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Thermodynamics of continua presented in this book is based on four
fundamental principles

1. Continuity,

2. Balance equations,

3. Local action,

4. Thermodynamical admissibility.

The principle of continuity means that we consider functions on a three-
dimensional manifold By called a body which satisfy certain mathematical
assumptions on a continuity with respect to the volume measure defined
on this manifold. These assumptions yield the existence of densities. For
example, instead of mass of material points of the classical mechanics, we
deal with masses of subbodies which are certain three-dimensional subsets
of By. Such masses are given by integrals of mass densities over subbodies.
In continua it does not make any sense talking about a mass of a material
point. The material point X €8y is only a geometrical notion and densi-
ties (fields) of a continuum are functions of these points and of the time.
Values of these functions have no direct physical meaning known from the
classical mechanics. We speak about mass density, momentum density, en-
ergy density, etc. but we measure in laboratories their integrals over finite
volumes.

Continuity means that densities are continuous functions of the point
X of the body and of time ¢ except of sets of volume measure zero. This
means that these functions may possess finite discontinuities on surfaces,
lines and at separate points. This is, for example, the case when we consider
the propagation of waves. We return to this point later.

The continuity assumption means as well that we consider a special form
of changes of the shape of the body due to motions. The motion is defined
by a differentiable global mapping (diffeomorphism) f of the manifold By on
the three-dimensional Euclidean space $3. This space is called the space
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of configurations. For our purposes we can identify the body By with a
domain in this space, occupied by the body at a chosen reference time, say
to!. In this case we call By the reference configuration. The function of
motion

£(.,.): By xT —R3, (1.1)

defines for each instant of time t € 7 a current configuration B; C B3 of
the body. The derivative of this function with respect to X is called the
deformation gradient F (X,t) (see Fig. 1) and the derivative with respect
to time is the velocity v (X,t) at the material point X. We discuss these
notions further in details. The deformation gradient is a linear mapping
defined on the so-called tangent space to the material manifold and it defines
material vectors essential for the description of deformations of the body.
We assume that the mapping f (., t) is invertible which means that each
position x can be occupied only by one material point X. This requires

det F # 0. (1.2)

F (X,0)()

f(.,0)

Fig. 1: Local configuration of a continuum

The existence of a continuous function of motion f imposes severe lim-
itations on possible motions of the body. For instance, a creation of new
surfaces (opening of a crack in solids, tearing or a creation of vortices)
is forbidden by the topological continuity. Also the description of strong
mixing (e.g. cigarette smoke in the air) is not possible.

1Certain models do not admit such an identification. For example, there are contin-
uous models of dislocations which require a more general structure of the manifold than
this indicated by the Euclidean space (e.g. [231]).
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The second principle — balance equations — means that some most fun-
damental quantities appearing in models of the continuum satisfy relations
describing their time changes in terms of surface and volume supplies. In
thermomechanical models which we consider in this book these quantities
are: mass density, momentum density, angular momentum density, energy
density and entropy density. In particular cases, balance equations become
conservation laws of mass, momentum, angular momentum and energy. We
discuss further the detailed structure of these equations. Apart from bal-
ance equations a particular model may contain additional equations such
as evolution equations of internal variables but we assume that the above
listed conservation laws are unconditionally satisfied in any model. The
violation of conservation laws of mass, momentum or energy leads to a
perpetuum mobile, i.e. the system may do a useful work without any time
limit and without any supply from the surrounding. Even though it may
not be excluded in a microscopic world described by a quantum theory, the
existence of perpetuum mobile contradicts our macroscopic experience.

The principle of local action requires that a reaction of the body on
external actions is transmitted to material points by interactions of parts
of the body through surfaces of contacts, i.e. a reaction of each material
point is limited to an influence of its infinitesimal neighborhood. Direct in-
teractions of two or more material points at finite distances are not possible.
Consequently, such actions as gravitational forces between parts of the body
or Coulomb electromagnetic interactions are not modelled by a continuum.
Attempts to include these nonlocal interactions failed and only some ap-
proximations of such actions by the so-called higher gradient theories are
possible without the violation of some basic mathematical assumptions of
the continuum. We discuss this problem within the subject of constitutive
(material) relations.

Finally, the principle of thermodynamical admissibility reflects the re-
quirement that the second law of thermodynamics and certain thermody-
namical stability conditions are satisfied. These will be the main subject of
this book.
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Renato Lancellotta (Politecnico di Torino), Prof. Benjamin Landkof, Prof.
Miles Rubin (Technion, Haifa) and Prof. Claudio Tamagnini (Universita di
Perugia) who in recent years encouraged me to give courses on the subjects
appearing in this volume:
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