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where
a,(A)=e™"S, and C(d)=e ™" [ max[0,S,—K]a(S,)dS,.

Expression (6) approximates the option’s value with a formula, C(A), based
on the distribution a(s) and corresponding adjustment terms. The
contribution of expression (6) is an explicit representation of the adjustment
terms. The first adjustment term corrects for differing variance between the
approximate and true distributions. The second and third adjustment terms
correct for skewness and kurtosis differences respectively. Any residual error
is contained in &(K).

For any application of (6), the relative size of the error &K) needs to be
examined. An example of this analysis is performed in section 5 below.

Expression (6) is valid for any distribution a(s) satisfying the assumptions
behind the generalized Edgeworth series expansion. This includes the
constant elasticity diffusion process distributions as a special case. To be of
practical use, however, the choosen distribution should give a closed form
solution for C(4) and the adjustment terms. In this light, (6) can also be
viewed as a technique for evaluating complicated integrals. Offering an
alternative procedure to the existing techniques proposed by Parkinson
(1977) and Brennan and Schwartz (1977) when the associated partial
differential equation for C(F) cannot be solved directly.

4. Approximating option values with the Black—Scholes formula

Given its widespread use in academics and professional trading, an
obvious candidate for the approximating distribution, a(s), is the lognormal
distribution. In this case C(A) will correspond to Black—Scholes (1973)
formula. Expression (6) will then give an explicit expression for the
adjustment terms between the true option value, C(F), and Black-Scholes
formula, C(A).

The approximating lognormal distribution for the stock price, S,, is a
function of two parameters: the first and second cumulants of the random
variable log(S,). In the Edgeworth series expansion, the first cumulant of the
lognormal distribution, a,(A4), is set equal to the first cumulant of the true
distribution, a,(F)=S,e". This choice is predetermined by the risk-neutrality
argument. However, this still leaves the second parameter for the lognormal
distribution, the second cumulant for log(S,), unrestricted.

In setting the value for this second parameter, the goal is to obtain that
lognormal distribution ‘closest’ to the true distribution. The approach
employed is somewhat arbitrary.> However, three particular methods stand

*In mathematical notation [using (8)], choose (o) to minimize |[a(s)—f(s)|, where |||} is some
norm on the space of continuous functions. Given different norms, in general different choices
for (s2t) will be optimal.

Without restricting preferences, arbitrage arguments alone would suggest the supremum norm
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out. The first is to equate the second cumulant of the approximating
lognormal to the true distribution’s second cumulant, i.e., k,(A4)=x,(F). This
completely specifies the second parameter for the lognormal distribution. The
second approach is to directly equate the second cumulants of log(S,) for the
approximating lognormal and the true distribution. Both of these approaches
consider cumulants over the entire interval [0,t]. A third approach is to
equate the instantaneous variances over [0,4t] as 4t—0. In this case both
the instantaneous return variance and the instantaneous logarithmic variance
are equal.

The three approach will give different approximating distributions, afs).
This paper demonstrates the second approach, equating the cumulants of
(log S,). This is done, in part, so that the resulting approximating formula is
useful in explaining the empirical evidence contained in Black and Scholes
(1975), Macbeth and Merville (1980), and most other empirical tests. These
studies use sample statistics to obtain estimates for the second cumulant of
log(S,). These estimates will reflect the true underlying distribution’s second
cumulant of log(S,). In this case, the distribution is given by®

a(S)=(S,6,/t2m) " exp [ — {log S, —(log a,(4) ~6%t/2)}*/20?¢], Y

where
a;(A)=S,e"

o= | (logS,)zdF(S,)—I: i logS,dF(S,)]z.

Defining q’se”z' —1, the cumulants are [see Mitchell (1968)]
x1(A)=a,(4),

K2(A)=py(A)=x,(4)*¢?,
@®)
K3(4)=x,(4° (g +4%),

Ka(A)=1,(4)*q* (169> + 15¢* + 64° + 4°).

is appropriate [see Cox and Rubinstein (1978, p. 397)]. Together with expression (4), the optimal
parameter, o*, should minimize sup, |a(s)—/f(s)|. Without exact knowledge of f(s), this problem

cannot be solved directly.
%To get the approximating distribution under the first approach, the definition for 62 would

change to the solution of
K2(F)=xo(A)=of(4)[e"** — 1].
To get the approximating distribution under the third approach, ie. equating instantaneous



Table 1
Mean absolute dollar error in approximating Merton’s jump-diffusion (JD) option values with the Black—Scholes (BS) option value plus
adjustments.®
Partitioning Method 1 results® Method 2 results®
of sample by Sample
parameters size® (JD, BS)? (JD,BSI1* (JD,BS2 (JD,BS3) (JD, BS) (JD,BSI) (JD,BS2) (JD,BS3)
Time to maturity
in months
1 135 0017 0017 0.024 0.030 0.131 0.041 0.050 0.104
4 135 0.018 0.018 0.024 0.038 0.395 0.099 0.122 0.188
7 135 0.018 0.018 0.025 0.046 0.568 0.163 0.218 0.349
Exercise price
$35 135 0.009 0.009 0.012 0.056 0.267 0.131 0.062 0.288
$40 135 0.029 0.029 0.034 0.031 0.447 0.141 0.182 0.218
$45 135 0.015 0.015 0.027 0.028 0.379 0.032 0.146 0.136
Total volatility squared
of jump and diffusion
components
02 135 0.010 0.010 0.012 0.012 0.204 0.046 0053 0.057
03 135 0.017 0.017 0.022 0.033 0.364 0.096 0.115 0.176
04 135 0.026 0.026 0.039 0.070 0.525 0.162 0.223 0.408
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Mean jumps per

unit time
1 135 0.053 0.053 0.076 0.134 0.588 0.186 0.259 0.524
3 135 0.022 0.022 0.029 0.037 0.614 0.163 0.202 0.292
S 135 0.014 0.014 0018 0.021 0.620 0.158 0.189 0.253

Ratio of jump variance
to diffusion variance

0.1 81 0.003 0.003 0.004 0.005 0.145 0.031 0.034 0.030

0.2 81 0.009 0.009 0.013 0.017 0.269 0.063 0.074 0.086

0.3 81 0.017 0.017 0.023 0.035 0.377 0.098 0,122 0.175

04 81 0.025 0.025 0.035 0.056 0473 0.136 0.178 0.303

0.5 81 0.034 0.034 0.047 0.078 0.558 0.178 0.243 0474
Across all parameters

405 0.018 0.018 0.024 0.038 0.364 0.101 0.130 0.214

*Mean absolute error of (x;, y){=, equals Y7, |x;—y,|/n. The range of parameters for the JD option values are: stock price (S,)=$40; risk-free
rate (r—1)=0.05; time to maturity in months (t x 12)=1,4,7; total volatility squared of jump and diffusion components (v2+ iy?)=0.2,0.3,0.4;
mean jumps per unit time (4)=1,3,5; ratio of jump component variance to diffusion component variance (Ay%/v*)=0.1, 0.2, 0.3, 0.4, 0.5.

®Sample size refers to the number of different parameter values used in the mean absolute error. For example, holding t=1 fixed, the sample_

size 135 (3 x 3 x 3 x 5) represents varying K, (v>+4y2), 4, Ay*/o%.
“Method 1 equates Black-Scholes variance (6%t) to the variance of the jump-diffusion process over the maturity of the option. Method 2
equates BS instantancous variance (¢?) to the instantaneous variance of the jump-diffusion process.
¢4JD =Merton’s jump diffusion option value with parameters (S, r, 1, K, 4,v%,7%). BS =Black-Scholes option value with parameters (S,,,t, K, 0?).
°BSI = BS +&~"(1cy(F) — x (AN K)/2.
‘BS2=BS1—e "[(i5(F)— x4 A)da(K)/dS,]3!.
*BS3=BS2+e "[(k(F)—x,(4)+ 3o (F)~ x(A)*)d*a(K)/dS} /4.

uoppnoa uondo awuaxoiddy ‘ppny Yy puv mowp Yy
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Black-Scholes formula plus adjustments, (12), for various ranges of the
parameters is contained therein. The parameter ranges examined are; S, =40;
(r—1)=0.05; K=35,40,45; v*+1y>=0.2,0.3,04; 1=1,3,5; and Ay*/v?>=0.1,
0.2, 0.3, 0.4, 0.5. The overall mean absolute dollar error is given in the last
row. In method 1, where the variance of the approximating lognormal is set
equal to the variance of the jump-diffusion process over the maturity of the
option, the Black-Scholes model comes extremely close (mean absolute
deviation of less than 2 cents) to the true price. Hence it is not surprising
that the adjustments have little effect, although overall the mean absolute
deviation increases to almost four cents. In contrast in method 2, when the
instantaneous variances are equated, the Black—Scholes model does less well
(mean absolute deviation of over 36 cents). In this case the adjustments work
better; the variance adjustment reduces the error to almost 10 cents but the
skewness and kurtosis adjustments are perverse. Even so, the approximation
technique reduces the error approximately 40%.

The quality of the approximation, however, is not uniform across all
ranges of the parameters. The approximating technique does best for long
maturity options, out of the money options, and options where the jump
component’s variance is only a small fraction of the diffusion component’s
variance.

It appears that the approximation technique is beneficial in this situation.
In method 1, it is comforting that the expanmsion is sufficiently robust that
noise is not added in the lower terms. In the second method, the adjustment
terms prove useful for nearly every option. Of the three adjustments, the
variance term is the most important. Surprisingly, for the jump-diffusion
process the skewness and kurtosis terms do not add any information (in fact,
they add noise) to the impact of variance.

The second simulation assumes the stock price distribution is generated by
the constant elasticity of variance (CEV) diffusion process,

dSo = wSO dt + 5S5d2,
where

¥,d, p=constants, p<1, dz=Brownian motion. (19)

The following option valuation formula based on (19) was first obtained by
Cox (1975):

0

C(F)=S, Y &(AS5%,n+ 1)GAKe ™) % n+1—1/9)

n=0

_Ke™ S g(iSs 4 n+1—1/$)GAK e ™) n+ 1),
n=0
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where
¢=2p-2,

A=2r/3P(e? - 1),

rn)= ze'”v"" dn, (20)
gle,my=e~*" Y/I(n),

G(w, n)= Ig(z, n)dz.

The moments of the true stock price distribution based on (19), consistent
with the risk-neutrality argument are

afF)=[e"AoY io gASg®,n+1—1/p)(n+1—j/)/[(n+1)
" @n
for j=1.

Again, the second parameter of the approximating distribution (a?) is
specified in two ways: (i) setting 62 equal to the solution of u,(F)= u,(A4), and
(ii) setting o> =[6S5"1]?, i.e., equating instantaneous variances.

The error analysis is contained in table 2. The mean absolute dollar error
in approximating Cox’s constant elasticity of variance option model with the
Black-Scholes formula plus adjustments, across all parameters, is contained
in the last row of the table. The mean absolute error in cents when equating
the total variances is 4.2 versus 4.1 cents when equating instantaneous stock
price variances. As an aside, the Black-Scholes formula itself (in isolation
from the adjustment terms) does best when equating instantaneous stock
price variances: 5.0 cents versus 6.3 cents. We now restrict our discussion to
the approximating formula based on equating stock variances over the
option’s maturity. The approximate option valuation technique (including all
three adjustment terms) reduces the average absolute difference in cents
between (CEV) valuation and (BS) valuation from 6.3 to 4.2 — a 33 percent
reduction. The technique does best for short maturity options, low stock
variance options, and in-the-money options. Across different (CEV) processes,
the approximating technique does best for low p values in terms of
percentage reduction in mean absolute deviation. This reflects the fact that a
larger discrepancy exists between (CEV) valuation and (BS) valuation for low
p values. However, the adjustment terms still improve the average absolute
difference even for large p.



Table 2
Mean absolute doliar error in approximating constant elasticity of variance (CEV) option values with the Black-Scholes (BS) option value plus
adjustments.”

Partitioning Method 1 resuits® Method 2 results®
of sample by Sample
parameters size® (CEV,BSy® (CEV;BSIl* (CEV,BS2 (CEV,BS3F (CEV,BS) (CEV,BSI) (CEV,BS2) (CEV,BS3)
Time to maturity
in months

1 36 0.015 0.015 0.005 0.002 0.014 0.016 0.005 0.002

4 36 0.066 0.066 0.049 0.033 0.055 0.070 0.050 0.031

7 36 0.107 0.107 0.142 0.092 0.080 0.117 0.149 0.089
Exercise price

$35 36 0.103 0.103 0.046 0.056 0.070 0.112 0.052 0.051

$40 36 0.045 0.045 0.090 0.022 0.002 0.047 0.094 0.025

345 36 0.039 0.039 0.059 0.049 0077 0.043 0.058 0.047
Volatility ()

0.2 36 0.029 0.029 0.011 0.006 0.025 0.030 0.011 0.006

0.3 36 0.060 0.060 0.046 0.031 0.049 0.065 0.048 0.030

0.4 36 0.09%9 0.099 0.138 0.089 0.075 0.108 0.145 0.087

9¢

9t
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Elasticity (p)
0

27 0.097 0.097 0.093 0.058 0.080 0.102 0.094 0.053

025 27 0.075 0.075 0.078 0.050 0.060 0.081 0.081 0.047

0.5 27 0.052 0.052 0.058 0.038 0.039 0.057 0.062 0.038

0.75 27 0.027 0.027 0.032 0.023 0.020 0.030 0.036 0.024
Across all parameters

108 0.063 0.063 0.065 0.042 0.050 0.067 0.068 0.041

*Mean absolute error of (x;, y)-, equals Y'°_, |x;— y{/n. The range of parameters for the CEV option values are: stock price (So)=$40; risk-
free rate (r—1)=0.05; exercise price (K)=_3$35, $40,$45; time to maturity in months (t x 12)=1,4,7; elasticity (p)=0,0.25,0.5,0.75; volatility (o)
=02,03,04

bSample size refers to the number of different parameter values used in the mean absolute error. For example, holding t=1 fixed the sample
size 36 (3 x 3 x 4) represents varying X, g, p.

“Method 1 equates Black—Scholes variance (62t) to the variance of the CEV diffusion process over the maturity of the option. (Given o is
exogenous, & is chosen such that this statement holds). Method 2 equates BS instantaneous variance (¢?) to the instantaneous variance of the
CEV diffusion process. (Given o is exogenous, J is chosen such that this statement holds).

“CEV=c¢;nstant elasticity of variance option value with parameters (S,,7,t,K,d,p). BS=Black-Scholes option value with parameters
(So,r.t,K,0%).

¢BSI=BS+ e "(k;(F)—x5(A)a(K)/2.
'BS2=BS1—e "[(x3(F)—x,(A))da(K)/dS]3!.
*BS3 = BS2+e¢ ™ "[(k(F)— k.(A)+ 3o F) — k,(4))*)d*a(K)/dST/4!.
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Across both types of stochastic processes (tables 1 and 2) the
approximating technique does well. If the correct approximating distribution
is selected (based on o?2), then the Black-Scholes option value plus all three
adjustment terms are on average within 4 cents of the true option value. The
improvement due to the adjustment terms over the Black—Scholes formula
depends on the magnitude of the error. If the error between the Black-
Scholes model and the true option price is large (greater than 5 cents), then
the approximating technique on average improves the estimate. If the error
between the Black-Scholes model and the true option price is small (less
than 5 cents), then the approximating technique on average adds noise.
However, the additional noise is not large in an absolute sense.

6. Conclusion

This paper presents an approximate option valuation technique suitable
for a wide class of stock price distributions. This approach was used to
adjust the Black-Scholes option pricing formula to take into account
discrepancies between the moments of the lognormal distribution on which
the Black—Scholes model is based and the true stock price distribution. This
allows a consistent interpretation of the seemingly contradictory results
obtained by Black (1975) and Macbeth and Merville (1980).

The approximate option valuation technique contains a residual error.
This residual error was examined numerically when the true stock price
distribution was assumed to follow a jump-diffusion process and a constant
clasticity of variance diffusion process. The adjustment terms on average
adjust the Black-Scholes option value to within 4 cents of the true option
price.

The ultimate test of this valuation approach must be based on market
data. The numerical analysis performed here makes the strong assumption
that the underlying security process belongs to the specialized class of jump-
diffusion processes examined or the (CEV) diffusion processes. Since this class
contains processes which are representative of stock price movements, the
simulated errors and improvements over Black—Scholes would appear to be
indicative of the performance of our approach, which is confirmed by
preliminary results. This market test is the subject of another paper [Jarrow
and Rudd (1982)].

Appendix 1: Proof of the generalized Edgeworth series expansion
From (2), letting N =inf(n, m),

g, 0="%, (e + T e Pvorn
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But

Z ,{A)(—)j--—logqb(A t)+o(t¥ 1Y),

i=

substitution gives

log HF.)= 3. (&fF)—x (A»ﬂ+1og¢(,1 B)+o(e" ). (A2

Taking exponentials of this expression and using €' "=14o0(""1),
transforms the equation into

otr.0=eso{ S 04— xfa) 5 Loa, 000V (*3)

Since exp{-} is an analytic function, it can be expanded as an inifinite
polynomial. Consequently, there exist Ej, j=0,1,...,N —1, such that

exp{ T, (efF)—xfA) ("y} Z Ej(lt)]+o(t" ) (A4)

For reference, the first four coefficients are
Eo=1,
E, =(xc,(F)—x,(A4)),
E;=(ko(F)—K(A)+ E}, (A.5)
Ey = (1e3(F) — ke5(A) + 3E, (15(F) —x5(A)) + E3,
E 4 =(x4(F) — k4(A) + 4(ic3(F) — k5(A)E1 + 3(ic5(F) — ()’
+ 6E¥(xc,(F)—x5(A)) + ES.

Substituting (A.4) into (A.3) and using the fact that lim,_, $(4,t)=1 gives

HED= 3, B )’4,(,1 1)+ o(eN 1) A6

We now take the inverse Fourier transform of (A.6), using
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10=5- { e otrna,

1 T —its
a(s)=-2; _j'me g4, t)dt, A7
(SO T ey,
gives
19=a9+s B0 e, (a8
where

e(s,N)=_°j° El;t—e“’o(t""‘)dt.

The error term exits since Y {24 E{(—1)/j!){d’a(s)/ds’), a(s) and f(s) are finite.
No general bound on (s, N) as a function of N is known for arbitrary a(s)
and f(s). The known properties of &(s, N) have all been obtained for particular
distributions by numerical analysis [see Schleher (1977) and Mitchell (1968)].
In the case where all moments of both a(s) and f(s) exist, it can be shown
that

lim sup |e(s, N)|=0

N-1 se[— o0, m]

This is seen by noting that
&s, N) =;Z~ E{(—1Y/jiXd’a(s)/ds"),
where E;, d’a(s)/ds’ are finite for all j.

For (s, N) to exist for all s, it must be true that

lim e(s, N)|=0 for all s.
N=w
To obtain (4), let x,(A)=x,(F) and simplify (A.8) using (A.5). Q.E.D.
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