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Fig. 7. Iso-Mp lines in the (fo,U) phase diagram. This graphical construction allows
one to make the connection between the (fo, U) phase diagram of Fig. 6 and the (Mo, U)
phase diagram of Fig. 4. We can vary the energy at fixed initial magnetization by fol-
lowing a dashed line. The intersection between the dashed line and the curve Umin (fo)
determines the minimum energy U,,in(Mp) of the homogeneous phase. The intersection
between the dashed line and the curve Uc(fo) determines the energy U.(Mop) below which
the homogeneous phase becomes unstable.

with A(Af) = m and B(Af) = 1 (332‘936)2 — %, which are easily rep-
resented in the (fo,U) phase diagram (see Fig. 7). As an immediate conse-
quence of this geometrical construction, we can recover the minimum energy
of the homogeneous phase for a fixed initial magnetization My (or Af). In-
deed, for a given Af, the homogeneous phase exists iff Unp(fo) = Umin(fo)

leading to

72 — (AG)?

2 < 2 == 39
fo < (fo)as 4872 sin® A6 (39)

This corresponds to U > Upin(Mo) = Uns{{fo)as) leading to

1 sin? A9
U 2 Unin(Mp) = 3 (m + 1> ) (40)
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Fig. 8. Zones of metastability in the (fo, U) phase diagram. In region (I), the homoge-
neous phase is {ully stable and the inhomogeneous phase is inexistent. In region (1) the
homogeneous phase is fully stable and the inhomogeneous phase is metastable. In region
(I1I) the homogeneous phase is metastable and the inhomogeneous phase is fully stable.
In region (IV) the homogeneous phase is unstable and the inhomogeneous phase is fully
stable. The three curves separating these regions connect themselves at the tricritical
point. In region (V) the homogeneous phase is inexistent. The corresponding caloric
curves as well as the absolute minimum energy Upsrn (fo) of the inhomogeneous phase
will be determined in a future contribution.

which is identical to (22). Note again that A is related to My by Eq. (14).
Figure 7 is in good agreement with the structure of the phase diagram
in the (U, Mp) plane. Indeed, along an iso-Mj line, we find that for large
energies U > U (M;) the homogeneous phase is stable and for low energies
U < U.(Mg) the homogeneous phase becomes unstable. In that case, there
is no re-entrant phase.

In,'0 only the stability of the homogeneous phase has been studied, i.e.
whether it is an entropy maximum at fixed mass and energy or not. The
question of its metastability, i.e. whether it is a local entropy maximum with
respect to the inhomogeneous phase, has not been considered. However,
considering Fig. 7 and comparing with the results of,12 we conclude that
there must exist zones of metastability in the (fo,U) phase diagram. They



24

have been represented in Fig. 8. In region (I) the inhomogeneous phase
does not exist while the homogeneous phase is fully stable. In region (II),
the inhomogeneous phase appears but is metastable while the homogeneous
phase is fully stable. In region (III), the inhomogeneous phase becomes fully
stable while the homogeneous phase becomes metastable. In region (IV),
the homogeneous phase becomes unstable while the inhomogeneous phase
is fully stable. The three curves separating these regions connect themselves
at a tricritical point. This is clearly the same as in Fig. 4. Using Eqs. (36),
(37), (14) we find that it corresponds to

U,=0608...., (Mo), =0.1757... (41)

with Af, = 2.656.... Therefore, the phase diagrams in (fo, U) and (Mo, U)
planes are fully consistent. Note, however, that the physics is different
whether we vary the energy at fixed fy or at fixed Mp. In particular, there
is no “re-entrant” phase when we vary the energy at fixed My'? while a
“re-entrant” phase appears when we vary the energy at fixed fo.1°

7. Conclusions

In this paper, we have discussed the emergence of out-of-equilibrium Quasi
Stationary States (QSSs) in the Hamiltonian Mean Field (HMF) model, a
paradigmatic representative of systems with long-range interactions. The
analysis refers to a special class of initial conditions in which particles are
uniformly occupying a finite portion of phase space and the distribution
function takes only two values, respectively 0 and fp. The energy can be
independently fixed to the value U.

The Lynden-Bell maximum entropy principle is here reviewed and
shown to result in a rich out-of-equilibrium phase diagram, which is conve-
niently depicted in the reference plane (fo,U).!°® When considering a rect-
angular water—-bag distribution the concept of initial magnetization, My,
naturally arises as a control parameter and the different QSSs phases can
be represented in the alternative space (Mp, U).!? In both settings first and
second order phase transitions are found, which merge together in a tri-
critical point. These findings have been tested versus numerical simulation
n,'? where the adequacy of Lynden-Bell theory was confirmed.

A formal correspondence between the two above scenarios is here drawn
and their equivalence discussed. It is worth mentioning that swapping from
one parametric representation to the other allows us to put the focus on in-
triguingly different physical mechanisms, as it is the case of the “re-entrant”
phases discussed in Section 6.
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Further, in this paper, we have provided an analytical characterization
of the domain of existence of the Lynden-Bell spatially homogeneous phase
and investigated its stability. Homogeneous QSS are also expected to oc-
cur for U > U, = 3/4, a claim here supported by dedicated numerical
simulations.

Despite the fact that Lynden-Bell’s theory results in an accurate tool to
explain the peculiar traits of QSSs in HMF dynamics, one should be aware
of the limitations which are intrinsic to this approach. Most importantly,
Lynden-Bell’s recipe assumes that the system mixes well so that the hy-
pothesis of ergodicity, which motivates the statistical theory (maximization
of the entropy), applies. Unfortunately, this is not true in general. Several
example of incomplete violent relaxation have been identified in stellar dy-
namics and 2D turbulence (see some references in?®) for which the QSSs
cannot be exactly described in term of a Lynden-Bell distribution. Also in
this case, however, the QSSs are stable stationary solution of the Vlasov
equation and novel analytical strategies are to be eventually devised which
make contact with the underlying Vlasov framework.
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