Chapter 1

Group Actions of the
Modular Group

Theory of modular forms begins with the group action of the special linear
group SL2(R) on the upper half-plane 7. For a nonnegative integer k, a
holomorphic function f defined on the upper half-plane is a modular form
of weight k if

(55 =+ atse)

for all [2 %] in the modular group SL»(Z) and f(z) has a Fourier expanion

The vector space of modular forms has finite dimension and its dimension

can be computed by Selberg trace formula.

1.1. The Upper Half-Plane

Let 27 be the upper half-plane of the complex plane defined by
H ={z€C|Imz >0}

3

TOPICS IN NUMBER THEORY
© World Scientific Publishing Co. Pte. Ltd.

http://www.worldscibooks.com/mathematics/7036.html



4 Chapter 1. Group Actions of the Modular Group

and SLy(R) be the special linear group over R given by

SL2(R) = { |fé Z

The special linear group SLy(R) acts on 52 by the action

_ab
g_cd

a,b,quR,ad—bc:l}.

az+b
cz+d

2 g(2) =

Indeed, one has

1 (az+b az—l—b)_l(ad—bc)(z—z) Im 2

I - - _ _
mg(2) 2i (chrd z+d 21 |cz + d|? |cz + dJ?

Here we have the following facts about the action.
Fact 1. The action is transitive in the sense that for zq, z9 € 2, there
exists g € SLy(R) such that g(z1) = 2. It suffices to consider the special

case when z; =i and zy = = + iy. If we let

1 z|{yy O
0 1|0 14m]|’

then M € SLo(R) and M (i) = x + iy.
Fact 2. When a group G acts on a set S, the isotropy subgroup of G

M =

at a particular point z in S is defined as
{9€G|g(x)=a}.

The isotropy subgroup of G = SLy(R) at z = ¢ is given by

K:{[COSH sm9] ‘QGR}ESlz{eréR}.

—sinf cosf

It follows from the fact that

GEb o u—d be—c
ci+d

and ad — bc = 1 implies a? 4+ b?> = 1. There is a one-to-one correspondence

between the left cosets of K in G and points in .77 given by
gK e~ g(i).
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1.2. The Modular Group 5

So topologically, we have G/K = .
Fact 3. For each g € SLa(R), ¢ has the Twasawa decomposition [42]

I R I VAT 0 cosf  sinf
910 1|]o0 1\/y| |—sinf cosd|

Suppose that g(i) = « + ¢y and the matrix M is given as in Fact 1. Then
9(6) = 2+ iy = M(3)

and hence M ~'g € K. So there exists a P € K such that ¢ = MP and g
has the decomposition as asserted.
Fact 4. For all g € G, we have

dg(z) 1

dz  (cz+d)?

Set j(g,2) = cz+d if g = [¢}] € SL2(R). Then the chain rule on differ-

entiation implies the following cocycle condition

J(9192,2) = (91, 92(2))j (92, 2)- (1.1.1)

1.2. The Modular Group

Let G = SLy(R) and G = SLy(R)/{+FE>} be the project special linear
group, where Es is the 2 x 2 identity matrix [} 9]. Then

G = Aut (),

the set of one-to-one and bi-holomorphic functions from 5 onto itself.
Write I' for SLy(Z), which is SLa(R) N M2(Z). Set

T = SLo(Z) = E»}

To=d+ |t ™ |nez!.
0 1

The set T is called the full modular group and T is called the mazimal

and

parabolic subgroup of T'.
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6 Chapter 1. Group Actions of the Modular Group

Proposition 1.2.1. There is a one-to-one correspondence between the set
of ordered pairs of integers (c,d) such that ged(c,d) = 1 and the set of right
cosets of I'g in T'.

Proof. Given a pair of integers (¢, d) with ged(c,d) = 1, there exist two
integers a and b such that ad — bc = 1, so that

Also if

has the same ¢, d block as M, then

MM — * ok d —b
c d|l|—-c a

It follows M’ € T'oM and hence 'gM’' =T'yM. O

==+
01

1
*1 €Ty

A domain .% on 7 is called a fundamental domain of # with respect
to T' = SLo(Z) if it satisfies the following conditions:

(a) For all z € S, there exists g € I" such that g(z) € F;

(b) If z; and 29 are two distinct elements in %, and g € '\ {£E»} such
that g(z1) = 22, then 21, 2o € 0.7, the boundary of Z.

Roughly speaking, a fundamental domain is a set of representatives for
the orbit space I' \ J# with possible exceptions for its boundary points.
Two points z1 and 29 lie in the same orbit if and only if z; = g(z2) for some
gel.

Proposition 1.2.2. A fundamental domain of € with respect to T' =
SLo(Z) is given by

y:{zeif

1 1
|z|21,—2§Rez§2}.
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1.2. The Modular Group 7

Here we describe the general procedure to obtain the fundamental do-
main.
Step I. Given z € JZ, the set

S={(e,d) | e,d € Z,ged(e,d) =1, |cz +d| < 1}

is finite. So we can pick up (c¢,d) in S so that |cz 4 d| is minimal. Let

g:[a b}el" and 2z = g(2).

c d
Then
Iz = 07
lez + d|?
is maximal in the set
{9(2) g €T},

By applying a translation Tj: z — z 4+ b with a suitable b € Z, we may

assume that zo = Tj(21) satisfies the condition
1 1

—— < Rez < -—.
2= =0

We claim that zo € .%. Suppose to the contrary that |29| < 1 and —z, ' €
. This implies that

_ Im z9
Im(—2;") = —5 > Imz.
Hl( 29 ) |22‘2 m zo
This contradicts the fact that Im z is maximal in the set {g(z) | g € T'}.
Step IL Let z € % and g = [ 4] € I such that g(z) € Z. In particular,
we have

lcz+d|=1 or (cx+d)?+c*?=1,

where z = 2 +1iy. Asy > v/3/2 in the fundamental domain, we have ¢ = 0,
1or —1.

(A) If ¢ =0, then d = %1, g is a translation and g(z) = z+ 1. So it forces
that Rez = +1/2 and z is in the boundary of .Z.

(B) If ¢ =1, then |z+d| = 1. This means that the distance between z and
points with integral coordinates in the real axis is one. Therefore, we

have
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8 Chapter 1. Group Actions of the Modular Group

(1) d =0 except z = €2™/3 (d=0or 1) or z = e™/3 (d = 0 or —1).

(2) d = 0, then |z| = 1, g(2) = —1/z + a, where a = 0 except

27i/3 Ti/3

z=e orz=e and a =0, z = 1.

Remark 1.2.3. The isotropy subgroup of I" at z € .% is the trivial subgroup

{£F5} except z =i or z = >™/3 or z = e™/3,
The isotropy subgroup of I at z =1 is
0 -1
'nK=(s), S=
1 0
which is a subgroup of I" of order 4.
2mi/3

The isotropy subgroup of I at z = e = w can be obtained by a

direct calculation as follows:

aw+b_

=w, aw+b=cw?+dw=—c(l+w)+dw.
cw+d

It follows a = d — ¢, b = —c and

d—ec —
[ ¢ C]er with ¢ —cd+d? = 1.
c d

The solutions to the equation are

(C, d) = (1’ O)a (_1’ O)a (17 1)’ (_17 _l)a (07 1)a (0, _1)~
The isotropy subgroup is a cyclic group of order 6 generated by
o -1 [t 1] Jo -1
1 oo 1| |1 1]
Proposition 1.2.4. The group I' = SLy(Z) is generated by
1 1
0 1|

Proof. Let G be the subgroup of I" generated by S and T. Suppose G # I
Let
. a b
comm{|c| [ ]GF\G}.
c d
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1.3. Modular Forms 9

Note that ¢g > 0 since G contains I'g. Let

M = l“o ZO] eT\G.

Co 0

Then there exist integers g and r such that
ag=coq+r, 0<r<c.

Since

p-aps — |%0 —cd bo—doq| _ |7 bo—dog 7
Co do Co do
by minimality of ¢, we conclude that
- —d
STiM = | * lea
r by — doq

It follows M € G. This contradicts the fact that M € I'\G and we conclude
that I' = G. O

1.3. Modular Forms

Let &k be an integer. A holomorphic function f: 7 — C is called a modular
form of weight k with respect to the full modular group I' = SLo(Z) if it

satisfies the following conditions:
az +b

(M-1) <cz +d

(M-2) f has a Fourier expansion of the form

) = (cz+d)f(2) for all [2}] €T

o
f(Z) — Z ane27rm,z.
n=0

A modular form f is a cusp form if it satisfies the further condition that
ag = 0.
Remark 1.3.1. When [‘Z 2] = [Bl _01], we have

f(z) = (=D f(2).

So k must be even, otherwise f(z) = 0. In other words, there is no nonzero

modular forms of odd weights.
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10 Chapter 1. Group Actions of the Modular Group
Remark 1.3.2. Since I' = SLy(Z) is generated by

520—1 andT:ll.
1 0 0 1

The first condition can be replaced by
1 E
f+1)=f(z) and f|——)=2"f(2)

A typical example of modular forms is given by the Fisenstein series
defined by

1
Gk(z) = Z m, k even, k 2 4.
(m,n)#(0,0)

First we test the convergence of the infinite series used to define the
functions. Set
d=min {1, |z|}.

It is the minimal distance from the origin to the parallelogram with vertices
z+1,z—1,—2z+1and —z — 1. Then

> 8 o 1
S S =

(m,n)#(0,0)

Thus the series is absolutely convergent on any compact subset of 7 when
k> 2.
Next, we prove that G (z) is indeed a modular form of weight k. Let

ZL={mz+n|mneZ}.

Then & is a lattice of C and G(z) can be rewritten as

z) = Z AF

NeL
A£0

For each [2 Y] €T, the mapping
zr—az+b, l1l—cz+d
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1.3. Modular Forms 11

extends to a one-to-one linear mapping from .Z onto .Z and hence

az+b\ b —k
Gy <cz+d) = (cz+d) ( %ﬁ:(o ) [m(az + b) + n(cz + d))

= (cz +ad)* Z AF

AeZL
20

= (cz + d)FGi(2).

It remains to find the Fourier expansion of Gi(z). Rewrite Gi(z) as

Gr(z) =20(k)+2 ) > (mz+n)7F,

m=1neZ

where ((s) is the Riemann zeta function defined to be

oo

C(s) = Z %, Res > 1.

n=1

Proposition 1.3.3. For any even integer k > 2, one has

1 —2mi P o - Tinz
Z(z—l—n)’“_((k—l))!znk S

ne”Z n=1

Proof. Let .
1@ =2 armror

neZ
Then f(x 4+ 1) = f(z) and f(z) is a periodic function, so it has a Fourier

expansion

with

1
w) = [ e da
1 .
= / Z (x + iy +m) ke 2T gy
0

meZ
o] 6727rina:
= ——dx
/40 (z +iy)k
0, if n <0;
= -2
((k; _ml))! nF=le=2my  if n > 0.
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12 Chapter 1. Group Actions of the Modular Group
See Ahlfors [1] for the details of the above evaluation through contour
integrals. O

Proposition 1.3.4. For even integer k > 4, Gi(2) is a modular form of
weight k with a Fourier expansion of the form

Gr(z) = 2¢( {1—20“ 27”'"2}.

Proof. Applying the preceding proposition, we have

Gk(Z) _ 2C(k k: ' Z Z ’I'Lk 1 27sznz
n=1m=1
Note that (see, for example, Apostol [3, p. 266])
(_1)}%/271(2”)/@3]C
2(k!) ’

where By, is the kth Bernoulli number defined by

(k) =

t >, Btk
o1 o [t| < 2.
k=0

It follows that

Gr(z) = 2¢( {l_zak 1 2““},
where o (n) is the divisor function given by

=> d". O
d|n

Here we provide the second proof for the transformation formula of

G (z) under the modular group. We have

Ge(z)= > (mz+n)F=(k) Y (cz+d)7*
(m,n)#(0,0) (e,d)=1

=2(k) > vk

~y€l'/Tq
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1.3. Modular Forms 13

Here we use the elementary fact that every pair of integers m and n with
(m,n) # (0,0) can be written uniquely as m = ke, n = kd with k a positive
integer and ¢, d being relatively prime integers. It follows for M = [‘; Z] el
that

Gr(M(2)) =20(k) Y j(v,M(2))"

~v€T/To

= §(M,2)*2¢(k) > j(yM,z)7*

Y€T/To
= j(M,2)*Gy(2)
if we employ the cocycle condition (1.1.1)
J(yM, z) = j(v, M(2))j (M, z).

The normalized Eisenstein series Ey(z) is the quotient of Gi(z) by
2¢(k). Thus

. — 2k — Tin
Er(z) = Z iy, 2) k—1- B Zakfl(n)ez mz,
’YEF/FO k n=1

In particular, we have
Ey(2) =1+4240) o3(n)e*™™* and Eg(z) =1 — 504 Z 05(n)e2™n,
Remark 1.3.5. It is well-known that

sinz =z H

Taking the logarithmic derivative, we get

%S 22 co oo sz ') 2

n=1 n=1k=1 k=1

On the other hand, we also have

212 : et - \2k

cosz . +1 2iz Bok(2iz)

zcotz = z— = =142+ — =1 _
sin z esz -1 e2zz -1 Z
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14 Chapter 1. Group Actions of the Modular Group

Comparing the coefficients of 22* on two power series expansions of z cot z,

we get
(—l)k_lng(27T)2k
2(2k)!

((2k) =

1.4. Exercises

1. Let B,, n=0,1,2,..., be Bernoulli numbers defined by the generat-

ing function
t >\ Byt”
= Rt < 2.

et —1 k!
k=0

Prove that Bg = 1 and for n > 2,

n n n
B, Bp_o+--- By =0.
O O L UL

Determine the values of By, Bo, B3, By, Bs, Bg by the above recursive

formula.

2. For positive integers m and N, let
N-1
Sm(N) = k™.
k=1

Prove that

o vy L - mA1\ g mik
nWM=omg Ty ) B
k=

0

3. Prove Wallis’s product formula

7T_2-2 4-4 2m - 2m

2 1-3 3.5 (2m—-1)2m+1)

[Hint. Use the product formula for sinz at z = 7/2.]

4. Prove the product formula for sin z,
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1.4. Exercises
5. Give the details of the proof for y > 0 that

/OO 6727rina: 07

L de={ (Com)

oo (T HiY)* D
k-1
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)

if n <0;

if n > 0.
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