes the generators of Cy-semigroups among the class of all linear
operators.

Theorem 1.5. Let A be a linear operator on a Banach space X, and let w €
R and M > 1 be constants. Then the following assertions are equivalent:
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Preliminaries 11

(1) A is the generator of a Co-semigroup (T(t))i>0 satisfying || T(¢)|| <
Me“t for all t > 0;

(2) A is closed, densely defined, the half line (w,00) is contained in the
resolvent set p(A) of A, and we have the estimates

M

1RO A < 5= e

VA>w, n=12.. (1.17)

Here, R(\, A) := (A— A)~! denotes the resolvent of A at \. If one of the
equivalent assertions of the theorem holds, then actually { ReA > w} C p(A4)
and

n M
IR, A" <

_ VReA =1,2,.. 1.1
S Rer—o) Rel >w, n ,2, (1.18)

Moreover, for ReA > w the resolvent is given explicitly by
R\, A)x = / e MT(txdt, VreX (1.19)
0

We shall mostly need the implication (i)=-(ii), which is the easy part of
the theorem. In fact, one checks directly from the definitions that

Ryx ::/ e MT(t)x dt
0

defines a two-sided inverse for A — A. The estimate (1.18) and the identity
(1.19) follow trivially from this.
A useful consequence of (1.17) is that

)\lim IANR(A, A)x —z|| =0, VzelX. (1.20)

This is proved as follows. Fix z € D(A) and u € p(A4), and let y € X be
such that x = R(u, A)y. By (1.17) we have ||R(\, A)|| = O(A71) as A — oc.
Therefore, the resolvent identity

R(A, A) = R(p, A) = (p = M R(A, A)R(p, A) (1.21)
implies that
Jim [AR(A, A)z —z|| = lim [|[R(A, A)(uR(p, A)y —y)|| = 0.
This proves (1.20) for elements x € D(A). Since D(A) is dense in X and

the operators AR(A, A) are uniformly bounded as A — oo by (1.17), (1.20)
holds for all z € X.
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12 Topics on Stability and Periodicity in Abstract Differential Equations

1.2.2 Compact Semigroups and Analytic Strongly Contin-
uous Semigroups

Definition 1.7. A Cy-semigroup (T'(t))¢>0 is called compact for t > tq if
for every t > to, T(t) is a compact operator. (T(t))¢>o is called compact if
it is compact for each ¢t > 0.

If a Co-semigroup (T'(t))¢>0 is compact for ¢ > to, then it is continuous in
the uniform operator topology for ¢ > t.

Theorem 1.6. Let A be the generator of a Cy-semigroup (T'(t))i>0. Then
(T'(t))t>0 is a compact semigroup if and only if T'(t) is continuous in the
uniform operator topology for t > 0 and R(A; A) is compact for A € p(A).

Proof. For the proof see e.g. p. 49 in [Pazy (90)]. O

In this book we distinguish the notion of analytic Cy-semigroups from
that of analytic semigroups in general. To this end we recall several notions.
Let A be a linear operator D(A) C X — X with not necessarily dense
domain.

Definition 1.8. A is said to be sectorial if there are constants w € R, 0 €
(w/2,m), M > 0 such that the following conditions are satisfied:

i) p(A) D Spw={AeC: A#w,|arg(A —w)| <6},

i) |[R(AA)| < M/IX—w[ VA € Sp0.
If we assume in addtion that p(A) # ©, then A is closed. Thus, D(A4),
endowed with the graph norm
2]l pcay == ll=ll + | Az,
is a Banach space. For a sectorial operator A, from the definition, we can

define a linear bounded operator e!4 by means of the Dunford integral

1
eth ePR(N, A)dA,t > 0, (1.22)

B % wtYr,n
where r > 0,1 € (7/2,0) and v, ,, is the curve
{ANeC:largA =n, A\ 2 r[|JU{XN € C:|arg\| <n, |\ =1},
oriented counterclockwise. In addition, set €%z =z, Va € X.

Theorem 1.7. Under the above notation, for a sectorial operator A the
following assertions hold true:
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Preliminaries 13

(1) etAx € D(A*) for everyt > 0,2 € X,k € N. If x € D(AF), then
AketAy = et ARy Wt > 0;

(2) ethesA = e(tt9)A vt 5 > 0;
(8) There are positive constants My, My, Ms, ..., such that

(a) [le"] < Moe**, t >0,

(b) |ItF(A — wI)*etA|| < Myet, t >0,

where w is determined from Definition 1.8. In particular, for every
e >0 and k € N there is Cy . such that

[tk ARt < Cp ce@ ot > 0;
(4) The function t — 4 belongs to C*((0,+00), L(X)), and

d* k_tA
ﬁ@ = A" , t>0,
moreover it has an analytic extension in the sector

S={AeC:larg\| <0 —7/2}.

Proof. For the proof see pp. 35-37 in [Lunardi (65)]. O
Definition 1.9. For every sectorial operator A the semigroup (etA)
fined in Theorem 1.7 is called the analytic semigroup generated by A in
X. An analytic semigroup is said to be an analytic strongly continuous
semigroup if in addition, it is strongly continuous.

>0 de-

There are analytic semigroups which are not strongly continuous, for in-
stance, the analytic semigroups generated by nondensely defined sectorial
operators. From the definition of sectorial operators it is obvious that for a
sectorial operator A the intersection of the spectrum o(A) with the imagi-
nary axis is bounded. In this book, if otherwise stated, by ”analytic semi-
groups” we mean analytic semigroups that are strongly continuous. We use
this convention because most of the results presented here are concerned
with Cp-semigroups.
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14 Topics on Stability and Periodicity in Abstract Differential Equations

1.2.3 Spectral Mapping Theorems

If A is a bounded linear operator on a Banach space X, then by the Dunford
Theorem [Dunford and Schwartz (29)] o(exp(tA)) = exp(to(A)), Vi >
0. It is natural to expect this relation holds for any Cpy-semigroups on a
Banach space. However, this is not true in general as shown by the following
counterexample (p. 44 in [Pazy (90)])

Example 1.12.

Let X be the Banach space of all continuous functions on the interval [0, 1]
which are equal to zero at x = 1 with the supremum norm. Define

fla+t), fz+t<1
0, ifx+t>1.

(T f)(x) = {

(T'(t))t>0 is obviously a Cy-semigroup of contraction on X. Its generator A
is given by

D(A) ={f:feCH(0,1])nX, [ € X}
and
Af = f', for f € D(A).
For every A € C and g € X the equation A\f — f’ = g has a unique solution
f € X given by

1
£(t) = / ANE=9)g(s)ds.

Therefore, o(A) = 0. On the other hand, since for every ¢t > 0, T'(¢) is a
bounded operator, o(T'(t)) # 0, so the relation o(T'(t)) = exp(to(A)) does
not hold for any ¢ > 0.

In this section we prove the following Spectral Inclusion Theorem for

Cy-semigroups:
Theorem 1.8. Let (T'(t))+>0 be a Co-semigroup on a Banach space X with
generator A. Then we have the spectral inclusion relation

o(T(t) Dets™ vt >0,

Proof. By Theorem 1.4 for the semigroup (T'x())i>0 := {e " MT(t) }i>o0
generated by A — A, for all A € C and t > 0

t
(A—A) / AT () ds = (M —T(t)z, Ve X,
0
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Preliminaries 15

and
/t AT (s)(A = A)zds = (N = T(t)x, Voe D(A).  (2.1.1)
0

Suppose et € p(T(t)) for some A € C and t > 0, and denote the inverse of
eM —T(t) by Q. Since Qy; commutes with T'(t) and hence also with A,
we have

t
(A=A) / AT (5)Qurwds =z, Vr € X,
0
and

t
/ MIT(5)Qa (A — A)zds =, Va € D(A).
0

This shows the boundedness of the operator B) defined by

¢
Bz ::/ e)‘(t_S)T(S)QA,tx ds
0
is a two-sided inverse of A — A. It follows that A € p(A). O

As shown by Example 1.12 the converse inclusion
e'” W > o (T(1)\{0}

in general fails. For certain parts of the spectrum, however, the Spectral
Mapping Theorem holds true. To make it more clear we recall that for a
given closed operator A on a Banach space X the point spectrum o,(A) is
the set of all A € o(A) for which there exists a non-zero vector x € D(A)
such that Ax = Az, or equivalently, for which the operator A — A is not
injective; the residual spectrum o,(A) is the set of all A € o(A) for which
A — A does not have dense range; the approzimate point spectrum o,(A) is
the set of all A € o(A) for which there exists a sequence (z,) of norm one
vectors in X, x,, € D(A) for all n, such that

lim ||Az,, — Az, || = 0.
Obviously, o,(A) C 04(4).

Theorem 1.9. Let (T'(t))t>0 be a Co-semigroup on a Banach space X, with
generator A. Then

op(T()\{0} = €' vt > 0.

Proof. For the proof see e.g. p. 46 in [Pazy (90)]. O
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16 Topics on Stability and Periodicity in Abstract Differential Equations

Recall that a family of bounded linear operators (T'(t)):er is said to be
a strongly continuous group if it satisfies

(1) T(0) =1,
(2) T(t+s)=T{)T(s), Vt,s € R,
(3) limy_oT(t)x =z, Vz € X.

Similarly as Cp-semigroups, the generator of a strongly continuous group
(T'(t))ter is defined to be the operator

Tt)x —
Az = lim M,
t—0 t
with the domain D(A) consisting of all elements 2 € X such that the above
limit exists.

In the next chapter we need the following lemma:

Lemma 1.1. Let (T'(t)):>0 be a uniformly bounded Cy-group on a Banach
space X # {0}, with generator A. Then o(A) # (.

For bounded strongly continuous groups of linear operators the following
Weak Spectral Mapping Theorem holds:

Theorem 1.10. Let (T'(t))ier be a bounded strongly continuous group, i.e.,
there exists a positive M such that | T(t)|| < M, Vt € R with generator A.
Then

o(T(t)) = eto(A) | Vt € R. (1.23)

Proof. For the proof see e.g. [Nagel (73)] or Chapter 2 in [van Neerven
(78)]. O

Example 1.13. Let M be a closed translation invariant subspace of the
space of X-valued bounded uniformly continuous functions on the real line
BUC(R,X), i.e., M is closed and S(t)M C M, Vt, where (S(t))scr is the
translation group on BUC(R,X). Then

a(S(t)|m) = etoPm), Wt € R,
where Dy, is the generator of the restriction of translation group to M.

In the next chapter we will consider situations similar to this example
which arise in connection with invariant subspaces of so-called evolution
semigroups.
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Preliminaries 17

1.2.4 Commuting Operators

Let A, B be two bounded linear operators on a given Banach space X which
is assumed to be complex. The definition of commutativeness of these
operators in this case is natural, i.e., the identity AB = BA holds. In the
general case, where the operators A and B are not necessarily everywhere
defined, we have the following definition:

Definition 1.10. Let A and B be linear operators on a Banach space G
with non-empty resolvent sets. We say that A and B commute if one of the
following equivalent conditions hold:

(1) RO\, A)R(u, B) = R(u, BYR(\, A) for some (all) A € p(A), u € p(B),
(2) = € D(A) implies R(u, B)x € D(A) and AR(u, B)x = R(u, B)Ax for
some (all) p € p(B).

Exercise 5. Show that if A, B are bounded linear operators which are com-
mutative in the usual sense, i.e., AB = BA, then they are commuting
operators in the sense of Definition 1.10.

Exercise 6. Show that if A is a bounded linear operator on a Banach space
X and (T'(t))e>0 is a strongly continuous semigroup on X. Then, if A
commutes with T'(¢) for all ¢ > 0, A must commute with the infinitesimal
generator of the semigroup (T'())¢>0.

Let us consider the generator of the product of two commuting semi-
groups (G(t))e>o0, (H(t))t>0, that is, the semigroup (P(t))¢>0 defined by
P(t) = G(t) - H(t). Generally, this semigroup may not be strongly contin-
uous. Below, we assume that the product semigroup (P(t))¢>0 is strongly
continuous. Let us denote by G, H, P the generators of (G(t))>0, (H(t))t>0,
(P(t))t>0, respectively.

Exercise 7. Under the above assumptions and notations prove that
P=G+H.

Hint. First show that for every ¢t > 0, G(t)D(H) C D(H) from which the
following holds: D(G) N D(H) C D(P). Next, for every x € X, ¢ > 0 using
the following

1/t t
wt) = [ H©) [ Gladsan (1.2
0 0
to prove that D(G) N D(H) is dense in X. Using this fact, complete the
proof by showing that G + H = P.
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18 Topics on Stability and Periodicity in Abstract Differential Equations

For 6 € (0,7), R > 0 we denote X(0, R) = {z € C: |z| > R, |argz| < 0}.
Definition 1.11. Let A and B be commuting operators. Then

(1) A is said to be of class ¥(6 + 7/2, R) if there are positive constants
6, R such that 0 < § < 7/2, and

(0 +7/2,R) C p(A) and sup IAR(A, A)|| < o0,  (1.25)
AET(0+7/2,R)

(2) A and B are said to satisfy condition P if there are positive constants
0,0’ R, 0" < 0 such that A and B are of class ¥(0 + 7/2, R),3(7/2 —
0, R), respectively.

If A and B are commuting operators, A + B is defined by (A 4+ B)x =
Az + Bz with domain D(A + B) = D(A) N D(B).

We will use the following norm, defined by A on the space X, ||z| 7, :=
|R(A, A)x||, where A € p(A). Tt is seen that different A € p(A) yields
equivalent norms. We say that an operator C' on X is A-closed if its graph
is closed with respect to the topology induced by 74 on the product X x X.
It is easily seen that C' is A-closable if x,, — 0,z, € D(C),Cx, — y with
respe;:lt to 74 in X implies y = 0. In this case, A-closure of C' is denoted
by C".

Theorem 1.11. Assume that A and B commute. Then the following as-
sertions hold:

(1) If one of the operators is bounded, then
o(A+ B) C o(A) + o(B). (1.26)
(2) If A and B satisfy condition P, then A + B is A-closable, and

(AT B)") C o(A) + o(B). (1.27)

In particular, if D(A) is dense in X, then (A + B)A
A+ B denotes the usual closure of A+ B.

= A+ B, where

Proof. For the proof we refer the reader to Theorems 7.2, 7.3 in [Arendt,
Rébiger and Sourour (6)]. O

TOPICS ON STABILITY AND PERIODICITY IN ABSTRACT DIFFERENTIAL EQUATIONS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6870.html



Preliminaries 19

1.3 Spectral Theory and Almost Periodicity of Functions

1.3.1 Introduction

As is known, for a 27-periodic continuous function f : R — X the Fourier
exponents are defined to be the set:

s
\NeZ: / e~ f(€)de # 0} (1.28)
—Tr

The notion of spectrum of a bounded function is a generalization of this
notion of Fourier exponents. However, for any bounded function it is not
expected that the integral in the above set is used, but instead of it another
integral on the whole real line. This section will give a very short intro-
duction to this spectral theory. We will take several examples to show how
our abstract definition can be incorporated into simple cases in which the
notions of Fourier, Bohr exponents are well known.

1.3.2 Spectrum of a Bounded Function

We denote by F the Fourier transform, i.e.

+oo
f(s) = / e St(t)dt (1.29)

— 00

(s € R, f € L'(R)). Then the Beurling spectrum of v € BUC(R,X) is
defined to be the following set

sp(u) == {£ € R: Ve > 03f € LY(R), suppf C (£ —&,E+¢), f*u # 0}
(1.30)
where

+oo
fru(s):= /7 fls = tyu(t)dt.

We consider the simplest case
Example 1.14. Let f(t) = ae*, where A € R,a € X. Then sp(f) = \.

Proof. As is well known, for any real pu # X there exists a function
¢ € L'(R) such that the support of the Fourier transform of ¢ is contained
in the interval [u — e, u + €] for any € such that A & [ — e, u + €]. Hence,
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20 Topics on Stability and Periodicity in Abstract Differential Equations

the convolution

M$=/wdw%ﬁ®ﬁ=

/ ¢(s —t)edt

:—q/ B(€)eE e

= /(;5 eiAE

_ 1As¢
= ae”s x 0= 0. (1.31)
O

This shows that sp(f) C {A\}. On the other hand, if in the above argument
we take = A and ¢ € L'(R) such that ¢(\) = 1, then v (s) = ae’** # 0.
This yields that sp(f) = {A}.

As an immediate consequence of this example, the following holds true:

Example 1.15. Let

N .
— Zakel)\kt7
k=0
where aj, # 0, Ay € R,Vk =1,2,...,N. Then sp(f) = {1, ..., An }

Example 1.16. If f(t) is a 2m-periodic function with Fourier series
Z akeQiﬂkt,
keZ

then

sp(f) = {27k : ar # 0}.

Proof. For every A # 2kom, ko € Z or A\ = 2kom at which fr, = 0, where
fn is the Fourier coefficients of f, and for every positive ¢, let ¢ € L*(R) be
a complex valued continuous function such that the support of its Fourier
transform supp@(€) C [\ — e, A +¢]. Put

wwzf*wwzjffu—@a@@
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Since f is periodic, there is a sequence of trigonometric polynomials

N(n)

t) _ § amke%kﬂt
k=1

that is convergent uniformly to f with respect to ¢ € R such that
limy, o0 ap = frn. We have

u(t) = fxp(t) = nlggo P, x ¢(t)
= nlingo Z an,keZik”' * (1)

N(n) oo
= lim Za ke2zkﬂ't/ 672ikﬂ's¢(8)d8

1 —00

= lim Z an k€ B(2km)

=0.
This, by definition, shows that sp(f) C {m € 27Z : f,, # 0}. Conversely,
for A € {m € 27Z : f,, # 0} and for every sufficiently small positive e
we can choose a complex function ¢ € L'(R) such that ¢(¢) = 1, V€ €
[A—¢e/2,A+¢/2] and ¢(§) = 0, V€ & [\ — &, A + €]. Repeating the above
argument, we have

w(t) = frp(t) = Tim Pa(t) (1)

N(n)
= lim Z an k€2 B(2kT)
=1
= lim an,koemkoﬂ. (1.32)
Since limy, o0 @n,k, = fi, this shows that w # 0. Thus, A € sp(f). O

Exercise 8. Let f(t) = ae~!*l. Show that sp(f) = R.

Exercise 9. Let f be a continuous function with compact support. Show
that

o) = {pe®s [ e £ 0}

From this show that if f is positive and has compact support, then 0 &
sp(f).
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22 Topics on Stability and Periodicity in Abstract Differential Equations

There is another way to approach the notion of spectrum of a bounded
function via the Fourier- Carleman transform of a bounded function u de-
fined by the formula

IS e Mu(t)dt, (Rex > 0);
a(\) = (1.33)

— J5T eMu(—t)dt, (ReX < 0).

In fact, we will define the notion of Carleman spectrum of a bounded con-
tinuous function u as the set o(u) of all reals A at which the Fourier-
Carleman transform has a no holomorphic extension to any neighbor-
hood of ¢A. In fact, we compute o(u) in several simplest cases. Let
u(t) = ae*ot g € R,a # 0. Then, for ReA > 0

a(\) = / e Mu(t)dt
0

:/ e Maeotqdt
0

» 1
— : (l)\g*)\)t _
o Jim e By
a

Cido — A

Similarly, for ReX < 0 we can compute %(A\) which is of the same form.
Hence, @(A) has holomorphic extension at any i # iAg. Obviously, o(u) =

{Ao}-

We consider now a more general case in which f is a 7-periodic contin-
uous function.

Example 1.17. Let f be a X-valued 7-periodic continuous function. Then
o(f) ={2mn/T |n¢c Z,/ e 2T £(1)dt # 0}. (1.34)
0
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Proof. By definition, for Re\ > 0,

foo= [ TN f (b
S M f(t)dt
Zl /(nl)T ‘ ( )

n=

= Z/ DT (4 4 (n — 1)r)dt
n=1"0

_ Ze—(n—l))\f/ e—)\tf(t)dt
n=1 0

— / e—)\tf(t)dt Z e—(n—l))«r
0

n=1

T v 1
:/0 e /\f(t)dtm' (1.35)

Similarly, for ReX < 0, (1.35) holds true as well. From (1.35) it is seen that
if A is such that e ™" # 1, i.e, A # 2min /7 for n € Z, then A ¢ o(f) because
at this point f (M) has a holomorphic extension. Moreover, at A\, = 2mwin/7,
f(X\) has a holomorphic extension if and only if Jo e72 /T f(t)dt = 0. This
shows that (1.34) holds true. O

We have just shown that o(f) = sp(f) for periodic functions. In general,
for bounded continuous functions they coincide with each other.

Theorem 1.12. Under the notation as above, sp(u) coincides with the set
o(u).

Proof. For the proof we refer the reader to Proposition 0.5, p.22 in [Pruss
(91)]. O

Every definition of spectrum has its advantages. We will see this in the
next chapter. Below we collect some main properties of the spectrum of a
function, which we will need in the sequel.

Theorem 1.13. Let f,g, € BUC(R,X),n € N such that g, — f as
n — 0o. Then

(i) sp(f) is closed,
(%) sp(f(-+h)) = sp(f),
(iii) If o € C\{0} sp(arf) = sp(f),
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24 Topics on Stability and Periodicity in Abstract Differential Equations

(iv) If sp(gn) C A for all n € N then sp(f) C A,

(v) If Ais a closed operator, f(t) € D(A)Vt € R and Af(-) € BUC(R,X),
then, sp(Af) C sp(f),

(vi) sp(v = f) C sp(f) N suppF1, ¥ € L(R).

Proof. The proofs of (i)-(iii) are straightforward. We refer the reader to
Proposition 0.4, p. 20, Theorem 0.8 , p. 21 in [Vu (102)] and pp. 20-21 in
[Pruss (91)] for the proofs of the remaining assertions. O

As a consequence of Theorem 1.13 we have the following:
Corollary 1.2. Let A C R be closed. Then, the set
{f € BUC(R,X) : sp(f) C A} (1.36)
is a closed subspace of BUC(R,X).

We consider the translation group (S(t)):cr on BUC(R, X). One of the
frequently used properties of the spectrum of a function is the following:
Theorem 1.14. Under the notation as above,

i sp(u) = o(Dy), (1.37)

where D, is the generator of the restriction of the group S(t) to M, :=
span{S(t)u,t € R}.

Proof. For the proof see Theorem 8.19, p. 213 in [Davies (27)]. O

1.3.3 Uniform Spectrum of a Bounded Function
Notice that for every A € C with R\ # 0 and f € BC(R,X) the function

—

wr(A) : R >t — S(t)f(N) € X belongs to My C BC(R,X). Moreover,
©¢(A) is analytic on C\iR.

Definition 1.12. Let f be in BC(R,X). Then,

(1) « € Ris said to be uniformly reqular with respect to f if there exists a
neighborhood U of ia in € such that the function ¢f(X), as a complex
function of A with A # 0, has an analytic continuation into U.

(2) The set of £ € R such that £ is not uniformly regular with respect to
f € BC(R,X) is called uniform spectrum of f and is denoted by sp,,(f)-
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If f € BUC(R,X), then @ € R is uniformly regular if and only if it is regular
with respect to f. In fact, this follows from the fact that for bounded
uniformly continuous functions wu, the identity (1.37) holds. Next, using
the identity

R\, Dy)u = /Oo e~ MNES(E)ude, RA#0
0

we get the claim. For f € BC(R,X), in general, the above (1.37) may not
hold. We now study properties of uniform spectra of functions in BC(R, X).

Proposition 1.1. Let g, f, f, € BC(R,X) such that f, — f as n — o0
and let A C R be a closed subset. Then the following assertions hold:

(i) spu(f) = spu(f(h+-));

(i) spu(af(-)) C spu(f), a € C;
(i1i) sp(f) C spu(f);

(i) spu(Bf(-)) C spu(f), B € L(X);
(v) spu(f+g) C spu(f)Uspulg);
(vi) spu(f) C A.

Proof. (i) - (v) are obvious from the definitions of spectrum and uniform
spectrum. Now we prove (vi). Let po ¢ A. Since A is closed, there is a
positive constant r < dist(po, A). We can prove that since

2 o
lor, I < 203 € B (ipo) (1.38)
[RA
for sufficiently large n > N, one has
el < Ly € B Gipo)n > v (1.39)

Obviously, for every fixed A such that A # 0 we have ¢y, (X)) — @f(A).
Now applying Vitali Theorem to the sequence of complex functions {¢¢, }
we see that ¢y, is convergent uniformly on B, (ipo) to ¢y. This yields that
¢ is holomorphic on B, (ipg), that is po is a uniformly regular point with
respect to f and pg € spu(f). O

As an immediate consequence of (iii) of the above proposition, we have

Corollary 1.3. For any closed subset A C R, the set A,(X) = {f €
BC(R,X) : sp,(f) C A} is a closed subspace of BC(R,X) which is invariant
under translations.
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26 Topics on Stability and Periodicity in Abstract Differential Equations

The following result will be needed in the sequel.

Lemma 1.2. Let A be a closed subset of R and let Dy, be the differential
operator acting on A, (X). Then we have

7(Dy,) = iA. (1.40)

Proof. Since the function g, defined by g, (t) := e'®'z, a € R,t € R,z #
0, is in Ay (X) and spy(ga) = sp(ga) = {a} we see that ia € o(Dy,, ), that
is, iA C 0(Dy, ). Now we prove the converse. For § € R\A we consider the
equation

iBg—9g =f, feAX). (1.41)
We will prove that (1.41) is uniquely solvable for every f € A, (X). This
equation has at most one solution. In fact, if g1, go are two solutions, then
g = g1 — g2 is a solution of the homogeneous equation, that is for f = 0.
Taking Carlemann transform of both sides of the correspoding equation we
may see that sp(g) C {8}. Since g € A, (X) we have sp(g) C A. Combining
these facts we have sp(g) = 0, that is g = 0.

Now we prove the existence of at least one solution to Eq. (1.41). For
R # 0 Eq. (1.41) has a unique solution which is nothing but ¢ ¢(X), so by
definition,

2N = (A=Dp)f, RAL£O.
Using a similar argument as in the proof of (iii) of Proposition 1.1 we
can show that (A — Dy) lu is bounded on B,(i) uniformly in u €
span{S(h)f,h € R},|u|]| < 1 for certain positive constant r indepen-
dent of w and A. Since i§ is a limit point of o(Dy), this boundedness

yields in particular that i3 € p(Dy). Hence, there exists a unique solution
g € My C Ay(X) to (1.41). O

1.3.4 Almost Periodic Functions
1.3.4.1 Definition and basic properties

A subset E C R is said to be relatively dense if there exists a number [ > 0
(inclusion length) such that every interval [a,a + [] contains at least one
point of E. Let f be a function on R taking values in a complex Banach
space X. f is said to be almost periodic if to every € > 0 there corresponds
a relatively dense set T'(e, f) (of e-translations, or e-periods ) such that

sup[[f(t+7) = f(t)] <&, VT € T(e, f).
teR
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A typical example of an almost periodic function that is not periodic is the
following:

Example 1.18.

f(t) =asint +asinv2t , V0 +#acX. (1.42)
In general, the function

Ft) =ae + b’V abeX,a#0,b#£0,

is an almost periodic one that is not periodic.
Proof. We will make use of only the definitions and the following fact
from the elementary mathematics: for every constant € > 0 there exists a
positive integer N(e) such that Nv/2 — [Nv/2] < ¢, where [r] denotes the

integer part of the real number r. By this fact, for a positive ¢ there is an
interval (2M7 — a, 2M 7 + ), where M is an integer and a > 0, such that

||bei\/§(t+7) - beiﬁtH < %, Vi, 7 € 2Mm — «,2M7 + ).

Hence, for sufficiently small @ and [ = 2M« every inteval of length [ contains
at least an e-period of the function f. This shows that f is almost periodic.
Now we are going to prove that f is not periodic. In fact, suppose to the
contrary that f is periodic with period T'. By this assumption, the function

g(t) := ae’™T) 4 belV2HT) _ geit — peiV2l = 0 Vit € R,
Thus,
2m 2m ) )
= / g(t)dt = b / (eTVEEHT) _ eiv2t) gy
0 0
1 ivae iv/2T

= —(e"V=T —1)(e’ —1). 1.43
75 X L aa)
This shows that 7//1/2 must be rational. Similarly, we can show that T is
rational. This leads to a contradiction showing that f is not periodic. 0O
Generally, the sum of almost periodic functions are an almost periodic

function.

Example 1.19. All trigonometric polynomials

P(t) =Y are™', (ar € X, \x €R)
k=1

are almost periodic.
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We collect some basic properties of an almost periodic function in the fol-
lowing:

Theorem 1.15. Let f and f,,n € R be almost periodic functions with
values in X. Then the following assertions hold true:

(1) The range of f is precompact, i.e., the set {f(t),t € R} is a compact
subset of X, so f is bounded;

(2) f is uniformly continuous on R;

(8) If fr. — g as n — oo uniformly, then g is almost periodic;

(4) If ' is uniformly continuous, then f' is almost periodic.

Proof. For the proof see e.g. pp. 5-6 [Amerio and Prouse (3)]. g

As a consequence of Theorem 1.15 the space of all almost periodic func-
tions taking values in X with sup-norm is a Banach space which will be
denoted by AP(X). For almost periodic functions the following criterion
holds (Bochner’s criterion):

Theorem 1.16. Let f be a continuous function taking values in X. Then
f is almost periodic if and only if given a sequence {cp}nen there exists
a subsequence {cn, }ren such that the sequence {f(t + cn, ) }keN converges
uniformly.

Proof. For the proof see e.g. p. 9 in [Amerio and Prouse (3)]. O

Exercise 10. Let f € BUC(R,X) such that ¢?*P(f) is finite. Show that f is
of the form (1.44), so f is almost periodic.

Proof. By Theorem 1.14

eisp(f) — ¢o(Dy)
On the other hand, by the Weak Spectral Mapping Theorem,
"1 = o (S(1) a1, ).

Hence, using Riesz Integral we can decompose M into the direct sum of
finite closed subspaces My, ..., M} invariant under the translation group
(S(t))ter. Moreover, the spectrum of S(1) restricted to every subspace
consists of only one point. By Gelfand Theorem, S(1) should have the
following form: S(1)[x; = €1, A; € R. It is easy to see that if, by the
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above decomposition, f = f1+...+ fx then the function g;(t) := e =™t f;(t)
satisfies
gi(t+1) = e MV p5(8 41
— e*i)\jtefi)\j ei}\j fj (t)
— e—iAjtei)\j f] (t)

=g;(t), VtER, j=1,2,.. k.

Finally,
k
F6) =" e™g;(), (1.44)
j=1
where g;(-) is 1-periodic. This shows that f is almost periodic. O

1.3.5 Sprectrum of an Almost Periodic Function

There is a natural extension of the notion of Fourier exponents of periodic
functions to almost periodic functions. In fact, if f is almost periodic
function taking values in X, then for every A € R the average

a(f,\) ;= lim L/T e f(t)dt

T—oo 2T -T

exists and is different from 0 at most at countably many points A. The set
{A e R:a(f,\) # 0} is called Bohr spectrum of f which will be denoted by
op(f) . The following Approximation Theorem of almost periodic functions
holds

Theorem 1.17. (Approzimation Theorem) Let f be an almost periodic
function. Then for every € > 0 there exists a trigonometric polynomial

N
Pot) = ae™’, a; €X,); € ay(f)
j=1
such that
sup | f(t) — P=(t)[| <e.
teR

Proof. For the proof see e.g. pp. 17-24 in [Levitan and Zhikov (58)]. O

Remark 1.3. The trigonometric polynomials P;(¢) in Theorem 1.17 can
be chosen as an element of the space

My = span{S(1)f, T € R}
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30 Topics on Stability and Periodicity in Abstract Differential Equations

(see p. 29 in [Levitan and Zhikov (58)]. Moreover, without loss of gen-
erality by assuming that o,(f) = {A1, A2, -} one can choose a sequence
of trigonometric polynomials, called trigonometric polynomials of Bochner-
Fejer, approximating f such that

N(m)

P,(t) = Z Ym.ja(Aj, fet m € N,

j=1

where limy;, oo Ym,j = 1. As a consequence we have:

Corollary 1.4. Let f be almost periodic. Then

M = span{a(X, f)e™, X € au(f)}-
Proof. By Theorem 1.17,

My C span{a(f,Ne™, X € ou(f)}.

On the other hand, it is easy to prove by induction that if P is any trigono-
metric polynomial with different exponents {A1,- -+, Ax}, such that

k
P(t) = ijei)"“t,
j=1

then ;vje“‘f € Mp, Vj = 1,--- k. Hence by Remark 1.3, obviously,
a(Aj, fleNi € My, Vj € N. O

The relation between the spectrum of an almost periodic function f and
its Bohr spectrum is stated in the following:

Proposition 1.2. If f is an almost periodic function, then sp(f) = ou(f)-

Proof. Let A € oy(f). Then thereis ax € X such that xze?* € M. Obvi-
ously, A € 0(D|am;, ). By Theorem 1.14 X € sp(f). Conversely, by Theorem
1.17, f can be approximated by a sequence of trigonometric polynomials

with exponents contained in o3 (f). In view of Theorem 1.13 sp(f) C op(f).
U

1.3.6 A Spectral Criterion for Almost Periodicity of a
Function

Suppose that we know beforehand that f € BUC(R,X). It is often possible
to establish the almost periodicity of this function starting from certain a
priori information about its spectrum.

Theorem 1.18. Let £ and G be closed, translation invariant subspaces of
BUC(R,X) and suppose that
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(1) GC&;

(2) G contains all constant functions which belong to &;

(3) € and G are invariant under multiplications by ¢ for all £ € R;
(4) whenever f € G and F € £, where F(t) = fot f(s)ds, then F € G.

Let u € £ have countable reduced spectrum
spg = {£ € R:Ve > 03f € L*(R) such that
suppFf C (§ —¢e,+¢€) and f*u & G}.
Then u € G.
Proof. For the proof see p. 371 in [Arendt and Batty (5)]. O

Remark 1.4. In the case where G = AP(X) the condition iv) in Theorem
1.18 can be replaced by the condition that X does not contain ¢¢ (see
Proposition 3.1, p. 369 in [Arendt and Batty (5)]). Another alternative
of the condition iv) is the total ergodicity of u which is defined as follows:
u € BUC(R,X) is called totally ergodic if

1 (7,
Myu = lim —/ e S (s)ds

T—00 2T J_

exists in BUC(R, X) for all n € R. From this remark the following example
is obvious:

Example 1.20. A function f € BUC(R,X) is 2w-periodic if and only if
sp(f) C 2nZ.

1.3.7 Almost Automorphic Functions

Definition and Basic Properties. A function f € C(R,X) is said to be
almost automorphic if for any sequence of real numbers (s),), there exists a
subsequence (s,,) such that

lim lim f(t+ s, —sm) = f(?) (1.45)

m—00 N—00

for any t € R.
The limit in (1.45) means

g(t) = lim f(t+ ss) (1.46)

n—oo

is well-defined for each t € R and
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32 Topics on Stability and Periodicity in Abstract Differential Equations

f(t) = lim g(t — sy) (1.47)

n—oo

for each t € R.

Remark 1.5. Because of pointwise convergence the function g is measur-
able but not necessarily continous.

Remark 1.6. It is also clear from the definition above that constant func-
tions and continuous almost periodic functions are almost automorphic.

If the limit in (1.41) is uniform on any compact subset K C R, we say
that f is compact almost automorphic.

Theorem 1.19.

Assume that f, fi, and fa are almost automorphic functions taking
values in a Banach space X, ¢ is a scalar almost automorphic function,
and X\ is any scalar, then the following hold true.

(i) Af and f1 + fo are almost automorphic,

(i) f+(t) ;= f(t+7), t €R is almost automorphic;
(iii) f(t) := f(—t), t € R is almost automorphic;

(iv) The Range Ry of f is precompact, so f is bounded;
(v) The function t — ¢(t) f(t) is almost automorphic.

Proof. See Theorems 2.1.3 and 2.1.4 in [N’Guérékata (79)], for the proofs
of (i)-(iv). The proof of (v) is straightforward, and is left to the reader. OJ

Theorem 1.20. If {f,} is a sequence of almost automorphic X-valued
functions such that f, — f uniformly on R, then f is almost automor-
phic.

Proof. See Theorem 2.1.10 in [N’Guérékata (79)], for proof. O

Remark 1.7. If we equip AA(X), the space of almost automorphic func-
tions with the sup norm

[flloc = sup || £l
teR
then it turns out to be a Banach space. If we denote K AA(X), the space
of compact almost automorphic X-valued functions, then we have

AP(X) € KAA(X) C AAX) C BC(R,X).
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Theorem 1.21. If f € AA(X), then
i) [ flloe = llgllos

i) Ry C Ry
where g is the function defined in (1.41)-(1.42).
Proof. i) Using (1.41) we may write
9@ < llg(t) = f(E+ sn)l| + 1t + sn)ll

and choosing n large enough, we get
lg()|l <&+ sup | f(o)ll
o€eR
Hence
sup [|lg(t)|| < sup || f(2)]
teR teR

Similarly by (1.42), we obtain

sup [ f(#)[| < sup [lg(®)] (1.48)
teR teR

which proves the theorem.
ii) This statement is straight forward. (]

Theorem 1.22. If f € AA(X) and its derivative f' exists and is uniformly
continuous on R, then " € AA(X).

Proof. It suffices observe that for each n € N, n(f(t + 1) — f(t)) is an
almost automorphic function and the sequence of these functions converges
uniformly to f" on R (see Theorem 2.4.1 in [N’Guérékata (79)] for a detailed
proof). O

Theorem 1.23. Let us define F' : R — X by F(t) = fotf(s)ds where
f e AAX). Then F € AAX) iff Rp = {F(t)/t € R} is precompact.

Before we prove the Theorem, let us introduce some useful notations
(due to S. Bochner).

Remark 1.8. If f : R — X is a function and a sequence of real numbers
s = (sp) is such that we have

lim f(t+ sn) = g(t), pointwise on R,

n—oo

we will write T f = g¢.
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Remark 1.9.

i)

ii)

iii)

T is a linear operator.

Indeed, given a fixed sequence s = (s,) C R, the domain of T is
D(T,) ={f:R— X /Tsf exists}. D(Ts) is a linear set for if f, f1, fo €
D(Ty), then f1 + fo € D(Ts) and A\f € D(Ty) for any scalar A\. And
obviously, Ts(f1 + f2) = Tsf1 4+ Tsfo and Ts(Af) = AT, f.

Let us write —s = (—s,) and suppose that f € D(T;) and Tsf €
D(T_;). Then the product operator Ay =T_, T, f is well defined. It is
easy to verify that A, is also a linear operator.

A maps bounded functions into bounded functions, and for almost
automorphic functions f, we get Asf = f.

We are now ready to prove the previous Theorem:

Proof. 1t suffices to prove that F'(¢) is almost automorphic if Rp is pre-
compact. Let (s!!) be a sequence of real numbers. Then there exists a
subsequence (s!,) such that

lim f(t+s,) = g(t)

n—oo

and

lim g(t —s),) = f(t),

n—oo

pointwise on R, and

for

lim F(s)) = a1,

n—oo
some vector a1 € X.
We get for every t € R:

t+s), st t+s!,
o) = [ s = [T e [ e

t+s,,
=F(s;)+/ f(s) dr.

/
n

Using the substitution o = r — s},, we obtain

¢
F(t—i—s;):F(sﬁl)—i—/ f(o+ s),)do.
0

If we apply the Lebesgue’s dominated convergence theorem, we obtain

for

t
lim F(t+s),) =a; +/ g(6) do
0

n—oo

each t € R.
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Let us observe that the range of the function G(t) = ay + fo ) dr is
also precompact and

sup [|G(t)[| = sup || F(2)]]
teR teR

by Theorem 1.21 i), so that we can extract a subsequence (s,,) of (s},) such
that

lim G(—sp) = as,

n—oo

for some oy € X.
Now we can write

t
Gt —sn) = G(—sn) + / g(r — s,)dr
0
so that

lim G(t — sp) —042—|-/f )dr = as + F(t).

n—oo

Let us prove now that as = 6.
Using the notation above we get

AsF = ag + F, where s=(s,).

Now it is easy to observe that F' as well as as belong to the domain of Ay;
therefore A F also is in the domain of A and we deduce the equation

A?F:ASQQ—FASF:a2+a2+F=2a2—|—F
We can continue indefinitely the process to get
ATF =nas+F, VYn=1,2,....
But we have

sup [[A{F(t)]| < sup [[F ()]
teR teR

and F'(t) is a bounded function.

This leads to a contradiction if as # 0. Hence, ap = 0 and A F = F
so F'e AA(X) .

The proof is complete. O

Remark 1.10. If X is a uniformly convex Banach space, the assumption
on Rp can be weakened. Indeed, the result holds true if Rg is bounded
(see, Theorem 2.4.4 and Theorem 2.4.6 in [N’Guérékata (79)] ).
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36 Topics on Stability and Periodicity in Abstract Differential Equations

We can recall this other important result:

Theorem 1.24. Let (T(t))ter be a Co-group of bounded linear operators,
and assume that the function x(t) = T (t)xo : R+— X, where z(0) = zo € X
is almost automorphic. Then either inficg ||x(t)]| > 0, or x(t) = 0 for every
teR.

Proof. Assume that inficg [|z(t)|] = 0. Then there exists a minimizing
sequence (s,) such that ||z(s),)|] — 0 as n — oo. Since z(t) is almost
automorphic, there exists a subsequence (s,) C (s},) such that

lim z(t + sn) = y(t)
n—oo
exists for every t € R, and

lim y(t — s,) = z(t)

n—oo

for every t € R.
We have

x(t+sn) =T+ sp) =TT (sp)x0 =T (t)x(sn) .
So,
Iyl = lim [T(Ea(sa)] < lim [T la(s)] =0

for every t € R. We infer that z(t) = 0 for every ¢t € R. The theorem is
proved. O

Definition 1.13. A function f € C(R™,X) is said to be asymptotically
almost automorphic, if there exists g € AA(X) and h € C(R™',X) with the
property that lim;,_. ||h(¢)|| = 0, such that

ft)=g) +h(t), teRT. (1.49)

The functions g and h are called respectively the principal and the corrective
terms of f.

Theorem 1.25. If f is asymptotically almost automorphic then its princi-
pal and corrective terms are uniquely determined.

Proof. See Theorem 2.5.4 in [N’Guérékata (79)]. O

Exercise 11. Prove that every asymptotically almost function is bounded
over RT.

TOPICS ON STABILITY AND PERIODICITY IN ABSTRACT DIFFERENTIAL EQUATIONS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6870.html



Preliminaries 37

Exercise 12. Let f € C(R',X) and v € C(R", C) be asymptotically almost
automorphic. Show that f,(t) := f(t+7), for a fixed 7 € RT and (vf)(t) =
v(t)f(t) are also asymptotically almost automorphic.

Exercise 13. Let AAA(X) be the space of asymptotically almost automor-
phic functions with the norm || f|laaax) = ll9llaac) + |2l o@®+ x), where g
and h are respectiveley the prinicipal and the corrective terms of f. Show
that if (f,) is a sequence of functions in AAA(X) that converges uniformly
to f, then f € AAA(X).
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