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Chapter 0

Elements of Differential Calculus

over Commutative Algebras

In this chapter all necessary notions and facts forming the starting point of

the further exposition are collected. First of all this is done in order to make

this book self-contained modulo ‘undergraduate’ mathematics. The sug-

gested reference textbooks are [Singer and Thorpe (1976)] and [Mac Lane

and Birkhoff (1967)]. On the other hand, we present some standard elemen-

tary topics in a different perspective which better fits our goals. The book
[Nestruev (2003)] is highly recommended to the reader who is interested in

better understanding the origin and motivation of the algebraic approach

to Differential Calculus we follow in this book. Basically, terms that are

not explicitly defined here are tacitly assumed to be borrowed from the

aforementioned books (in reverse order of priority).

0.1 Algebraic Tools

In this section the needed algebraic terminology is set up. The degree of

generality is tuned in view of applications in the subsequent exposition.

0.1.1 General Conventions

All rings are assumed to posses the identity element 1 (but not all rings

will be commutative); all ring homomorphisms are assumed to preserve

the identity element. A k-algebra is not necessarily commutative, but the

base ring k is always assumed to be commutative. Nevertheless, most of

the algebras considered here will be commutative. In particular, in most

cases there will be no distinctions between left and right modules. When

the distinction takes place, ‘module’ stands for ‘left module’. The dual

module Hom (P,A) of an A-module P will be denoted by P_. We say that

1
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a projective and finitely generated A-module P has constant rank r if for

all maximal ideals m of A the dimension of the A/m–vector space P/mP

is r.

There will be generally no a priori choices for universal constructions.

For instance, ‘direct sum’ and ‘coproduct’ in thus book are synonymous.

When a direct sum, tensor product, extension of scalars, etc., is invoked, the

reader may fix any object that satisfies the appropriate universal property,

unless a particular choice is explicitly indicated.

As usual, graded algebras and graded modules will be ‘internally graded’,

that is, direct sums of their components (cf. [Mac Lane and Birkhoff (1967),

Chap. XVI, Appendix to Sect. 3 (p. 546)]). The index set will always be

N0 = {0, 1, 2, . . .}, homogeneous components will be denoted by subscripts

and a component with a negative subscript will be zero by convention. If

A is a graded k-algebra and P is a graded k-module equipped with a ‘k-

compatible’ A-module structure, then P will be called a graded A-module,

provided that (1)

arps ∈ Pr+s, ar ∈ Ar, ps ∈ Ps .

A graded k-algebra A will be called commutative if it is commutative as a

ring; it will be called graded commutative (2) if

ara
0
s = (−1)

rs
a0

sar, ar ∈ Ar, a
0
s ∈ As

A homomorphism

ϕ : P → Q

of graded k-modules will be called a graded homomorphism of n-th degree

(n ∈ Z) if for all s,

ps ∈ Ps =⇒ ϕ (ps) ∈ Qs+n .

When P and Q are graded A-modules, with A being a graded commutative

k-algebra, ϕ is a graded homomorphism of A-modules (of n-th degree), if,

in addition,

ϕ (arps) = (−1)rnarϕ (ps) , ar ∈ Ar, ps ∈ Ps .

If P andQ are itself graded k-algebras, ϕ will be a graded algebra homomor-

phism if it is both a ring homomorphism and a zeroth degree homomorphism

of graded k-modules.

1As usual, the components of the direct sums (=coproducts) A and P are identified
here with their images through the natural monomorphisms Ar ↪→ A and Ps ↪→ P .
2The definition of a commutative graded algebra given in [Mac Lane and Birkhoff

(1967), Chap. XVI, Sect. 4 (p. 551)] corresponds to the present definition of a graded

commutative algebra.
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In this book, a cochain complex (or, for short, complex ) is a graded

module P together with a first degree homomorphism d : P → P such that

d ◦ d = 0, which is called differential. If (P , d) and
�
P 0, d0

�
are complexes, a

zeroth degree homomorphism ϕ : P → P 0 will be called a homomorphism of

complexes or a cochain homomorphism, if it commutes with the differentials,

i.e., ϕ ◦ d = d0 ◦ϕ.

Commutators will always be understood in the sense of ring theory, i.e.,

[a, b] = ab− ba. If A is a graded k-algebra then the graded commutator of

ar ∈ Ar and a0
s ∈ As will be

[ar, a
0
s]

(gr) def
= ara

0
s − (−1)rs a0

sar .

Similarly, if P is a graded k-module and ϕr, ψs are graded endomorphisms

of P of r-th and s-th degree, respectively, then the graded commutator of

ϕr and ψs is the graded endomorphism [ϕr, ψs]
(gr)

= ϕr◦ψs−(−1)
rs
ψs◦ϕr.

0.1.2 Di�erential Operators

Let A be a commutative k-algebra, with k being a field, and P , Q modules

over A. If a ∈ A and ∆ : P → Q is a k-homomorphism, the commutator

[∆, a] : P → Q

makes sense provided that a is identified with the multiplication by a op-

erators in P and Q, respectively. Define inductively

Diff0(P,Q)
def
= HomA(P,Q) = {∆ : [∆, a] = 0 ∀a ∈ A},

Diffn(P,Q)
def
= {∆ : [∆, a] ∈ Diffn�1(P,Q) ∀a ∈ A},

Diff(P,Q)
def
=
[

n

Diffn(P,Q) .

Equivalently, ∆ ∈ Diffn(P,Q) if and only if

[. . . [[∆, a0] , a1] , . . . , an] = 0, ∀a0, a1, . . . , an ∈ A .

These sets admit two natural A-module structures

a∆
def
= a ◦∆, a+∆

def
= ∆ ◦ a .

The notation Diff(P,Q) usually refers to the first one, while Diff+(P,Q)

is used for the second, and Diff(+)(P,Q) is used to denote the bimodule.

Elements of these modules are called linear differential operators from P

to Q. The interested reader is referred to [Nestruev (2003), 9.66, 9.67] for

more details.
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0.1.3 Derivations

Let A be a commutative k-algebra and P an A-module. A derivation of A

into P is a linear over k function

∆ : A→ P

that fulfills the Leibnitz rule

∆(ab) = a∆(b) + b∆(a), a, b ∈ A .

Such a function is sometimes also called k-derivation (this may be useful

when more than one algebra structure on the same ring are under consid-

eration). The set of all derivations of A into P , equipped with the natural

A-module structure

(a∆) (a0)
def
= a (∆ (a0)) , a, a0 ∈ A ,

will be denoted by D(P ), or sometimes by Dk(P ). In particular, D(A) is the

A-module of all derivations of A into itself (often shortly called ‘derivations

of A’). Take notice that D(A) is not, generally, a subring of Endk (A) (with

the operation of function composition). However, it is easily checked that

the commutator of elements of D (A) lies again in D (A) (see, e.g., [Nestruev

(2003), 9.53]).

If ϕ : A → B is a homomorphism of commutative k-algebras, a deriva-

tion along ϕ will be a derivation A→ B with B considered as an A-module

via ϕ. The set of all derivations along ϕ, equipped with the natural B-

module structure

(b∆) (a)
def
= b (∆ (a)) , a ∈ A, b ∈ B ,

will be denoted by D(A)ϕ.

Let A be a graded commutative algebra. An n-th degree graded module

endomorphism ∆ : A → A is called a graded derivation of A (into itself) if

it fulfills the following graded Leibnitz rule:

∆(asa
0) = ∆(as)a

0 + (−1)nsas∆(a0), as ∈ As, a
0 ∈ A ,

for all s.

0.1.4 Additive Functions on Tensor Products

Let A be a commutative ring. As usual, an A-module homomorphism

P ⊗Q→ R
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will often be determined by means of an assignment such as

p⊗ q 7→ b(p, q) ,

provided that the expression b(p, q) is A-bilinear. Occasionally in this book,

there will be needed functions P ⊗ Q → R that are not A-module homo-

morphisms. To recognize if an assignment

p⊗ q 7→ f(p, q) ,

gives a well-defined additive function, it suffices to check that f : P×Q→ R

is biadditive and satisfies

f(ap, q) = f(p, aq), a ∈ A, p ∈ P, q ∈ Q

(see, e.g., [Hilton and Stammbach (1971), Chap. III, Theorem 7.2]).

0.1.5 Some Basic Facts

Let ϕ : A → B be a homomorphism of commutative rings, P , P1, . . . , Pn

modules over A, Q a module over B, QA the A-module obtained from Q

by restriction of scalars, PB , P1B , . . . , PnB the B-modules obtained from

P , P1, . . . , Pn by extension of scalars, and ν : P → PB , ν1 : P1 → P1B , . . .,

νn : Pn → PnB the universal homomorphisms. In the sequel the following

simple facts are supposed to be known.

(1) If P is projective, then PB is projective (see, e.g., [Nestruev (2003),

11.52]).

(2) For every multilinear function of A-modules

b : P1 × · · · × Pn → QA ,

there is exactly one multilinear function of B-modules

b : P1B × · · · × PnB → Q

such that

b = b ◦ (ν1 × · · · × νn) .

(3) In the above situation, if P1 = · · · = Pn and b is alternating or sym-

metric, then b is, respectively, alternating or symmetric.

(4) There exists exactly one graded A-homomorphism between (fixed) ex-

terior algebras ^�
QA →

^�
Q

such that the first degree component is the identity map of Q (3).

3As usual, the first degree components of tensor, symmetric and exterior algebras of a
module are supposed to be identified with the module itself. We use the symbol

V
• for

exterior algebras.
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(5) The graded algebra obtained from
V�P by extension of scalars is an

exterior algebra of PB :

B ⊗A

�^�
P
�

=
^�

(B ⊗A P )

(it follows form (3)).

(6) If P is projective and finitely generated then the natural homomor-

phism P → P__
is an isomorphism (4).

(7) If either P or P1 is projective and finitely generated then the natural

homomorphism

P_ ⊗ P1 → Hom (P, P1)

is an isomorphism.

(8) If P is projective and finitely generated, then PB
_ is a module obtained

from P_ by extension of scalars via ϕ, where the universal homomor-

phism

µ : P_ → PB
_

is determined by

µ (α) (ν(p)) = ϕ (α(p)) , p ∈ P, α ∈ P_

(it follows from (7)).

(9) More generally, if P is projective and finitely generated, then

HomB (PB , P1B) is a module obtained from Hom (P, P1) by extension

of scalars via ϕ.

(10) If P is projective, finitely generated and of constant rank 1 then all its

endomorphisms are multiplication by scalars operators (5).

(11) There exists a natural decomposition

^�
(P ⊕ P1) =

^�
P ⊗

^�
P1

(see [Bourbaki (1989), Chap. III, Sect. 7.7]).

(12) If P is projective and finitely generated, then
Vn

P is projective and

finitely generated for all n ∈ N0 (it follows from (11)).

4This result and the following (7) easily follow from the fact that the natural homo-
morphisms involved are compatible with finite direct sums.
5It follows from (9) and Nakayama’s Lemma (see, e.g., [Atiyah and Macdonald (1969),

Proposition 2.6]; take also into account [Atiyah and Macdonald (1969), Chap. 2, Exer-
cises, n. 10 (p. 32) and Proposition 3.9]).
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0.1.6 Equivalence of Categories

A functor E : A → C is called an equivalence of categories if there exists

a functor F : C → A and natural isomorphisms η : IC
�
→ E ◦ F and

ε : F ◦ E
�
→ IA, where IA, IC denote the identity functors (see [Mac Lane

(1971), Chap. 4, Sect. 4 (p. 91)]).

Suppose that, in addition, the following triangular identities are fulfilled

for all objects C of C and A of A:

E (εA) ◦ ηE(A) = idE(A), εF(C) ◦ F (ηC) = idF(C) . (0.1)

Then η and ε determine an adjunction ϕ (6): see [Mac Lane (1971),

Chap. IV, Sect. 1, Theorem 2, (v) (p. 81)]; cf. also [Mac Lane and Birkhoff

(1967), Chap. XV, Sect. 8, Exercise 12 (p. 535)]. The transformation η is

called the unit and ε the counit of the adjunction. In this case the triple

(F , E , ϕ) is called an adjoint equivalence: see [Mac Lane (1971), Chap. IV,

Sect. 4 (p. 91)] (7).

A functor is said to be full if, for all pairs of objects, the map on mor-

phisms are surjective. The notion of a faithful functor is obtained by re-

placing ‘surjective’ with ‘injective’. Every equivalence E : A → C is a full

and faithful functor with the property that every object of C is isomorphic

to E(A) for some object A of A: see [Mac Lane (1971), Chap. IV, Sect. 4,

Theorem 1 (p. 91)]. By the same theorem, if a full and faithful functor

A→ C is such that every object of C is isomorphic to the correspondent of

some object of A, then it is part of an adjoint equivalence. In particular, if

η : IC
�
→ E ◦F and ε : F ◦ E

�
→ IA are natural isomorphisms, then E is part

of an adjoint equivalence. However, this does not imply, generally, that η

and ε satisfy the triangular identities (0.1), because the unit and counit

of the so-obtained adjoint equivalence do not necessarily coincide with η

and ε.

0.2 Smooth Manifolds

In this section, we recall some basic facts concerning the algebraic interpre-

tation of the theory of smooth manifolds. For additional information, see
[Nestruev (2003)].

6Be aware that, when ϕ is an adjunction of F : C → A to E : A → C in the sense of
our reference book [Mac Lane and Birkhoff (1967)], then the triple (F , E , ϕ) is called an
adjunction from C to A in [Mac Lane (1971)].
7In [Mac Lane (1971)], when an adjunction of F to E is determined by η and ε, it is

also denoted by 〈F , E , η, ε〉: see [Mac Lane (1971), Chap. IV, Sect. 1 (p. 81)].
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0.2.1 Dual Space

Let k be a field and A a commutative k-algebra. A k-point of A is a

k-algebra homomorphism

A→ k ;

the dual space |A| of A is the set of all k-points of A (8).

0.2.2 Geometric Algebras

Each element a in the commutative k-algebra A gives rise to the real func-

tion

ea : |A| → k

defined by the formula

ea (m)
def
= m (a) .

Plainly, the set eA = {ea : a ∈ A} is a subalgebra of the k-algebra of all

k-valued functions defined on |A| and

τ : A→ eA, a 7→ ea
is a surjective k-algebra homomorphism (cf. [Nestruev (2003), 3.4]). When

τ is an isomorphism (i.e., it is also injective), each a will often be identified

with ea, and therefore A with eA. This way, elements a ∈ A will be viewed

as functions |A| → k by means of the equality

a(m) = m(a) m ∈M,a ∈ A

(where the left-hand side is ‘abusive’, while the right-hand side is formally

correct; cf. [Nestruev (2003), 3.8]).

De�nition. When k = R and τ is an isomorphism, the commutative R-

algebra A is said to be geometric (9).
8This definition is taken from [Nestruev (2003), 3.4] with R replaced by an arbitrary field

k (cf. the footnote of [Nestruev (2003), Preface]). In [Nestruev (2003), Definition 8.4],
one may find an extension of this concept, for a K-point of A is introduced, with K ⊇ k
being a ring without zero divisors. When K = k, this notion reduces to the former,
up to an obvious identification of a k-point with its singleton. Readers acquainted with
schemes will easily recognize that K-points of A correspond to points of the k-scheme
Spec A with a residue field isomorphic over k to the quotient field of K (cf. [Hartshorne
(1977), Chap. II, Exercise 2.7]). It follows that |A| may be identified with the set of all
points of Spec A that are rational over k.
9Although this notion would make sense over an arbitrary field, a geometric algebra

will be always understood over the field R.
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0.2.3 Natural Topology

Let A be a geometric algebra. Among all topologies on the dual space |A|

such that all functions a ∈ A are continuous (with respect to the usual

topology of R), there obviously exists a weakest one. This is called the

natural topology on |A|. The dual space |A| will always be understood as a

topological space by means of its natural topology (10).

A basis for the natural topology of |A| is

B =
�
a�1 (U) : a ∈ A and U is open in the usual topology of R

	
;

cf. [Nestruev (2003), 3.12] (11).

0.2.4 Dual Map

If ϕ : A→ B is a homomorphism of geometric algebras, the map

|ϕ| : |A| → |B|, h 7→ h ◦ ϕ

will be called the dual map of ϕ.

Note that, for all a ∈ A,

ϕ(a) = a ◦ |ϕ|

(up to the identification introduced in n. 0.2.2). Thus, ϕ may be recovered

from |ϕ| (12).

It is easy to show that the dual map is continuous (see [Nestruev (2003),

3.19]).

10For algebras over an arbitrary field k, the topology which is customarily considered is
the Zariski topology, that is, induced on |A| from the usual Zariski topology of Spec A
(see [Nestruev (2003), 8.8–8.10]). It generally differs from the natural one when k = R;
however (a bit surprisingly) they coincide in the cases of our main interest. For instance,
with the help of [Nestruev (2003), 2.4, 3.16], it is not a difficult exercise to show this
fact in the case when A = C∞(U), the algebra of infinitely differentiable real-valued
functions on an open set U ⊆ Rn.
11It follows from

a−1
�
]a(m) − ε , a(m) + ε [

� \
a′−1

�
] a′(m) − ε , a′(m) + ε [

�
⊇ b−1

�
] − 1 , ε2 [

�

with a, a′ ∈ A, m ∈ M , ε > 0 and

b = (a − a(m))2 +
�
a′ − a′(m)

�
2

.

12The definition of the dual map could be given for non-geometric algebras, but with
this general setting, the assertion would be false (even over R).
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0.2.5

Let A, B be geometric algebras and

f : |B| → |A|

a map such that

a ∈ A⇒ a ◦ f ∈ B .

The correspondence

a 7→ a ◦ f

clearly preserves the algebra operations and therefore, it defines an R-

algebra homomorphism

ϕ : A→ B .

It is easily seen that f = |ϕ|.

0.2.6 Restriction Algebra

Let A be a geometric algebra and N a subset of |A|. Consider the set A|N
of all functions

N → R

that are locally restrictions of elements of A. This means that f ∈ A|N if

and only if every n ∈ N admits a neighborhood U in the subspace N ⊆ |A|

such that the restriction f |U coincides with a|U for some a ∈ A.

Plainly, A|N is a subalgebra of the R-algebra of all real-valued functions

on N . Following [Nestruev (2003), 3.23], the R-algebra A|N will be called

the restriction of A to N .

For each n ∈ N , define an evaluation homomorphism as

en : A|N → R, f 7→ f(n)

and, therefore, a map

µ : N → |A|N | n 7→ en .

Suppose that f ∈ A|N is such that f(h) = 0 for all h ∈ |A|N |. In

particular, f(en) = 0 for all n ∈ N . But f(en) = en(f) = f(n), hence

f(n) = 0 for all n ∈ N , that is, f = 0 in A|N . This shows that A|N is

geometric.

The restriction homomorphism is defined as the map

ρ : A→ A|N , f 7→ f |N .
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It is immediate to see that the composition

N
µ
−→ |A|N |

jρj
−→ |A|

is nothing but the inclusion map of N ⊆ |A|; moreover, it is not difficult

to check that µ is a homeomorphism onto its image (see [Nestruev (2003),

3.29]).

Finally, following [Nestruev (2003), 3.28], a geometric algebra A will be

said to be a complete algebra if the restriction homomorphism A → A|jAj

is surjective (pay attention to N = |A|).

0.2.7 Smooth Algebras

A smooth algebra is defined below as in [Nestruev (2003), 4.1]. The dimen-

sion n is allowed to be zero. With this respect, the reasonable convention

that all real-valued functions on the single-point Euclidean space R0 are

smooth is assumed, so that C1
�
R0
�
∼= R.

De�nition. A smooth algebra of dimension n is a complete (geometric)

algebra A that admits a finite or countable open covering {Ui}i2I of |A|

such that A|Ui
is isomorphic to C1 (Rn) for all i.

According to the above definition, R is a zero-dimensional smooth al-

gebra. The zero R-algebra may be considered as a smooth algebra of inde-

terminate dimension.

A smooth algebra with boundary (of dimension n) is defined in the same

way, with the only change being that now the algebras A|Ui
are allowed to

be isomorphic, either to C1(Rn) or to C1(Rn
H), with

Rn
H = {(r1, . . . , rn) ∈ Rn : r1 ≥ 0}

being the (upper) half-space and the smooth functions on it being defined

as restrictions of smooth functions on Rn (see [Nestruev (2003), 4.2]).

0.2.8 C∞{closed Algebras

According to [Nestruev (2003), Definition 3.32], a geometric algebra A is

said to be C1–closed if, for all f1, . . . fk ∈ A and g ∈ C1(Rk), the function

f : |A| → R, h 7→ g (f1(h), . . . , fk(h))

belongs to A.
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Proposition. Smooth algebras and (more generally) smooth algebras with

boundary are C1–closed.

Proof. See [Nestruev (2003), 4.4]. �

0.2.9 Smooth Manifolds

The Nestruev’s book presents two definitions of the term ‘smooth mani-

fold’ and discusses their interplay. Below, the algebraic definition (from
[Nestruev (2003), 4.1]) is assumed.

De�nition. A (smooth) manifold is a pair (M,A), such that A is a smooth

algebra and M = |A| is the dual space of A.

Although M is determined by A, to make a concession to geometric

intuition, it is generally said that

M is a smooth manifold

and A is often implicitly assumed as given. Since smooth algebras are geo-

metric by definition, the convention of n. 0.2.2 and 0.2.3 apply. Accordingly,

M will be considered as a topological space and the elements of A will be

identified with real-valued functions by means of the equality

a (m) = m (a) m ∈M,a ∈ A .

They will be called smooth functions on M . The algebra of smooth functions

A on M is generally denoted by C1(M).

The definition of a (smooth) manifold with boundary is plainly obtained

from Definition 0.2.9 by replacing ‘smooth algebra’ with ‘smooth algebra

with boundary’.

0.2.10 Smooth Maps

De�nition. Let M and N be smooth manifolds, possibly with boundary.

A smooth map of N into M is the dual map |ϕ| of some R-algebra homo-

morphism

ϕ : C1(M)→ C1(N) .

A diffeomorphism is a smooth map that admits a smooth inverse.



October 8, 2008 14:20 World Scientific Book - 9in x 6in FMaLC

Elements of Differential Calculus over Commutative Algebras 13

0.2.11 Associated Homomorphism

If f : N →M is a smooth map, according to n. 0.2.4, an R-algebra homo-

morphism ϕ : C1(M)→ C1(N) such that f = |ϕ| is uniquely determined.

De�nition. The homomorphism ϕ will be said to be associated with f and

denoted by f�.

0.2.12 Smoothness Condition

Proposition. A map f : N →M is smooth if and only if

a ∈ C1(M)⇒ a ◦ f ∈ C1(N)

and, in this case, f� is given by

a 7→ a ◦ f .

Proof. It trivially follows from nn. 0.2.4 and 0.2.5. �

As an immediate consequence we have that a composition g◦f of smooth

maps f : N →M and g : V → N is smooth and

(g ◦ f)
�

= f� ◦ g� ;

besides, the identity idM is smooth and id�
M = idC∞(M) (cf. [Nestruev

(2003), 6.6]).

Obviously, smooth manifolds, possibly with boundary, and smooth maps

constitute a category. Smooth manifolds without boundary constitute a full

subcategory which will be denoted by SMa (cf. [Nestruev (2003), 6.6]; the

subscript is to remind one that the algebraic definition is assumed).

0.2.13 Classical De�nition of Manifolds

An extensive discussion about the consistency of the algebraic setting about

smooth manifolds with the classical one is the matter of [Nestruev (2003),

Chap. 7]. The main equivalence theorems will be reported below, after a

little preparation.

To fix the definition of an atlas, the reader is referred to [Nestruev

(2003), 5.5]. See [Nestruev (2003), 5.17] for the notion of a smooth function

with respect to an atlas. When referring to [Nestruev (2003), Chap. 5], take

into account that the term ‘smooth manifold’ is used there with its standard

‘coordinate meaning’ (see [Nestruev (2003), 5.8]). If A, B are atlases on the

sets M , N , respectively, a map N →M will be said smooth with respect to

B and A if it is smooth in the sense of [Nestruev (2003), 6.14].
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Proposition. In the above notation, a map f : N → M is smooth with

respect to B and A if and only if, for every function a : M → R that is

smooth with respect to A, the function a ◦ f is smooth with respect to B.

Proof. See [Nestruev (2003), 7.16]. �

If A is a maximal atlas on a set M , that satisfies countability and Haus-

dorff conditions (see [Nestruev (2003), 5.7]), then (M,A) is what is called a

smooth manifold in the common usage. Maps are said to be smooth when

they are smooth with respect to the structure atlases. The so-obtained

category will be denoted by SMc (where the subscript is to remind the

‘coordinate’ definition).

0.2.14 Associated Atlas

Theorem. Let M be a smooth manifold (without boundary). Then M is

a Hausdorff topological space with a countable basis, and there is a unique

maximal atlas A on M such that the R-algebra of functions that are smooth

with respect to A equals C1(M).

Proof. The space M is Hausdorff by [Nestruev (2003), 3.13]. The fact

that M has a countable basis immediately follows from [Nestruev (2003),

7.8] and the fact that Rn has a countable basis. By [Nestruev (2003),

7.7], there exists an atlas A0 such that the algebra of functions that are

smooth with respect to A0 is C1(M). It is a simple consequence of the

definition of the compatibility of atlases that an atlas A00 determines the

same smooth functions as A0 if and only if it is compatible with A0. Hence,

the required atlas A is just the unique maximal atlas containing A0 (see
[Nestruev (2003), 5.5]). �

De�nition. The maximal atlas A will be said to be associated with M .

Let f : N → M be a map and A, B be the atlases associated with M ,

N , respectively. From Propositions 0.2.12 and 0.2.13, it follows that f is

smooth if and only if it is smooth with respect to B and A.

0.2.15

Theorem. Let (M,A) be an object of SMc and A the R-algebra of func-

tions that are smooth with respect to the atlas A. Then

(1) A is a smooth R-algebra (without boundary);
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(2) the map

θM : M → |A|, m 7−→ hm ,

where

hm : A→ R, f 7→ f (m) ,

is a homeomorphism.

Proof. See [Nestruev (2003), Theorem 7.2]. �

In the above notation, if a ∈ A, then a ◦ θ�1
M coincides with a as a

function on |A|. Therefore, Proposition 0.2.13 easily implies that θM and

θ�1
M are smooth with respect to the A and the atlas AjAj associated with

the smooth manifold |A|.

0.2.16 The Equivalence E : SMa → SMc

From n. 0.2.14 it immediately follows that the assignments

E(M,C1(M))
def
= (M,A), E(f)

def
= f ,

where A denotes the atlas associated with the smooth manifold M , define

a full and faithful functor

E : SMa → SMc .

According to n. 0.2.15, every object in SMc is diffeomorphic to the corre-

spondent through E of some object in SMa. Therefore, E is an equivalence

of categories (see n. 0.1.6).

More explicitly, denote by Ia and Ic the identity functors of SMa and

SMc, respectively, and, in notation of Theorem 0.2.15, let F : SMc →

SMa be the functor

(M,A) 7→
�
|A| , A

�
, f 7→ |ϕ|

with f : N →M and ϕ sending a ∈ A to a ◦ f . Then

M 7→ θM

defines a natural isomorphism

θ : Ic → E ◦ F ,

and

(M,C1(M)) 7→ |τM | ,

with τM being the identification isomorphism of C1(M) (see n. 0.2.2),

defines a natural isomorphism

ε : F ◦ E → Ia .
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0.2.17

It is easy to see that, in addition, E and F are part of an adjoint equivalence

with unit θ and counit ε, that is, the triangular identities (0.1), p. 7, are

satisfied (with θ in place of η).

0.2.18

Some basic results about smooth manifolds that are well-know in the co-

ordinate approach will sometimes be used: on the basis of the equivalence

theorem, recognizing their validity in the algebraic setting is a matter of

straightforward details. The same remark holds for the extension of these

results to manifolds with boundary (cf. [Nestruev (2003), 5.14, 7.12]). By

these reasons, references to elementary results about ‘coordinate smooth

manifolds’ will often be applied to ‘algebraic smooth manifolds with bound-

ary’ with no more explanations, except when in the presence of some non-

trivial details.

0.2.19

By the equivalence theorem, each manifold (M,A) in the classical sense

could be identified with the corresponding manifold (|A| , A), with A being

the algebra of smooth functions in the classical sense (i.e., smooth with

respect to A; cf. [Nestruev (2003), 7.19]). In the formal setting of this

book, it will not be necessary to make use of this identification, with the

following exception. An open subset U of a finite-dimensional vector space

E over R, which is canonically an object of SMc (through whatever vector

space isomorphism E
�
→ Rn), will be identified with a smooth manifold

through the map

θU : U
�
→ |A|

defined in the statement of Theorem 0.2.15. This identification will partic-

ularly be used for the whole space E and for open subsets of Rn.

Note that each function on |A| is identified with the function f ◦θ on U .

This way, real-valued functions on |A| that are smooth according to n. 0.2.9

are identified with functions on U ⊆ Rn that are smooth in the ordinary

sense (i.e., infinitely differentiable). This identification is the same as that

in n. 0.2.2.
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0.2.20 Submanifolds

Let M be a smooth manifold, possibly with boundary, N be a subset of M

and set A = C1 (M). Recall that if µ and ρ are as in n. 0.2.6, then the

composition

N
µ
−→ |A|N |

jρj
−→M

is the inclusion map of N ⊆ M and µ maps N homeomorphically onto

its image.

Suppose that h ∈ |A|N | and set n = |ρ|(h). For all a ∈ A|N there exists

a function b ∈ A that coincides with a locally around n because of the

definition of A|N . Exploiting [Nestruev (2003), 4.17, (ii)] (13), one finds

f ∈ A such that f(n) = 1 and aρ(f) = ρ(bf). It follows that

h(a) = h(a)f(n) = h(a)h (ρ(f)) = h (aρ(f))

= h (ρ(bf)) = b(n)f(n) = b(n) = a(n) .

Hence h = µ(n). This shows that µ is surjective and, hence, a homeomor-

phism. (See also [Nestruev (2003), 3.32–3.33] for a more general discussion.)

De�nition. If A|N is smooth then the manifold |A|N | will be called a

(smooth) submanifold of M and the smooth map |ρ| : |A|N | → M the

embedding of |A|N |.

The definition of a submanifold with boundary (and of its embedding)

is the same, but with the weakened requirement that A|N be smooth with

boundary.

Since the embedding |ρ| : |A|N | →M corresponds, through the homeo-

morphism µ : N → |A|N |, to the inclusion of N , it maps |A|N | homeomor-

phically onto N . Thus, the term ‘embedding’ is correct from a topological

viewpoint.

Points of |A|N | will be identified with their images through the embed-

ding (hence through µ�1). Thus, |A|N | may be identified with N . Accord-

ingly, a submanifold N ⊆M may be introduced by shortly saying

let N be a submanifold of M .

Note that each function |A|N | → R is identified with the function a◦µ :

N → R. By the definition of µ, smooth functions on |A|N | are so identified

with elements of A|N , so as to be consistent with n. 0.2.2. Therefore, A|N
may be denoted by C1(N).
13Plainly, this result holds for a manifold with boundary as well.
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If N is an open subset of M then A|N is always a smooth algebra,

possibly with boundary. Therefore, an open submanifold of M is nothing

but an open subset of M , considered as a manifold according to the above

introduced identification.

Now suppose that C is a closed subset of M . Taking into account the

definition of the restriction algebra and using a suitable partition of unity,

one easily proves that the restriction homomorphism

ρ : C1(M)→ C1(M)|C

is surjective. On the other hand, it is not difficult to show that, when a

restriction homomorphism C1(M) → C1(M)|N is surjective, N is closed

(no matter whether C1(M)|N is smooth or not; cf. [Nestruev (2003), 4.12,

(i)]). In conclusion, if the restriction algebra C1(M)|C to a closed subset

C ⊆ M is smooth, then C may be called a closed submanifold of M ,

consistently with [Nestruev (2003), 4.11]. Similarly, if C1(M)|C is smooth

with boundary then C is a closed submanifold with boundary.

A closed subset C together with

C1(C) = C1(M)|C

(see [Nestruev (2003), 7.13]) constitute a smooth set in M , no matter

whether C1(M)|N is smooth or not.

0.2.21 Restrictions

Let f : M →M 0 be a smooth map between manifolds, possibly with bound-

ary, and N a submanifold of M , possibly with boundary. The set-theoretic

restriction f |N : N → M 0 is identified with a map |A|N | → M 0 between

manifolds, which is smooth because it coincides with the composition

|A|N | ↪→M
f
→M 0 ,

where the first map is the embedding.

LetN 0 be a submanifold ofM 0. If f(M) ⊆ N 0, then, taking into account

the definition of C1 (M 0)|N ′ , one easily deduces from Proposition 0.2.12

that the restriction g : M → N 0 of f on the codomain is smooth.

It immediately follows that, in general, if f(N) ⊆ N 0 then the set-

theoretic restriction

f |N,N ′ : N → N 0

of f is smooth.
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0.2.22 Smooth Envelope

According to [Nestruev (2003), Definition 3.36], a smooth envelope of a

geometric algebra A is a pair
�
A, i
�

such that A is a C1–closed geometric

algebra and i : A → A is an R-algebra homomorphism that satisfies the

following universal property: for every homomorphism α : A→ A0 of A into

a C1–closed (geometric) algebra A0, there is exactly one homomorphism

α : A→ A0 such that α = α ◦ i.

A smooth envelope exists and is unique up to an isomorphism preserving

the envelope homomorphism (see [Nestruev (2003), 3.37]); accordingly, it

will be generally introduced by simply saying

let A be the smooth envelope of A.

The (often understood) universal homomorphism i : A → A will be called

the envelope homomorphism.

0.2.23

Let T = A ⊗R B be a tensor product of geometric algebras. According to
[Nestruev (2003), Exercise 4.28], T is geometric (14).

Now let T be a smooth envelope of T , with the envelope homomorphism

i : T → T , denote by ιA : A → T , ιB : B → T the universal homomor-

phisms and set

ιA = i ◦ ιA and ιB = i ◦ ιB .

Proposition. For every C1–closed algebra C and for every pair of algebra

homomorphisms

ϕA : A→ C and ϕB : B → C ,

there exists exactly one algebra homomorphism

ϕ : T → C

such that

ϕA = ϕ ◦ ιA and ϕB = ϕ ◦ ιB .

Proof. It easily comes from the characteristic universal properties of ten-

sor product algebras and smooth envelopes. �

14To solve the exercise, note that an element t ∈ T may be written as a1⊗b1+· · ·+an⊗bn

with a1 , . . . , an linearly independent over R. For all h ∈ |A| and k ∈ |B|, assuming
R⊗R = R one gets h⊗k ∈ |T |. Suppose that (h⊗k)(t) = 0 for all h, k. Keeping k fixed,
from the fact that A is geometric, one deduces that b1(k)a1 + · · · + bn(k)an = 0 ∈ A.
Then bi(k) = 0 for all i ∈ {1, . . . , n} and k ∈ |B|, because of the linear independence of
a1, . . . , an. Hence bi = 0 ∈ B because B is geometric.
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0.2.24 Smooth Tensor Product

Suppose now that A and B are smooth with boundary. According to
[Nestruev (2003), 4.31], if at least one of A and B is smooth without bound-

ary, then T is smooth, possibly with boundary; and moreover, T is without

boundary if and only if A and B are both without boundary. Proposi-

tions 0.2.23 and 0.2.8 imply the following universal property. For every

smooth algebra C, possibly with boundary, and for every pair of algebra

homomorphisms

ϕA : A→ C and ϕB : B → C ,

there exists exactly one algebra homomorphism

ϕ : T → C

such that

ϕA = ϕ ◦ ιA and ϕB = ϕ ◦ ιB .

Conversely, a smooth algebra with boundary that matches the above prop-

erty turns out to be a smooth envelope of A⊗B.

In this situation, it is natural to say that T is a smooth tensor product . A

smooth tensor product of A and B will be generally denoted by A⊗B, and

the (usually understood) homomorphisms ιA and ιB will be called natural

homomorphisms into A⊗B.

When both A and B are smooth with nonempty boundaries, although

the smooth envelope T of A⊗B satisfies the property, it is not difficult to

prove that it is not a smooth algebra with boundary (cf. [Nestruev (2003),

Exercise 4.31, (ii)]): basically, it depends on the fact that a product of half-

spaces is diffeomorphic to no half or whole Euclidean spaces. Therefore, a

smooth tensor product does not exist in this case.

0.2.25 Cartesian Product

Let M , N be smooth manifolds, possibly with boundary. Clearly, a mani-

fold V is a product of M and N in the category of manifolds with boundary

if and only if C1(V ) is a smooth tensor product of C1(M) and C1(N). It

immediately follows that a pair of smooth manifolds with boundary admits

a product when at least one is a smooth manifold (without boundary), and

that a product of smooth manifolds is again a smooth manifold (hence it

is also a product in the category SMa). Consistent with the policy about

algebraic constructions, a product manifold of M and N in this book will
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be, by definition, a product in the category of manifold with boundary.

Plainly, a product manifold V will be denoted by M ×N and the universal

smooth functions

πM : M ×N →M and πN : M ×N → N

will be simply called the projections maps of M × N . If f : S → M and

g : S → N are smooth maps, the unique smooth map

f : S →M ×N

such that

f = πM ◦ f and g = πN ◦ f

will be said to be induced by f and g, and it will be sometimes identified

with the pair

(f, g) .

(This map generally differs from f × g : S × S →M ×N , of course.)

The natural identification of the set M ×N with the set-theoretic prod-

uct will always be assumed.

0.2.26 Embeddings of Factors of a Product

Let M and N be smooth manifolds, possibly with boundary, that admit a

product M ×N .

For each n0 ∈ N the smooth map

in0 : M →M ×N, m 7→ (m,n0)

will be called the embedding at n0 into M ×N . Similarly, the smooth map

jm0 : N →M ×N, n 7→ (m0, n) ,

m0 ∈M , will be called the embedding at m0 into M ×N .

0.2.27 Tangent Vectors

Let M be a manifold, possibly with boundary, and m ∈M a point. Taking

into account the notion of a derivation along an algebra homomorphism

(see n. 0.1.3), one may define a tangent vector in the following way.

De�nition. A tangent vector to M at m is a derivation along

m : C1(M)→ R .
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The set

TmM
def
= D (C1(M))m

of all tangent to M at m vectors gets an obvious structure of real vector

space. This vector space is called the tangent space to M at m.

The usual coordinate description of a tangent vector is called the Tan-

gent Vector Theorem in [Nestruev (2003), 9.6]; together with [Nestruev

(2003), 9.12], it guarantees consistency with other classical definitions of

a tangent vector (see, e.g., [Berger and Gostiaux (1988), 2.5.9]). Tangent

vectors are local operators, that is, if two functions coincides in a neighbor-

hood of m, then each tangent vector at m takes the same value on them

(see [Nestruev (2003), 9.8]).

0.2.28 Di�erential of a Smooth Map

De�nition. The differential of a smooth map f : N →M at n ∈ N is the

(R-linear) map

dn f : TnN → Tf(n)M, η 7→ η ◦ f� .

As usual, f is an immersion or a submersion at n, according to whether

dn f is injective or surjective; it is an embedding if it is an immersion at

every point and maps N homeomorphically onto its image. The embedding

of a submanifold is actually an embedding, because of the definition of the

restriction algebra and the fact that tangent vectors are local operators.

0.2.29 Local Description of Submanifolds

In the coordinate framework (without boundary), a submanifold of a man-

ifold M may be defined as a subset that locally looks like a coordinate

subspace of Rn; cf. [Berger and Gostiaux (1988), Definition 2.6.1]. This

description holds, of course, in the algebraic setting too. More precisely, let

M and N be smooth manifolds (without boundary), of respective dimen-

sions d ≥ e, and consider the map

ν : Re ↪→ Rd, (x1, . . . , xe) 7→ (x1, . . . , xe, 0, . . . , 0) .

If N is a submanifold of M then, for each n ∈ N , there exists a neighbor-

hood U of n in M such that the restriction U ∩N → U of the embedding

of N corresponds to ν through diffeomorphisms U ∩N
�
→ Re, U

�
→ Rd (it

may be deduced, e.g., from [Berger and Gostiaux (1988), Corollary 2.6.11],



October 8, 2008 14:20 World Scientific Book - 9in x 6in FMaLC

Elements of Differential Calculus over Commutative Algebras 23

which substantially relies on a well-known basic result from Calculus: see
[Berger and Gostiaux (1988), 0.2.24]).

An analogous description in the case when N or M are with boundary

is left to the reader.

0.2.30 Closed Embeddings

The cited result [Berger and Gostiaux (1988), Corollary 2.6.11] also implies

that if f : N → M is a closed embedding (that is, an embedding of man-

ifolds that is topologically a closed map), then f � is surjective, because f

induces a diffeomorphism onto the closed submanifold f(N) ⊆M .

0.3 Vector Bundles

The algebraic treatment of vector bundles is based on projective modules

over smooth algebras (possibly with boundary). We recall below the con-

struction of pseudobundles given in [Nestruev (2003), 11.11], which empha-

sizes the similarity with the smooth manifolds setting.

0.3.1 Pseudobundles

Let k be a field, A a commutative k-algebra, and P an A-module. The

pseudobundle

πP : |P | → |A|

is determined by P in the following way. For each h ∈ |A|, the fiber of πP

at h is the k-module

Ph
def
=

P

µhP
= kh ⊗A P ,

where µh = Kerh and kh denotes k with the A-algebra structure given by

h : A → k. Thus, the set |P | is the (disjoint) union of all Ph, and the

projection πP : |P | → |A| sends every p ∈ Ph into h.

With each p ∈ P , a regular section of πP is associated; that is, the map

sp : |A| → |P |

(satisfying πP ◦ sp = idM ) defined by setting for all h ∈ |A|

sp(h)
def
= p+ µhP = 1⊗ p ∈ Ph .
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The set {sp}p2P of all regular sections is denoted by Γ(P ). For all p, p0 ∈ P

and ea ∈ eA (see n. 0.2.2) define sp + s0
p and easp by setting, for all h ∈ |A|,

(sp + sp′) (h)
def
= sp(h) + sp′(h) ,

(easp) (h)
def
= ea(h)sp(h)

(here the operations appearing in the right-hand sides are those in the

module Ph). It is readily seen that

sp + sp′ = sp+p′ ∈ Γ (P )

and

easp = sap ∈ Γ (P ) .

This shows that Γ(P ) is an eA-module in a natural way. Of course, Γ(P )

may be also considered as an A-module by restriction of scalars via the

natural homomorphism A→ eA.

A pseudobundle πP is said to be equidimensional if all fibers Ph =

π�1
P (h) (h ∈ |A|) have the same dimension as vector spaces over k.

0.3.2 Geometric Modules

The eA-module Γ (P ) of all regular sections of the pseudobundle πP : |P | →

|A| determined by P will be called the geometrization of P . The A-module

homomorphism

P → Γ (P ) , p 7→ sp ,

will be called the geometrization homomorphism (15). If the geometrization

homomorphism is an isomorphism, then P is said to be geometric. In this

case, P will be identified with Γ(P ) through this isomorphism.

By these conventions, when A and P are both geometric, there will

usually be no distinction between the A-module P and the eA-module Γ(P ).

It is not difficult to show that a projective module over a geometric

algebra is geometric.

0.3.3

The following fact will be useful later. Let ϕ : A→ B a homomorphism of

geometric algebras and P a geometric B-module. Then the A-module PA

obtained from P by restriction of scalars via ϕ is also geometric. The proof

is an easy exercise left to the reader.
15In [Nestruev (2003), 11.11] one may also find an alternative definition of the ge-
ometrization of P as a quotient module of P . Consistency is obvious because the ge-
ometrization homomorphism is an epimorphism.
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0.3.4 Vector Bundles

The ‘algebraic definition’ of a vector bundle is assumed below (16).

De�nition. A (smooth) vector bundle over a smooth manifold M , possibly

with boundary, is a pair

(π : Eπ →M,P )

such that:

(1) P is a projective, finitely generated C1(M)–module;

(2) π : Eπ →M is the pseudobundle πP : |P | →M determined by P ;

(3) the pseudobundle π is equidimensional (17).

The map π = πP will be called the projection map, Eπ = |P | the total

space, and M the base of the vector bundle (π, P ). The fiber at a point

m ∈ M is π�1 (m) = Pm. A general fiber is a vector space E that is

isomorphic to some, hence to all, fibers of π.

Although π (and henceforth Eπ) is determined by P , a vector bundle is

generally identified by π or by Eπ, and the module P is denoted by Γ(π),

or even by Γ(Eπ). Accordingly, a vector bundle is generally introduced by

saying:

let π : Eπ →M be a vector bundle

or, simply,

let Eπ be a vector bundle.

A smooth section of π is an element of Γ (P ), i.e., a regular section of the

pseudobundle π = πP . In view of n. 0.3.2, Γ (P ) is identified with P = Γ (π).

Accordingly, P will be often called the module of smooth sections of π.

0.3.5 Morphisms of Vector Bundles over the Same Base

Let

π : Eπ →M, π0 : E0
π′ →M

16This approach is deduced from [Nestruev (2003), Chap. 11], where the reader is grad-
ually led from the classical notion of a vector bundle to the algebraic one. Be aware that
in [Nestruev (2003)], because of that pedagogical line, the term ‘vector bundle’ has to be
interpreted according to its ‘geometric definition’ (see [Nestruev (2003), 11.2]). Here, the
interplay between the ‘algebraic’ and the ‘geometric’ approaches will be briefly recalled
later.
17We shall prove soon that Condition (3) is automatically verified when M is connected.
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be vector bundles over the same manifold M (possibly with boundary) and

set

P = Γ(π) , P 0 = Γ (π0) , A = C1 (M) .

If

ϕ : P → P 0

is an A-module homomorphism then, for each m ∈M , a homomorphism

ϕm
def
= idRm

⊗ϕ : Pm → P 0
m

is defined. More explicitly:

ϕm (p+ µmP ) = ϕ (p) + µmP
0 ,

with µm = Kerm. Taking into account that

Eπ = |P | =
[

m2M

Pm, E0
π′ = |P 0| =

[

m2M

P 0
m ,

one may define a map

|ϕ| : Eπ → E0
π′ , e 7→ ϕπ(e) (e) ,

which is compatible with the projection maps, i.e.,

π = π0 ◦ |ϕ| .

Note that |ϕ| is fiber-wise linear by definition, i.e., each restriction ϕm :

π�1 (m)→ π0�1 (m) of |ϕ| is linear over R.

It is immediately seen that, for all p ∈ P ,

ϕ(p) = |ϕ| ◦ p

(according to the identification of p with a smooth section). This formula

shows that ϕ may be recovered from |ϕ|.

De�nition. The map |ϕ| is, by definition, a morphism over M from π

to π0.

A morphism between π and π0, will be often introduced by directly

saying

let f : Eπ → E0
π′ be a morphism.

The restriction ϕm of f to the fibers over m ∈M will be generally denoted

by fm.
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0.3.6 Induced Bundle

Let π : Eπ → M be a vector bundle, f : N → M a smooth map between

manifolds, possibly with boundary, and set

A = C1 (M) , B = C1 (N) , P = Γ (π) .

Denote by

f� (π) : Ef∗(π) → N

the pseudobundle determined by the B-module PB = B⊗AP obtained from

P by extension of scalars via f� : A→ B. The universal homomorphism

ν : P → PB

determines a map

f : Ef∗(π) → Eπ

in the following way. Let

e ∈ Ef∗(π) ,

set

n = f� (π) (e) , m = f (n)

and denote by Rn, Rm the algebras determined on R by the homomorphism

n : B → R, m : A→ R, respectively. By definition,

e ∈ f� (π)
�1

(n) = Rn ⊗B PB =
PB

(Kern)PB

and

π�1 (m) = Rm ⊗A P =
P

(Kerm)P
.

Since m = f (n) (i.e., m = n ◦ f�), there exists a natural isomorphism

ιn : Rm ⊗A P
�
−→ Rn ⊗B PB , λ⊗ p 7→ λ⊗ ν (p) .

It may be also described by

[p]m 7→ [ν (p)]n ,

where square brackets denote cosets in the respective quotient modules.

Let us define

f : Ef∗(π) → Eπ, e 7→ ι�1
n (e) .
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Since f sends each fiber f� (π)
�1

(n) into the fiber π�1 (m), the diagram

Ef∗(π)
f

//

f∗(π)

��

Eπ

π

��

N
f

// M

is commutative and the restriction

fn : f� (π)�1 (n)→ π�1(m)

of f is an isomorphism of vector spaces (it is just ι�1
n ). It follows that f� (π)

is equidimensional, because π is equidimensional. Moreover, by n. 0.1.5, (1),

PB is a projective B-module, which clearly is also finitely generated. This

shows that

f� (π) : Ef∗(π) → N

is a vector bundle.

Since

[ν (p)]n = ιn ([p]m) = f
�1

n

�
[p]f(n)

�
, p ∈ P, n ∈ N ,

the map ν may be recovered from f according to the formula

ν (p) (n) = f
�1

n (p (f(n))) , p ∈ P, n ∈ N .

De�nition. The vector bundle

f� (π) : Ef∗(π) → N ,

together with f , will be said to be induced by f from π, or a pull-back of π

by f . The map f will be called canonical morphism, or map induced by f ,

or simply induced map.

An induced bundle, by definition, must always carry on a determined

(though sometimes understood) induced map (18). Moreover, note that an

induced bundle f� (π) : Ef∗(π) → N is determined only up to an isomor-

phism that is compatible with the induced map, because PB is determined

up to an isomorphism that is compatible with the universal homomorphisms

P → PB .
18Note that, indeed, the same module P could be a scalar extension of P in different
ways, by means of different natural functions P → PB . Consequently, the same bundle
may be considered as an induced bundle in different ways, because of different induced
maps.
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0.3.7 Pull-back by a Composition of Maps

Let π : Eπ →M be a vector bundle and

f : N →M, g : V → N

be smooth maps between manifolds, possibly with boundary. Consider the

induced by f bundle f� (π) : Ef∗(π) → N , with induced map

f : Ef∗(π) → Eπ ,

and then the induced by g from f� (π) bundle g� (f� (π)) : Eg∗(f∗(π)) → V ,

with induced map

g : Eg∗(f∗(π)) → Ef∗(π) .

From the construction in n. 0.3.6 and elementary properties of scalar ex-

tension, it easily follows that g� (f� (π)), together with g ◦ f , is an induced

by g ◦ f from Eπ bundle.

0.3.8 Morphisms of Vector Bundles

Let ξ : Eξ → N and π : Eπ → M be vector bundles and f : N → M a

smooth map. Denote as usual by f� (π) : Ef∗(π) → N the induced by f

from Eπ bundle and by f the induced map.

De�nition. A map

f
0
: Eξ → Eπ

is a morphism of vector bundles with the base smooth map f , or simply a

morphism over f , if there exists a morphism

g : Eξ → Ef∗(π)

over N (see Definition 0.3.5) such that

f
0
= f ◦ g .

If g is an isomorphism, then f
0
will be said to be regular .

A morphism is compatible with the projection maps ξ, π and fiber-wise

linear, because of similar properties of f and g. For each n ∈ N ,

f
0

n : ξ�1(n)→ π�1 (f(n))

will denote the restriction of f
0
on the fibers at n and at f(n).

Since the induced bundle f� (π) is defined up to an isomorphism of

bundles over N , the question of whether a map

f
0
: Eξ → Eπ

is a morphism over f or not does not depend on the choice of f � (π). The

same remark holds for the notion of regularity.
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0.3.9

If a choice of the induced bundle f� (π) is fixed, then the morphism

g : Eξ → Ef∗(π)

such that

f
0
= f ◦ g

is uniquely determined by f
0
, because the induced map f induces isomor-

phisms on the fibers. This morphism, in turn, leads to the C1(N)–module

homomorphism

ϕ : Γ(ξ)→ Γ(f� (π)) = C1(N)⊗C∞(M) Γ(π) ,

that is uniquely determined by the condition

f
0
= f ◦ |ϕ| .

Conversely, given ϕ : Γ(ξ) → C1(N) ⊗C∞(M) Γ(π), the above equality

gives, by definition, a morphism f
0
: Eξ → Eπ.

0.3.10 Composition of Morphisms

Let η : Eη → V, ξ : Eξ → N , and π : Eπ → M be vector bundles, and

consider morphisms

f : Eξ → Eπ and g : Eη → Eξ ,

respectively over

f : N →M and g : V → N .

If ϕ : Γ(ξ)→ C1(N)⊗C∞(M) Γ(π) and γ : Γ(η)→ C1(V )⊗C∞(N) Γ(ξ)

are the homomorphisms respectively corresponding to f and g (see n. 0.3.9),

then the fact that f ◦ g is a morphism over f ◦ g may be easily deduced

from the following commutative diagram:

Eη

g

%%K
KKKKKKKKKKK

jγj

��

Eg∗(ξ) //

|idC∞(V ) 
ϕ|
��

Eξ

f

""E
EE

EE
EE

EE

jϕj

��

Eg∗(f∗(π)) // Ef∗(π) // Eπ

,

where the horizontal arrows are the induced maps.
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0.3.11

In conclusion, vector bundles form a category, which will be denoted by VB.

If M is a fixed manifold, possibly with boundary, vector bundles and mor-

phisms over M form a subcategory VBM of VB. Note that, generally, it

is not a full subcategory, because morphisms over M are morphisms over

the identity map of M .

The main subject of this book will be another important subcategory

of VB: vector bundles with a fixed general fiber F together with regular

morphisms. They will be called fat manifolds and will be carefully studied

starting from Chap. 1.

0.3.12

Let π : Eπ → M be a vector bundle, f : N → M a smooth map, and

f� (π) : Ef∗(π) → N the induced bundle. The induced map f : Ef∗(π) → Eπ

is obviously a regular morphism over f .

Conversely, if ξ : Eξ → N is a vector bundle and

f
0
: Eξ → Eπ

is a regular morphism, then, by the definition of a regular morphism, ξ is

isomorphic to the induced bundle. But the induced bundle is defined up to

an isomorphism compatible with the induced map. Therefore ξ, together

with f
0
, is an induced bundle.

In conclusion, assigning an induced by f bundle is equivalent to assign-

ing a regular morphism over f .

0.3.13 Associated Homomorphism

with a Regular Morphism of Vector Bundles

Let ξ : Eξ → N and π : Eπ →M be vector bundles and

f : Eξ → Eπ

a regular morphism over f : N → M . According to n. 0.3.12 and tak-

ing into account the construction in n. 0.3.6, one may assume Γ (ξ) =

C1(N)⊗C∞(M) Γ (π) with universal homomorphism

f
�

: Γ (π)→ Γ (ξ)

given by

f
�
(p)(n) = f

�1

n (p (f(n))) , p ∈ P, n ∈ N .
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De�nition. The homomorphism f
�

will be called associated with f .

Note that if N = M and f is the identity map, then f =
��� f��1

���.

0.3.14 Universal Property of the Induced Bundle

Let π : Eπ → M be a vector bundle and f : N → M a smooth map. As

a trivial consequence of the definition of bundle morphisms, the induced

bundle

f� (π) : Ef∗(π) → N ,

together with the induced map

f : Ef∗(π) → Eπ ,

satisfies the following universal property. For every vector bundle ξ : Eξ →

N and every bundle morphism f
0

: Eξ → Eπ over f , there exists exactly

one bundle morphism g : Eξ → Ef∗(π) over N such that f
0
= f ◦ g (19). In

this book the following more general result will be needed.

Proposition. (Universal property of the induced bundle.) For every vector

bundle

ξ : Eξ → V

and every morphism

g : Eξ → Eπ

of vector bundles such that the base map

g : V →M

factors through f and a smooth map

h : V → N

(i.e., g = f ◦ h), there is exactly one morphism of vector bundles

h : Eξ → Ef∗(π)

over h such that g factors through f and h.

Moreover, h is regular if and only if g is regular.

The proof is straightforward and left to the reader.

19A generalization of this property to fiber bundles may be found in [Nestruev (2003),
10.18].
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0.3.15 Standard Trivial Bundles

Let E be a finite-dimensional vector space over R and εE : EεE
→ |R| the

vector bundle determined by E. The smooth manifold |R| contains only one

point idR, denoted below by a dot ‘•’, and the unique fiber of εE coincides

with the whole total space

EεE
=

E

0E
=

E

{0}
.

It may be assumed that

EεE
= E

up the usual identification of each e ∈ E with its coset e + {0} = {e} (20).

Now, let M be a smooth manifold, possibly with boundary.

De�nition. A standard trivial bundle over M with standard fiber E will

be a vector bundle π : Eπ →M induced from εE by the constant map

M → {•} .

The induced map Eπ → E will be also called the trivializing morphism.

An arbitrary bundle π : Eπ →M with general fiber E will be said to be a

trivial vector bundle, if there exists a regular morphism of bundles Eπ → E

over the constant map M → {•}.

In other words, to give a standard trivial bundle is the same as to give

a trivial bundle π : Eπ → M together with a fixed choice of a regular

morphism Eπ → E over the constant map (i.e., the trivializing morphism).

By the same reason, it may be said that a bundle is trivial if it may be

realized as a bundle on M induced from E by the constant map.

20Note that, on the strictly formal side, the identification Γ (EεE ) = Γ (E) admits now
two interpretations. The first is given, as usual, by the geometrization isomorphism,
because E is the R-module defining the bundle εE . The second interpretation is given
by the identification EεE = E introduced above. According to these identifications, a
vector e ∈ E is also interpreted as the coset

e + {0} = {e} ∈ EεE

and as the section

se ∈ Γ (E) , • 7→ {e} ≡ e .
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0.3.16 Identi�cation Isomorphisms

A canonical identification of the fibers of a standard trivial bundle π :

Eπ →M with its standard fiber E is obtained by means of the trivializing

morphism Eπ → E as follows.

De�nition. For all m ∈M the restriction

τm : π�1 (m)
�
−→ E

of the trivializing morphism τ : Eπ → E will be called the identification

isomorphism at m. Vectors in the fiber π�1 (m) will often be identified

with their correspondents in E.

Although the terms ‘standard fiber’ and ‘general fiber’ are usually syn-

onymous, in this book there is a distinction between them: ‘standard fiber’

is reserved for standard trivial bundles, and refers to the fixed vector space

which the fibers are identified with.

According to the identification isomorphisms, the notion of a constant

section makes sense, that is, a section that associates a fixed e ∈ E with

all m ∈ M . Such a section is smooth because it is identified with 1⊗ e ∈

Γ (Eπ) = C1(M)⊗R E.

0.3.17 Uniform Morphisms

Let ξ : Eξ → N and π : E0
π →M be standard trivial bundles with standard

fiber E and E0, respectively. Consider a vector space homomorphism ϕ :

E → E0 and a smooth map f : N →M . Because of the universal property

of the induced bundle, there exists exactly one morphism

fϕ : Eξ → E0
π

with base f such that the diagram

Eξ

fϕ
//

τ

��

E0
π

τ ′

��

E ϕ
// E0

,

is commutative (here τ and τ 0 denote the trivializing morphisms). Up to

the identification isomorphisms, fϕ may be characterized by
�
fϕ

�
n

= ϕ ∀n ∈ N .
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If ϕ is an isomorphism, then fϕ is regular, and the associated homomor-

phism is

fϕ

�
= f� ⊗R ϕ

�1 .

De�nition. The morphism fϕ will be called the uniform morphism with

base f and fiber ϕ.

0.3.18 Geometric De�nition of Vector Bundles

Let E be a finite-dimensional real vector space and consider it also as a

smooth manifold (see n. 0.2.19). Let

π : Eπ →M

be a smooth map between manifolds, possibly with boundary, and sup-

pose that, for each m ∈ M , it is given an R-vector space structure on the

set π�1(m).

De�nition. The smooth map π, together with the assigned family of vector

space structures, is said to satisfy the vector property of local triviality (with

respect to E) if, for each m ∈M , there is an open neighborhood Um ⊆M

and a map τm : π�1 (Um)→ E such that:

(1) the manifold π�1 (Um), together with

π|π−1(Um),Um
: π�1 (Um)→ Um

and

τm : π�1 (Um)→ E

is a product Um ×E;

(2) for all u ∈ Um, the restriction τm|π−1(u) : π�1(u) → E is linear (hence

a vector space isomorphism).

A smooth map π : Eπ → M that satisfies the vector property of local

triviality (21) is what it is called a vector bundle according to (a version of)

the classical ‘geometric’ definition: see [Nestruev (2003), 11.2].

21In the common usage, the family of vector space structures is generally understood.
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0.3.19 Vector Bundle Morphisms

from a Geometric Viewpoint

Let π : E → M and π0 : E0 → M 0 be smooth maps satisfying the vector

property of local triviality, and f : M →M 0 a smooth map.

De�nition. A map f : E → E 0 will be called a morphism with the base

map f , or simply a morphism over f , if it satisfies the following conditions:

(1) it is smooth;

(2) the diagram

E
f

//

π

��

E0

π′

��

M
f

// M 0

is commutative;

(3) for each m ∈M , the restriction fm : π�1(m)→ π0�1 (f (m)) is linear.

A morphism f is said to be regular if fm is an isomorphism for all m.

It is immediately checked that, in this way, one gets a category VBg.

0.3.20 Module of Smooth Sections

of a Geometrically De�ned Vector Bundle

A section of an object π : Eπ →M of VBg is a map

s : M → Eπ

such that

π ◦ s = idM ;

a smooth section of π is a section that is smooth as a map between man-

ifolds. Because of the vector spaces structures on the fibers of π, a nat-

ural C1(M)–module structure on the set of all sections of π is defined

(cf. the operations on {sp}p2P defined in n. 0.3.1). Using adapted co-

ordinates (22), it is also easily seen that the module operations preserve

smoothness; thus, smooth sections form a submodule. The so-obtained

22See [Nestruev (2003), 11.3]; details about manifolds with boundary are left to the
reader.



October 8, 2008 14:20 World Scientific Book - 9in x 6in FMaLC

Elements of Differential Calculus over Commutative Algebras 37

module of smooth sections of π is denoted by Γ (π) (cf. [Nestruev (2003),

11.7]), or even by Γ (Eπ).

A simple but important result about Γ (Eπ) is the following. Fix m ∈M

and consider the homomorphism

hm : Γ (Eπ)→ π�1(m), s 7→ s(m)

of vector spaces over R.

Proposition. The homomorphism hm is surjective and its kernel is the

module

µm Γ (Eπ) ,

where µm = Kerm.

Proof. See [Nestruev (2003), 11.8, 11.9]. �

0.3.21

Theorem. Let M be a manifold, possibly with boundary. A C1(M)–

module P is isomorphic to Γ (π) for some object π : Eπ →M of VBg if and

only if it is finitely generated, projective and determines an equidimensional

pseudobundle, the last condition being superfluous when M is connected.

Proof. In the case when M is connected, the statement with the

equidimensionality condition left out is proved in [Nestruev (2003), The-

orem 11.32] (23). The connectedness of M is used only in the ‘if’ impli-

cation, to show that that the fibers Pm, m ∈ M , of P are of the same

dimension. On the other hand, if P is isomorphic to Γ (π) for some ob-

ject π : Eπ →M of VBg, equidimensionality is an immediate consequence

of Proposition 0.3.20. This explains why, for non-connected manifolds, it

suffices to add the equidimensionality condition. �

In other words, the above result says that a C1(M)–module is the

module of smooth section of some object of VB if and only if it is isomorphic

to the module of smooth sections of some object of VBg .

23Plainly, all the preceding Nestruev’s results needed in the proof hold for manifolds with
boundary (to check details about the Whitney’s immersion theorem that is involved in
[Nestruev (2003), Theorem 11.27], the interested reader may refer, e.g., to the proof given
in [Lee (2003), Chap. 12]). To simplify the job, one may also avoid the invocation of
the geometric construction of the induced bundle: in [Nestruev (2003), Corollary 11.28],
it is sufficient to know that there exists a regular morphism of Eπ into the tautological
bundle over an appropriate Grassmann manifold.



October 8, 2008 14:20 World Scientific Book - 9in x 6in FMaLC

38 Fat Manifolds and Linear Connections

0.3.22

A projective and finitely generated C1(M)–module P determines a vector

bundle (that is, the pseudobundle |P | → M is equidimensional) with r-

dimensional fibers if and only if P has constant rank r. Since we do not

strictly need this algebraic fact in the sequel, we leave the details to the

interested readers (24).

0.3.23 The Total Space as a Smooth Manifold

Let πP : |P | → M be a vector bundle with module of smooth sections P .

According to Theorem 0.3.21, it is possible to fix an object π : Eπ →M of

VBg and a C1(M)–module isomorphism

ι : P
�
→ Γ (π) .

Proposition. There is a unique bijective map

θ : |P | → Eπ

such that

θ ◦ p = ι(p), p ∈ P .

Moreover,

(1) the diagram

|P |
θ //

πP
  B

BB
BB

BB
B

Eπ

π
~~||

||
||

||

M

is commutative, i.e., for each m ∈ M , θ sends the fiber of πP over m

into the fiber of π over m,

(2) for each m ∈M the restriction

θm : π�1
P (m)→ π�1 (m)

is an isomorphism of vector spaces.

The proof is straightforward and left to the reader.

24One may use Nakayama’s Lemma (see, e.g., [Atiyah and Macdonald (1969), Propo-
sition 2.6]) and the fact that a prime spectrum Spec A is connected if and only if the
ring A contains no nontrivial idempotents (see [Atiyah and Macdonald (1969), Chap. 1,
Exercises, n. 22 (p. 14)]); cf. also [Hartshorne (1977), Chap. III, Example 12.7.2].



October 8, 2008 14:20 World Scientific Book - 9in x 6in FMaLC

Elements of Differential Calculus over Commutative Algebras 39

Corollary. In the notation of the proposition,

s : M → |P | is a smooth section of πP ⇐⇒ θ ◦ s is a smooth section of π .

Proof. Since θ is bijective,

s 7→ θ ◦ s

gives a bijection between the set of all sections of πP , i.e., all the maps

s : M → |P | such that πP ◦ s = idM , to the set of all sections of π. By the

proposition, this bijection restricts to the subsets Γ (P ) and Γ (π): indeed,

the restriction coincides with ι up to the identification P = Γ(P ). This

means exactly that s is a smooth section of πP if and only if θ ◦ s is a

smooth section of π. �

De�nition. The map θ will be said to be associated with ι.

When necessary, the total space |P | of a vector bundle will be identified

with the smooth manifold Eπ (possibly with boundary) through the map

θ associated with a fixed (understood) isomorphism ι : P → Γ (π).

0.3.24

Let P be the module of smooth sections of a vector bundle π : Eπ → M

and suppose that a map a : Eπ → R is linear on the fibers of π and smooth

when Eπ is considered as a smooth manifold according to n. 0.3.23. By

virtue of Corollary 0.3.23,

p ∈ P ⇒ a ◦ p ∈ C1(M)

and by fiber-wise linearity of a, the map

α : P → C1(M), p 7→ a ◦ p

belongs to the dual module P_.

It is easy to show that

a 7→ α

gives a bijective map between the set of smooth, fiber-wise linear functions

on Eπ and the dual P_.

Smooth, fiber-wise linear functions on Eπ will be generally identified

with linear forms on P according to the above bijection. Thus,

α (p(m)) = α(p)(m), α ∈ P_, p ∈ P,m ∈M .



October 8, 2008 14:20 World Scientific Book - 9in x 6in FMaLC

40 Fat Manifolds and Linear Connections

Moreover, in this context, the identification of smooth functions on M with

their correspondent through π� (which are fiber-wise constant maps) will

be assumed:

f (p(m)) = f(m) f ∈ C1(M), p ∈ P,m ∈M

(25).

0.3.25 Geometric Criterion for Vector Bundle Morphisms

Let f : N →M be a smooth map between manifolds, possibly with bound-

ary, and π : Eπ →M , ξ : Eξ → N vector bundles with modules of smooth

sections P and Q, respectively.

Suppose that f : Eξ → Eπ is a morphism when ξ and π are considered

as elements of VBg according to n. 0.3.23. If α ∈ P_ is considered as a

smooth function on Eπ according to n. 0.3.24, then α ◦ f is smooth and

obviously fiber-wise linear. This way, one gets a homomorphism

P_ → Q_, α 7→ α ◦ f

and, therefore, a C1(N)–module homomorphism

C1(N)⊗C∞(M) P
_ → Q_ .

This homomorphism must be of the form ϕ_ for a uniquely determined

ϕ : Q→ C1(N)⊗C∞(M) P

because P and Q are finitely generated and projective (see n. 0.1.5, (6) and

(8)). It is a good exercise to show that the morphism of vector bundles

determined by ϕ according to n. 0.3.9 coincides with f .

In conclusion, if a fiber-wise linear map f : Eξ → Eπ over f is smooth

as a map between manifolds, then it is a vector bundle morphism (even in

the algebraic sense).

0.3.26 Equivalence Between VBg and VB

Theorem 0.3.21 and n. 0.3.25 allow us to define a faithful functor VBg →

VB that associates, with each π, the vector bundle determined by Γ(π)

and, with each morphism, the corresponding morphism obtained by means

25Note that the identification homomorphisms C∞(M) ↪→ C∞ (Eπ), P∨ ↪→ C∞ (Eπ)
induce a C∞(M)–algebra homomorphism ι : S (P∨) → C∞ (Eπ), where ι : S (P∨)
denotes the symmetric algebra of P∨ (Sr will denote an r-th symmetric power). It may
be proved that ι is injective, that S (P∨) is geometric, and that C∞ (Eπ), together with
ι, is a smooth envelope (cf. [Nestruev (2003), 11.58]).
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of the identification maps associated with the identity homomorphisms,

according to n. 0.3.23. It may be easily proved, using adapted coordinates,

that this functor is also full (cf. [Nestruev (2003), 11.29 (b)]). Finally, again

by Theorem 0.3.21, every vector bundle is isomorphic to the correspondent

of some object of VBg . This suffices to prove that VBg and VB are

equivalent categories (see n. 0.1.6).

0.4 Vector Fields

Basic properties of vector fields, with some extensions about vector fields

along maps, are reviewed in this section.

0.4.1 Smooth Vector Fields

LetM be a manifold, possibly with boundary. A (smooth) vector field on M

is a derivation of the R-algebra C1(M). The C1(M)–module D (C1(M))

of all vector fields will be also shortly denoted by D(M).

For each point m ∈ M , a vector field X gives, in a natural way, a

tangent vector Xm at m:

Xm = m ◦X .

The vector field X may be recovered from the family {Xm}m2M , but not

all families of tangent vectors give rise to a smooth vector field. With this

description, it is easy to see that vector fields are local operators, because

tangent vectors are as well: see [Nestruev (2003), 9.40]. The description of

a vector field in local coordinates U → Rn is given by

nX

i=1

αi
∂

∂xi
, αi ∈ C1(U)

(see [Nestruev (2003), 9.41]).

0.4.2 Image of a Vector Field

De�nition. Let f : N → M be a diffeomorphism and Y a vector field on

N . The image of Y through f will be the vector field

f�(Y )
def
= f��1 ◦ Y ◦ f�

on M .
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Note that

f� (Y )f(n) = (dn f) (Yn) , n ∈ N .

In the more general context of vector fields along maps, which will be

examined later, another natural notion of ‘image’ arises (cf. also [Nestruev

(2003), Example 9.47]).

0.4.3 Compatibility

Let f : N →M be a smooth map, and X and Y be vector fields on M and

N , respectively.

De�nition. The fields X and Y are said to be compatible with respect to

f (or, for short, f -compatible) if

Y ◦ f� = f� ◦X .

A geometric characterization of compatibility is

(dn f) (Yn) = Xf(n), n ∈ N .

In the case when f is a diffeomorphism, note that the image f�(Y ) is

the unique vector field on M that is f -compatible with Y .

0.4.4 Commutator of Vector Fields

According to n. 0.1.3, the commutator

[X,Y ] = X ◦ Y − Y ◦X

of vector fields is again a vector field. It follows that vector fields on M

constitute a Lie algebra.

Now, let f : N →M be a smooth map and suppose thatX1, X2 ∈ D(M)

are respectively f -compatible with Y1, Y2 ∈ D(N). Then it is easily checked

that [X1, X2] is f -compatible with [Y1, Y2].

0.4.5 Restriction on Open Submanifolds

Proposition. Let N be an open submanifold of a manifold M (both pos-

sibly with boundary) and X a vector field on M . Then, there is a unique

vector field X |N on N compatible with X with respect to the embedding

i : N ↪→M .
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Proof. Let A = C1 (M) and f ∈ C1 (N) = A|N . By the definition

of the restriction algebra, for each point n ∈ N , an open neighborhood

Uf,n ⊆ N and a function fn ∈ A such that

f |Uf,n
= fn|Uf,n

may be chosen. Hence, setting

X |N (f) (n)
def
= X (fn) (n)

one gets a function X |N (f) : N → R. Taking into account the fact that

vector fields are local operators, it is easily checked that the function

X |N : A|N → A|N , f 7→ X |N (f)

is well defined, that it is a vector field, and that it is the unique one i-

compatible with X . (26). �

De�nition. The vector field X |N will be called the restriction of X to N .

0.4.6

Since i� is the restriction homomorphism A→ A|N , the compatibility con-

dition that characterizes the restriction X |N may be written

X |N (f |N ) = X(f)|N , f ∈ A .

0.4.7

Let M be a smooth manifold, possibly with boundary, {Ui}i2I an open

covering of M and, for each i ∈ I , let Xi be a vector field on the submani-

fold Ui.

Proposition. If the vector fields Xi agree on the intersections, i.e.,

Xi|Ui\Uj
= Xj |Ui\Uj

, i, j ∈ I ,

then there exists a unique vector field X on M such that

X |Ui
= Xi ∀i ∈ I .

26The above result could be proved in a even more algebraic fashion, once it is known
that A|N may be realized as an algebraic localization of A (see [Nestruev (2003), 10.7]).
In fact, the restriction of X could be defined, even in the general context of arbitrary
commutative algebras, by the rule

X|N

�
f

g

�
=

X (f) g − fX (g)

g2
.
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Proof. Let A = C1 (M), so that C1 (Ui) = A|Ui
for all i. For all f ∈ A

and i, j ∈ I ,

Xi (f |Ui
) |Ui\Uj

= Xi|Ui\Uj

�
f |Ui\Uj

�
= Xj |Ui\Uj

�
f |Ui\Uj

�

= Xj

�
f |Uj

�
|Ui\Uj

.

Thus, the functions

Xi (f |Ui
) ∈ A|Ui

agree on the intersections. Since A is complete (being smooth with bound-

ary), there exists a unique function f 0 ∈ A such that

f 0|Ui
= Xi (f |Ui

) ∀i ∈ I .

It is straightforward to check that

X : A→ A, f 7→ f 0

is the required vector field. �

De�nition. The vector field X is said to be obtained by gluing the vector

fields Xi.

0.4.8 Extension from Closed Submanifolds

Proposition. Let N be a closed submanifold of a manifold M (both pos-

sibly with boundary) and X a vector field on N . Then X can be extended

to M , i.e., there exists a (not necessarily unique) vector field XM on M

that is compatible with X with respect to the embedding N ↪→M .

Proof. According to the local description of closed submanifolds (see

n. 0.2.29) and the coordinate description of vector fields, the result is true

around each point of N . Thus the global result is easily deduced with the

help of a partition of unity and a gluing procedure. �

0.4.9 Tangent Bundle

Let M be a manifold, possibly with boundary. According to [Nestruev

(2003), 11.6 (II)] and [Nestruev (2003), Exercise 9.40], there exists an ob-

ject π : TM → M of VBg such that Γ (π) is isomorphic to the module

D(M) of all vector fields on M . By the equivalence between VBg and VB,

the pseudobundle πD(M) : |D(M)| → M determined by D(M) is a vector

bundle. In this book, the tangent bundle of M will be, by definition, πD(M).
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0.4.10

By the Nestruev’s construction of the tangent bundle in VBg, the fiber at

m ∈M of the tangent bundle in VB turns out to be naturally isomorphic to

the tangent space TmM , and the value at m of a vector field X , considered

as a section of the tangent bundle, corresponds to the tangent vector Xm.

More precisely, if µm = Kerm is the ideal of functions vanishing at m, then

there exists a natural isomorphism

TmM ∼=
D(M)

µm D(M)
.

In other terms, TmM is an R-vector space

Rm ⊗C∞(M) D(M)

obtained from D(M) by extension of scalars via m : C1(M) → R, with

universal homomorphism

D(M)→ TmM, X 7→ Xm .

0.4.11

If E is a vector space regarded as a smooth manifold (see n. 0.2.19), from

the local description of vector fields it easily follows that for each vector

e ∈ E there exists exactly one vector field Xe on E such that

Xe (ϕ) = ϕ(e), ϕ ∈ E_ ,

and D(E) can be regarded as obtained from E by extension of scalars via

R→ C1(E), with the universal homomorphism given by e 7→ Xe:

D(E) = C1(E)⊗R E .

Therefore the tangent bundle TE is in a canonical way a standard trivial

bundle with standard fiber E. We shall often tacitly identify tangent vectors

to E with vectors in E through the identification isomorphisms and the

isomorphisms of n. 0.4.10.

0.4.12 Vector Fields Along Maps

Let f : N →M be a smooth map between manifolds, possibly with bound-

ary.

De�nition. A (smooth) vector field along f is a derivation along f � (see

n. 0.1.3).
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The C1(N)–module D (C1(M))f∗ of all vector fields along f will be

generally denoted by D(M)f .

For each point n ∈ N , a vector field X : C1(M) → C1(N) along f

gives, in a natural way, a tangent vector Xn to M at f(n):

Xn = n ◦X ,

and X is determined by the family {Xn}n2N (but not every such family

gives rise to a smooth vector field along f).

0.4.13

Ordinary vector fields may be understood as vector fields along the identity

map. Note also that if X is a vector field along f : N →M and

g : V → N

is a smooth map, then the composition

g� ◦X

is a vector field along f ◦ g. Similarly, for every smooth map

g0 : M → V 0

the composition

X ◦ g0�

is a vector field along g0 ◦ f .

In particular, every (ordinary) vector field Y on N gives rise to the

vector field

Yf
def
= Y ◦ f�

along f , and every (ordinary) vector field Z on M gives rise to the vector

field

Zf def
= f� ◦ Z

along f .

With the above notation, the compatibility condition between Y and Z

may also be written

Yf = Zf .
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0.4.14

The vector field Yf along f may be considered as the ‘image’ of Y since,

for all n ∈ N ,

(Yf )n = (dn f) (Yn) .

One has to be careful when f is a diffeomorphism: in this case, the image

Yf along f is different from the ordinary image f� (Y ). Hence, instead of

‘image’, the following terminology will be used.

De�nition. Let f : N → M be a smooth map, X be a vector field along

f , Y be a vector field on N and Z be a vector field on M . Then

Y projects onto X through f
def
⇐⇒ Yf = X ;

X projects into Z through f
def
⇐⇒ Zf = X ;

Y projects into Z through f
def
⇐⇒ Y and Z are f -compatible.

Moreover, Y will be said to be projectable through f if and only if it is

f -compatible with some vector field on M .

0.4.15

Let X be a vector field along f : N → M . The following results are easy

extensions of basic properties of ordinary vector fields.

(1) X is a local operator, that is, if g, g0 ∈ C1(M) coincide on an open

U ⊆M , then X(g) and X (g0) coincide on f�1(U).

(2) If U ⊆M and V ⊆ N are open submanifolds such that

f(V ) ⊆ U ,

then there is a unique vector field X |V,U along f |V,U such that

X |V,U (f |U ) = X(f)|V , f ∈ C1 (M) .

This field will be called the restriction of X to V and U .

(3) Let {Ui}i2I and {Vi}i2I be open coverings of M and N , respectively,

such that

f (Vi) ⊆ Ui ∀i ∈ I .

For each i ∈ I , let Xi be a vector field along the restriction f |Vi,Ui
. If

the vector fields Xi agree on the intersections, i.e.,

Xi|Vi\Vj ,Ui\Uj
= Xj |Vi\Vj ,Ui\Uj

∀i, j ∈ I ,

then there is a unique vector field X along f such that

X |Vi,Ui
= Xi ∀i ∈ I .
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(4) In local coordinates, X may be described by

X (a) (y1, . . . , yn) =

mX

i=1

αi (y1, . . . , yn)
∂a

∂xi
(f (y1, . . . , yn)) .

(5) Let Y be a vector field on N , Z a vector field on M , and U ⊆ M ,

V ⊆ N open submanifolds such that f (V ) ⊆ U . Then

• if Y projects through f onto X , then Y |V projects onto X |V,U

through f |V,U ;

• if X projects through f into Z, then X |V,U projects into Z|U
through f |V,U ;

• if Y projects through f into Z, then Y |V projects into Z|U
through f |V,U .

0.4.16 Local Vector Fields

Working on a manifold M , one sometimes encounters vector fields that are

defined only locally, i.e., on an open U ⊆ M . Note that if X is a vector

field along the embedding i : U ↪→M , its restriction Y = X |U,U is a vector

field on U . By the definition of restrictions, Y is the unique vector field

on U projecting onto X . This gives a one-to-one correspondence between

vector fields along i and vector fields on U .

De�nition. A local vector field on M is a vector field along the embedding

U ↪→ M of an open submanifold, and it is sometimes identified with the

corresponding vector field on U .

0.4.17 Splitting of Vector Fields on a Product Manifold

Proposition. Let M and N be smooth manifolds, one of them possibly

with boundary, letM×N be their product and denote by πM : M×N →M

and πN : M ×N → N the projection maps. For every pair (XM , XN ) of

vector fields respectively along πM and along πN , there exists exactly one

vector field X on M ×N that projects onto XM through πM and onto XN

through πN .

Proof. The result is true locally because of the coordinate description

given in n. 0.4.15, (4). The global case follows with the help of a gluing

procedure. �
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Corollary. For every pair (YM , YN ) of vector fields, respectively on M and

on N , there exists exactly one vector field on M × N that is compatible

with YM with respect to πM and with YN with respect to πN .

Proof. It suffices to set XM = π�
M ◦ YM , XN = π�

N ◦ YN . �

0.4.18

The modules D(M)πM
and D(N)πN

of vector fields along the projection

maps will also be respectively denoted by

D(M)N and D(N)M .

Proposition. There exists a decomposition

D (M ×N) = D (M)N ⊕D (N)M

with universal epimorphisms

πD(M)N
: D (M ×N)→ D (M)N , X 7→ X ◦ π�

M ,

πD(N)M
: D (M ×N)→ D (N)M , X 7→ X ◦ π�

N .

Proof. It is basically a reformulation of Proposition 0.4.17. �

0.4.19

A vector field X ∈ D (M ×N) lies on the image of the natural monomor-

phism

ιD(M)N
: D (M)N ↪→ D (M ×N) = D (M)N ⊕D (N)M

if and only if it belongs to the kernel of the natural epimorphism

πD(N)M
: D (M ×N)→ D (N)M , X 7−→ X ◦ π�

N ,

i.e.,

X ◦ π�
N = 0 .

Therefore, X ∈ Im
�
ιD(M)N

�
if and only if X vanishes on the image of the

homomorphism

π�
N : C1 (N)→ C1 (M ×N)

that defines C1 (M ×N) as a C1(N)–algebra. Hence X ∈ Im
�
ιD(M)N

�
if

and only if X is a C1(N)–derivation of C1 (M ×N) into itself:

Im
�
ιD(M)N

�
= DC∞(N) (C1 (M ×N)) .
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The module DC∞(N) (C1 (M ×N)) of all derivations of the C1(N)–

algebra C1 (M ×N) will be also denoted by

DN (M ×N) .

Summing up, there are natural isomorphisms

D (M)N
�
−→ DN (M ×N) and D (N)M

�
−→ DM (M ×N)

and an internal decomposition

D (M ×N) = DN (M ×N)⊕DM (M ×N) .

0.4.20

The decompositions

D (M ×N) = D (M)N ⊕D (N)M

and

D (M ×N) = DN (M ×N)⊕DM (M ×N)

precisely express the intuitive fact that every vector field on a product

may be decomposed into a horizontal and a vertical component. Moreover,

n. 0.4.19 says that there are two natural formalizations of the concept of a

‘horizontal’ (respectively, vertical) vector field. The former is: a vector field

along the projection on the horizontal (resp., vertical) factor. The other

is: a vector field projecting into the zero vector field of the vertical (resp.,

horizontal) factor.

0.4.21

In this book, interval means a connected subset of R. Intervals may be

naturally considered as smooth manifolds, possibly with boundary (27). If

M is a manifold, possibly with boundary, by a (smooth) curve in M we

mean a smooth map I→M , with I being a nonempty interval, not reduced

to a singleton.

De�nition. Let I be a nonempty interval, not reduced to a singleton. The

vector field

C1 (I)→ C1 (I) , f 7→ f 0

where f 0 indicates the derivative of f , will be called the standard vector

field on I.

27For open intervals, see n. 0.2.19; details about the other cases are left to the reader.
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Of course, when speaking about the standard vector field on an interval

I, it will be always tacitly implied that I is nonempty and not reduced to a

singleton. Since it is convenient to think of R as the timeline, the standard

vector field on I will generally be denoted by d/d t.

0.4.22 Trajectories

Let X be a vector field on a smooth manifold M , possibly with boundary.

De�nition. A (smooth) trajectory of X (also called a (smooth) integral

curve) is a curve

γ : I→M ,

such that X is γ-compatible with the standard vector field d/d t on I.

Plainly, a trajectory γ : I → M is said to be maximal if it cannot be

prolonged, i.e., there are no trajectories γ 0 : I0 →M such that

I0 ) I and γ = γ0|I .

0.4.23

Let f : N →M be a smooth map and X and Y be vector fields respectively

on M and N , that are compatible with respect to f . From the definition of

trajectories and the transitivity of compatibility condition it follows that

γ is a trajectory of Y =⇒ f ◦ γ is a trajectory of X .

0.4.24

The standard vector field d/d t on R is clearly compatible with itself with

respect to the translation map

τs : R→ R, t 7→ t+ s

by s ∈ R. Hence, if γ : I → M is a trajectory of X ∈ D(M), and if, by

abuse of notation, the restriction

τ�1
s (I)→ I

of τs is denoted again by τs, then from n. 0.4.23 it immediately follows that

γ ◦ τs is a trajectory of X as well. Since the inverse τ�s of τs is again a

translation, it easily follows that

γ is a trajectory⇐⇒ γ ◦ τs is a trajectory ,



October 8, 2008 14:20 World Scientific Book - 9in x 6in FMaLC

52 Fat Manifolds and Linear Connections

and

γ is maximal⇐⇒ γ ◦ τs is maximal.

0.5 Di�erential Forms

0.5.1 Di�erential Forms with Values in a Module

Let k be a field, A a commutative k-algebra, and P an A-module.

De�nition. A multilinear alternating function

D(A) × · · · ×D(A)| {z }
s factors

→ P

of A-modules will be called a differential s-form on A with values in P , or

also, shortly, a P -valued s-form.

The A-module of all P -valued differential s-forms will be denoted by

Λs(P ). The graded module with graded components Λs(P ) will be denoted

by Λ�(P ).

A (ordinary) differential form on A will be a differential form on A with

values in A itself. A differential form on a smooth manifold M will be a

differential form on the algebra C1(M). The C1(M)–module Λ� (C1(M))

of all differential forms on M will be denoted simply by Λ� (M) (and its

graded components by Λs(M)).

0.5.2 Cotangent Bundle

Let M be a manifold and A = C1(M). Arguing as in n. 0.4.9, with
[Nestruev (2003), 11.6 (III)] in place of [Nestruev (2003), 11.6 (II)] and using
[Nestruev (2003), 11.37, 11.39] instead of [Nestruev (2003), Exercise 9.40],

one deduces that Λ1(M) is projective, finitely generated, and determines an

equidimensional pseudobundle πΛ1(M) :
��Λ1(M)

��→ M which is, therefore,

a vector bundle. In this book, the cotangent bundle of M will be, by

definition, πΛ1(M).

0.5.3

By the above construction, the fiber at m ∈M of the cotangent bundle of

M is naturally isomorphic to the cotangent space T _
mM

def
= (TmM)

_
, and
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the value at m of a 1-form ω, considered as a section of the tangent bundle,

corresponds to the unique tangent covector ωm : TmM → R such that

ωm(Xm) = ω(X)(m), X ∈ D(M) . (0.2)

Moreover, T_
mM is an R-vector space

Rm ⊗A Λ1(M)

obtained from Λ1(M) by extension of scalars via m : A→ R, with universal

homomorphism Λ1(M)→ T_
mM given by

ω 7→ ωm .

Finally, note that if it is assumed that

TmM = Rm ⊗A D(M)

(see n. 0.4.10) and

Rm = Rm ⊗A A ,

then (0.2) leads to

ωm = idRm
⊗A ω ,

i.e., ωm is the homomorphism obtained from ω by extension of scalars via

m : C1(M)→ R.

Thus, a 1-form ω is geometrically described by a family

{ωm}m2M

of tangent covectors.

0.5.4

For higher degrees, the geometric description is analogous. According to

n. 0.1.5, (3), given ω ∈ Λs(M), for each point m ∈ M there is a unique

alternating s-linear form

ωm : TmM × · · · × TmM → R

such that

ωm(X1m, . . . , Xsm) = ω(X1, . . . , Xs)(m) X1, . . . , Xs ∈ D(M) . (0.3)

Therefore, every s-form ω is geometrically described by a family

{ωm}m2M

of alternating s-linear forms on the tangent spaces.
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0.5.5 The Ordinary Di�erential

Let k be a field and A be a commutative k-algebra. For each a ∈ A define

d a : D(A)→ A, X 7→ X (a)

and

d : A→ Λ1(A) a 7→ d a .

De�nition. The function d will be called the ordinary differential on A.

If A = C1(M), with M a smooth manifold, then d will be also called

the ordinary differential on M .

0.5.6 Universal Property of First Order Di�erential Forms

It can be immediately checked that the ordinary differential d on a k-algebra

is a derivation of A into the A-module Λ1(A). The following proposition as-

serts that the ordinary differential d : C1(M)→ Λ1(M) on a manifold M ,

possibly with boundary, is a universal derivation into a geometric module.

Proposition. For every geometric C1(M)–module P and for every deriva-

tion

X : C1(M)→ P

of C1(M) into P , there exists exactly one C1(M)–module homomorphism

hX : Λ1(M)→ P

such that

X = hX ◦ d .

Proof. See [Nestruev (2003), Theorem 11.43] (take into account the def-

initions of [Nestruev (2003), 11.42]). �

0.5.7 Action of Smooth Maps on 1-Forms

Let f : N →M be a smooth map and denote by

dM : C1(M)→ Λ1(M) and dN : C1(N)→ Λ1(N)

the ordinary differentials.

Since dN is a derivation of C1(N) into the C1(N)–module Λ1(N),

the function dN ◦f
� is a derivation of C1(M) into Λ1(N), considered as a
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C1(M)–module (by restriction of scalars via f �). According to n. 0.5.2,

Λ1(N) is projective and finitely generated as a C1(N)–module; hence it

is geometric. According to n. 0.3.3, it is also geometric as a C1(M)–

module. Therefore, by Proposition 0.5.6, there is exactly one C1(M)–

module homomorphism

Λ1 (f�) : Λ1(M)→ Λ1(N) ,

such that

Λ1 (f�) ◦ dM = dN ◦f
� .

0.5.8 Geometric Description of �1 (f∗)

A geometric description for Λ1 (f�), with f : N →M being a smooth map,

is provided by statement (3) of the last Exercise in [Nestruev (2003), 11.45]

(where Λ1 (f�) is denoted by f� for simplicity):
�
Λ1 (f�) (ω)

�
n

= ωf(n) ◦ dn f, n ∈ N,ω ∈ Λ1(M) . (0.4)

(This fact also will come out later as a particular case of a much more

general statement.)

0.5.9

Proposition. Let f : N → M be a smooth map and consider the homo-

morphism

ν : D(M)→ D(M)f , X 7→ f� ◦X .

(In other words, the map ν associates to each vector field X on M the

vector field along f that projects into X .) Then D(M)f is a C1(N)–

module obtained from D(M) by extension of scalars via f �, with universal

homomorphism ν.

Proof. Proposition 0.5.6 and n. 0.3.3 imply that

i : HomC∞(M)

�
Λ1(M),C1(N)

� �
−→ D(M)f , h 7→ h ◦ d ,

with d being the ordinary differential on M , is a C1(N)–module isomor-

phism.

According to n. 0.5.2, Λ1(M) = D(M)_ is projective and finitely gener-

ated. Therefore n. 0.1.5, (7) implies

HomC∞(M)

�
Λ1(M),C1(N)

�
= (D(M)_)

_
⊗ C1(N) .

The result now easily follows from n. 0.1.5, (6). �
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As a consequence, if πT : TM → M is the tangent bundle of M , then

the pseudobundle on N defined by the module D(M)f is an induced bundle

f� (πT ). Accordingly, a vector field along f may be viewed as a section of

the induced bundle f� (πT ).

Example. Let E be a vector space considered as a smooth manifold ac-

cording to n. 0.2.19, f : N → E a smooth map and recall that TE is a

standard trivial bundle with standard fiber E (see n. 0.4.11). From the

definition of a standard trivial bundle (n. 0.3.15) and n. 0.3.7 it follows

that the induced from TE by f bundle is a standard trivial bundle with

standard fiber E as well. Hence a vector field along f , when regarded as a

section of this bundle, gives rise to a smooth function N → E, simply by

composition with the trivializing morphism.

If α : I → E is a smooth curve and d / d t is the standard vector field

on I, the function I→ E that corresponds to (d / d t) ◦ α� is the derivative

of α. It will be denoted by α0. Note also that α0 is characterized by

α0�(ϕ) =
d

d t
(α�(ϕ)) , ϕ ∈ E_ ,

from which it can be easily recognized that when E = Rn, α0 is nothing

but the usual component-wise derivative of α.

0.5.10

Let A be a k-algebra, k being a field, and P an A-module. Consider the

bilinear function

t : Λs(A)× P → Λs(P )

defined by

t (ω, p) (X1, . . . , Xs) = ω (X1, . . . , Xs) p ,

ω ∈ Λs(A), p ∈ P, X1, . . . , Xs ∈ D (A) .

Proposition. If either D(A) or P is projective and finitely generated, then

(Λs(P ), t) is a tensor product:

Λs(P ) = Λs(A)⊗ P .

Proof. By the universality of exterior powers, there are natural isomor-

phisms Λs(P ) ∼= Hom (
Vs

D(A), P ) and Λs(A) ∼= (
Vs

D(A))
_
. Therefore

the result easily comes from n. 0.1.5, (12) and (7). �
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By n. 0.4.9, the above result applies to A = C1(M), with M being a

smooth manifold, possibly with boundary. Therefore, for every C1(M)–

module P ,

Λs(P ) = Λs(M)⊗ P .

0.5.11 Exterior Di�erential

Let k be a field and A a commutative k-algebra. Define a k-linear function

ds : Λs (A)→ Λs+1 (A)

by setting

ds (ω) (X1, . . . , Xs+1) =
X

i

(−1)i+1Xi

�
ω
�
X1, . . . ,cXi, . . . , Xs+1

��

+
X

i<j

(−1)i+j ω
�
[Xi, Xj ] , X1, . . . ,cXi, . . . , cXj , . . . , Xs+1

�

ω ∈ Λs(M), X1, . . . Xs+1 ∈ D(A) ,

where bt denotes the omission of a term t.

De�nition. The exterior differential on A in this book will be the first

degree graded k-module endomorphism

d : Λ�(A)→ Λ�(A)

with degree s component ds for each s (28).

Note that the degree 0 component is the ordinary differential on A.

Sometimes, by abuse of notation, each graded component will be denoted

simply by d.

In the case when A = C1(M), with M being a smooth manifold, the

exterior differential on A will be also called the exterior differential on M.

For a ‘conceptual definition’ of the exterior differential see [Vinogradov

(2001), 1.1.6].

28For an arbitrary algebra A, the adjective ‘exterior’ could be a bit misleading. Indeed,
generally Λ•(A) is not an exterior algebra (but it will be such in situations of central
interest for this book).
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0.5.12 de Rham Complex

Let k be a field and A a commutative k-algebra.

Proposition. The exterior differential d on A satisfies

d ◦ d = 0 ,

i.e.,

(Λ�(A), d)

is a complex.

Proof. A proof may be done by writing down the definition of d2 = d ◦ d

on homogeneous forms, being careful in doing the simplifications. It results

in a rather long (but somewhat interesting) calculation, which is left to the

reader. �

0.5.13 Wedge Product

Let A be a commutative k-algebra, k being a field, Sr+s the group of

permutations of {1, . . . , r + s}, with r, s being nonnegative integers, and

define the following subset

Sr,s
def
= {σ ∈ Sr+s : σ (1) < · · · < σ (r) and σ (r + 1) < · · · < σ (r + s)} .

Then, the A-module Λ�(A) turns into a graded A-algebra once equipped

with the (distributive) operation ∧ determined by

(ω ∧ κ) (X1, . . . , Xr+s)

=
X

σ2Sr,s

(−1)
jσj
ω
�
Xσ(1), . . . , Xσ(r)

�
κ
�
Xσ(r+1), . . . , Xσ(r+s)

�
,

ω ∈ Λr(A),κ ∈ Λs(A), X1, . . . , Xr+s ∈ D(A) ,

with (−1)jσj being the parity of σ.

Moreover, consider the zeroth degree homomorphism of graded A-

modules

α :
^�

Λ1(A)→ Λ�(A)

with graded components αn determined by the condition:

αn (ω1 ∧ · · · ∧ ωn) (X1, . . . , Xn) =
���(ωi (Xj))i,j2f1,...,ng

��� ,

X1, . . . , Xn ∈ D(A), ω1, . . . , ωn ∈ Λ1(A)
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(here ∧ denotes the exterior product in
V� Λ1(A)). From the generalized

Laplace expansion of determinants (see [Mac Lane and Birkhoff (1967),

Chap. XVI, Sect. 7, Theorem 12 (p. 564)]) it follows that α is a graded

algebra homomorphism too.

Proposition. If D(A) is projective and finitely generated, then α is an

isomorphism.

Proof. It follows from n. 0.1.5, (11) (details are left to the reader). �

Corollary. If M is a manifold, possibly with boundary, then Λ�(M) is

an exterior algebra of the C1(M)–module Λ1 (M). Moreover, for all

X1, . . . , Xn ∈ D(M) and ω1, . . . , ωn ∈ Λ1(M),

(ω1 ∧ · · · ∧ ωn) (X1, . . . , Xn) =
���(ωi (Xj))i,j2f1,...,ng

��� . (0.5)

Proof. It immediately follows from the proposition, because D(M) is

projective and finitely generated by n. 0.4.9. �

The operation ∧ will be called wedge product in Λ�(A). In conformity

with the proposition, if D(A) is projective and finitely generated then ∧

may also be called exterior product in Λ�(A). In particular, an exterior

product is defined on Λ�(M), with M being a manifold.

Note that, since the characteristic of the algebra C1 (M) is 0, the for-

mula

(ω ∧ κ) (X1, . . . , Xr+s)

=
X

σ2Sr,s

(−1)
jσj
ω
�
Xσ(1), . . . , Xσ(r)

�
κ
�
Xσ(r+1), . . . , Xσ(r+s)

�

may be also written

(ω ∧ κ) (X1, . . . , Xr+s)

=
1

r!s!

X

σ2Sr+s

(−1)
jσj
ω
�
Xσ(1), . . . , Xσ(r)

�
κ
�
Xσ(r+1), . . . , Xσ(r+s)

�
.

The present definition of the wedge product agrees with the one that may

be generally found in the literature (see, e.g., [Berger and Gostiaux (1988),

0.1.4]). In some texts (e.g., [Singer and Thorpe (1976), Sect. 5.2 (p. 120)])

a different definition is assumed by replacing r!s! by (r+ s)!. The resulting

algebra structure on Λ�(M) is different but, anyway, isomorphic.
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0.5.14 Leibnitz Rule for the Exterior Di�erential

Proposition. Let d : Λ� (A) → Λ�(A) be the exterior differential on a

commutative k-algebra A, k being a field. For all ωr ∈ Λr (A) and κ ∈

Λ� (A),

d (ωr ∧ κ) = (dωr) ∧ κ + (−1)
r
ωr ∧ d κ .

Proof. Basically, a proof may be done by an easy (but cumbersome)

calculation, based on some preliminaries about permutations. The details

are left to the reader. �

In other words, the exterior differential is a graded derivation of Λ�(A).

0.5.15

The universal property of the ordinary differential d : C1(M) → Λ1(M)

easily implies that the C1(M)–module Λ1(M) is generated by the image

of d, i.e., by elements of the form d a with a ∈ C1(M) (29).

It follows, more generally, that for all s ∈ N0, the C1(M)–module

Λs(M) is generated by elements of the form

d a1 ∧ · · · ∧ d as ,

with a1, · · · , as ∈ C1(M). In other words, every s-form ωs may be written

as a sum

ωs =
X

i

ai d ai1 ∧ · · · ∧ d ais ,

with the a’s in C1(M). Propositions 0.5.12 and 0.5.14 imply

dωs =
X

i

d ai ∧ d ai1 ∧ · · · ∧ d ais .

Let U be open in Rn. From the local description of smooth vector fields

(see n. 0.4.1) it easily follows that

d a =
∂a

∂x1
dx1 + · · ·+

∂a

∂xn
dxn, a ∈ C1(U) . (0.6)

Therefore dx1, . . . , dxn generate Λ1(U) as a C1(U)–module and Λ�(U) as

a C1(U)–algebra. This gives the usual description in local coordinates of

an s-form ωs on a manifold M :X

i1<���<is

ai1...is
dxi1 ∧ · · · ∧ dxis

.

29Actually, in the present setting, the logical dependence between these facts is in-
verted, because the proof of [Nestruev (2003), Theorem 11.43] uses [Nestruev (2003),
Corollary 11.49].
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Accordingly, the local description of the exterior differential dωs is obtained

from a rearrangement of

X

i1<���<is

d ai1...is
∧ dxi1 ∧ · · · ∧ dxis

after substitution of the various d ai1...is
with the corresponding expressions

given by (0.6).

0.5.16 Action of Smooth Maps on de Rham Complexes

Let f : N →M be a smooth map between manifolds, possibly with bound-

ary.

By n. 0.5.7, there exists exactly one C1(M)–module homomorphism

Λ1 (f�) : Λ1(M)→ Λ1(N)

such that

Λ1 (f�) ◦ dM = dN ◦f
� , (0.7)

with dM , dN being the (zeroth components of) exterior differentials. Since

Λ�(M) is an exterior algebra of Λ1(M) by Corollary 0.5.13, Λ1 (f�) in-

duces a C1(M)–algebra homomorphism of Λ�(M) into the exterior alge-

bra of the C1(M)–module obtained from Λ1(N) by restriction of scalars.

Upon composing with the natural homomorphism of n. 0.1.5, (4) one gets

a C1(M)–algebra homomorphism

Λ� (f�) : Λ�(M)→ Λ�(N) ,

which is the unique one with first degree component Λ1 (f�).

Using the (global) description of differential forms recalled in n. 0.5.15,

one also easily deduces that

Λ� (f�) ◦ dM = dN ◦Λ� (f�) .

In conclusion, Λ� (f�) : Λ�(M) → Λ�(N) is both a cochain homomor-

phism and a graded homomorphism of C1(M)–algebras, when Λ�(N) is

considered so by restriction of scalars via f �. Moreover, Λ� (f�) is char-

acterized by these conditions. It will be called the (de Rham) cochain

homomorphism induced by f .
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0.5.17 Geometric Description of �• (f∗)

Let f : N → M be a smooth map. A geometric pointwise description of

Λ� (f�) is given by

(Λ� (f�) (ω))n(ξ1, . . . , ξs) = ωf(n) (dn f(ξ1), . . . , dn f(ξs)) ,

n ∈ N, ω ∈ Λs(M), ξ1, . . . , ξs ∈ TnN .

Indeed, note that it suffices to check it in the case when

ω = ω1 ∧ · · · ∧ ωs

with ωi ∈ Λ1(M) for all i, and that by n. 0.4.10 vector fields Y1, . . . , Ys on

N may be chosen such that

Y1n = ξ1 , . . . , Ysn = ξs

and vector fields X1, . . . , Xs on M such that

X1f(n) = dn f(ξ1) , . . . , Xsf(n) = dn f(ξs) .

With these assumptions, the required formula comes from an easy calcula-

tion based on (0.3), p. 53, (0.4), p. 55 and (0.5), p. 59.

0.5.18 Insertion Operator

Let k be a field, A a commutative k-algebra,X ∈ D (A) and P an A-module.

If ω ∈ Λs (A), with s ≥ 1, then

ωX (X1, . . . , Xs�1)
def
= ω (X,X1, . . . , Xs�1) , X1, . . . , Xs�1 ∈ D(A) ,

defines a form ωX ∈ Λs�1 (P ). If ω ∈ Λ0(P ) ∼= P , set ωX = 0 by definition.

De�nition. The (−1)-th degree graded A-module endomorphism

Λ�(P )→ Λ�(P )

with degree s components

Λs(P )→ Λs�1(P ), ω 7→ ωX

is called the insertion operator of X into Λ�(P ).

In the case when P = A, the insertion operator is usually denoted by

iX ; for an arbitrary P the notation iX,P , or often simply iX , will be used.

The form iX (ω) = ωX is sometimes also denoted by

X y ω .

If M is a smooth manifold, possibly with boundary, and X a vector field on

M , the insertion operator of X is the insertion operator of X into Λ�(M)

(i.e., it is assumed that P = A = C1(M)).
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0.5.19 Leibnitz Rule for Insertion Operators

The insertion operator of X ∈ D (A) into Λ�(A) satisfies the following

Leibnitz Rule.

Proposition. For all ωr ∈ Λr(A) and κ ∈ Λ� (A),

iX (ωr ∧ κ) = iX (ωr) ∧ κ + (−1)
r
ωr ∧ iX (κ) .

Proof. The situation is similar to (but fortunately easier than) that of

Proposition 0.5.14. A proof may consist of a calculation together with some

manipulation about permutations. �

In other words, iX is a graded derivation.

0.5.20

Let M be a manifold, X a vector field on M , d : C1(M) → Λ1(M) the

ordinary differential on M , and iX : Λ1(M) → C1(M) the first degree

component of the insertion operator of X . Then for all a ∈ C1(M), by

definition of d and iX ,

iX (d a) = (d a) (X) = X (a) .

Therefore

iX ◦ d = X .

By the universal property of d (Proposition 0.5.6), the above equality char-

acterizes iX among C1(M)–module homomorphisms Λ1(M)→ C1(M).

0.5.21

Let f : N →M be a smooth map, X a vector field on M , Y a vector field

on N , and let

iX : Λ1(M)→ C1(M), iY : Λ1(N)→ C1(N)

be the first degree components of the insertion operators of X and Y ,

respectively.
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Exercise. Show that X and Y are compatible with respect to f if and

only if the diagram

Λ1(M)
Λ1 f∗

//

iX

��

Λ1(N)

iY

��

C1(M)
f∗

// C1(N)

is commutative.

Hint. Compose with the ordinary differential on M and take into account

n. 0.5.20.

Proposition. The vector fields X and Y are f -compatible if and only if

the diagram

Λ�(M)
Λ• f∗

//

iX

��

Λ�(N)

iY

��

Λ�(M)
Λ• f∗

// Λ�(N)

is commutative.

Proof. It reduces to extend the ‘only if’ assertion of the preceding Ex-

ercise to every degree. By means of the description of ω ∈ Λs(M) given in

n. 0.5.15, it suffices to make straightforward use of Proposition 0.5.19. �

Now let X1, . . . , Xn ∈ D(M), Y1, . . . , Yn ∈ D(N) and ω ∈ Λn(M).

Corollary. If Xi and Yi are f -compatible for all i ∈ {1, . . . , n}, then

(Λ� f�) (ω) (Y1, . . . , Yn) = f� (ω (X1, . . . , Xn)) .

Proof. It suffices to apply n times the Proposition. �

0.5.22 Di�erential Forms Along Maps

Let f : N →M be a smooth map and consider the C1(M)–module struc-

ture on C1(N) given by f�.

De�nition. A (differential) form on M along f is a differential form on

C1(M) with values in the C1(M)–module C1(N).

The graded C1(N)–module of all differential forms on M along f will

be denoted by Λ�(M)f , and its degree s component by Λs(M)f .
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0.5.23

Ordinary differential forms on a manifold may be understood as differential

forms along the identity. Note also that if ω is a form along f : N → M

and g : V → N is a smooth map, then the composition

g� ◦ ω

is a form along f ◦ g.

0.5.24

Proposition. The module Λs(M)f of differential s-forms along a smooth

map f : N →M is a module obtained from Λs(M) by extension of scalars

via f�, with universal homomorphism

νs : Λs(M)→ Λs(M)f , ω 7→ f� ◦ ω .

Proof. Immediate from Proposition 0.5.10. �

As a consequence, Λ�(M)f is a graded C1(N)–algebra obtained from

Λ�(M) by extension of scalars via f �, with universal homomorphism ν
def
=L

s2N0
νs.

0.5.25

Example. Let f : N →M be a smooth map and πT∨ : T_M →M be the

cotangent bundle of M . By Proposition 0.5.24, the vector bundle on N ,

defined by the module Λ1(M)f of all 1-forms along f , is an induced bundle

f� (πT∨). If f is replaced by a vector bundle π : E →M (understood as an

object of VBg), a 1-form along π corresponds to what in [Nestruev (2003),

11.26] is called a horizontal 1-form on E.

0.5.26

Proposition. Let f : M → N be a smooth map. Then Λ�(M)f is an

exterior algebra of the C1(N)–module Λ1(M)f .

Proof. By Corollary 0.5.13, Λ�(M) is an exterior algebra of Λ1(M) and,

by n. 0.5.24, Λ�(M)f is an algebra obtained from Λ�(M) by extension of

scalars via f�. Hence, it suffices to invoke n. 0.1.5, (5). �
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0.5.27 Wedge Product of Di�erential Forms Along Maps

According to Proposition 0.5.26, Λ�(M)f carries an exterior product ∧,

that will be also called wedge product.

The explicit expression of the wedge product in Λ�(M)f is similar to

the expression of the wedge product in Λ�(M) (see n. 0.5.13). To see this,

let ω ∈ Λr(M)f ,κ ∈ Λs (M)f and denote by

ν : Λ�(M)→ Λ� (M)f

the universal homomorphism into the scalar extension. Since Λ� (M)f is

generated by the image of ν, it may be assumed that

ω =

tX

i=1

aiν (ωi) , κ =

uX

j=1

bjν (κj) .

According to Proposition 0.5.24, ν(ωi) = f� ◦ ωi, ν(κj) = f� ◦ κj . There-

fore, from the expression of the wedge products ωi ∧ κj in Λ�(M), by a

straightforward calculation it is easily deduced that

(ω ∧ κ) (X1, . . . , Xr+s)

=
X

σ2Sr,s

(−1)
jσj
ω
�
Xσ(1), . . . , Xσ(r)

�
κ
�
Xσ(r+1), . . . , Xσ(r+s)

�
,

where Sr,s is, as usual, the subset of the group Sr+s of permutations of

{1, . . . , r + s} given by

Sr,s = {σ ∈ Sr+s : σ (1) < · · · < σ (r) and σ (r + 1) < · · · < σ (r + s)} .

0.5.28 Insertion Along Maps

Since differential forms along f : N → M are, in particular, forms with

values in a module, according to Definition 0.5.18 for each vector field X

on M , an insertion operator

iX : Λ�(M)f → Λ�(M)f ,

which is clearly C1(N)–linear, is defined. It is easy to define, more gen-

erally, insertion operators of vector fields along f . Indeed, according to

Proposition 0.5.9, the function

ν : D(M)→ D(M)f , X → f� ◦X

is the universal homomorphism into the scalar extension D(M)f of D(M).

Therefore, according to n. 0.1.5, (3), a differential s-form ω along f natu-

rally corresponds to the s-linear alternating form

ωf : D(M)f × · · · ×D(M)f → C1(N)
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characterized by

ωf (f� ◦X1, . . . , f
� ◦Xs) = ω(X1, . . . , Xs), X1, . . . , Xs ∈ D(M) .

It is sometimes convenient to identify ω with ωf , so that it will make sense

ω(Y1, . . . , Ys) ∈ C1(N), ω ∈ Λs(M)f , Y1, . . . , Ys ∈ D(M)f .

Now, let Y be a vector field along f . For each ω ∈ Λs(M)f , if s ≥ 1,

set

ωY (X1, . . . , Xs�1)
def
= ωf (Y, f� ◦X1, . . . , f

� ◦Xs�1) ,

X1, . . . , Xs�1 ∈ D(M) ;

if s = 0, set ωY = 0.

De�nition. The (−1)–th degree graded C1(N)–module homomorphism

iY : Λ�(M)f → Λ�(M)f

with degree s components

Λs(M)f → Λs�1(M)f , ω 7→ ωY

will be called the insertion operator of Y into Λ�(M)f .

Sometimes, the form ωY = iY (ω) will be also denoted by

Y y ω .

0.5.29

If N = M and f = idM , then iY coincides with the ordinary insertion

operator of the ordinary vector field Y into ordinary differential forms onM .

0.5.30 Leibnitz Rule for Insertions Along Maps

Proposition. Let Y be a vector field along a smooth map f : N → M .

For all ωr ∈ Λr(M)f and κ ∈ Λ�(M)f ,

iY (ωr ∧ κ) = iY (ωr) ∧ κ + (−1)
r
ωr ∧ iY (κ) .

Proof. The description of the wedge product in Λ�(M)f given in n. 0.5.27

still holds if the ordinary vector fields X1, . . . , Xr+s are replaced by vec-

tor fields along f (and forms along f are understood as forms on D(M)f

according to n. 0.5.28). To see this, it suffices to decompose the argu-

ments as linear combinations of ordinary vector fields with coefficients in

C1(N). Using this description, the proof becomes formally identical to

that of Proposition 0.5.19. �
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0.5.31

Let f : N → M be a smooth map and recall that D(M)f and Λs(M)f

are, respectively, obtained by extension of scalars via f � with universal

homomorphisms

D(M)→ D(M)f , X 7→ X ◦ f�

and

Λs(M)→ Λs(M)f , ω 7→ ω ◦ f� .

By the definition of insertion operators along f , for all X ∈ D(M) and

ω ∈ Λs(M),

f� ◦ (X y ω) = (f� ◦X) y (f� ◦ ω) .

This shows that the bilinear map

D(M)f × Λs(M)f → Λs�1(M)f , (Y,κ) 7→ Y y κ

coincides with the bilinear map obtained from

D(M)× Λs(M)→ Λs�1(M), (X,κ) 7→ X y ω

by extension of scalars via f� (see n. 0.1.5, (2)).

Now let g : V → N be a smooth map. If Y ∈ D(M)f and κ ∈ Λs(M)f

then

g� ◦ Y ∈ D(M)f�g , g� ◦ κ ∈ Λs(M)f�g

(see nn. 0.4.13 and 0.5.23). Moreover, the homomorphisms

D(M)f → Df�g(M), Y 7→ g� ◦ Y

and

Λs(M)f → Λs(M)f�g, κ 7→ g� ◦ κ

both satisfy the universal property of scalar extension via g�, because this

is true for the analogous homomorphisms from D(M) and Λs(M). As a

consequence, the bilinear map

D(M)f�g × Λs(M)f�g → Λs�1(M)f�g , (Z, ρ) 7→ Z y ρ

coincides with the bilinear map obtained from

D(M)f × Λs(M)f → Λs�1(M)f , (Y,κ) 7→ Y y κ

by extension of scalars via g�. In other words, the following formula holds:

(g� ◦ Y ) y (g� ◦ κ) = g� ◦ (Y y κ) , Y ∈ D(M)f ,κ ∈ Λs(M)f . (0.8)
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0.5.32

Proposition. Let f : N → M be a smooth map. For all ω ∈ Λ1(M) and

Z ∈ D(N),

Λ1 (f�) (ω)(Z) = (Z ◦ f�) y (f� ◦ ω) .

Proof. According to n. 0.5.31, for all a ∈ C1(M) and X ∈ D(M)

(f� ◦X) y (f� ◦ da) = f� ◦ (X y d a) = f� ◦X(a) .

Notice that hereX(a) is interpreted as a 0-form, so that f �◦X(a) is nothing

but f� (X(a)). Therefore,

(f� ◦X) y (f� ◦ d a) = (f� ◦X)(a) .

In other words, the C1(N)–module homomorphism

D(M)f → C1(N), Y 7→ Y y (f� ◦ d a)

coincides with

D(M)f → C1(N), Y 7→ Y (a)

when Y is in the image of the universal homomorphism D(M) → D(M)f ,

X 7→ f� ◦X . Therefore, they coincide for all Y :

Y y (f� ◦ d a) = Y (a), Y ∈ D(M)f , a ∈ C1(M) . (0.9)

Now consider the C1(M)–module homomorphism

ϕ : Λ1(M)→ Λ1(N)

that, with ω ∈ Λ1(M), associates the 1-form on N given by

Z 7→ (Z ◦ f�) y (f� ◦ ω) .

For all a ∈ C1(M) and Z ∈ D(N),

ϕ(d a)(Z) = (Z ◦ f�) y (f� ◦ d a)
(0.9)
= Z(f�(a)) = (dN f�(a))(Z) ,

with dN being the ordinary differential on N . This shows that ϕ fulfills the

condition

ϕ ◦ d = dN ◦f
�

that characterizes Λ1 (f�). �
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Note that the above proposition, together with (0.8) and n. 0.4.10, im-

plies the geometric description mentioned in n. 0.5.8 (compose the formula

in the statement with n : C1(N)→ R).

Recall that Λ1(M)f is obtained from Λ1(M) by extension of scalars via

f� (see Proposition 0.5.24). Hence, to the C1(M)–module homomorphism

Λ1 f� naturally corresponds a C1(N)–module homomorphism

(Λ1 f�)f : Λ1(M)f → Λ1(N) .

Corollary. For all κ ∈ Λ1(M)f and Z ∈ D(N)

(Λ1 f�)f (κ)(Z) = (Z ◦ f�) y κ .

Proof. By the Proposition, the composition of the universal homomor-

phism

Λ1(M)→ Λ1(M)f , ω 7→ f� ◦ ω

with the C1(N)–module homomorphism given by

Z 7→ (Z ◦ f�) y κ

is precisely Λ1 f�. �

Consider now the C1(N)–module homomorphism

(Λ� f�)f : Λ�(M)f → Λ�(N)

corresponding to Λ� f�.

Exercise. Show that

Z y (Λ� f�)f (κ) = (Λ� f�)f ( (Z ◦ f�) y κ ) , κ ∈ Λ�(M)f , Z ∈ D(N) .

Hint. Argue by induction using the Leibnitz rule for insertions (see

n. 0.5.30).

0.5.33 Local Di�erential Forms

Let U be an open submanifold of a manifold M and κ be an s-form along

the embedding i : U ↪→M . Repeated applications of Exercise 0.5.32 lead to

(Λ� i�)i(κ) (X1|U , . . . , Xs|U ) = κ (X1, . . . , Xs) , X1, . . . , Xs ∈ D(M) .

Moreover, according to n. 0.4.16, there exists a natural identification

D(M)i = D(U), which shows that D(U) is generated as a C1(U)–module
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by the restrictions of vector fields on M (by Proposition 0.5.9). This implies

that ω = (Λ� i�)i(κ) is the unique s-form on U such that

ω (X1|U , . . . , Xs|U ) = κ (X1, . . . , Xs) , X1, . . . , Xs ∈ D(M) .

Conversely, given an s-form ω on U , the above equality immediately defines

an s-form κ along i.

In conclusion, there exists a natural one-to-one correspondence between

s-forms along i and s-forms on U . This identification is compatible with

wedge products, as it easily follows form n. 0.5.27.

De�nition. A local (differential) form on M is a form along the embedding

U ↪→ M of an open submanifold, and it is sometimes identified with the

corresponding s-form on U .

0.5.34 Splitting of Di�erential Forms

on a Product Manifold

Let M and N be smooth manifolds, at least one of them without boundary,

P a C1(M ×N)–module, and

πM : M ×N →M, πN : M ×N → N

the projection maps.

Proposition. If PM and PN respectively denote the modules obtained

from P by restriction of scalars via π�
M and π�

N , then

Λ1(P ) = Λ1 (PM )⊕ Λ1 (PN ) .

Proof. From Propositions 0.4.18 it follows that

HomC∞(M�N)

�
D (M ×N) , P

�

= HomC∞(M�N)

�
D(M)N , P

�
⊕ HomC∞(M�N)

�
D(N)M , P

�
.

Therefore, it suffices to note that by Proposition 0.5.9 there are natural

isomorphisms

HomC∞(M�N) (D(M)N , P ) ∼= HomC∞(M) (D(M), PM )

and

HomC∞(M�N) (D(N)M , P ) ∼= HomC∞(N) (D(N), PN ) .
�
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0.5.35

When P = C1(M × N), Proposition 0.5.34 leads to a decomposition of

Λ1(M × N). To write it in a more expressive form, let us introduce the

following notation.

De�nition. Let πM : M ×N →M be the projection onto M of a product

M × N of smooth manifolds. The C1 (M ×N)–module Λ�(M)πM
of all

differential forms on M along πM will be also denoted by

Λ�(M)N

and its degree s component Λs(M)πM
by Λs(M)N .

In this notation, Proposition 0.5.34 gives in particular

Λ1 (M ×N) = Λ1(M)N ⊕ Λ1 (N)M .

From the construction of the above decomposition and Corollary 0.5.32, it

easily follows that the natural monomorphisms

Λ1(M)N ↪→ Λ1 (M ×N) and Λ1(N)M ↪→ Λ1 (M ×N)

into the direct sum are nothing but the homomorphisms that naturally cor-

respond to Λ1 (π�
M ) and Λ1 (π�

N ), once Λ1(M)N and Λ1(N)M are considered

as scalar extensions from Λ1(M) and Λ1(N), respectively.

0.5.36 Splitting of Derivations

Proposition. In the notation of n. 0.5.34, if P is geometric then there is

a decomposition

D(P ) = D (PM )⊕D (PN )

such that the natural epimorphisms onto the summands are respectively

given by

X 7→ X ◦ π�
M and X 7→ X ◦ π�

N .

Proof. It easily follows from Proposition 0.5.6 and n. 0.5.35. �

0.5.37 Splitting of Tangent Vectors

When P = R with the C1 (M ×N)–module structure given by (m,n) :

C1 (M ×N)→ R, n. 0.3.3 and Proposition 0.5.36 leads to the decomposi-

tion

T(m,n) M×N = TmM ⊕ TnN ,
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with natural epimorphisms given by

d(m,n) πM and d(m,n) πN .

It is also easy to recognize that the natural monomorphisms of the sum-

mands are nothing but

dm in and dn jm ,

with in : M → M × N and jm : N → M × N being the embeddings at

m and n, respectively (it suffices to check the four compositions with the

natural epimorphisms, taking into account what are the compositions of in,

jm with πM and πN ).

Exercise. Show that a morphism of vector bundles is regular if and only

if it is regular as a morphism in VBg (according to n. 0.3.26).

Hint. Take into account the Inverse Function Theorem (see, e.g., [Nestruev

(2003), 6.21] or [Berger and Gostiaux (1988), 0.2.22]); cf. also [Nestruev

(2003), 11.30].

0.6 Lie Derivative

In this section, the notion of Lie derivative of a differential form along a

vector field X is reviewed. Although it could be directly introduced by

means of the Cartan formula (see n. 0.6.20), it is also worth it to recall the

description based on the flow of X .

0.6.1 Flow Generated by a Vector Field

The existence and uniqueness theorem for ordinary (smooth) differential

equations may be stated in the following form. For every smooth vector

field X on a manifold M , possibly with boundary, and for all m ∈M , there

exists a unique maximal trajectory γ : I → M of X such that γ(0) = m.

The smooth dependence of trajectories on the initial data is encoded by

the flow of X . More precisely, if M is without boundary, the flow of X is

a smooth map

Φ : IM →M ,

where IM is an open submanifold of M × R, such that for all m ∈ M , the

map

γm : Im →M, γm (t) = Φ(m, t)
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(where Im = {t ∈ R| (m, t) ∈ IM}) results in the unique maximal trajectory

of X such that γm (0) = m. For the proof of existence and uniqueness (30)

of the flow, the reader is referred to [Berger and Gostiaux (1988), 3.5.7] (it is

also convenient to have a look on [Arnold (2006), Chap. 4, 31.8, Solutions 1,

2 (p. 277)]).

0.6.2 Flows on a Manifold with Boundary

When M has a nonempty boundary, some pathologies may arise. Of course,

a map Φ : IM → M still exists such that maximal trajectories are given

by γm (t) = Φ(m, t), but the domain IM may be not a submanifold of

M × R. However, when IM is identified with
��C1(M × R)|

IM

�� (through

the homeomorphism µ examined in n. 0.2.20), Φ is smooth in the sense that

it is the dual map of an algebra homomorphism. Equivalently, this means

that a ◦ Φ ∈ C1(M × R)|
IM

for all a ∈ C1(M).

0.6.3 Relative Intervals

In some sense, the flow is a ‘universal trajectory’: a single maximal trajec-

tory is to a single point m as the flow is to the whole of M . Accordingly,

it may be said that the subset IM of M × R is to M as an interval is to a

single point. By this reason, it is expressive to call IM a relative interval

over M , though this term is commonly used with a different meaning in

Physics. A precise definition is stated below: it will be limited to the case

when IM is a manifold.

Let M be a smooth manifold and, for all m ∈ M , consider the embed-

ding at m into the product M × R:

R→M × R, t 7→ (m, t) .

De�nition. A relative interval over M will be, in this book, a submanifold

IM of M × R such that for all m ∈ M the inverse image through the

embedding at m is an interval.

A relative interval will be said to be open if it is such as a submanifold

of M × R. For each m ∈ M , restricting the embedding at m one gets a

30Since, in our setting, a product is defined up to natural diffeomorphisms, the unique-
ness holds only in view of the natural identification of M × R with the set-theoretic
product.
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smooth map

jm : Im → IM .

Similarly, for all t ∈ R, consider the embedding at t into the product M×R,

M →M × R, m 7→ (m, t) ,

and let Mt be the inverse image of IM through this map. If Mt is a sub-

manifold of M (it is certainly the case if IM is open or, more generally,

open in M × I, with I being an interval), then the restriction map

it : Mt → IM

is defined. The maps jm and it will be also called the embeddings into the

relative interval IM at m and at t, respectively.

Finally, let ∂/∂t be the unique vector field on M ×R that is compatible

with the zero vector field with respect to the projection map πM : M ×

R → M and with the standard vector field d/d t on R with respect to the

projection map πR : M ×R→ R (see Corollary 0.4.17). If IM is open, then

the restriction on IM of ∂/∂t is defined. Note that if IM = M × I, with I

being a nonempty interval not reduced to a singleton (31), the restriction

of ∂/∂t may be defined as well (32). Thus, if IM is open in M × I, the

restriction of ∂/∂t on IM will be called the standard vector field on the

relative interval IM (33).

A relative interval gives rise to a family of intervals Im. In view of the

identification of M × R with the set-theoretic product, it will be assumed

that a relative interval that determines a fixed family (if it exists) is unique.

Note that the standard vector field d / d t on the interval Im is jm–

compatible with the standard vector field on IM . Although this fact may be

trivially proved with the help of local coordinates, it is worth mentioning the

following algebraic trick, which will be useful in similar situations. Suppose

first that Im = I and IM = M × I. From the definitions of jm and of the

standard vector fields it immediately follows that

j�
m ◦

∂

∂t
◦ π�

M = 0, j�
m ◦

∂

∂t
◦ π�

I =
d

d t

31Thus I may include an endpoint and, in this case, we assume that M is without
boundary.
32Here, the uniquely determined vector field that is compatible with ∂/∂t through the
embedding is meant. Namely, it is the unique vector field on M × I that is compatible
with the zero vector field with respect to the projection M × I → M and with the
standard vector field d/d t on I with respect to the projection M × I → I.
33It would be easy to see that the standard vector field may be defined whenever
dim (IM ) = dim (M × R), but all relative intervals that will be needed in the sequel
are, in fact, open in M × I.
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and

d

d t
◦ j�

m ◦ π
�
M = 0,

d

d t
◦ j�

m ◦ π
�
I =

d

d t
.

Therefore, n. 0.3.3 and Proposition 0.5.36 (with P equal to the C1 (M × I)-

module C1 (Im) given by jm), imply that j�
m ◦ ∂/∂t = d/d t ◦ j�

m, i.e.,

d / d t and ∂/∂t are jm–compatible. When Im and IM are open sub-

manifolds, respectively of I and M × I, it suffices to invoke, in addition,

n. 0.4.15, (5).

0.6.4 Smooth Dependence on the Initial Data

Theorem. LetX be a smooth vector field on a manifoldM without bound-

ary and f : N →M be a smooth map. Then there exists a smooth map

Φf : IN →M ,

where IN is an open relative interval over N , such that, for all n ∈ N ,

the curve

γn = Φf ◦ jn

is the unique maximal trajectory of X such that γn(0) = f (n), with jn :

In → IN being the embedding at n ∈ N .

Proof. If N = M and f is the identity map, the statement results in the

ordinary existence theorem of the flow

Φ : IM →M .

To find Φf in the general case, it suffices to consider the smooth map

f × idR : N × R→M × R ,

set

IN = (f × idR)
�1

(IM )

and take

Φf
def
= Φ ◦ (f × idR) |IN ,IM

.
�

When M has a nonempty boundary, the above result may be appropri-

ately rephrased in view of n. 0.6.2.
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0.6.5

In the notation of the preceding theorem, note that the standard vector

fields ∂/∂t on IN and X are compatible with respect to Φf . In particular,

this is true when Φf coincides with the flow Φ.

0.6.6 One-parameter Group Generated by a Vector Field

Let

Φ : IM →M

be the flow of a vector field X on a manifold M without boundary. For all

t ∈ R let

it : Mt → IM

be the embedding at t into the relative interval IM and set

Φt = Φ ◦ it .

From n. 0.4.24, it easily follows that for all s, t ∈ R and m ∈Ms, either

Φt (Φs(m)) = Φt+s (m)

or both sides are undefined (that is, Φs(M) /∈Mt and m /∈Mt+s).

De�nition. The family of smooth maps

{Φt}t2R

will be called the one-parameter group generated by X .

In the case when the domain IM of the flow Φ is the whole of M × R,

Proposition 0.6.6 actually asserts that

{Φt}t2R
,

equipped with the operation given by map composition, is an abelian group;

moreover, the Φt’s are diffeomorphisms M → M (since they are invertible

under composition). In the general case, the group operation coincides with

map composition only in a local sense.
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0.6.7

The standard vector field ∂/∂t and X are compatible with respect to Φ:

∂

∂t
◦ Φ� = Φ� ◦X .

Upon composing with i�t0 , t0 ∈ R, and taking into account that, by defini-

tion, Φ ◦ it0 = Φt0 , one deduces

i�t0 ◦
∂

∂t
◦ Φ� = Φ�

t0 ◦X .

In particular, since Φ0 = idM ,

i�0 ◦
∂

∂t
◦ Φ� = X .

These equalities are sometimes written

d

d t

����
t=t0

Φ�
t = Φ�

t0 ◦X

and

d

d t

����
t=0

Φ�
t = X .

0.6.8 Smooth Families of Smooth Maps

Let M , N , and T be smooth manifolds and {Gt}t2T be a family of smooth

maps Gt : N → M , parameterized by the points of T . Suppose that at

least one of N and T is without boundary (34).

De�nition. The family {Gt}t2T is said to be a smooth family if the map

G : N × T →M, (n, t) 7→ Gt(n)

is smooth.

It will be said that the smooth family {Gt}t2T is defined by G, or that G

is the corresponding map of {Gt}t2T . It is convenient to explicitly remark

that, for all t ∈ T ,

Gt = G ◦ it ,

with it : N → N × T being the embedding at t ∈ T .

34The requirement on N and T is necessary to assure that N × T is a smooth manifold,
possibly with boundary. This restriction could be avoided by using the dual space of the
smooth envelope of C∞(N) ⊗R C∞(T ).



October 8, 2008 14:20 World Scientific Book - 9in x 6in FMaLC

Elements of Differential Calculus over Commutative Algebras 79

If M = N and Gt is a diffeomorphism for all t ∈ T , then {Gt}t2T will

be called a smooth family of diffeomorphisms of M .

More generally, let U be an open submanifold of N × T , let

H : U →M

be a smooth map and, for all t ∈ T , set Nt = i�1
t (U) and

Ht : Nt →M, n 7→ H(n, t) .

Then {Ht}t2T will be called a smooth family of local smooth maps of N

into M .

Finally, in the case when T is a nonempty interval not reduced to a

singleton and U is a relative interval (over which the standard vector field

∂/∂t is defined), a smooth family of (possibly local) smooth maps will be

also called a (smooth) one-parameter family.

0.6.9

Let {Gt}t2T be a smooth family of smooth maps N → M defined by

G : N × T →M and set

G
def
= (G, πT ) : N × T →M × T ,

with πT : N × T → T being the projection map. Note that

G ◦ it = it ◦Gt .

If {Ht}t2T is a smooth family of smooth maps Ht : M → V defined

by H : M × T → V , then {Ht ◦Gt}t2T is a smooth family because it

corresponds to H ◦G.

0.6.10 Smooth Families of Vector Fields

Let M and T be smooth manifolds, with at least one of them without

boundary, π : M × T → M the projection map onto M , and X ∈ D(M)T

a vector field along π. For all t ∈ T , let

it : M →M × T

be the embedding at t, and set

Xt = i�t ◦X .

By n. 0.4.13, Xt is a vector field on M .



October 8, 2008 14:20 World Scientific Book - 9in x 6in FMaLC

80 Fat Manifolds and Linear Connections

De�nition. The family

{Xt}t2T

will be called a smooth family of vector fields on M defined by X .

We shall also say that X is the vector field along π corresponding

to {Xt}t2T .

More generally, let U be an open submanifold of M × T , Y be a vector

field along the restriction U →M of π, set Mt = i�1
t (U), and denote again

by it the restriction Mt → U . Then the family

{Yt}t2T

given by

Yt = i�t ◦ Y

will be called a smooth family of local vector fields on M , defined by Y (cf.

n. 0.4.16).

Finally, in the case when T is a nonempty interval not reduced to a sin-

gleton and U is a relative interval, a smooth family of (possibly local) vector

field on M will be sometimes called a (smooth) time-dependent vector field .

0.6.11 Time-dependent Vector Field Associated

with a One-parameter Family of Di�eomorphisms

Let {Gt}t2I
be a one-parameter family of diffeomorphisms defined by G :

M × I→M , with I being a nonempty interval, not reduced to a singleton,

denote by πM : M × I → M and πI : M × I → I the projection maps and

set G = (G, πI) : M × I→M × I. By definition,

πM ◦G = G, πI ◦G = πI .

Therefore, denoting the embedding at t ∈ I by it : M → M × I one gets

πM ◦G ◦ it = G ◦ it = Gt .

Since the maps Gt are diffeomorphisms, G is a diffeomorphism (35). There-

fore the operator

X
def
=
�
G�1

��
◦
∂

∂t
◦G�

is defined, with ∂/∂t being the standard vector field on M × I.

By n. 0.4.13, X is a vector field along G ◦G�1. But, since πM ◦G = G,

G ◦G�1 = πM .

Hence, X is a vector field along πM .

35Argue as in Exercise 0.5.37.
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De�nition. The time-dependent vector field {Xt}t2I
defined by X =�

G�1
��
◦ ∂/∂t ◦ G� is called the time-dependent vector field associated

with {Gt}t2I
.

0.6.12

By definition,

∂

∂t
◦G� = G� ◦X .

The above formula is sometimes written as

d

d t
G�

t = G�
t ◦Xt .

More precisely, for all t0 ∈ I, let it0 : M → M × I be the embedding

at t0, and compose both sides of the above formula by i�t0 . Taking into

account that

G ◦ it0 = it0 ◦Gt0 ,

one deduces

i�t0 ◦
∂

∂t
◦G� = i�t0 ◦G� ◦X = (G ◦ it0)

�
◦X = (it0 ◦Gt0)

�
◦X

= G�
t0 ◦ i

�
t0 ◦X = G�

t0 ◦Xt0 .

This gives the fundamental formula

i�t0 ◦
∂

∂t
◦G� = G�

t0 ◦Xt0 ,

which is also sometimes written

d

d t

����
t=t0

G�
t = G�

t0 ◦Xt0 .

0.6.13

Let {Xt}t2T be a smooth family of vector fields corresponding to X ∈

D(M)T . Recall that there is a natural correspondence between vector fields

along the projection πM : M × T → M and ‘horizontal’ vector fields on

M × T (see n. 0.4.19). The vector field X ∈ DT (M ×N) corresponding to

X is characterized by

X ◦ π�
T = 0, X ◦ π�

M = X ,
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πT : M × T → T being the projection map onto T . If it : M → M × T is

the embedding at t, then

i�t ◦ X ◦ π�
T = 0, i�t ◦ X ◦ π�

M = i�t ◦X = Xt .

But

Xt ◦ i
�
t ◦ π

�
T = 0, Xt ◦ i

�
t ◦ π

�
M = Xt ,

because πT ◦ it is a constant map and πM ◦ it is the identity map. There-

fore, from n. 0.3.3 and Proposition 0.5.36, it follows that Xt and X are

it–compatible for all t ∈ T . This gives an alternative description of the

smooth family {Xt}t2T .

0.6.14

Suppose now that {Xt}t2I is the time-dependent vector field associated

with a one-parameter family of diffeomorphisms {Gt}t2I : M → M . As

before, set G = (G, πI), with G : M × I→M being the map corresponding

to the family and πI : M × I→ I the projection map.

Exercise. Show that if X is defined as in n. 0.6.13, then the standard

vector field ∂/∂t on M × I is G-compatible with (∂/∂t) + X.

Hint. Use Proposition 0.5.36 again.

0.6.15

Let Y be a vector field on a manifold M without boundary, Φ : IM → M

its flow, and {Φt}t2R the generated one-parameter group.

Suppose first, for simplicity, that IM = M×R. It easily follows from the

definitions that the time-dependent vector field {Xt}t2R associated with the

one-parameter family {Φt}t2R corresponds to X = π�
M ◦Y , πM : M ×R→

M being the projection map onto M . Therefore, if it : M → M × R is

the embedding at t then Xt = i�t ◦ π
�
M ◦ Y = id�

M ◦Y = Y for all t ∈ R.

The vector field X ∈ DT (M ×N) that corresponds to X coincides, in this

case, with the unique vector field Ỹ that projects into Y ∈ D(M) and into

0 ∈ D(R) (see Corollary 0.4.17).

Note that, according to Exercise 0.6.14, ∂/∂t is compatible with (∂/∂t)+

Ỹ with respect to the map G = (Φ, πR). This holds also in the general case,

i.e., when IM is an open submanifold of M × R: the standard vector field

∂/∂t|
IM

on IM is compatible with (∂/∂t)+ Ỹ with respect to G = (Φ, πR) :

IM →M × R.
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0.6.16

The well-known intuitive description of the relationship between a vector

field X and the corresponding one-parameter group {Φt}t2R is to say, in

view of

d

d t

����
t=0

Φ�
t = X

(see n. 0.6.7), that X is an infinitesimal diffeomorphism that generates the

group. In some sense, like a diffeomorphism G : M → M which acts on

smooth functions via its algebraic counterpart G� : C1(M) → C1(M), a

vector field X : C1(M) → C1(M) may be understood as the algebraic

counterpart of an infinitesimal diffeomorphism M → M , which would be

cumbersome to directly define in geometric terms.

Since a diffeomorphism G : M → M acts on differential forms via the

corresponding de Rham complex homomorphism

Λ� G� : Λ�(M)→ Λ�(M)

induced by G, it is natural to expect X to give rise to a derivation

Λ� X : Λ�(M)→ Λ�(M) .

This derivation is called the Lie derivative with respect to X . The notation

LX or LX (instead of the more ‘functorial’ Λ� X) is generally used. A

formalization of this concept is given in the following nn.

0.6.17 Smooth Families of Di�erential Forms

Let M and T be smooth manifolds, with at least one of them without

boundary, and Ω ∈ Λs(M)T an s-form on M along the projection π :

M × T →M . For all t ∈ T , set

ωt (X1, . . . , Xs) = i�t (Ω (X1, . . . , Xs)) , X1, . . . , Xs ∈ D(M) ,

that is, ωt = i�t ◦ Ω, with it : M →M × T being the embedding at t (36).

De�nition. The family

{ωt}t2T

of s-forms on M will be called a smooth family defined by Ω. We shall also

say that Ω is the form corresponding to {ωt}t2T .

36ωt is an s-form on M , according to n. 0.5.23.
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More generally, let U be an open submanifold of M × T , K an s-form

along the restriction U → M of π, set Mt = i�1
t (U), and denote again by

it the restriction Mt → U . Then the family

{κt}t2T

given by

κt (X1, . . . , Xs) = i�t (K (X1, . . . , Xs)) , X1, . . . , Xs ∈ D(M) ,

will be said to be a smooth family of local differential forms on M (cf.

n. 0.5.33), defined by K (or, corresponding to K).

Finally, in the case when T is a nonempty interval not reduced to a

singleton and U is a relative interval, then a family of (possibly local)

differential forms is sometimes called a (smooth) time-dependent s-form

on M .

Exercise. With U and it : Mt → U being as above, let ω be an s-form

on U . Show that

{Λs i�t (ω)}t2T

is a smooth family (up to the natural identification introduced in n. 0.5.33).

Hint. Define an s-form Ω along π|U by

Ω (X1, . . . , Xs)
def
= ω

�
X̃1

���
U
, . . . , X̃s

���
U

�
, X1, . . . , Xs ∈ D(M) ,

where X̃ denotes the unique vector field on M × T that projects onto

X ∈ D(M) through π : M × T → M and onto 0 through πT : M ×

T → T . Then show that Λs i�t (ω) is identified with i�t ◦ Ω according to

n. 0.5.33.

0.6.18 Derivative of a Time-dependent Di�erential Form

Let M be a smooth manifold, possibly with boundary, ∂/∂t the standard

vector field on a relative interval IM overM , and π : IM →M the projection

map. Since

∂

∂t
: C1 (IM )→ C1 (IM )

projects onto the zero vector field through π, it is a C1(M)–module ho-

momorphism when C1 (IM ) is considered as a C1(M)–module via π�.

Therefore, for each differential s-forms Ω along π,

(X1, . . . , Xs) 7→
∂

∂t
(Ω (X1, . . . , Xs))

gives again an s-form Ω0 along π.
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De�nition. The time-dependent s-form {ω0
t}t2I

corresponding to Ω0 =

(∂/∂t)◦Ω will be called the derivative of the time dependent s-form {ωt}t2I
.

The local form ω0
t0 , t0 ∈ R, will sometimes be denoted by

dωt

d t

����
t=t0

or
d

d t

����
t=t0

ωt .

It is interesting to describe the derivative of a time-dependent form

obtained as in Exercise 0.6.17. To this end, it is useful to preliminarily

point out the following Leibnitz rule.

Exercise. Let Ω ∈ Λr(M)π and K ∈ Λs(M)π be differential forms along

π : IM →M , and

{ωt}t2I , {κt}t2I ,

the corresponding time-dependent local s-forms, with respective derivatives

{ω0
t}t2I , {κ0

t}t2I .

Show that

{ωt ∧ κt}t2I

is smooth and that its derivative is

{ω0
t ∧ κt + ωt ∧ κ0

t}t2I .

Hint. Take into account n. 0.5.27.

Proposition. Let IM be as above and it : Mt → IM as in n. 0.6.17 (with

U = IM open in M × I). If ω is an r-form on IM , then the derivative of the

family

{Λr i�t (ω)}t2I

is

{Λr i�t (ω
0)}t2I

,

with

ω0 def
=

∂

∂t
y dω + d

�
∂

∂t
y ω

�
.
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Proof. The assertion is trivial for r = 0. Indeed, in this case ω is a

smooth function on IM and it can also be regarded as a 0-form along the

projection π : IM →M , that corresponds to the time-dependent form

{i�t (ω)}t2I
=
�
Λ0 i�t (ω)

	
t2I

.

Then the derivative corresponds simply to ∂ω/∂t, and the required equality

directly follows from the definitions of the ordinary differential and insertion

operators (note that ∂/∂t y dω = dω(∂/∂t) = ∂ω/∂t and ∂/∂t y ω = 0).

Now consider the case when ω = d a, a ∈ C1(IM ). According to

Exercise 0.6.17, the derivative of
�
Λ1 i�t (d f)

	
t2I

corresponds to the form

along π given by

X 7→
∂

∂t

�
d a
�
X̃|IM

��
=

∂

∂t

�
X̃|IM

(a)
�
,

where X̃ ∈ D(M × I) projects into X ∈ D(M) and 0 ∈ D(I). On the other

hand,

∂

∂t
y d(d a) + d

�
∂

∂t
y d a

�
= d

�
∂a

∂t

�

corresponds to the form along π given by

X 7→ d

�
∂a

∂t

��
X̃|IM

�
= X̃|IM

�
∂a

∂t

�
.

Hence, the required equality holds in this case too, because ∂/∂t clearly

commutes with X̃ |IM
(e.g., by Corollary 0.4.17 and n. 0.4.4).

In the general case recall that, according to n. 0.5.15, ω may be written

as a sum

ω =
X

i

ai d ai1 ∧ · · · ∧ d air .

Then the result follows from the Leibnitz rule stated in the preceding ex-

ercise and the fact that the operation

ω 7→ ω0 =
∂

∂t
y dω + d

�
∂

∂t
y ω

�

also satisfies the Leibnitz rule (it is easily deduced by a straightforward

calculation from Propositions 0.5.14 and 0.5.19). �
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0.6.19 Lie Derivative of Di�erential Forms

Let X be a vector field and ω an s-form on a manifold M without boundary.

If {Φt}t2R
is the generated one-parameter group, then

{Λs Φ�
t (ω)}t2R

is a smooth time-dependent (local) form: it suffices to apply Exercise 0.6.17

to the form Λs Φ�(ω), where Φ : IM →M is the flow of X . Moreover, since

Φ0 is the identity map of M , the s-form

d

d t

����
t=0

Λs Φ�
t (ω)

is global, i.e., it is actually an s-form on M .

De�nition. In the above notation, the s-form

LX (ω)
def
=

d

d t

����
t=0

Λs Φ�
t (ω)

is called the Lie derivative of ω along X .

The notation LX will refer more generally to the homogeneous operator

Λ�(M)→ Λ�(M) with components given by

ω 7→ LX(ω) .

Since the operator determined by

ω 7→
d

d t

����
t=0

Λs Φ�
t (ω) ,

may also be naturally denoted by

d

d t

����
t=0

Λ� Φ�
t ,

the above definition is summarized by

LX =
d

d t

����
t=0

Λ� Φ�
t .

0.6.20 Cartan Formula

Proposition. If X is a vector field on a manifold M without boundary,

then

LX = [iX , d]
(gr)

.
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Proof. Let Φ : IM →M and {Φt}t2R
be the flow and the one-parameter

group of X , and denote, as usual, by i0 : M → IM the embedding at

t = 0 and by ∂/∂t the standard vector field on IM . Denoting the exterior

differential on IM again by d, one may write

LX(ω) =
d

d t

����
t=0

Λs Φ�
t (ω)

Prop. 0.6.18
= Λs i�0

�
i ∂

∂t
(d (Λs Φ�(ω))) + d

�
i ∂

∂t
(Λs Φ�(ω))

��

Prop. 0.5.21, nn. 0.6.5, 0.5.16
= Λs i�0

�
i ∂

∂t
(Λs Φ�(dω)) + d (Λs Φ� (iX(ω)))

�

Prop. 0.5.21, nn. 0.6.5, 0.5.16
= Λs i�0

�
Λs Φ� (iX(dω)) + Λs Φ� (d (iX(ω)))

�

= Λs Φ�
0

�
iX(dω) + d (iX(ω))

�
= iX(dω) + d (iX(ω)) = [iX , d]

(gr)
(ω)

as required. �

The above result, called the Cartan formula, allows one to extend the

notion of a Lie derivative to differential forms on arbitrary commutative

algebras. In particular, a Lie derivative is also defined on manifolds with

boundary. On the other hand, on a manifold M , the definition by means of

the associated one-parameter group is not limited to the case of differential

forms. For instance, the reader may try to define the Lie derivative of

tensors of type (p, q) (i.e., sections of the bundle
��D(M)
p ⊗ Λ1(M)
q

��).

0.6.21 Leibnitz Rule for Lie Derivatives

From Exercise 0.6.18, a Leibnitz rule immediately follows:

LX (ω ∧ κ) = LX (ω) ∧ κ + ω ∧ LX (κ) , ω,κ ∈ Λ�(M) .

Note that it may be also deduced from the Cartan formula by means of a

direct calculation based on Propositions 0.5.14 and 0.5.19 (cf. the end of

the proof of Proposition 0.6.18). With this second argument, the Leibnitz

rule is proved for manifolds with boundary too (and, more generally, for

arbitrary commutative algebras).

0.6.22

Exercise. Prove that if X ∈ D(M) and ω ∈ Λs(M), then
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(1)

LX(ω)(X1, . . . , Xs) = X
�
ω(X1, . . . , Xs)

�

−
sX

i=1

ω (X1, . . . , [X,Xi], . . . , Xs) , X1, . . . , Xs ∈ D(M) ;

(2) [LX , iY ] = i[X,Y ], Y ∈ D(M).

Hint. Use the Cartan formula and the definition of the exterior differential

to prove (1). Deduce (2) from (1).

Note that the above formulas hold for manifolds with boundary too (and,

more generally, for arbitrary commutative algebras).


