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1. Introduction

In this survey, by one-dimensional discrete holomorphic local dynamical
system, we mean a holomorphic function f: U — C such that f(0) = 0,
where U C C is an open neighbourhood of 0; we shall also assume that f #
idy. We shall denote by End (C,0) the set of one-dimensional discrete
holomorphic local dynamical systems.

Remark 1.1. Since in this survey we shall only be concerned with the
one—dimensional discrete case, we shall often drop the adjectives “one—
dimensional” and “discrete” and we shall call an element of End (C,0)
simply a holomorphic local dynamical system. We shall not discuss at all
continuous holomorphic local dynamical systems (e.g., holomorphic ODEs
or foliations); however, replacing C by a complex manifold M and 0 by a
point p € M, we recover the general definition of discrete holomorphic local
dynamical system in M at p.

Remark 1.2. Since we are mainly concerned with the behaviour of f
nearby 0, we shall sometimes replace f by its restriction to some suit-
able open neighbourhood of 0. It is possible to formalize this fact by using
germs of maps and germs of sets at the origin, but for our purposes, it will
be enough to use a somewhat less formal approach.

To talk about the dynamics of an f € End (C,0), we need to introduce
the iterates of f. If f is defined on the set U then the second iterate f2 =
f o fis defined on U N f~1(U), which is still an open neighbourhood of
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2 M. Abate

the origin. More generally, the k-th iterate f* = fo f*=! is only defined
on UNf~HU)N---Nf~* =1(U). Thus, it is natural to introduce the stable
set Ky of f by setting

Kp= () 17*0).
k=0

Clearly, 0 € Ky and so, the stable set is never empty (but it can happen that
Ky = {0}; see the next section for an example). The stable set of f is the
set of all points z € U such that the orbit {f¥(2): k € N} is well-defined.
If z € U\ Ky, we shall say that z (or its orbit) escapes from U.

Then the first natural question in local holomorphic dynamics is

Question 1.1. What is the topological structure of K;?

For instance, when does Ky have non-empty interior? As we shall see in
Section 5, holomorphic local dynamical systems such that 0 belongs to the
interior of the stable set enjoy special properties.

Remark 1.3. Both the definition of stable set and Question 1.1 (as well as
several other definitions or questions we shall meet later on) are topological
in character; we might state them for local dynamical systems which are
only continuous. As we shall see, however, the answers will strongly depend
on the holomorphicity of the dynamical system.

Clearly, the stable set K is completely f-invariant, that is, f~1(Ky) =
Ky (this implies, in particular, that f(K;) C Ky). Therefore, the pair
(K¢, f) is a discrete dynamical system in the usual sense and so, the second
natural question in local holomorphic dynamics is

Question 1.2. What is the dynamical structure of (K¢, f)?

For instance, what is the asymptotic behaviour of the orbits? Do they con-
verge to the origin, or have they a chaotic behaviour? Is there a dense
orbit? Do there exist proper f-invariant subsets, that is, sets L C K¢ such
that f(L) C L? If they do exist, what is the dynamics on them?

To answer all these questions, the most efficient way is to replace f by a
“dynamically equivalent” but simpler (e.g., linear) map g. In our context,
“dynamically equivalent” means “locally conjugated”; and we have at least
three kinds of conjugacy to consider.

Let f1: Uy — C and f5: Uy — C be two holomorphic local dynamical
system. We shall say that f1 and fy are holomorphically (respectively, topo-
logically) locally conjugated if there are open neighbourhoods Wy C Uy and
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Discrete holomorphic local dynamics in one complex variable 3

Wy C Us of the origin and a biholomorphism (respectively, a homeomor-
phism) ¢: W1 — W, with ¢(0) = 0 such that

fi=@e tofaop on ot (Wan fy (W) =Win fi ' (Wh).

In particular, we have

fi=gploffop on e (Wan-n TN ()
=win--n "),

for every k € N and thus, Ky, = ¢(Kp |y, )- So the local dynamics of fi
is to all purposes equivalent to the local dynamics of fs.

Whenever we have an equivalence relation in a class of objects, there are
classification problems. So the third natural question in local holomorphic
dynamics is

Question 1.3. Find a (possibly small) class F of holomorphic local dy-
namical systems such that every holomorphic local dynamical system f €
End (C,0) is holomorphically (respectively, topologically) locally conju-
gated to a (possibly) unique element of F, called the holomorphic (respec-
tively, topological) normal form of f.

Unfortunately, the holomorphic classification is often too complicated to be
practical; the family F of normal forms might be uncountable. A possible
replacement is looking for invariants instead of normal forms:

Question 1.4. Find a way to associate a (possibly small) class of (possibly
computable) objects, called invariants, to any holomorphic local dynami-
cal system f so that two holomorphically conjugated local dynamical sys-
tems have the same invariants. The class of invariants is furthermore said
complete if two holomorphic local dynamical systems are holomorphically
conjugated if and only if they have the same invariants.

As remarked before, up to now all the questions we asked make sense
for topological local dynamical systems; the next one instead makes sense
only for holomorphic local dynamical systems.

A holomorphic local dynamical system is clearly given by an element
of Cy{z}, the space of converging power series in z without constant terms.
The space Cy{z} is a subspace of the space Cy[[z]] of formal power series
without constant terms. An element ® € Cy|[z]] has an inverse (with respect
to composition) still belonging to Cy[[#]] if and only if its linear part is not
zero, that is, if and only if it is not divisible by z2. We shall then say
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4 M. Abate

that two holomorphic local dynamical systems f1, fo € Co{z} are formally
conjugated if there exists an invertible ® € Cy[[z]] such that f; = &~ 1o foo®
in Co[[2]]-

It is clear that two holomorphically locally conjugated dynamical sys-
tems are both formally and topologically locally conjugated too. On the
other hand, we shall see (in Remark 4.2) examples of holomorphic local
dynamical systems that are topologically locally conjugated without be-
ing neither formally nor holomorphically locally conjugated and (in Re-
marks 4.2 and 5.3) examples of holomorphic local dynamical systems that
are formally conjugated without being neither holomorphically nor topolog-
ically locally conjugated. So the last natural question in local holomorphic
dynamics we shall deal with is

Question 1.5. Find normal forms and invariants with respect to the rela-
tion of formal conjugacy for holomorphic local dynamical systems.

In this survey we shall present some of the main results known on these
questions. But before entering the main core of the paper, I would like to
thank heartily Frangois Berteloot, Salvatore Coen, Santiago Diaz—Madrigal,
Vincent Guedj, Giorgio Patrizio, Mohamad Pouryayevali, Jasmin Raissy,
Francesca Tovena and Alekos Vidras, without whom this survey would
never has been written.

2. Hyperbolic dynamics

As remarked in the previous section, an one-dimensional discrete holomor-
phic local dynamical system is given by a converging power series f without
constant term:

f(2) = a1z + agz® + azz® + -+ € Co{z}.

The number a; = f/(0) is the multiplier of f. Since a1z is the best linear
approximation of f, it is sensible to expect that the local dynamics of f will
be strongly influenced by the value of a;. We then introduce the following
definitions:

if Ja1| < 1 we say that the fixed point 0 is attracting;

if a1 = 0 we say that the fixed point 0 is superattracting;

if Ja1| > 1 we say that the fixed point 0 is repelling;

if Ja1| # 0,1 we say that the fixed point 0 is hyperbolic;

if a; € S is a root of unity we say that the fixed point 0 is parabolic (or
rationally indifferent);

ADVANCED COURSES OF MATHEMATICAL ANALY SIS III - Proceedings of the Third International School
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6879.html



Discrete holomorphic local dynamics in one complex variable 5

e if a; € S' is not a root of unity we say that the fixed point 0 is elliptic
(or irrationally indifferent).

Remark 2.1. If a; # 0 then f is locally invertible, that is, there exists
f~! € End (C,0) so that f~lof = fof~! = id where defined. In particular,
if 0 is an attracting fixed point for f € End (C,0) with non-zero multiplier
then it is a repelling fixed point for the inverse function f~.

As we shall see in a minute, the dynamics of one-dimensional holo-
morphic local dynamical systems with a hyperbolic fixed point is pretty
elementary; so we start with this case.

Assume first that 0 is attracting (but not superattracting) for the
holomorphic local dynamical system f € End (C,0). Then we can write
f(z) = a1z + O(2?), with 0 < |a1| < 1; hence, we can find a large con-
stant M > 0, a small constant € > 0 and 0 < ¢ < 1 such that if |z| < ¢
then

£ (2)| < (lax| + Me)|z| < 6]z]. (1)

In particular, if A is the disk of center 0 and radius e, we have f(A.) C A,
for e > 0 small enough and the stable set of f|a_ is A, itself (in particular,
it contains the origin in its interior). Furthermore, since A, is f-invariant,
we can apply (1) to f(z); arguing by induction we get

|75(2)] < 682 — 0 (2)

as k — 400 and thus, every orbit starting in A, is attracted by the origin,
which is the reason of the name “attracting” for such a fixed point.

If instead 0 is a repelling fixed point, a similar argument (or the obser-
vation that 0 is attracting for f~!) shows that for ¢ > 0 small enough the
stable set of f|a, reduces to the origin only: all (non-trivial) orbits escape.

It is also not difficult to find holomorphic and topological normal forms
in this case, as shown in the following result, which has marked the begin-
ning of the theory of holomorphic dynamical systems:

Theorem 2.1 (Koenigs, 1884 [19]). Let f € End (C,0) be an one-
dimensional discrete holomorphic local dynamical system with a hyperbolic
fized point at the origin and let a; € C*\ St be its multiplier. Then:

(i) f is holomorphically (and hence, formally) locally conjugated to its
linear part g(z) = a1z. The conjugation ¢ is uniquely determined by
the condition ¢'(0) = 1.
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6 M. Abate

(ii) Two such holomorphic local dynamical systems are holomorphically
conjugated if and only if they have the same multiplier.

(#i) f is topologically locally conjugated to the map g<(2) = z/2 if la1] < 1
and to the map g (z) = 2z if la1| > 1.

Proof. Let us assume 0 < |a1| < 1; if |az| > 1, it will suffice to apply the
same argument to 1.

(i) Choose 0 < § < 1 such that 6% < |a1| < §. Writing f(2) = a1z +
z?r(z) for a suitable holomorphic germ r, we can find ¢ > 0 such that

lai| + Me < 0, where M = max,.x_|r(z)|. So we have
f(2) = arz| < M|z|? (3)

that implies (1) and hence, we get (2) for all z € A, and k € N.
Put @i = f¥/a¥; we claim that the sequence {¢} converges to a holo-
morphic map ¢: A, — C. Indeed (3) and (2) yield

[o0s1(2) = r(2)| = Ty |1 (7)) — (2|

M e M (82N,
< R < ()
for all z € A. and so, the telescopic series Zk(gokﬂ — ) is uniformly
convergent in A. to ¢ — g.
Since ¢}, (0) = 1 for all k € N, by Weierstrass’ theorem we have ¢’(0) = 1
and so, up to possibly shrink €, we can assume that ¢ is a biholomorphism
with its image. Moreover, we have

k k+1
ot = tim LUED oy i LoD i)

that is, f = ¢ ' 0 go ¢, as claimed.

If ¢ is another local holomorphic function such that ¥’(0) = 1 and
Pl ogo = f, it follows that 1 o o1 (Az) = Ay o o~ 1(2); comparing the
power series expansion of both sides we find 1 o p~! = id, that is, ¥ = ¢,
as claimed.

(ii) Since fi = ¢! o fy 0 ¢ implies f1(0) = f5(0), the multiplier is
invariant under holomorphic local conjugation and so, two one—dimensional
discrete holomorphic local dynamical systems with a hyperbolic fixed point
are holomorphically locally conjugated if and only if they have the same
multiplier.

(iii) It suffices to build a topological conjugacy between g and g« on A..
First choose a homeomorphism x between the annulus {|a1]le < |z]| < €}
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Discrete holomorphic local dynamics in one complex variable 7

and the annulus {€/2 < |z| < ¢} which is the identity on the outer circle
and given by x(z) = z/2a; on the inner circle. Now extend x by induction
to a homeomorphism between the annuli {|a1|*s < |z| < |a1|*~ e} and
{e/2F < |z| < ¢/2%~1} by prescribing

X(@12) = 5x(2).

Putting finally x(0) = 0, we then get a homeomorphism x of A, with itself
such that g = y ™! o g o x, as required. O

Remark 2.2. The proof of Theorem 2.1(i) relies on a standard trick used
to build conjugations in dynamics. Suppose we would like to prove that f
and g are conjugated with g invertible. Set ¢ = g~ o f¥, so that

Yo f=9go k1.

If the sequence {py } converges as k — +00 to a locally invertible function ¢,
we automatically have ¢ o f = g o ¢ and so, ¢ is the conjugation we were
looking for.

Remark 2.3. The proof of Theorem 2.1(iii) uses a standard dynamical

trick for building topological conjugations too. Let f: X — X be a con-

tinuos closed injective map. A fundamental domain for f is a closed set
o

D C X with non-empty interior D such that

(i) X = ngo fk(D);

(i) f2(D)N f5(D) =0 for all h # k;
(iii) f"(D) N f*(D) # 0 if and only if |h — k| < 1.

Assume now that you have two continuous closed injective maps f: X; —
X7 and fo: X9 — X5 with fundamental domains D1 C X; and Dy C Xo.
Assume furthermore that you have a homeomorphism y: D; — Dy such
that

x (f1(2)) = f2 (x(2)) (4)

for all z € Dy N f{'(D;1). Then we can extend x to a homeomor-
phism between fi(D;) and fo(D2) by setting x(2) = fo (x (fi '(2))) for
all z € fi1(D;); since (4) holds on D; N f; '(D;), we have obtained a
homeomorphism between D; U f1(D;) and Da U f(D3) satisfying (4) on
(D1 U f1(D1) N f 1 (D1 U f1(Dy)). Proceeding in this way, we get a home-
omorphism y: X; — X» satisfying x o f1 = f3 o x, as desired.
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8 M. Abate

Remark 2.4. Notice that g-(z) = %z and ¢~ (z) = 2z cannot be topologi-
cally conjugated, because (for instance) the stable set of g« is open whereas

the stable set of g~ only contains the origin.

3. Superattracting dynamics

Let us now study the superattracting case. If 0 is a superattracting point
for an f € End (C,0), we can write

f(2)=a2"+ap12" 4

with a, # 0; the number r > 2 is the order of the superattracting point. An
argument similar to the one described in the previous section shows that
for £ > 0 small enough, the stable set of f|a_ is still all of A, and the orbits
converge (faster than in the attracting case) to the origin. Furthermore, we
can prove the following

Theorem 3.1 (Bo6ttcher, 1904 [2]). Let f € End (C,0) be an one-
dimensional holomorphic local dynamical system with a superattracting fived
point at the origin and let v > 2 be its order. Then:

(i) f is holomorphically (and hence formally and topologically) locally con-
Jugated to the map g(z) = 2.

(i) two such holomorphic local dynamical systems are holomorphically (or
topologically or formally) conjugated if and only if they have the same
order.

Proof. First of all, up to a linear conjugation z — puz with u"~! = a,, we
can assume a, = 1.

Now write f(z) = z"hy(z) for some holomorphic germ h; with h1(0) = 1.
By induction, it is easy to see that we can write f*(z) = zrkhk(z) for a
suitable holomorphic germ hy with hg(0) = 1. Furthermore, the equalities
Fo fit = f* = fi=1o f yield

i1 (2)"h (F1(2)) = hi(2) = ha(2)™ hir (F(2)). (5)

Choose 0 < § < 1. Then we can clearly find 1 > € > 0 such that Me < 6,
where M = max,cx_|hi(2)|; we can also assume that hi(z) # 0 for all
z € A.. Since

[f(2)] < Ml2|" < 8]["™" V2 €A,

we have f(A.) C A, as anticipated before.
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Discrete holomorphic local dynamics in one complex variable 9

We also remark that (5) implies that each hy, is well-defined and never
vanishing on A.. So, for every k > 1, we can choose a unique v, holomorphic
in A; such that wk(z)rk = hi(z) on A, and with 15(0) = 1.

Set @r(z) = 2(2) so that ¢} (0) = 1 and @k(z)rk = fr(z) on A.. We
claim that the sequence {¢} converges to a holomorphic function ¢ on A..
Indeed, we have

1)kt
_ ‘hk+1(z) '

hk(z)f’

k+1

 h (7R

k+1 /T

“Pk+1(z)
or(2)

_ | (2)
¢k (Z)Tk+1

=1+ 0 (@D =1+ om0 (e =140 (ﬁ) ,

and so, the telescopic product [[, (¢r+1/¢k) converges to /e uniformly
in A..

Since ¢}, (0) = 1 for all £ € N, we have ¢’(0) = 1 and so, up to pos-
sibly shrink e, we can assume that ¢ is a biholomorphism with its image.
Moreover, we have

o (FE) = FE e (P = 2" () b (£(2))

= 2" b (2) = [ora ()]

and thus, ¢y, o f = [pr11]". Passing to the limit, we get f = p 1o gop, as

claimed.
Finally, (ii) follows because z" and z° are locally topologically (or for-
mally) conjugated if and only if r = s. O

Therefore, the one-dimensional local dynamics about a hyperbolic or
superattracting fixed point is completely clear; let us now discuss what
happens about a parabolic fixed point.

4. Parabolic dynamics

Let f € End (C,0) be a (non-linear) holomorphic local dynamical system
with a parabolic fixed point at the origin. Then we can write

f(z2)=e¥ ™1y 4 a2 fap02 P (6)

with a,41 # 0, where p/qg € QN [0, 1) is the rotation number of f and the
number r 4+ 1 > 2 is the multiplicity of f at the fixed point.

The first observation is that such a dynamical system is never locally
conjugated to its linear part, not even topologically, unless it is of finite
order:
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10 M. Abate

Proposition 4.1. Let f € End (C,0) be a holomorphic local dynamical
system with multiplier X and assume that X is a primitive root of the unity of
order q. Then f is holomorphically (or topologically or formally) linearizable
if and only if f¢=1id.

Proof. Indeed, if o™ o f o @(z) = e2™P/1z we get ¢! o f90 ¢ = id, that
is, f¢ =id. Conversely, assume that f¢ =id and set

Then it is easy to check that ¢/(0) = 1 and p o f(2) = Ap(z) and so, f is
holomorphically (and topologically and formally) linearizable. O

In particular, if the rotation number is 0 (that is, the multiplier is 1
and we shall say that f is tangent to the identity), then f cannot be locally
conjugated to the identity (unless it was the identity to begin with, which is
not a very interesting case dynamically speaking). More precisely, the stable
set of such an f is never a neighbourhood of the origin. To understand why,
let us first consider a map of the form

F(2) = 2(1 + az")

for some a # 0. Let v € S* C C be such that av” is real and positive. Then,
for any ¢ > 0, we have

flev) =c(1+ c"av")v € R w;

moreover, |f(cv)| > |cv|. In other words, the half-line R*v is f-invariant
and repelled from the origin, that is, Ky N R*tv = (. Conversely, if av”
is real and negative then it is easy to see that the segment [0, |a|~/"]v is
f-invariant and attracted by the origin. So Ky neither is a neighbourhood
of the origin nor reduces to {0}.

This example suggests the following definition. Let f € End (C,0) be
of the form

f(2)=z2+ a2 a0 4 (7)

Then a unit vector v € St is an attracting (respectively, repelling) direction
for f at the origin if a, ;0" is real and negative (respectively, positive).

Clearly, there are r equally spaced attracting directions, separated by r

equally spaced repelling directions: if a,41 = |ay41]e’® then v = ¥ is
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Discrete holomorphic local dynamics in one complex variable 11

attracting (respectively, repelling) if and only if

2k +1 2k
0= a x-2 (respectively, 0=—mw— 2) .

T T T T

Furthermore, a repelling (attracting) direction for f is attracting (repelling)
for f=1, which is defined in a neighbourhood of the origin.

It turns out that to every attracting direction is associated a connected
component of Ky \ {0}. Let v € S! be an attracting direction for an f
tangent to the identity. The basin centered at v is the set of points z €
K; \ {0} such that f*(z) — 0 and f*(2)/|f*(z)| — v (notice that, up to
shrinking the domain of f, we can assume that f(z) # 0 for all z € K;\{0}).
If z belongs to the basin centered at v, we shall say that the orbit of z tends
to 0 tangent to v.

A slightly more specialized (but more useful) object is the following:
an attracting petal centered at an attracting direction v is an open simply
connected f-invariant set P C Ky \ {0} such that a point z € Ky \ {0}
belongs to the basin centered at v if and only if its orbit intersects P. In
other words, the orbit of a point tends to 0 tangent to v if and only if
it is eventually contained in P. A repelling petal (centered at a repelling
direction) is an attracting petal for the inverse of f.

The basins centered at the attracting directions are exactly the con-
nected components of K¢\ {0}, as shown in the Leau-Fatou flower theorem:

Theorem 4.1 (Leau, 1897 [20]; Fatou, 1919-20 [12-14]). Let f €
End (C,0) be a holomorphic local dynamical system tangent to the iden-
tity with multiplicity 7 +1 > 2 at 0. Let vi,vs,...,v2.—1 € S' be the r
attracting directions of f at the origin and va,vy,...,ve. € S the r re-
pelling directions. Then

(i) There exists for each attracting (repelling) direction vaj_1 (vej) an at-
tracting (repelling) petal Pyj_1 (Pa;) so that the union of these 2r petals
together with the origin forms a neighbourhood of the origin. Further-
more, the 2r petals are arranged cyclically so that two petals intersect
if and only if the angle between their central directions is 7/r.

(i1) K;\{0} is the (disjoint) union of the basins centered at the r attracting
directions.

(i) If B is a basin centered at an attracting direction, there exists a function
@: B — C such that po f(z) = ¢(z)+1 for all z € B. Furthermore, if P
is the petal constructed in part (i) then |p is a biholomorphism with
an open subset of the complex plane containing a right half-plane —
and so, f|p is holomorphically conjugated to the translation z — z+ 1.
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12 M. Abate

Proof. Up to a linear conjugation, we can assume that a,;1 = —1, so that
the attracting directions are the r-th roots of unity. For any § > 0, the
set {z € C: |2" — §| < 0} has exactly r connected components, each one
symmetric with respect to a different r-th root of unity; it will turns out
that, for 0 small enough, these connected components are attracting petals
of f, even though to get a pointed neighbourhood of the origin we shall
need larger petals.

Forj=1,3,...,2r—1,let ¥; C C* denote the sector centered about the
attractive direction v; and bounded by two consecutive repelling directions,
that is,

2j—3 25 -1
Ej:{ze(c*: J T<argz < J 7T}.
T r

Notice that each X; contains a unique connected component P; 5 of the set
{z € C: |2" — 4| < 0}; moreover, P;s is tangent at the origin to the sector
centered about v; of amplitude /7.

The main technical trick in this proof consists in transferring the set-
ting to a neighbourhood of infinity in the Riemann sphere P!(C). For
j=1,3,...,2r — 1, the function ¢: C* — C* given by

1

rz”

P(z) =

is a biholomorphism between ¥; and C* \ R~ with inverse of the form
¢~ (w) = (rw)~'/", suitably choosing the r-th root. Furthermore, ) (P; s)
is the right half-plane Hs = {w € C: Re w > 1/(2rd)}.

When |w| is so large that 1~ (w) belongs to the domain of definition
of f, the composition F = o f o 9~! makes sense and we have

F(w) =w+1+ 0w /). (8)

Thus, to study the dynamics of f in a neighbourhood of the origin in 3,
it suffices to study the dynamics of F' in a neighbourhood of infinity.
The first observation is that if Re w is large enough then

1
ReF(w)>Rew+§;

this implies that, for § small enough, Hs is F-invariant (and thus, P;; is
f-invariant). Furthermore, by induction one has

k
Re Fk(w)>Rew+§ Vw € Hg (9)
which implies that F*(w) — oo in Hs (and f*(2) — 0 in Pj4) as k — 0.
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Discrete holomorphic local dynamics in one complex variable 13

Now we claim that the argument of wy, = F¥(w) tends to zero. Indeed,
(8) yields
w =
k 71/'r
— =—+1 O(w
k k + T k Z )
so Cesaro’s theorem on the averages of a converging sequence implies

Wk

T — 1, (10)
and thus, argw, — 0 as & — oco. Going back to P;s, this implies that
fE(2)/1f*(2)| — vj for every 2z € P;;. Since furthermore P;; is centered
about vj, every orbit converging to 0 tangent to v; must intersect P; s and
thus, we have proved that P;s is an attracting petal.

Arguing in the same way with f~! we get repelling petals; unfortunately,
these petals are too small to obtain a full pointed neighbourhood of the
origin. In fact, as remarked before, each P; s is contained in a sector centered
about v; of amplitude 7/r; therefore, the repelling and attracting petals
obtained in this way do not intersect but are tangent to each other. We
need larger petals.

So our aim is to find an f-invariant subset }5j of ¥; containing P; s and
which is tangent at the origin to a sector centered about v; of amplitude
strictly greater than 7/r. To do so, first of all remark that there are R, C' > 0
such that

c

(11)
as soon as |w| > R. Choose ¢ € (0, 1) and select § > 0 so that |w| > 1/(2rd)
implies
|F(w) —w—1] <g/2.
Set M. = /1 +£2/(2rd) and let
H. = {w e C: e[lm w| > —Re w + M.} U Hy;

in particular, |w| > 1/(2r) for all w € H.. If w € H. we have

Re F(w) >Rew+1—¢/2 and Im F(w) —Im w| <e/2; (12)

it is then easy to check that F (HE) C H and that every orbit starting
in H must eventually enter Hy. Therefore, P = g[J*l(HE) is as required
and we have proved (i).

To prove (ii), we need a further property of H.. Since

) =242+ 00",
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14 M. Abate

we have
Fl'w)=w—-1+0w "),

up to decreasing 8, we can thus assume that |F~(w) —w+1| < £/2 on H..
But then, if w € H. we have
€

Re F~1(w) <Rew—l+§

and
e(l+¢
ellm F~ Y (w)| + Re F~}(w) < e|Im w| + Re w — <1 - %) ;

this means that every inverse orbit must eventually leave H..

Coming back to the z-plane, we have thus proved that every (forward)
orbit of f must eventually leave any repelling petal. So if z € K \ {0},
where the stable set is computed working in the neighbourhood of the
origin constructed in part (i), the orbit of z must eventually land in an
attracting petal and thus, z belongs to a basin centered at one of the r
attracting directions — and (ii) is proved.

To prove (iii), first of all notice that

21+1/7‘C

P w) — 1] <
|w

|[L+1/r (13)

in H.. Indeed, (11) says that if |w| > 1/(2ré) then the function w —
F(w) —w — 1 sends the disk of center w and radius |w|/2 into the disk of
center the origin and radius C/(Jw|/2)/" for some C' > 0; inequality (13)
then follows from the Cauchy estimates on the derivative.

Now choose wy € Hy and set ¢y (w) = F¥(w) — F¥(w). Given w € H,,
as soon as k € N is so large that F*(w) € Hs, we can apply Lagrange’s
theorem to the segment from F*(wg) to F¥(w) to get a t; € [0, 1] such that

F (FF(w)) — F* (F*(wy))
Fk(w) — Fk(wy)

‘@kﬂ(w) 1

(W) ‘1‘ B

|F' (teF* (w) + (1 — ) F*(wo)) — 1]
1+1/r /
< 2 C < C 7
~ min{Re |F*(w),Re |FFk(wp)|}1+1/m = k1H1/r
where we used (13) and (12) and the constant C’ is uniform on compact
subsets of H. (and it can be chosen uniform on Hy).

As a consequence, the telescopic product [], Pr+1/@r converges uni-
formly on compact subsets of H. (and uniformly on Hy) and thus, the
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Discrete holomorphic local dynamics in one complex variable 15

sequence @y, converges uniformly on compact subsets to a holomorphic func-
tion ¢: H, — C. Since we have

@1 o F(w) = F* (w) — F*(wo) = Grya(w) + F (F*(wo)) — F*(wo)
= Grea(w) + 140 (P (wo) /7).
it follows that
¢oF(w) =¢(w) +1

on PNIE. In particular, ¢ is not constant; being the limit of injective functions,
by Hurwitz’s theorem, it is injective.

We now prove that the image of ¢ contains a right half-plane. First of
all, we claim that

lim lw) =1. (14)
[wl—+o0 W
weHg

Indeed, choose n > 0. Since the convergence of the telescopic product is
uniform on Hg, we can find ky € N such that

P(w) = Pro(w) | _ 1
w — Wy ' < 5

on Hg. Furthermore, we have

ko + 000" O(IF7 (w)]|~Y/") + wo — F* (wo)

w — Wo

=O(jw|™)

w — Wy

‘@ko(w) _ 1} _

on Hjs; therefore, we can find R > 0 such that
‘ f(w) 1‘ <
w — Wy

as soon as |w| > R in Hy.

Equality (14) clearly implies that (p(w) — w°)/(w —w°) — 1 as |w| —
400 in Hg for any w® € C. But this means that if Re w? is large enough
then the difference between the variation of the argument of ¢ — w° along
a suitably small closed circle around w® and the variation of the argument
of w — w° along the same circle will be less than 2 — and thus, it will be
zero. Then the principle of the argument implies that ¢ — w® and w — w®
have the same number of zeroes inside that circle and thus, w® € ¢(Hjs), as
required.

So setting ¢ = @ o1, we have defined a function ¢ with the required
properties on }Bj. To extend it to the whole basin B, it suffices to put

p(z) = ¢ (f*(2)) =k,
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16 M. Abate
where k € N is the first integer such that f*(z) € P;. 0

Remark 4.1. It is possible to construct petals that cannot be contained
in any sector strictly smaller than ;. To do so, we need an [F-invariant
subset I;fg of C* \ R~ containing H. and containing eventually every half—
line issuing from the origin (but R™). For M >> 1 and C > 0 large enough,
replace the straight lines bounding fNIE on the left of Re w = M, by the
curves

Clog|Rew| ifr=1,
[Im w| =
C|Re w|*~Y7 if r > 1.

Then it is not too difficult to check that the domain ffa so obtained is as
desired (see [7]).

So we have a complete description of the dynamics in the neighbourhood
of the origin. Actually, Camacho has pushed this argument even further,
obtaining a complete topological classification of one—dimensional discrete
holomorphic local dynamical systems tangent to the identity:

Theorem 4.2 (Camacho, 1978 [6]; Shcherbakov, 1982 [34]).
Let f € End (C,0) be a holomorphic local dynamical system tangent to
the identity with multiplicity v+ 1 at the fived point. Then f is topologically

locally conjugated to the map
2 z— 2"

The formal classification is simple too, though different and it can be
obtained with an easy computation:

Proposition 4.2. Let f € End (C,0) be a holomorphic local dynamical
system tangent to the identity with multiplicity r + 1 at the fized point.
Then f is formally conjugated to the map

g(2) =z — 2" 4+ g2, (15)

where B is a formal (and holomorphic) invariant given by
1 dz
= [ (16)
2mi J, z — f(2)
where the integral is taken over a small positive loop v about the origin.
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Discrete holomorphic local dynamics in one complex variable 17

Proof. A computation shows that if f is given by (15) then [ is given by
the integral (16). Conversely, let ¢ be a local biholomorphism fixing the
origin and set F' = ¢~ o f o . Then

1 dz 1 ¢ (w) dw
27 L z—f(z) 2mi /90—107 (w) = f (p(w))

_ / ' (w) dw
i ga_loy w)—gO(F( ))

Now, we can clearly find M, M; > 0 such that

|~

[\

1 ¢’ (w) }
w—Fw)  p(w)—¢(F(w)

in a neighbourhood of the origin, where the last inequality follows from
the fact that ¢'(0) # 0. This means that the two meromorphic functions
1/ (w— F(w)) and ¢'(w)/ (p(w) — ¢((F(w))) differ by a holomorphic func-
tion; so they have the same integral along any small loop surrounding the
origin and

1 b 1
2mi ),z — f(z) 2w Jpo10y w— F(w)’

as claimed.
To prove that f is formally conjugated to g, let us first take a local
formal change of coordinates ¢ of the form

o(2) = 2+ pz? + Ogyq (17)

with g # 0 and where we are writing Oy 1 instead of O(z91). Tt follows
that o~ 1(2) = z— pz¢+Ogy1, (0 1) (2) = 1 —dpz?14+ 04 and (1)) =

ADVANCED COURSES OF MATHEMATICAL ANALY SIS III - Proceedings of the Third International School
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6879.html



18 M. Abate

1

Og4—; for all j > 2. Then, using the Taylor expansion of ¢ ™", we get

profop(z) =9 le(z)+ D ajp(z)
i>r41

= 2+ (97 ) (p(2)) Z a;2 (14 pz*"" + 0q)? + Ogyay
j=r+1

2+ [1 —duz® + 04 Z a; 27 (1 + jpuz® 4+ Oq) + Odsar

it
= z4 a2 b apg2 T
Harpa+ (r+1—=d)par]z" + Oryasr (18)

This means that if d # r+ 1 we can use a polynomial change of coordinates
of the form ¢(2) = z + p2z? to remove the term of degree r + d from the
Taylor expansion of f without changing lower degree terms.

So, to conjugate f to g, it suffices to use a linear change of coordinates
to get a,+1 = —1 and then apply a sequence of change of coordinates of
the form o(z) = z + pz? to kill all the terms in the Taylor expansion of f
but the term of degree z27+1.

Finally, formula (18) also shows that two maps of the form (15) with
different 8 cannot be formally conjugated and we are done. O

The number 3 given by (16) is called indezx of f at the fixed point.

The holomorphic classification is much more complicated: as shown by
Voronin ([36]) and Ecalle ([10-11]) in 1981, it depends on functional in-
variants. We shall now (very) roughly describe it; see [17,18,21,22] (and the
original papers) for details.

Let f € End (C,0) be tangent to the identity with multiplicity r + 1
at the fixed point; up to a linear change of coordinates, we can assume
that a1 = 1. Let Py,..., P be a set of petals as in Theorem 4.1(i)
chosen so that P, is centered on the positive real semiaxis and the others
are arranged cyclically counterclockwise. Denote by H; the biholomorphism
conjugating f|p, to the shift z — 241 in either a right (if j is odd) or left
(if j is even) half-plane given by Theorem 4.1(iii) — applied to f~ for the
repelling petals. If we moreover require that

Hy(s) = —— + flog= + o), (19)
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Discrete holomorphic local dynamics in one complex variable 19

where 3 is the index of f at the origin then H; is uniquely determined. Thus,
in the sets H;(P;NP;41) we can consider the composition &)j =H; OHj_l.
It is easy to check that &)j(w +1) = &)j(w) +1forj=1,...,2r—1, and
thus, ¢; = Cij —1id is a 1-periodic holomorphic function (for j = 2r, we need
to take Yo, = By, —id + 27 to get a 1-periodic function). Hence, each v;
can be extended to a suitable upper (if j is odd) or lower (if j is even) half-
plane. Furthermore, it is possible to prove that the functions 1, ..., 12,
are exponentially decreasing, that is, they are bounded by exp(—c|w|) as
|Im w| — 400 for a suitable ¢ > 0 depending on f.

Now, if we replace f by a holomorphic local conjugate g =h~ 1o foh
and denote by G; the corresponding biholomorphisms, it turns out that

HJOG;1:1d+a

for a suitable a € C independent of j. This suggests the introduction
of an equivalence relation on the set of 2r-uple of functions of the kind
(djla e 7¢2r)'

Let M, denote the set of 2r-uple of holomorphic 1-periodic functions
Y = (Y1,...,¢2,) with ¢; defined in a suitable upper (if j is odd) or lower
(if j is even) half-plane and exponentially decreasing when |Im w| — +o0.
We shall say that ¥, € M, are equivalent if there is a € C such that
ij = ;o0 (id+a) for j = 1,...,2r. We denote by M, the set of all
equivalence classes.

The procedure described above allows us to associate to any f €
End (C,0) tangent to the identity with multiplicity r + 1 at the fixed point
an element ;1 € M, called the sectorial invariant. Then the holomorphic
classification proved by Ecalle and Voronin is

Theorem 4.3 (Ecalle, 1981 [10,11]; Voronin, 1981 [36]). Let f, g €
End (C,0) be two holomorphic local dynamical systems tangent to the iden-
tity. Then f and g are holomorphically locally conjugated if and only if they
have the same multiplicity, the same index and the same sectorial invariant.
Furthermore, for anyr > 1, 3 € C and p € M, there exists f € End (C,0)
tangent to the identity with multiplicity r + 1, index B and sectorial invari-
ant [b.

Remark 4.2. In particular, holomorphic local dynamical systems tangent
to the identity give examples of local dynamical systems that are topo-
logically conjugated without being neither holomorphically nor formally
conjugated and of local dynamical systems that are formally conjugated
without being holomorphically conjugated.
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20 M. Abate

Finally, if f € End (C,0) satisfies a; = ¢*™#/% then f9 is tangent to
the identity. Therefore, we can apply the previous results to f? and then
infer informations about the dynamics of the original f. We list here a few
results; see [6,10,11,23,24,36] for proofs and further details.

Proposition 4.3. Let f € End (C,0) be a holomorphic local dynamical
system with multiplier X and assume that X\ is a primitive root of the unity
of order q. Assume that f? % id. Then there exist n > 1 and ¢ € C such
that f is formally conjugated to

g(2) = Az + 2" epnatl

Theorem 4.4 (Camacho). Let f € End (C,0) be a holomorphic local
dynamical system with multiplier X and assume that \ is a primitive root
of the unity of order q. Assume that f9 % id. Then there exist n > 1 such
that f is topologically conjugated to

g(2) = Az + 2",

Theorem 4.5 (Leau—Fatou). Let f € End (C,0) be a holomorphic local
dynamical system with multiplier A and assume that A is a primitive root
of the unity of order q. Assume that f9 £ 1id. Then there exist n > 1 such
that f1 has multiplicity ng+1 and f acts on the attracting (respectively, re-
pelling) petals of f9 as a permutation composed by n disjoint cycles. Finally,
Ky =Kjya.

5. Elliptic dynamics
We are left with the elliptic case:

f(2) = €02 4 ay2% 4 -+ € Co{z} (20)

with 0 ¢ Q. It turns out that the local dynamics depends mostly on the
numerical properties of . More precisely, for a full measure subset B of
6 € [0,1] \ Q all holomorphic local dynamical systems of the form (20) are
holomorphically linearizable, that is, holomorphically locally conjugated to
their (common) linear part, the irrational rotation z — €27 2. Conversely,
the complement [0,1] \ B is a Gs-dense set and for all § € [0,1] \ B the

quadratic polynomial z — 22 4 > is not holomorphically linearizable.
This is the gist of the results due to Cremer, Siegel, Bryuno and Yoccoz we

are going to describe in this section.

ADVANCED COURSES OF MATHEMATICAL ANALY SIS III - Proceedings of the Third International School
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6879.html



Discrete holomorphic local dynamics in one complex variable 21

The first worthwhile observation in this setting is that it is possible
to give a topological characterization of holomorphically linearizable local
dynamical systems:

Proposition 5.1. Let f € End (C,0) be a holomorphic local dynamical
system with multiplier 0 < || < 1. Then f is holomorphically linearizable
if and only if it is topologically linearizable if and only if 0 is contained in
the interior of the stable set of f.

Proof. If f is holomorphically linearizable, it is topologically linearizable
and if it is topologically linearizable (and |A] < 1) then Ky is an open
neighbourhood of the origin. Assume then that 0 is contained in the interior
of the stable set. If 0 < |A\| < 1, we already know that f is holomorphically
linearizable. If |A| = 1, set

k=1
1 f(z
S ZO /\(J‘ !
i=
so that ¢} (0) =1 and

N[
gpkof:)\apk-l-E(F—ld). (21)
The hypothesis implies that there are bounded open sets V' C U containing
the origin such that f*(V) C U for all k € N. Since |A| = 1, it follows that
{¢r} is a uniformly bounded family on V' and hence, by Montel’s theorem,
it admits a converging subsequence. But (21) implies that a converging
subsequence converges to a conjugation between f and the rotation z — Az
and thus, f is holomorphically linearizable. O

The second important observation is that two elliptic holomorphic local
dynamical systems with the same multiplier are always formally lineariz-
able:

Proposition 5.2. Let f € End (C,0) be a holomorphic local dynamical
system of multiplier A = e?™% ¢ S with 0 ¢ Q. Then f is formally conju-
gated to its linear part.

Proof. We shall prove that there is a unique formal power series
h(z) =z + hoz® + -+ € C[[2]]
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22 M. Abate

such that h(Az) = f (h(2)). Indeed, we have
h(Az) — f (h(2)) =

=1 [V =Ny Z;() S DL

j>2 k>2

—Z h —aj; — j(hz,...,hj_l)] Zj,
Jj=2
where X is a polynomial in j — 2 variables. It follows that the coefficients
of h are uniquely determined by induction using the formula
a; + Xj(hg, ceey hjfl)
A=A ’
where X is a polynomial. In particular, h; depends only on A, as,...,a;.
O

hj =

(22)

The formal power series linearizing f is not converging if its coefficients
grow too fast. Thus, (22) links the radius of convergence of h to the be-
haviour of A — \: if the latter becomes too small, the series defining h
does not converge. This is known as the small denominators problem in
this context.

It is then natural to introduce the following quantity:

Q = min [\ -1
A(m) = min | |
for A € St and m > 1. Clearly, X is a root of unity if and only if 2 (m) = 0
for all m greater or equal to some mg > 1; furthermore,

hm Qx(m) =0

for all A € S*.

The first one to prove that there are non-linearizable elliptic holomor-
phic local dynamical systems has been Cremer in 1927 ([8]). His more gen-
eral result is the following;:

Theorem 5.1 (Cremer, 1938 [9]) Let X € S be such that

hmsup log
m—-+oo MM 95\ ( )

Then there exists f € End (C,0) with multiplier X\ which is not holomorphi-
cally linearizable. Furthermore, the set of X € S satisfying (23) contains
a Ggs-dense set.

= +o0. (23)
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Discrete holomorphic local dynamics in one complex variable 23

Proof. Choose inductively a; € {0,1} so that |a; +X;| > 1/2 for all j > 2,
where X is as in (22). Then

f(2) =Xz +agz® +--- € Co{z},

while (23) implies that the radius of convergence of the formal lineariza-
tion A is 0 and thus, f cannot be holomorphically linearizable, as required.
Let now S(go) C S! denote the set of A = e2™¥ € S1 such that

P 1
b2 -

for some p/q € Q in lowest terms with g > go. Then it is not difficult to check
that each S(qo) is a dense open set in St and that all A € S = Nyo>15(20)
satisfy (23). Indeed, if A = €27 ¢ S, we can find ¢ € N arbitrarily large
such that there is p € N so that (24) holds. Now, it is easy to see that

2™ — 1] < 27|t

for all ¢ € [—-1/2,1/2]. Then let py be the integer closest to ¢gf so that
|g0 — po| < 1/2. Then we have

‘ - - 4
|)\q_1| _ |627mq0_e27r1p0| _ |e2m(q97po)_1| < 27T|q9—p0| < 27T|q9—p‘ < 2_;T!
for arbitrarily large ¢ and (23) follows. O

On the other hand, Siegel gave a condition on the multiplier ensuring
holomorphic linearizability in 1942:

Theorem 5.2 (Siegel, 1942 [35]). Let A € S! be such that there emist
8 >1 and v > 0 such that

1

< ymP Ym > 2. 25
o) =7 > (25)

Then all f € End (C,0) with multiplier A are holomorphically linearizable.
Furthermore, the set of X € S satisfying (25) for some 3 > 1 andy > 0 is
of full Lebesgue measure in St.

Remark 5.1. It is interesting to notice that for generic (in a topological
sense) A € S!, there is a non-linearizable holomorphic local dynamical
system with multiplier A\, while, for almost all (in a measure—theoretic sense)
A € S, every holomorphic local dynamical system with multiplier A is
holomorphically linearizable.
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24 M. Abate

The original proof of Theorem 5.2 was based on the method of majorant
series, that requires finding a convergent series whose coefficients are greater
than the coefficients of the formal linearization. A different proof is in the
spirit of the so-called Kolmogorov—Arnold—Moser (or KAM) method (see
[15]). Unfortunately, both proofs (as well as the proofs of the next two
theorems) are well beyond the scope of this survey.

A bit of terminology is now useful: if f € End (C, 0) is elliptic, we shall
say that the origin is a Siegel point if f is holomorphically linearizable;
otherwise, it is a Cremer point.

Theorem 5.2 suggests the existence of a number—theoretical condition
on A ensuring that the origin is a Siegel point for any holomorphic local
dynamical system of multiplier A. And, indeed, this is the content of the
celebrated Bryuno—Yoccoz theorem:

Theorem 5.3 (Bryuno, 1965 [3—5]; Yoccoz, 1988 [37—38]). Let A €
SL. Then the following statements are equivalent:

(i) the origin is a Siegel point for the quadratic polynomial fx(z) = Az+22;
(i) the origin is a Siegel point for all f € End (C,0) with multiplier \;
(i) the number A satisfies Bryuno’s condition

—+o0

1 1
— log ———— . 2
];)21@ og 2T < 400 (26)

Bryuno, using majorant series as in Siegel’s proof of Theorem 5.2 (see
also [16] and references therein), has proved that condition (iii) implies
condition (ii). Yoccoz, using a more geometric approach based on conformal
and quasi—conformal geometry, has proved that (i) is equivalent to (ii) and
that (ii) implies (iii), that is, that if A does not satisfy (26) then the origin
is a Cremer point for some f € End (C,0) with multiplier A — and hence,
it is a Cremer point for the quadratic polynomial fy(z). See also [32,33] for
related results.

Remark 5.2. Conditions (23), (25) and (26) are usually expressed in a
different way. Write A = 2™ and let {px/qi} be the sequence of rational
numbers converging to 6 given by the expansion in continued fractions.
Then (26) is equivalent to

+oo
1
E — log g1 < +00,
o0 1%
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Discrete holomorphic local dynamics in one complex variable 25

while (25) is equivalent to

qn+1 = O(qﬁ)

and (23) is equivalent to

1
lim sup — log g1 = +00.
k—+oo 4k

See [16,38] and references therein for details.

If 0 is a Siegel point for f € End (C,0), the local dynamics of f is
completely clear and simple enough. On the other hand, if 0 is a Cremer
point of f then the local dynamics of f is very complicated and not yet
completely understood. Pérez-Marco ([26, 28-31]) and Biswas ([1]) have
studied the topology and the dynamics of the stable set in this case. Some
of their results are summarized in the following

Theorem 5.4 (Pérez-Marco, 1995 [30,31]; Biswas, 2007 [1]).
Assume that 0 is a Cremer point for an elliptic holomorphic local dynamical
system f € End (C,0). Then:

(1) The stable set K¢ is compact, connected, full (i.e., C\Ky is connected),
it is mot reduced to {0} and it is not locally connected at any point
distinct from the origin.

(11) Any point of K\ {0} is recurrent (that is, a limit point of its orbit).

(i11) There is an orbit in Ky which accumulates at the origin, but no non-
trivial orbit converges to the origin.

(tv) The rotation number and the conformal class of Ky are a complete
set of holomorphic invariants for Cremer points. In other words, two
elliptic non-linearizable holomorphic local dynamical systems f and g
are holomorphically locally conjugated if and only if they have the same
rotation number and there is a biholomorphism of a neighbourhood
of Ky with a neighbourhood of K.

Remark 5.3. So, if A\ € S! is not a root of unity and does not satisfy
Bryuno’s condition (26), we can find f1, fo € End (C,0) with multiplier A
such that f; is holomorphically linearizable while fa is not. Then f; and fo
are formally conjugated without being neither holomorphically nor topo-
logically locally conjugated.

See also [25,27] for other results on the dynamics about a Cremer point.

ADVANCED COURSES OF MATHEMATICAL ANALY SIS III - Proceedings of the Third International School
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6879.html



26 M. Abate
References
1. K. Biswas, Complete conjugacy invariants of nonlinearizable holomorphic dy-
namics, preprint (2007).

2. L. E. Béttcher, The principal laws of convergence of iterates and their appli-
cation to analysis, Izv. Kazan. Fiz.-Mat. Obshch. 14 (1904), 155-234.

3. A. D. Bryuno, Convergence of transformations of differential equations to
normal forms, Dokl. Akad. Nauk. USSR 165 (1965), 987-989.

4. A. D. Bryuno, Analytical form of differential equations, I, Trans. Moscow
Math. Soc. 25 (1971), 131-288.

5. A. D. Bryuno, Analytical form of differential equations, II, Trans. Moscow
Math. Soc. 26 (1972), 199-239.

6. C. Camacho, On the local structure of conformal mappings and holomorphic
vector fields, Astérisque 59-60 (1978) 83-94.

7. S. Carleson and F. Gamelin, Complex dynamics, Springer, Berlin (1994).

8. H. Cremer, Zum Zentrumproblem, Math. An. 98 (1927), 151-163.

9. H. Cremer, Uber die Héufigkeit der Nichizentren, Math. Ann. 115 (1938),
573-580.

10. J. Ecalle, Les fonctions résurgentes. Tome I: Les algébres de fonctions
résurgentes, Publ. Math. Orsay 81-05, Université de Paris—Sud, Orsay
(1981).

11. J. Ecalle, Les fonctions résurgentes. Tome II: Les fonctions résurgentes ap-
pliquées a l’itération, Publ. Math. Orsay 81-06, Université de Paris—Sud,
Orsay (1981).

12. P. Fatou, Sur les équations fonctionnelles, I, Bull. Soc. Math. France 47
(1919), 161-271.

13. P. Fatou, Sur les équations fonctionnelles, II, Bull. Soc. Math. France 48
(1920), 33-94.

14. P. Fatou, Sur les équations fonctionnelles, 111, Bull. Soc. Math. France 48
(1920), 208-314.

15. B. Hasselblatt and A. Katok, Introduction to the modern theory of dynamical
systems, Cambridge Univ. Press, Cambridge (1995).

16. M. Herman, Recent results and some open questions on Siegel’s linearization
theorem of germs of complex analytic diffeomorphisms of C™ near a fized
point, Proc. 8" Int. Cong. Math. Phys., World Scientific, Singapore (1986),
138-198.

17. Y. S. I’yashenko, Nonlinear Stokes phenomena, Adv. in Soviet Math. 14,
Am. Math. Soc., Providence (1993), 1-55.

18. T. Kimura, On the iteration of analytic functions, Funk. Eqvacioj 14 (1971),
197-238.

19. G. Koenigs, Recherches sur les integrals de certain equations fonctionelles,
Ann. Sci. Ec. Norm. Sup. 1 (1884) 1-41.

20. L. Leau, Etude sur les equations fonctionelles a une ou plusieurs variables,
Ann. Fac. Sci. Toulouse 11 (1897), E1-E110.

21. B. Malgrange, Travauz d’Ecalle et de Martinet-Ramis sur les systemes dy-
namiques, Astérisque 92-93 (1981-82), 59-73.

ADVANCED COURSES OF MATHEMATICAL ANALY SIS III - Proceedings of the Third International School

© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6879.html



Discrete holomorphic local dynamics in one complex variable 27

22. B. Malgrange, Introduction auz travauz de J. Ecalle, Ens. Math. 31 (1985),
261-282.

23. S. Marmi, An introduction to small divisors problems, LE.P.I1., Pisa (2000).

24. J. Milnor, Dynamics in one complex variable, Vieweg, Braunschweig (2000).

25. R. Pérez—Marco, Sur les dynamiques holomorphes non linéarisables et une
conjecture de V.I. Arnold, Ann. Sci. Ecole Norm. Sup. 26 (1993), 565-644.

26. R. Pérez—Marco, Topology of Julia sets and hedgehogs preprint (1994).

27. R. Pérez—Marco, Non-linearizable holomorphic dynamics having an uncount-
able number of symmetries, Invent. Math. 199 (1995), 67-127.

28. R. Pérez—Marco, Holomorphic germs of quadratic type, preprint (1995).

29. R. Pérez—Marco, Hedgehogs dynamics, preprint (1995).

30. R. Pérez—Marco, Sur une question de Dulac et Fatou, C.R. Acad. Sci. Paris
321 (1995), 1045-1048.

31. R. Pérez—Marco, Fized points and circle maps, Acta Math. 179 (1997), 243—
294.

32. R. Pérez—Marco, Linearization of holomorphic germs with resonant linear
part, preprint (2000).

33. R. Pérez—Marco, Total convergence or general divergence in small divisors,
Comm. Math. Phys. 223 (2001), 451-464.

34. A. A. Shcherbakov, Topological classification of germs of conformal mappings
with identity linear part, Moscow Univ. Math. Bull. 37 (1982), 60-65.

35. C. L. Siegel, Iteration of analytic functions, Ann. of Math. 43 (1942), 607—
612.

36. S. M. Voronin, Analytic classification of germs of conformal maps (C,0) —
(C,0) with identity linear part, Func. Anal. Appl. 15 (1981), 1-17.

37. J.-C. Yoccoz, Linéarisation des germes de difféomorphismes holomorphes de
(C,0), C.R. Acad. Sci. Paris 306 (1988), 55-58.

38. J.-C. Yoccoz, Théoreme de Siegel, nombres de Bryuno et polynémes quadra-
tiques, Astérisque 231 (1995), 3-88.

ADVANCED COURSES OF MATHEMATICAL ANALY SIS III - Proceedings of the Third International School

© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6879.html





