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Note thatUδP
(P) is an open set ofT. Thus,

Di =
⋃

P∈Di

UδP(P)

is an open set ofT. �

The following basic lemma is characterizing open sets in general14 (see Propo-
sition 5.1.4).

Lemma 1.12Let U⊂R be an arbitrary open set. Then there are countably many
pairwise disjoint open intervals Un such that U= ∪Un.

Now we are prepared to approach the second important lemma inthis subsec-
tion:

Lemma 1.13S has a unique AESP critical point tuple.

Proof By contradiction. Suppose thatQ1,Q2, . . . ,QN with N > 1 are all the
AESPcritical point tuples ofS. Then there existsi ∈ {1,2, . . . ,N} such that

Di |sj ⊂ [0,1]

wheresj is a segment inS, for i, j = 1,2, . . . ,N. Otherwise we have

D1 = D2 = · · ·= DN

This is a contradiction to Lemma 1.9.
Let

E = {sj : Di |sj ⊆ [0,1]}

wheresj is any segment inS. We can select a critical point tuple ofSas follows:
go through eachs∈ {s1,s2, . . . ,sk}. If e∈ E, by Lemmas 1.11 and 1.12, select
the minimum left endpoint of the open intervals whose union is Di |s. Otherwise
select the midpoint ofs. We denote the resulting critical point tuple as

P = (p1, p2, . . . , pk)

By the selection ofP, we know thatP is not in Di . By Lemma 1.10 there is a
j ∈ {1,2, . . . ,N}−{i} such thatP ∈ D j . Therefore, there is a sufficiently small
realδ > 0 such thatUδ(P)⊂D j . Again by the selection ofP, there is a sufficiently
small realδ′ > 0 such thatU ′δ(P)∩Di 6= /0. Let δ′′ = min{δ,δ′}. Then we have
U ′′δ (P) ⊂ D j andU ′′δ (P)∩Di 6= /0. This implies thatDi ∩D j 6= /0, and this is a
contradiction to Lemma 1.9. �
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Let S be a sequence of pairwise disjoint segments. LetAESPn(S) be thenth
approximate polygonal path ofS, for n = 1,2, . . .. The subsection has shown that

AESP= lim
n→∞

AESPn(S)

exists, and we can conclude the following main result of thissection:

Theorem 1.2The AESP of S is the ESP of S, or, in short AESP= ESP.

Proof By Lemma 1.13 and the proof of Lemma 1.3,d(t1,t2, . . . ,tk) has a unique
local minimal value. This implies that theAESPof S is the ESP ofS. �

1.4.3 A Shorter Proof by Using Convex Analysis

This subsection gives a shorter proof of the correctness of Algorithm 1⋆ by apply-
ing some basic results from convex analysis (but without obtaining the uniqueness
result for the ESP). We cite a few basic results of convex analysis:15–17

Proposition 1.3 (Ref. 15, page 27)Each line segment is a convex set.

Proposition 1.4 (Ref. 15, page 72)Each norm onRn is a convex function.

Proposition 1.5 (Ref. 15, page 79)A nonnegative weighted sum of convex func-
tions is a convex function.

Theorem 1.3 (Ref. 17, Theorem 3.5)Let S1 and S2 be convex sets inRm andR
n,

respectively. Then

{(x,y) : x∈ S1∧y∈ S2}
is a convex set inRm+n, where m, n∈ N.

Proposition 1.6 (Ref. 17, page 264)Let f be a convex function. If x is a point
where f has a finite local minimum, then x is a point where f has its global
minimum.

By Proposition 1.3, the interval [0, 1] is a convex set. By Theorem 1.3,[0,1]k

is a convex set. For anyp, q ∈ R
n, de(p,q) is a norm (see, for example Ref. 18,

page 78). By Proposition 1.4 and 1.5,d(t1,t2, . . . ,tk) (see Section 1.4.2) is a
convex function on[0,1]k. Sinced(t1,t2, . . . ,tk) is continuous on[0,1]k, so its
minimum is attained. It is clear that, for any sequence of pairwise disjoint seg-
mentsS, Algorithm 1 will always produce an exact local minimum of the function
d(t1, t2, . . . ,tk). By Proposition 1.6, each local minimum ofd(t1,t2, . . . ,tk) is its
global minimum. Therefore, we have proved Theorem 1.2 once again.
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To recall, we proved that Algorithm 1⋆ is correct for the family of sequences
of pairwise disjoint segments, and that there is unique ESP for a given sequence
of pairwise disjoint segments.

Although the proof in Subsection 1.4.2 is much more complicated than the
one in Subsection 1.4.3, we proved a stronger result there, namely, that for each
sequence of pairwise disjoint segments, Algorithm 1⋆ will converge to a unique
ESP.

See also Ref. 19 Lemma 1, Ref. 20 Lemma 3.3, and Ref. 21 Lemma 1,for
proofs of the uniqueness of an ESP. Our proof is actually alsocompletely suitable
for the “curve case”, wherep = q.

1.4.4 Computational Complexity

Lemma 1.14Algorithm 1⋆ can be computed inκ(ε) ·O (k) time, whereκ(ε) =

(L−L0)/ε , L be the true length of the ESP of S, L0 that of an initial polygonal
path, and k is the number of segments of the set S.

Proof Let Ln be the true length of the polygonal path aftern iterations. We
slightly modify Algorithm 1⋆ as follows:a

For each iteration, we update the vertices with odd indices first and then update
those with even indices later (i.e., for each iteration, we update the following
verticesp1, p3, p5, . . ., then the following verticesp2, p4, p6, . . ..

Thus,{Ln}n→∞ is a strict decreasing sequence with lower bound 0, sinceL0−
L can be written asak+ b (i.e., it is a linear function ofk), wherea, b are constants
such thata 6= 0. Because Algorithm 1⋆ will not stop if Ln−Ln+1 > ε (see Step
8, Algorithm 1⋆), it follows thatLn−Ln+1 will also depend onk. Again, since
Ln−Ln+1 can be written asck + d, wherec andd are constants such thatc 6= 0.
Then we have that

lim
k→∞

ak+b
ck+d

=
a
c

Therefore, Algorithm 1⋆ will stop after at most⌈a/(cε)⌉ iterations. (Note that,
if we would not modify Algorithm 1, then it stops after at most

⌈(L0−L)/ε⌉

iterations.)
Thus, by Lemma 1.5, the time complexity of the original rubberband algorithm

equals⌈(L0−L)/(ε)⌉ · O (k) = κ(ε) ·O (k), whereκ(ε) = (L−L0)/ε , L be the true

aThis is just for the purpose of time complexity analysis. By experience, Algorithm 1⋆ runs faster
without such a modification.
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length of the ESP ofS, L0 that of an initial polygonal path, andk is the number of
segments of the setS. �

1.5 Conclusions

This chapter provided two exact algorithms for calculatingESPs in simple poly-
gons. Depending on the used preprocessing step (triangularor trapezoidal decom-
position), they are either linear time orO (nlogn). But note that the trapezoidal de-
composition algorithm6 is substantially simpler than the triangulation algorithm.5

The chapter illustrates that rubberband algorithms are of simple design, easy to
implement, and can be used to solve ESP problems not only approximate but also
in an exact way.
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