20 F. Liand R. Klette

Note thatJs, (P) is an open set of . Thus,

Di = | J Us(P)

PeD;

is an open set of . O

The following basic lemma is characterizing open sets iregalt (see Propo-
sition 5.1.4).

Lemma 1.12LetU C R be an arbitrary open set. Then there are countably many
pairwise disjoint open intervals{kuch that U= U U,,.

Now we are prepared to approach the second important lemthasisubsec-
tion:

Lemma 1.13S has a unique AE SP critical point tuple.

Proof By contradiction. Suppose th&;,Qy,...,Qn with N > 1 are all the
AE SPcritical point tuples ofS. Then there existse {1,2,...,N} such that

Dils; € [0,1]
wheres; is a segment iy, fori, j = 1,2,...,N. Otherwise we have
Dy =Dy=---=Dn

This is a contradiction to Lemma 1.9.
Let

E= {SJ . Di|Sj - [071]}

wheres; is any segment is. We can select a critical point tuple 8fas follows:
go through eacls € {s1,%,...,}. If e€ E, by Lemmas 1.11 and 1.12, select
the minimum left endpoint of the open intervals whose un®bjjs. Otherwise
select the midpoint of. We denote the resulting critical point tuple as

P:(pl7p27"'7pk)

By the selection oP, we know thatP is not inD;. By Lemma 1.10 there is a
j€{1,2,...,N} —{i} such that® € D;. Therefore, there is a sufficiently small
reald > 0 such thats(P) C Dj. Again by the selection d?, there is a sufficiently
small reald > 0 such thatJ3(P) \D;j # 0. Letd” = min{,&'}. Then we have
Uy (P) c Dj andUg (P)ND; # 0. This implies thatD; N Dj # 0, and this is a
contradiction to Lemma 1.9. O
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Let Sbe a sequence of pairwise disjoint segments. AESR(S) be thenth
approximate polygonal path & forn=1,2,.... The subsection has shown that

AESP= rI1im AESR(S)
exists, and we can conclude the following main result of $kistion:
Theorem 1.2 The AESP of Sis the ESP of S, or, in short AESIPSP.

Proof ByLemma 1.13 and the proof of Lemma 1d8{3,to,...,t%) has a unique
local minimal value. This implies that theE SPof Sis the ESP ofs. O

1.4.3 A Shorter Proof by Using Convex Analysis

This subsection gives a shorter proof of the correctnesdgiirRhm 1* by apply-
ing some basic results from convex analysis (but withowtiolitg the uniqueness
result for the ESP). We cite a few basic results of convexyaist® 1’

Proposition 1.3 (Ref. 15, page 27&ach line segment is a convex set.
Proposition 1.4 (Ref. 15, page 72tach norm orR" is a convex function.

Proposition 1.5 (Ref. 15, page 79)\ nonnegative weighted sum of convex func-
tions is a convex function.

Theorem 1.3 (Ref. 17, Theorem 3.9)et § and $ be convex sets iR™ andR",
respectively. Then

{xy):xeSNYy€ S}

is a convex set iR™™", where m, re N.

Proposition 1.6 (Ref. 17, page 264)et f be a convex function. If x is a point
where f has a finite local minimum, then x is a point where f haglobal
minimum.

By Proposition 1.3, the interval [0, 1] is a convex set. By @iteen 1.3,[0, 1]
is a convex set. For any, g € R", de(p,q) is a norm (see, for example Ref. 18,
page 78). By Proposition 1.4 and 1&t,tp,...,t) (see Section 1.4.2) is a
convex function on0,1]. Sinced(ty,tp,...,t) is continuous or{0, 1], so its
minimum is attained. It is clear that, for any sequence ofvgae disjoint seg-
mentsS, Algorithm 1 will always produce an exact local minimum oétfunction
d(ty,t2,...,t%). By Proposition 1.6, each local minimum dfty,to, ... t) is its
global minimum. Therefore, we have proved Theorem 1.2 ogeéa
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To recall, we proved that Algorithm*lis correct for the family of sequences
of pairwise disjoint segments, and that there is unique EBR fjiven sequence
of pairwise disjoint segments.

Although the proof in Subsection 1.4.2 is much more compdahan the
one in Subsection 1.4.3, we proved a stronger result tharegly, that for each
sequence of pairwise disjoint segments, Algorithmall converge to a unique
ESP.

See also Ref. 19 Lemma 1, Ref. 20 Lemma 3.3, and Ref. 21 Lemrfua 1,
proofs of the uniqueness of an ESP. Our proof is actually@sopletely suitable
for the “curve case”, wherp = q.

1.4.4 Computational Complexity

Lemma 1.14 Algorithm I* can be computed ir(g) - 0 (k) time, wherek(g) =
(L—Lo)/e, L be the true length of the ESP of S, that of an initial polygonal
path, and k is the number of segments of the set S.

Proof Let L, be the true length of the polygonal path afteiterations. We
slightly modify Algorithm I* as follows?

For each iteration, we update the vertices with odd indicssdnd then update
those with even indices later (i.e., for each iteration, wpelate the following
verticesps, ps, ps, - - -, then the following verticepy, pa, pPs; - - --

Thus,{Ln}n— IS a strict decreasing sequence with lower bound 0, digee
L can be written aak + b (i.e., it is a linear function ok), wherea, b are constants
such thata # 0. Because Algorithm*lwill not stop if L, — Ly1 > € (See Step
8, Algorithm Iv), it follows thatLy — L1 will also depend ork. Again, since
Ly — Lny1 can be written ask + d, wherec andd are constants such that# 0.
Then we have that

im ak+b _a
k—o Ck+d ¢
Therefore, Algorithm 1 will stop after at mosfa/(ce)] iterations. (Note that,

if we would not modify Algorithm 1, then it stops after at most

[(Lo—L)/€]

iterations.)
Thus, by Lemma 1.5, the time complexity of the original rutidaad algorithm
equals/(Lo—L)/(e)] - o(k) =k(g)-o(k), wherek(e) = (L—Lo) /e, L be the true

aThis is just for the purpose of time complexity analysis. Bperience, Algorithm 1 runs faster
without such a modification.



Euclidean Shortest Paths in a Simple Polygon 23

length of the ESP d$, Lo that of an initial polygonal path, aridis the number of
segments of the s& O

1.5 Conclusions

This chapter provided two exact algorithms for calculati®Ps in simple poly-
gons. Depending on the used preprocessing step (triarmutapezoidal decom-
position), they are either linear time ofnlogn). But note that the trapezoidal de-
composition algorithifiis substantially simpler than the triangulation algorithm
The chapter illustrates that rubberband algorithms aréngple design, easy to
implement, and can be used to solve ESP problems not onlpsippate but also
in an exact way.
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