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strategies.) Let g~(x) denote this choice. Thus for s = 1, g~ E Xi (0, 1), while 
for s > 1, g~ is a mapping 

with g~(x) E X(x, s) 

where X(t) denotes all possible histories to time t, i.e., all vectors (x I' 
X 2 , ••• , xi' 0, 0, ... ) E X. A complete set of contingent choices of this type is 
called a strategy and is simply a sequence (g~, gL ... , g~, 0, 0, ... ), where 
g~ E X(O, 1) and for s > 1 g~ is as above. The set of all such strategies is 
called the strategy space for player i and is denoted Si(T). The strategy 
space for the game truncated at time T is just the cartesian product SeT) == 
x7~ I Si(T). Note that S(1) ~ S(2) ~ ... ~ S( co). This will allow u& to use 
the valuation functions of the untruncated games to assign payoffs to the 
truncated games. While the truncated games depend on which action is 
specified as the null action, we will later see that this is irrelevant for our 
results. 

The outcome function XS(g) assigns a strategy selection g E S( co) the 
outcome of the game that occurs when the initial history is XI"'" x s _ I and 
afterwards each player plays gi: 

XS(g) = z where for s > 1 

l;;;;t;;;;s~1 

t ~ max(s, 2). 
(2.4 ) 

We denote the outcome that occurs when each player plays gi from the start 
by XO (g). Note that X S 

(. ) E X follows from (2.2).4 
To illustrate these definitions consider in Example 2.1 the strategy by 

player one to "terminate in period three unless player two has already 
terminated, after period three don't terminate" which has the form 

gl = (0,0, gL 0, 0, ... ) 

I l ° x 2 = (0, 1) g3 = 
1 x 2 = (0,0) 

and the strategy by player two "never terminate" which is given by 

g2 = (0, 0, ... ). 

4 Consider the one-player game with outcome space X consisting of any sequence of finitely 
many "I's" followed by "O·s." Then x,=(I,O,O, ... )EX, x,=(I,I,O,O, ... )EX, but 
lim.,--.oo xn = (1, I, ... ) == Xoo E x. One possible strategy, however, is for g~(xn_') = I, that is, if 
I has always been played before then play it again: the outcome of this strategy would be a 
sequence of all I's, that is, xo(g) = Xoo E X. This pathology is avoided since (2.2) requires that 

Xoo E X. 
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Then for any x, XO(g) is the outcome that actually occurs, so 

while if the history before time 4 is YJ = (0, 0), Y2 = (0,0), and Y3 = (0, 0), 
then y4 (g) = 0. In other words if one reneges on his plan to terminate in 
period 3 neither player ever terminates. Finally, for 

z = «0,0)1' (0, 1)2' (0,0) ... ) 

(so that two does terminate in period 2) Z3(g) = z and one must (and does) 
choose the null action in period 3. 

We turn now to equilibrium in the games SeT). Rationality of all players 
implies that whatever the history of the game to date they should choose the 
optimal course of action. More precisely, every decision must be part of an 
optimal strategy for the remainder of the game. As there is no uncertainty at 
the beginning of each period, this rationality requirement can be imposed 
using Selten's [13] concept of a subgame-perfect Nash equilibrium. (Note 
that the subgame perfect and sequential equilibria coincide with the given 
information structure.) Radner's [8] concept of a subgame-perfect e-Nash 
equilibrium generalizes perfectness by assuming players may only be able to 
get within e of the optimal payoff. 5 

DEFINITION 2.2. g* E SeT) is a subgame-perfect e-Nash equilibrium (or 
simply e-perfect) if for each s ~ 0, history x, strategy g E SeT) and player i, 

(2.5) 

that is, if after no initial history can player i improve his payoff by more 
than e given the strategies of all players. 

Note that g-i denotes the cartesian product of all players' strategies 
except for that of player i. Note also that the restriction s ~ Tin (2.5) would 
be vacuous, since, with g, g* E SeT), for t> T gt = gi = 0. Finally, if e = ° 
the equilibrium is simply called perfect. 

One goal of this paper is to relate e-perfect equilibria of truncated games 
to perfect equilibria of the infinite game. To this end define the constants wT 

to be the greatest variation in any player's payoff due strictly to events after 
(T - 1): 

wT = sup IVi(X)_Vi(Z)I· 
l<,i<,N 

(2.6) 

X,ZEX 

x(T-J):z(T-J) 

5 As a model of bounded rationality e-perfect equilibrium combines almost-optimization 
with perfect knowledge of the game and perfect foresight. Levine 151 presents an alternative 
formulation. 
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At this point wT may be infinite, but we argue later that most games of 
interest in economics have wT 

--+ 0 as T --+ 00. 
The idea behind the limit theorem of the next section is revealed in 

LEMMA 2.l. 

(A) h* e-perfect in SeT) is (e + wT)-perfect in S(oo). 

(B) g* e-perfect in S( 00) then h* == g*(T) == (gt, gt,···, gi, 0, 0, ... ) is 
(e + 2wT)-perJect in SeT). 

The point is that strategies in S( 00) differ from strategies in SeT) only 
after time T and thus by (2.6) have payoffs within wT of the truncated 
strategies. Formally we just add inequalities. 

Proof (A) Let g E S( 00) and let x and s be given. Set h = geT) == 
(g l' g 2"'" g TO 0, ... ). By assumption 

while since hand g differ only after T, by definition 

Vi(XS(gi, h * ~i») _ Vi(xS(hi, h * ~i» ~ wT. 

Adding (2.7) to (2.8) shows 

Vi(XS(gi, h* ~i» - Vi(xS(h*» ~ e + wT. 

Since g, x, and s are arbitrary (2.9) implies h * is (e + wT)-perfect. 

(2.7) 

(2.8) 

(2.9) 

(B) Let hE S(T), and x, s be given. Since g* is e-perfect in S( 00) 

Since h * and g differ only after T 

and also 

Adding (2.10), (2.11), and (2.12) shows 

Vi(xsW, h* ~i» - Vi(xS(h*» ~ e + 2wT, 

and thus h* is (e + 2WT) perfect. 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

Q.E.D. 
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3. CONTINUITY AND LIMIT EQUILIBRIA 

This section contains our main result: a strategy selection is perfect in 
S( (0) if and only if it is the limit as T ---'> 00 and ET ---'> 0 of ET -perfect 
equilibria in SeT). Before proving this result we must discuss the continuity 
of the valuation functions and the convergence of equilibria. This requires 
that we define topologies on X and S( (0). 

Recall that XeX':?=IRMN =B. The metric 

d(x, z) == sup[(ljT) min{lxT ~ zTI, I} 1 (3.1 ) 
T 

induces the product topology on B.6 Hereafter all statements about 
continuity, convergence, etc., will be with respect to this topology (relativized 
to X). 

Having introduced a topology on X we now discuss continuity of the 
valuation function V: X ---'> R N

, which we refer to as continuity of the game. 
Continuity implies that events in the far distant future don't matter very 
much. While this may not be a good assumption in planning models, such as 
that of Svenson [14], it is a natural assumption about the preferences of 
individual economic agents. 

DEFINITION 3.1. V is uniformly continuous if for all x n, zn eX, 
(xn ~ zn) ---'> 0 implies I V(xn) ~ V(zn)l---'> O. 

Although we shall only be interested in uniformly continuous games, this 
restriction may not be necessary for our limit theorem. However, many 
games of interest to economists are uniformly continuous. 

Recall that wT is the greatest variation in any player's payoff due solely to 
events after T. The idea that the future doesn't matter very much is captured 
by requiring wT 

-> O. 

DEFINITION 3.2. (X, V) is continuous at infinity iff wT 
---'> 0 as T ---'> 00. 

An important fact is that uniform continuity implies continuity at infinity. 

LEMMA 3.1. (X, V) uniformly continuous implies (X, V) continuous at 
infinity. 

This follows simply from unwinding the definitions. 
A supergame has wT constant over time and is not continuous at infinity. 

Thus our analysis will not apply to super-games. A repeated game (Example 

6 See Munkres [7, p. 123]. 
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and two, must decide how to partition a pie of size one. Both players have a 
common discount factor fJ and a utility function linear in pie. In odd periods 
player one proposes a partition which player two accepts or rejects. 
Similarly, in even periods, two makes proposals. Play begins with player one 
in period one. Play ends when a proposal is accepted. Thus if a partition s is 
accepted in period k, player one gets a present value of fJks and two 
fJk(1 - s). 

We will show that this game has a unique infinite-horizon perfect 
equilibrium. To do so we will demonstrate that, for any history x and time t, 
if T is big enough all 2wT-equilibria have the player moving at t making an 
offer his opponent accepts in the same period. We then use this fact to show 
that the offer by player one on an odd move k converges to 1/(1 + fJ) as 
T -+ 00 and wT -+ O. By symmetry this is also true of player two's offers. It 
follows directly that the acceptance sets of both players converge. The 
convergence of offers and acceptance sets implies that the corresponding 
strategies (when properly written out in the formalism of this paper) must 
converge. Thus the infinite-horizon equilibrium is unique. 

We recall the convention that a partition is the amount of pie going to 
player one. Let e(k) == fJk(1 - fJ)/3. If T> k we claim all e(k)-equilibria in 
SeT) stop immediately. Assume without loss of generality k is odd so that 
one proposes the partition at k. If two doesn't accept one's proposal either no 
agreement is reached or two gets 1 - s in period k + j. So two must accept 
any proposal promising him a present value of more than fJk+j(1 - s) + e(k). 
In other words, if one proposes a partition of 1 - fJj(1 - s) - fJ-ke(k) it will 
be accepted. If he is to make a proposal that is refused he must ultimately 
get more than this: 

(5.1) 

This implies 

(5.2) 

which contradicts our assumption. Since wT 
-+ 0 when T is big enough 

2w T < e(k) and at time k player one must make two an offer he can't refuse. 
We continue to consider a 2wT-perfect equilibrium. Let Sk be the largest 

(sup) proposal one makes at k and ~k the smallest (inf). If 2w T is small 
enough these proposals will be accepted by two and the game ends. Thus at 
k one gets a present value of at least fJk~k and no more than fJkSk. Now 
consider one's decision in period k - 1 to accept or reject two's offer. If two 
proposes more than fJl-k(fJkSk + 2WT) one must accept since he can't get 
more than fJk Sk by continuing. Similarly he'll reject proposals of less than 
fJl-k(fJk~k - 2w T

). Since two's proposals must be irresistable they won't be 
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less than fJI~k(fJk~k - 2WT) and two certainly won't be offered more than 
fJI~k(fJkSk + 4wT). Reasoning as above, this means that at k - 2 two accepts 
proposals offering him more than fJ2~k{fJk~I[I-fJI~k(fJk~k - 2WT)] + 2WT} 
and rejects proposals offering him less than 

As before this implies that 

Sk~2 = 1-fJ2~k{fJk~I[1-fJI~k(jJkSk + 4WT)]- 2WT} 

~k~ 2 = 1 _ fJ2 ~k {fJk~ I [1 - fJI ~k(fJk~k - 2WT)] + 4WT}. (5.3) 

The claim we wish to establish is that as T ---+ 00 S\ ~k ---+ 1/(1 + fJ). Since 
the mapping in (6.3) is a contraction as we work it backwards from period 
k + j, j large, Sk approaches [1/(1 + fJ)] + CJw T and ~k approaches 
11/(1 + fJ)]- CJw T. Letting wT ---+ 0 and noticing that CJ is independent of T 
yields the desired conclusion. 

6. SEQUENTIAL EQUILIBRIA 

In this section we extend our analysis to allow for uncertainty and mixed 
strategies in finite-action games. We use Kreps-Wilson's [4] concept of a 
sequential equilibrium to model rationality in this setting. In each period t 
"nature" makes a random move e/. Players are only partially aware of the 
result of this move. Player i observes only a signal 0; E e; c RM

, where e; is 
a finite set. For simplicity we assume 0/ = (0:, OJ, ... , O~) so that players 
would know 0/ if they pooled their knowledge. Any additional uncertainty 
(on the part of all players) can be incorporated directly into payoffs via 
expected utility. Naturally the payoff functions Vi are defined on e X X, 
where e == x~ I x~ ~ I e;. We give e X X the product topology and define 
continuity at infinity and uniform continuity over e X X rather than just X. 

Decisions by agents are based on their probabilistic beliefs about past and 
future values of 0/; these beliefs reflect private information 0; and infor­
mation revealed by the play of opponents as revealed by the history of the 
game. Let ei (T) == Xi~ I e;. A system of beliefs for player i is sequence of 
mappings p~ with domain ei(s - 1) X Xes - 1) and ranging over the space of 
probability measures on e(s - 1); it represents beliefs about past outcomes 
given current information. Since e(s - 1) and Xes - 1) are finite p ~ may be 
viewed as a vector in a finite-dimensional vector space B~i. 

To characterize an agent's play requires specifying both his beliefs and the 
strategy he chooses. Analogous to our previous definition a strategy for 
player i is a sequence of mappings g~ with domain e i (s - 1) X Xes - 1). 
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Now, however, we wish to allow mixed strategies so that g~ ranges over the 
spar;e of probability measures on Xi(X, s). Since r-i(s - 1) X Xes - 1) and 
Xi(X, s) are finite sets g~ may be viewed as a vector in a finite-dimensional 
vector space B ;;. 

The overall play of an agent is called an assessment: it is a system of 
beliefs (uL .uL···) and a strategy (gL gL ... ) for each agent i. The space of all 
possible assessments is denoted by A (OC!). Just as S( OC!) C X~ 1 B t so 
A(0C!)cX7~lX~1(Bi;XBn=B*. The product topology on B* then 
introduces a corresponding topology on A ( OC!). Note that we could have 
introduced an economically meaningful topology along the lines of the 
metric in (3.2). However, due to the finiteness of the game this will be iden­
tical to the product topology. We also have the notion of truncated 
assessment A (T) c A (OC!) in which g~ places unit probability weight on 
action zero for s> T. Finally, we may define U~xs(s) as the expected utility 
accruing to player i at time s when a is an assessment selection and the 
expectation is taken according to i's probability beliefs conditional on the 
history x and the private information available from B. 

With this setup we can define a sequential e-equilibrium, following Radner 
[8] and Kreps-Wilson [4]. 

DEFINITION 6.1. A sequential e-equilibrium is an assessment selection 
(}l*,g*) such that 

(1) The strategy g* 1 is e-optimal for each player given his beliefs and 
the play of opponents for all i, B, x and s, 

(2) Agents beliefs are consistent with Bayes law in the sense that there 
is a sequence (un, gn) converging to (u*, g*) with gn placing positive weight 
on every possible outcome and .un derived from Bayes law. 

Our goal is to show that the limit theorem 3.3 holds for this new model 
with "assessments" replacing "strategies." To do this we must reprove the 
truncation lemma 2.1, Lemma 3.2 showing that the set of e-equilibria is 
closed, and Theorem 3.3 itself. With the exception of Lemma 3.2 all proofs 
go through verbatim by merely changing the notation to replace "strategies" 
by "assessments." Lemma 3.2 follows quite easily from part (2) of Definition 
6.1: sequential equilibria are well behaved with respect to limiting 
operations. Note that this would not be the case had we chosen to work with 
"trembling-hand perfect" equilibria. 

We can now prove an existence result. Since A ( OC!) is the product of 
compact sets in the product topology it is itself compact. From Kreps­
Wilson we know there is a sequential equilibrium a T in each A (T). Since 
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A ( 00) is compact these have a subsequence converging to a * E A ( 00). By 
the limit theorem a* is a sequential equilibrium. Thus we have demonstrated 

THEOREM 6.1. Continuous (at infinity) finite-action games with 
imperfect information have mixed-strategy sequential equilibria. 

7. CONCLUSION 

In games which satisfy an economically appealing continuity requirement, 
infinite-horizon equilibria coincide with the limits (as T ---> 00) of c T_ 

equilibria of the finite-horizon truncated games. Because finite-horizon 
equilibria are easier to work with than infinite-horizon ones, this theorem 
provides a powerful tool for analyzing infinite-horizon games. It can be used 
to compute answers to such questions as the existence and uniqueness of 
infinite-horizon equilibria. 

While our analysis examines only simultaneous-move extensive-form 
games, it can easily be extended to cover other economic models such as 
strong perfect equilibrium, and "state space" games, in which payoffs and 
strategies depend not on all history but on a finite vector of "state" 
variables. 7.8 As a technical matter all that is required is to prove an analog 
of Lemma 2.1 and to find some reasonable notion of the convergence of 
strategies. 
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