Chapter 1

A Review of Stochastic Calculus

We include a review of Brownian motion and stochastic integrals since they
are a key tool to the modeling of interest rate processes. For simplicity, our
presentation of the stochastic integral is restricted to square-integrable pro-
cesses and we refer the reader to more advanced texts such as e.g. [Protter
(2005)] for a comprehensive introduction.

1.1 Brownian Motion

Let (2, F,P) be a probability space. The modeling of random assets in
finance is mainly based on stochastic processes, which are families (Xy);er
of random variables indexed by a time interval I.

First of all we recall the definition of Brownian motion, which is a funda-
mental example of a stochastic process.

Definition 1.1. Brownian motion is a stochastic process (Bt)t€R+ such
that

1. By = 0 almost surely,
2. The sample paths t — By are (almost surely) continuous.
3. For any finite sequence of times tg < t; < --- < t,,, the increments
By, — B:,,Bt, — Bt,,...,B:, — B:, _,
are independent.
4. For any times 0 < s < t, By — By is normally distributed with mean
zero and variance t — s.

For convenience we will sometimes interpret Brownian motion as a random
walk over infinitesimal time intervals of length dt, with increments AB;
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2 An Elementary Introduction to Stochastic Interest Rate Modeling

over [t,t + dt] given by
AB, = £Vdt (1.1)
with equal probabilities 1/2.
In the sequel we let (F;);cr, denote the filtration (i.e. an increasing family
of sub g-algebras of F, see Appendix A) generated by (Bi)ier, , i-e.:
Fi=0(Bs : 0<s<t), teR,.
The n-dimensional Brownian motion can be constructed as

(Btlw")BZL)tGR+

where (Btl)teRJr, .. (B )ter, are independent copies of (By)er, -
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Fig. 1.1 Sample paths of a two-dimensional Brownian motion.

Next we turn to simulations of 2-dimensional, resp. 3-dimensional Brownian
motion, cf. Figure 1.1, resp. 1.2. Recall that the movement of pollen
particles originally observed by R. Brown in 1827 was indeed 2-dimensional.

1.2 Stochastic Integration

In this section we construct the It6 stochastic integral of square-integrable
adapted processes with respect to Brownianmotion. The main use of
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stochastic integrals in finance is to model the behavior of a portfolio driven
by a (random) risky asset.

Fig. 1.2 Sample paths of a three-dimensional Brownian motion.

Definition 1.2. A process (X)icr, s said to be Fi-adapted if Xy is Fi-
measurable for allt € R.

In other words, (X;)icr, is Fi-adapted when the value of X; at time ¢ only
depends on information contained in the Brownian path up to time ¢.

Definition 1.3. Let LP(Q xRy ) denote the space of p-integrable processes,
i.e. the space of stochastic processes u :  x Ry — R such that

oo
E [/ |ut|pdt] < o0,
0

and let LY (2 x Ry), p € [1,00], denote the space of Fy-adapted processes
n LP(Q X RJ,_)

A naive definition of the stochastic integral with respect to Brownian mo-
tion would consist in writing

o} (o) dBt
dB; = —d
| rwan = [ s Gran

however this definition fails because the paths of Brownian motion are not
differentiable:

dB; +/dt

— = =+ ~ +00.
dt dt o0

5
Sy

AN ELEMENTARY INTRODUCTION TO STOCHASTIC INTEREST RATE MODELING
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6933.html




4 An Elementary Introduction to Stochastic Interest Rate Modeling

Instead, stochastic integrals will be first constructed as integrals of simple
predictable processes.

Definition 1.4. Let P denote the space of simple predictable processes
(ut)ier, of the form

w=Y Flg mt), teRy, (1.2)
i=1

where F; € L*(Q, Fyn ) is Fyn  -measurable, i =1,...,n.

One easily checks that the set P of simple predictable processes forms a
linear space. From Lemma 1.1 of [Ikeda and Watanabe (1989)], p. 22 and
p. 46, the space P of simple predictable processes is dense in L? (2 x Ry)
for any p > 1.

Proposition 1.1. The stochastic integral with respect to Brownian motion
(Bt)ier, , defined on simple predictable processes (u¢)icr, of the form (1.2)
by
/ wdBy = Z Fi(By, — By,_,), (1.3)
0 i=1

extends to u € L?,(Q x Ry) via the isometry formula

E UOOO ud B, /OOO vtdBt} —E [/OOO utvtdt] . (1.4)

Proof. We start by showing that the isometry (1.4) holds for the simple
predictable process u = 2?21 Gil(y,_ 4, With 0 =15 <1 <ty

i=1

Z ‘Gl‘Z(Bh - Bt11)2‘|
1=1

=E

+2E Z GiG;(By, — Bti—l)(Btj - Btj—l)

1<i<j<n
= ZIE[EHG1|2(B15L - Bti—l)z']:ti—l]]

+2 Z E[E[GlGJ(Btl - Bti—l)(Btj - Btj—1)|ftj—l]]
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n

Z |G |2 - Bti—1)2|]:ti—1H

+2 Z IE (;ZC‘;](-Bt1 - Bti_l) E[(Btj - Btj_1)|~7:tj—1]]

1<i<j<n

=B > |Gt —til)] = E[full7:g,))-
=1

The stochastic integral operator extends to de(Q x R4) by density and a
Cauchy sequence argument, applying the isometry (1.4). |

The Itd integral over the integral [a,b] is defined as
b oo
/ ugdBg := / (a4 (8)usdBs, 0<a<hb,
a 0
for all w € L2,(Q x Ry ), with the relations

c b c
/ usdBs = / ugdBg +/ usdBsg, 0<a<b<eg,
a a b

and
b
[ B.=B-B.  0<azu
Moreover the stochastic integral is a linear operator, i.e.:
/ (us + v5)dB, = / usd By +/ vdBs,  u,v € L2,(Q x Ry).
0 0 0

The next proposition shows how to compute the conditional expectation of
a stochastic integral by truncation of the integration interval.

Proposition 1.2. For any u € L?,(2 x R;) we have

[e’e] t
E [/ usdBg t} = / usdBy, teRy.
0 0

In particular, fot usdBg is Fy-measurable, t € R .

Proof. Let u € P have the form u = G1(4,), where G is bounded and
Fa-measurable.

i) If 0 < a <t we have

E [/ usdByg
0
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6 An Elementary Introduction to Stochastic Interest Rate Modeling

= GIE[(Bb — Bt)|-7:t] +G]E[(Bt _Ba)u:t]
= G(B; — B,)

= / 1[0)t](8)’u,sst.
0
ii) If 0<t<a we have for all bounded F;-measurable random variable F':

E {F /OOO usst} =E[FG(B, — B,)] =0,

E {/ usdBg
0

hence

ft} —E[G(B, - B.)|F
=0
:/ 1[()’15] (S)USdBS
0

This statement is extended by linearity and density, since from the conti-
nuity of the conditional expectation on L? we have:

t oo 2
E (/ UusdB, — E [/ usdB, ]—‘tD
0 0
[ t o) 2
= lim E (/ w"dB, — E [/ usd B, ft])
n—oo L 0 O
[ oo o0 2
= lim E <]E [ / u"dB, — / usdB, ]—'tD
n—oo L O 0
i oo oo 2
< lm E |E [(/ u?stf/ uSdBS) ’]-"tH

- - )
< lim E </ (U? - us)st)
n—oo 0

N

N

oo
= lim E / u?—us|2ds]
0

n—oo L.
=0. O
In particular, since Fy = {0,Q}, the Itd integral is a centered random

variable:

E UOOO usst] = 0. (1.5)
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The following is an immediate corollary of Proposition 1.2.

Corollary 1.1. The indefinite stochastic integral (f(f usst) of u €
teR

+
L2, x Ry) is a martingale, i.e.:

t s
E {/ urdB, 3] = / urdB,, 0<s<t.
0 0

As an immediate consequence of the above corollary we have

e’} t t
E [/ urdB; t} =0, and [E [/ urdB; t} = / urdB.. (1.6)
t 0 0

t
In particular, / urdB; is Fy-measurable for all u € L2,(Q x R,).
0

We close this section with a remark on the gaussianity of stochastic integrals
of deterministic functions.

Proposition 1.3. Let f € L>(R,). The stochastic integral

/ " f@yas,

is a Gaussian random variable with mean 0 and variance

| s
0
Proof. From the relation
Var(aX) = o? Var(X),
cf. Appendix A, the stochastic integral

/ f(t)dBt = Zak(Btk - Btk—1)7
0 k=1

of the simple function

= Z arLit by 1) (t),
k=1

has a centered Gaussian distribution with variance

Var { / f(t) dBt} ZakVar Bi, — By, _,]

k=1

n
= lanP(tk — tr)
k=1
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8 An Elementary Introduction to Stochastic Interest Rate Modeling
n th
k=1 th-1

-/ 1 Fo)Re.
0

The result is extended by density of simple functions in L?(R). O

In particular, if f € L?(R) the Itd isometry (1.4) reads

E [( I f(t)dBt)Q SRS

1.3 Quadratic Variation

We now introduce the notion of quadratic variation of Brownian motion.

Definition 1.5. The quadratic variation of (By)iecr, is the process
([B, Blt)ter, defined as

t
[B,B); = B? — 2/ BydB,, teR,. (1.7)
0

Let now
at={0=t <th <---<th_, <tr =t}

denote a family of subdivision of [0, ¢], such that

|m max [t — ti" |
i=1,...,n

converges to 0 as n goes to infinity.

Proposition 1.4. We have

n

[B,B; = lim Y (B — Bin )?, t>0,
i=1

where the limit exists in L?(Q) and is independent of the sequence (7™)nen
of subdivisions chosen.

Proof. Asan immediate consequence of the Definition 1.3 of the stochas-
tic integral we have

t
BS(Bt—BS):/ B,dB,, 0<s<ft,
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hence

ty
(B, Bls» — [B,Bli» , = Bix — Bf,  — 2/ B,dB;
2

ty

i

— By~ By 42 [ (By - BB,

n
t'i—l

hence

n 2
E ([B, Bl = (B — Bt?1)2>

i=1

n 2
=E <Z[B, Blin — [B, Bl | — (Byn — Bt?,1)2>

i=1

r 2
n t
— 4]E (Z/ 1(t?71,t?](8)(B8 — Bt?l)st>
i=1"0
- "
—4E Z/ (Bs — By )ds
i=1 7t

n

t;
=4 Z/ (s—t?_l)st]
tn

Li=1 i—1

< 4t|m|.

O

In view of the informal construction (1.1) of Brownian motion as a random
walk, the next proposition can be simply interpreted by writing (AB;)? =
dt.

Proposition 1.5. The quadratic variation of Brownian motion (By)icr,
18

[B,Bl;=t, teR,.

Proof. (cf. e.g. [Protter (2005)], Theorem I-28). For every subdivision
{0=t{ <--- <ty =t}

we have, by independence of the increments of Brownian motion:

E (t (B Bt?1)2>

i=1
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10 An Elementary Introduction to Stochastic Interest Rate Modeling

n 2
=E (Z(Bt? ~ By )* — (1 — t?_1)>

=1
n (Btn — By 1)2 2
S e | (BB
P (2

= E[(2% - 17 Y (1} — )
i=0

< tn|B[(Z2* - 1)),

where Z is a standard Gaussian random variable. O

1.4 1It6’s Formula

Using the rule (dB;)? = (£V/dt)? = dt, Taylor’s formula reads informally
1
df (By) = f'(Be)dB; + if”(Bt)(dBt)2

= f'(B;)dB; + %f”(Bt)dt

The Ito formula provides a generalization of this identity to processes X;
of the form

Xt:Xo—&—/tusst—i—/tvsds, te Ry,
where u;, v; are adapted an(il suﬂicientlyO integrable processes.
The It6 formula can be stated in integral form as
0.0 = 500,50+ [ S 6. x i, (1)
+/t3f(sX vsds—i—/ SX)ds-|— 2f(sX)2ds,
o Oz ds Ox? 8

for f € C12(Ry x R), or in differential form as:

0
df(t,Xt) = aff(t,Xt)U,tdBt
Lor of 102f
8 (t Xt)Utdt—F ot (t Xt)dt+ §ﬁ(t,Xt)ufdt.

For the d-dimensional Brownian motion (Bj):er ., the It formula reads

£(B) = 1(B0) + [ (VF(B).aB -+ [ A
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for all C? functions f, where V and A are respectively the gradient and
laplacian operators on R™. Consider now two processes X; and Y; of the
form

t t
X =X +/ uSstl +/ vsds, t>0,
0 0

and

t t
n:yo+/§sdB§+/gsds, t>0,
0 0

where u;, vs, &, (; are adapted and sufficiently integrable processes, and
B!, B? are two Brownian motions with correlation p € [—1,1], i.e. their
covariation is

dB} - dB} = pdt.
The It6 formula in two variables reads

f(t7Xta}/t)
t t
:f<o,Xo,Yo>+/ us%<s,X5,Y;>dB;+/ fﬁ(s,xs,ys)dBf
0

t
+ 8f(s XS,Y)der/ vsaf(s X, Y )ds + CS (s, Xs,Ys)ds
0 3 833

t 2
o f
+7/ sa 2(8 XsaY d5+ / gsa 2 3 stys)ds

t 82f
1o | usbs—2(s,Xs,Y,)ds.
”/o S )

We close this chapter by quoting a classical result on stochastic differential
equations, cf. e.g. [Protter (2005)], Theorem V-7. Let

c:Ry xR" - RI@R"
where R¢ ® R™ denotes the space of d x n matrices, and
b:Ry xR" —=R
satisfy the global Lipschitz condition
lo(t, @) — o(t,y)> + bt 2) — b(t,y)I* < K2[lz — P,

t € Ry, z,y € R*. Then there exists a unique strong solution to the
stochastic differential equation

t t
X, = Xo +/ o (s, X,)dB, +/ b(s, X,)ds,
0 0

where (Bi)icr , is a d-dimensional Brownian motion.
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12 An Elementary Introduction to Stochastic Interest Rate Modeling

1.5 Exercises

Exercise 1.1. Let ¢ > 0. Using the definition of Brownian motion (B)cr, ,
show that:

(1) (Beqt — Be)ier, is a Brownian motion.
(2) (cByje2)ter, is a Brownian motion.

Exercise 1.2. Solve the stochastic differential equation
dSt = uStdt + O'StdBt

where p, o > 0.

Exercise 1.3. Solve the stochastic differential equation
dXt = —O[Xtdt + O'dBt, XO = 1,

with o > 0 et 0 > 0. Hint. Look for a solution of the form

t
X; = a(t) (XO +/ b(s)st) )
0
where a(-) and b(-) are deterministic functions.
Exercise 1.4. Solve the stochastic differential equation
dX, = tXudt + e’ /2dB,, X, = 0.
Hint. Look for a solution of the form
t
X = a(t) (Xo +/ b(S)st) >
0
where a(-) and b(-) are deterministic functions.
Exercise 1.5. Solve the stochastic differential equation

dY; = (2uY; + o?)dt + 20+/Y,dB;,
where p, 0 > 0. Hint. Let X; = /Y.
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