Introduction

It is well known that a local change in the electronic state in a crystal
leads to corresponding local changes in the interactions between individual
atoms of the crystal, and hence to the excitation of atomic oscillations, i.e.
the excitation of phonons. And vice versa, any local change in the state
of the lattice ions alters the local electronic state. It is common in this
situation to talk about an “electron—phonon interaction”. This interaction
manifests itself even at the absolute zero of temperature, and results in
a number of specific microscopic and macroscopic phenomena. When an
electron moves through the crystal, this state of polarization can move
together with it. This combined quantum state, of “moving electron +
accompanying polarization”, may be considered as a sort of a quasipar-
ticle with its own particular characteristics, such as effective mass, total
momentum, energy, and maybe other quantum numbers describing the
internal state of the quasiparticle in the presence of an external magnetic
field presence or in the case of a very strong lattice polarization that
causes self-localization of the electron in the polarization well with the
appearance of discrete energy levels. Such a quasiparticle is usually called
a “polaron state” or simply a “polaron”. Polaron formation is a conse-
quence of dynamic electron-lattice interaction which is also responsible for
scattering of charge carriers, phonon frequency renormalization as well as
screening of interaction between charge carriers in solids.

The concept of the polaron was introduced first by S.I. Pekar [1],
who investigated the most essential properties of stationary polaron in
the limiting case of very intense electron-phonon interaction, so that the
polaron behavior could be analyzed in the so-called adiabatic approxima-
tion. Such famous researchers as L.D. Landau, S.I. Pekar, H. Frohlich and
R. Feynman have contributed to the development of polaron theory [1-5].

Despite the apparent simplicity of the formulation, the polaron prob-
lem has not yet been solved, and continues to attract much attention. It
plays an important role in statistical mechanics and quantum field theory
because it can be considered as the simplest example of a nonrelativistic
quantum particle interacting with a quantum field. Therefore many so-
phisticated mathematical techniques have been tested for the first time
using this problem as a model. A shining example of this is Feynman’s
functional integration method, which was applied first to the polaron
problem, before becoming one of the main methods used in statistical
mechanics and quantum field theory. Moreover, polaron theory is an
expanding field of investigation in solid state physics because polarons are
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not only theoretical constructs but practically observable physical objects
(see e.g. [6]).

One of the most important contributions to polaron theory, made by
N.N. Bogolubov, is the rigorous adiabatic perturbation theory [7] created
in 1950, in which the kinetic energy of the phonon field was treated
as a small perturbation. The theory is translationally invariant (which
is important for the development of the strong coupling theory), and
reproduced at zeroth order the results for large values of the interaction
constant that had already been derived. Despite a systematic attempt to
calculate higher orders of the perturbation theory, these have not yet been
derived, although much effort has been devoted to the problem.

Bogolubov returned to the polaron problem in 1980, when he devel-
oped and applied the well-known method of chronological or T-products
[8]. This method appeared to be effective for the theory of the large-radius
polarons for all strengths (weak, intermediate and strong) of electron—
phonon interaction and also for the derivation of higher terms of the per-
turbation series in the weak-coupling limit. Like the functional integration
formalism, the T-product method has various applications in many fields
of quantum physics.

Interest to the polaron problem is growing: in addition to earlier
fields of research dealing mostly with spatially homogeneous systems,
investigation of charged-particle interactions with elementary excitations
in spatially inhomogeneous low-dimensional systems, such as quantum
wells, wires and boxes, is gaining significance. Experimental techniques
have had great success in producing such systems with well-controlled pa-
rameters, thus allowing the manufacturing of structures with predictable
characteristics. Electron—phonon interactions of the polaron type play a
very important role in the properties of low-dimensional quantum sys-
tems. Thus, much efforts has been devoted to the investigation of surface
polarons (see [9, 10] and references therein).

Of course, it is impossible to cover all off the numerous aspects of
polaron theory in this short introduction or even in a far larger text. The
main purpose of the present book is to acquaint the reader with methods
of modern mathematical physics developed in connection with polaron
theory.

The book is organized in the following way. Chapter 1 is an introduc-
tion to the T-product approach in the theory of a particle interacting with
bosonic fields. As an example, this method is applied to the linearized
polaron model and Feynman’s two-body oscillator model, for which all
calculations can be carried out explicitly. Feynman’s well-known inequal-
ity in polaron theory is also reproduced as a particular case. The rest of
the chapter is devoted to one version of finite-temperature perturbation
theory for the polaron partition function and the ground-state energy
developed on the basis of the T-product formalism. Adiabatic perturbation
theory for the polaron ground-state energy, which is valid for the strong-
coupling case, is also highlighted.



Introduction 5

Chapter 2 deals with the equilibrium-state investigation for the
Frohlich polaron model. The main objective of this chapter is to derive
Bogolubov’s inequality for the reduced free energy of the polaron. This
inequality allows one to obtain various upper bounds for the polaron
ground-state energy relevant for different values of the particle—field
interaction strength.

Chapter 3 touches on some problems related to nonequilibrium polaron
theory including polaron kinetics. An exact evolution equation for a parti-
cle interacting with a bosonic field is derived here. It is shown that in the
weak-coupling case this equation can be reduced to the Boltzmann equa-
tion in the polaron theory. Special attention is paid to the investigation of
the nonequilibrium properties of the linearized polaron model. The main
characteristics of this system, such as the impedance and the admittance,
are calculated explicitly. It is also shown that the equilibrium momentum
distribution function in the weak coupling limit can be derived by means
of the T-product formalism without having recourse to the Boltzmann-
equation approach.

Investigation of the dynamics in a “small” system weakly coupled
to a “large” system (the heat bath) is one of the essential problems of
statistical mechanics. The work by N.N. Bogolubov and N.M. Krylov
[49] laid theoretical foundation for studies in this field. In this work the
problem of possibility of a stochastic process in a dynamic system being
under the influence of a large system was considered. The behavior of a
classical system was studied on the basis of the Liouville equation for the
probability distribution function in the phase space while for a quantum
system the equivalent von Neuman equation for the statistical operator
was employed. In [49] a method was developed allowing to derive the
Fokker-Planck equation already in the first order approximation. In [50]
a concrete model was studied in detail, the dynamics of which could be
described by integrable equations. This property allowed rigorous critical
analysis of various approximations to this model dynamics which had
been derived earlier. Similar results for quantum mechanical systems were
obtained in [51].

In lectures given by N.N. Bogolubov in 1974 while visiting the Rocke-
feller University, a modified version of the method, developed in [49], was
outlined and its relation to the theory of two-time Green functions was
discussed [52].

It is worth noticing that the notions of the “small” system and the
“large” system are to be comprehended in the sense that the number of
degrees of freedom of the former is much less than this number for the
latter one.

Further development of ideas outlined in [49-52] provided an oppor-
tunity to formulate, on the basis of a model polaron problem, a method
of derivation of exact system of hierarchic equations for time-dependent
averages [35]. Bose-variables elimination from operator dynamic equations
being averaged with respect to the initial statistical operator represents



6 Introduction

the cornerstone of the method. Special lemmas proved for the case of
adiabatic switching on of the interaction between the “small” and the
“large” systems played significant role in this elimination procedure [35].
If the “large” system is in the thermodynamically equilibrium state (being
the heat bath in effect), the method allows to describe approach to
equilibrium for the distribution of probabilities in the “small” system.

The above mentioned method proved itself very useful in studies of
superradiant generation processes [53-55|. The phenomenon of superradi-
ance reveals itself in appearance of spontaneous coherence of electromag-
netic radiation due to photon exchange between atoms of active medium
taking place under some additional conditions [56].

Here, in Chapter 3, an aproach to derive an exact equation for the
evolution of a particle interacting with bosonic field is proposed. It is
shown that in the case of weak interaction this equation can be reduced
to the Boltzmann equation in the polaron theory. Particular attention is
paid to investigation of nonequilibrium properties of the linearized polaron
model. Principle characteristics of this model, such as impedance and
admittance, are calculated explicitly. It is also shown that the equilibrium
function of momentum distribution in the limiting case of weak interaction
can be derived within the frame of the T-product formalism without any
recourse to approximate Boltzmann equation.

Polaron Model: General Discussion

Let us consider a slow electron in a dielectric crystal, interacting with
the lattice ions through long-range electrostatic forces. This electron will
be permanently surrounded by a region of lattice polarization. Moving
through the crystal, the electron carries the lattice distortion with it. The
electron together with the accompanying self-consistent polarization field
can be treated as a quasiparticle called a “polaron”. Its effective mass is
larger than that of a Bloch electron. Polaron formation is a consequence
of the dynamical electron—phonon interaction.

One may speak about a “cloud of phonons” accompanying the electron.
Thus a polaron can be also thought of as a compound system: “electron +
accompanying phonons”. The polaron problem was initially formulated in
the context of solid state physics, where this concept has some direct appli-
cations [6, 11, 12]. On the other hand, this problem is of great theoretical
interest quite apart from its particular solid-state interpretation, since it
provides a very simple example of a particle interacting with a quantum
field, and is thus a suitable model to probe the methods of quantum field
theory and quantum statistics, and to formulate intuitive ideas about the
properties of a particle moving through a fluctuating quantum medium.
A detailed discussion on the physical origins and basic features of the
polaron model can be found in old papers [11].

In this text we should like to give an introduction to a new method
in the equilibrium polaron theory based on the T-product operator
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technique. Here and below we follow mainly the ideas outlined in our
lectures [8].

Let us analyse in more detail the polaron Hamiltonian and its proper-
ties. From a general point of view, the polaron model may be considered
as a particular case of a “small” subsystem S interacting with a “large”
bosonic reservoir . Let S be the electron and ¥ be the phonon field
of a crystal. Denote by Xg the set of arguments of the electron wave
function and denote by X5 = (...ny...) the set of occupation numbers of
the phonon modes.

The dynamical states of the polaron S + X are then characterized by
wave functions ¥(Xg, Xx) forming the space Hsix = Hs @ Hs, where
Hgs is the state space of the free electron while Hy is the phonon Fock
space. We shall use below the notation A(S), A(X) and A(S,¥) for the
operators acting correspondingly on the variables Xg, Xy, and (Xg, X»)
of the wave function ¥U(Xg, Xy,). Note that the operators A(S) and A(X)
will always commute with each other. The polaron Hamiltonian may be
written as follows:

Hp = H(S)+ H(X) + Hint (5, %), (0.1)
with 5
H(S) = ;’Tn (0.1a)
1

H(E) =35 (pp—s + wiqra—), (0.10)
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)
where the three operator terms correspond respectively to the Hamiltonian
of the free band electron H(S) with effective mass m, the Hamiltonian of
the optical lattice phonons H(X) with wave vectors f and frequencies wy,
and the Hamiltonian of the electron—phonon interaction Hin (S, ). The
electron—phonon interaction is characterized by the coupling parameter
Ly, which is assumed to be a real and spherically symmetric function:

Ly = Ly = L(If]),
r,p are quantum operators satisfying the usual commutation relations:
TaPp — PBTa = Zhdozﬁ (avﬂ =T,Y, Z)

he phonon amplitudes ps, and g are also quantum operators satisfying
analogous relations:

arpy — pyqy = ihoyy,
pl=p_f, qh=dq
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As usually, the phonon wave vector f runs over a quasidiscrete set of
values:
f= (

2ty 2mng 27ng
L’ L’ L ) ’
where L3 =V is the volume of the system and n;,ny,ns are integers.

In most articles the so-called Frohlich polaron (also known as a large-
radius polaron) is considered. For the Frohlich polaron, the electron is
supposed to interact with a dielectric continuum by means of long-range
Coulomb forces. This assumption is adequate if the polaron, composed of
the electron and the polarization well, which is induced by the electron
itself, spreads over a range large compared with the lattice constant.
Then, the polarization field P(r) will be a smooth function of r and the
polarization of the medium can be characterized by macroscopic dielectric
constants e, and €p. The continuous approximation for the polarization
field and hence the Frohlich Hamiltonian itself would lose their meaning
if the polaron size were comparable to the lattice constant.

The interaction parameter for the Frohlich polaron model is deter-
mined in the following way:

L= s=c(=-1) (0.2)
where e is the electron charge, €., and ¢y are high-frequency and low-
frequency dielectric constants. In the case of the usual Frohlich model,
one deals with the optical phonon branch, for which

wr—w>0 when f—0,

and the dispersion is neglected, i.e. wy = w.
It is generally accepted that the strength of the interaction in this stan-
dard model can be characterized by a dimensionless coupling constant:

2 1/2
_ _ % m
o= (o) (0.3)
One usually distinguishes the cases of weak (o < 1), strong (« > 10) and
intermediate (o = 3 — —6) coupling.

It should be noted that when investigating the polaron problem in the
general case, one should take into account the dependencies of w; and
L on f. In particular, one or other modification of the Coulomb case
(0.2) might be analyzed. There are some physical reasons, for example,
to introduce some kind of damping of the interaction for large |f|. The
simplest way to do this is to supplement the conditions (0.2) with the
following restriction:

L;=0, (0.2a)

for |f| > fo, preserving old definition (0.2) for |f| < fy at the same
time. A natural value for the cut-off wave vector fy is 27/a, where a
is the reciprocal lattice vector, since phonons with |f| > 27/|a| are not
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represented correctly in (0.1¢) and thus can be omitted. Nevertheless,
later we shall consider the standard Frohlich polaron without any cut-off.
And all calculations will be carried out, wherever possible, for an arbitrary
functional dependence of the interaction parameter L.

Symmetries and Quantum Properties

It must be stressed that the polaron problem is essentially quantum
in character. It may easily be shown, for instance, that for a “classical”
electron the interaction (0.1¢) is not important and reduces simply to
some additive constant in the equivalent Hamiltonian.

Let us introduce in (0.1) instead of py and ¢y the phonon creation and

annihilation operators b} and by:

1/2
_ (" i
a5 = (2wf> (by +02 ), 0

satisfying the commutation relations
byblh, —blby =0pp, bsbp —bpbp =0, bhbL —blbl=0. (0.4a)
Then the Hamiltonian (0.1) reads

2

1/2
_ P T 1 1 Z h Ty ifr
Hp = m T Z hwy (bfbf + 5) + iz Ly (wa> (by + b*f)ez )
(f) (f)

(0.5)
It may also be rewritten as
H —p2+2h (BTB +1>—1 Ly (0.6)
P = % Wy f f 5 V ﬁ, .
() ()
where
1/2
— ppeifry L Ly (R
Bf o bfe + V1/2 TLUJf <2wf ’
" (0.6a)
t _ gt ifr 1 Ly ([ h
B} = bye +V1/2 oy <2wf> .

The new operators By and Bl satisfy the same standard commutation
relations as the Bose operators, (0.4a). If we assume that position and
momentum operators r and p are commuting C-functions in the classical
case then the operators By and B];c in (0.6) commute with the term
p2/2m. In this case the relations (0.6a) can be interpreted as a canonical
transformation to new Bose operators 5y and B}. Comparing (0.5) and
(0.6), we conclude that for a classical electron the interaction is ineffective,
being reduced to an additive constant term in the Hamiltonian.
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On the contrary, in the quantum case, the “quasibosonic” ampli-
tudes By and B! do not commute with p?/2m because of the factors
exp(zif - r), and hence the electronic and the quasibosonic parts of the
Hamiltonian (0.6) are not independent of each other.

The difference between the classical and quantum situations may be
clarified further by performing a unitary transformation on the Hamilto-
nian. To this end, let us introduce unitary operators

U= exp(z’meb}bf), (0.7)
()
compensating for the exponential phase factors in By and B;:

L h 1/2

P I _3

UB/UT = by+ 3L <2wf> = by, (0.8)
1/2

UBJUT = b} + 5t <2wf> =0 (0.9)

On the other hand the operator U transforms the electron momentum as
follows:
UpU' =p - hfblb,. (0.10)
()

The second term on the right-hand side here is obviously the total mo-
mentum of phonons. Thus we get, after U-transformation of the polaron
Hamiltonian,®

2
Hpp = UHpU = <p -y hfb}bf> + 3ty (Bs 4 5) -3 L7l
@ @

2
) 2wy
(0.10a)
1 2 A 1/2
_ T + i
~ om (p - Z hfbfbf> + Z hwfbfbf + Z Lf (2(.0;) (bf + b,f)~
(f) (f) (f)
(0.100)

Comparing (0.5) and (0.10b) and bearing in mind that the factors
exp (if - r) in (0.5) are unimportant phase factors that are negligible in
the classical case (in fact, they can be included in the operators bl and
bs), we see that the quantum effect in polaron theory manifests itself in
replacing the electron momentum p by the relative momentum of the
electron with respect to the total momentum of phonons. It is interesting
to note that the only important feature here is the quantum nature of the
model itself but not the strength of the interaction.

2 It is known that a unitary transformation of a Hamiltonian does not change
the energy spectrum, and hence does not affect thermodynamic properties,
ground-state energy, and so on.
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Incidentally, it is possible to obtain some consequences of the represen-
tation (0.10) by observing that the momentum p is an integral of motion
for the transformed Hamiltonian:

pHp — Hpp = 0.

On performing the inverse transformation, one finds that the correspond-
ing integral of motion for the initial Hamiltonian is the sum of the electron
momentum and the momentum of phonons:

P=p-+Y hfblb;,  PHp— HpP =0. (0.11)
)

The latter identity can easily be verified by direct calculation. Note that
the total momentum P is the generator of the translational symmetry
group of the original Hamiltonian (0.5):

r—r+a (a = const),
by —bge~f bl — plert, (0.12)

The unitary transformations (0.7)—(0.12) were first introduced by Bogol-
ubov [7] and Lee, Low and Pines [13] in order to develop appropriate
approximate methods for the polaron problem.

Problems and Methods of Polaron Theory

One can distinguish two basic directions in polaron studies: the first
deals with kinetic and transport properties, while the second investigates
equilibrium properties, including quantum-mechanical phenomena at zero
temperature.

In the kinetic theory one studies time-dependent phenomena in non-
equilibrium or quasi-equilibrium situations such as relaxation processes
(described by a Boltzmann-type equation) or the motion of an electron
under given external forces, etc.

The equilibrium theory deals with the properties of the system at a
given temperature. Of considerable interest are different averages related
to the electron or to the polaron as a whole: the average kinetic and
average total energies, the effective mass, the effective radius, etc. An
interesting problem is to study the equilibrium distribution function of the
electron momentum and its deviations from a Maxwellian form. Analogous
problems can be formulated for the polaron ground state, which can also
be considered as the limiting zero-temperature state (when T' — 0).

The basic function at equilibrium is the free energy (the logarithm
of the partition function), which may be considered as a generating
functional in order to compute the average energy and the ground-state
energy. And, after introducing the corresponding fields (some additional
terms) into the Hamiltonian, the free energy may be used to compute one
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or another average, the effective mass, etc.® The equilibrium free energy
of a polaron will be the main quantity considered in the following sections.

Many important papers devoted to various aspects of the polaron
problem have been published. For the standard papers of the first period of
polaron studies one may consult [11] and references cited therein. Further
progress in the field is described in [6, 15, 37, 38, 59-61] and the numerous
references therein.

The general trend of developments can be seen from the titles of the
articles reproduced in the list of references, so we shall not review here all
the aspects of the polaron problem, making only some specific comments.
Examples of basic review articles are [6, 11, 17, 18].

Since the polaron Hamiltonian does not admit an exact solution, vari-
ous approximate methods have been proposed in order to obtain numerical
results. These methods usually involve elements of perturbation theory,
canonical transformations and variational principles.

At zero temperature the polaron problem is a quantum-mechanical
problem (see [11] and references therein). In the weak-coupling case o < 1
one can apply a more or less standard perturbation approach. Some
improvements of the perturbation scheme can be achieved by appropriate
canonical transformation of the Hamiltonian and a proper choice of the
trial (variational) wave function (see [7, 11, 13, 19-24]). Special forms of
perturbation theory have also been developed for the strong-coupling case
[2, 7, 11, 20, 25-27].

The problem becomes more complicated when one investigates polaron
equilibrium properties at finite temperature [5, 28].

Analogous investigations have also been performed for the nonequilib-
rium situation in [29-32].

A new general method in the polaron theory has been proposed by
N.N. Bogolubov and N.N. Bogolubov, Jr. in [8, 33-35|, which is based
on the elimination of the phonon degrees of freedom by means of the

PFor an arbitrary system at equilibrium, with the temperature
¥ = kT = 37! and Hamiltonian H, the free energy is given by

1 —
fIH,B)=—5 I Tre o
where 3 = ¢! is the inverse temperature. Here Tr e ?F is the so-called par-
tition function. An arbitrary average (A)g n can be obtained, in particular, by
differentiating the free energy with respect to the corresponding source term
introduced into the Hamiltonian:

()it = == £ 16, H = 2.

For instance, the average energy is

()i = % (Bf[H,5)}.



Introduction 13

averaged T-product operator technique. This technique may be considered
as an analog of the path-integration approach. However, it seems to be
much more transparent and rigorous from the mathematical point of
view, and more convenient for practical calculations. For instance, when
treating equilibrium aspects of a polaron below, we shall deal in all cases
with proper quantum Gibbs averages over quadratic bosonic Hamiltonians
instead of cumbersome path integral analysis.

A generalized approximation scheme for the free energy (partition
function) has been developed in [8], based on a “linear-model” trial Hamil-
tonian. The linear model can be considered as a natural generalization
of Feynman’s two-body approximation (0.13) to the case of a continuum
of “heavy particles” coupled with the electron. All of the characteristics
of the linear-model Hamiltonian can be evaluated exactly in terms of
the spectral representation, thus providing the basis for a systematic
variational approach in a general form. In [36] a perturbation theory
for the free energy (partition function) has been considered within the
framework of the T-product approach. The T-product approach has also
been developed for the nonequilibrium case. In [33, 34] a generalized
kinetic equation with eliminated phonons has been derived. After simple
approximations this equation yields the standard Boltzmann equation for
a polaron, and may be used to obtain its generalizations. Some other
applications of the generalized kinetic equation with eliminated phonons
can be found in [35]. We should also mention that in [35]. the expression
for the impedance and the admittance of a polaron, derived earlier in
[29] by path integration, are reproduced on the basis of the linear-model
Hamiltonian in a simpler and more rigorous manner.

In [59] a linear polaron model in constant uniform magnetic field was
considered at zero temperature. An approach based on the model Hamil-
tonian diagonalization by means of the Bogolubov u—v transformation
was proposed. The ground state energy was studied in the simplest case
of equal frequencies for all the phonons involved in the interaction. Joint
effect of the magnetic field and the electron-phonon interaction on the
energy spectrum was studied too. It was also shown that the usage of the
linear model as a trial model results in the action functional commonly
employed in treatment of polarons in external constant uniform magnetic

field [57, 58].





