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Introduction

In the sections 1-4 of this paper we give some new interrelated inequalities

for the broken lines, plane curves, real and complex functions of one vari-

able. Derivation of these inequalities is based on a new principle of angles

and lengths for curves (Section 1). Then we obtain some modifications that

refer to the broken lines (Section 2) and to the real functions of one variable

(Section 3). In the Section 4 we apply the principle of angles and lengths

to the complex functions and obtain, particularly we obtain an inequal-

ity, principle of derivatives, valid for arbitrary analytic function in a given

domain. In the Section 5 we apply the principle of angles and lengths to

describe the windings of the solutions of some broad classes of ODE.

Some of these results resemble the second fundamental theorem of

Nevanlinna theory and its deficiency relation. Thus we see that Nevanlinna

type results (Nevanlinna theory [16], Ahlfors theory [1], Gamma-lines [7,8])

are valid far beyond complex analysis since we have now their corresponding

analogues in differential geometry, real analysis and ODE.

Section 6 presents some generalized identities and inequalities in integral

geometry. The last results are applied to the real functions of two variables

in Section 7. We obtain an inequality, principle of zeros, which deals with
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the zeros of these functions and their derivatives.

The titles of the sections.

1. Some Nevanlinna type inequalities for the plane curves.

2. Consequences for the broken lines.

3. Consequences for the real functions of one variable.

4. Applications in complex analysis, particularly principle of derivatives of

analytic functions.

5. Applications in ODE: the windings of solutions.

6. Some identities and inequalities in integral geometry.

7. Principles of zeros for the real functions of two variables.

The author thanks Professors R. Ambartzumian, H. Begehr, A. Fer-

nandez, and D. T. Le for valuable discussions of results. Also, I should

like to thank the ICTP at Trieste and the Departments of Mathematics of

UNED at Madrid for their hospitality as well as INTAS (for two grants)

and ANSEF (for two grants).

1. Some Nevanlinna type inequalities for the plane curves

1.1. The principle of angles and lengths and consequent

deficiency relation for curves

Let γ be a curve in the plane (x, y). We can consider it as a curve in the

complex plane x+iy respectively γ := f(t) := f1(t)+if2(t), t ∈ [0, 1], where

f(t) is a complex function of the real argument t. Denoting by f
(j)
1 (t) and

f
(j)
2 (t) the derivatives we say γ := f(t) ∈ F (k), k is an integer ≥ 1, if

γ(j) := f (j)(t) := f
(j)
1 (t) + if

(j)
2 (t) is continuous in [0, 1] for any j, 1 ≤ j ≤

k+ 1, and if for any j, 0 ≤ j ≤ k+ 1 and any t ∈ [0, 1] we have f (j)(t) 6= 0.

Notice that arg f(t0) means the angle between the x-axis and the vector

connecting 0 and f(t0), while arg f ′(t) means the angle between tangent to

γ at the point f(t0) and the x-axis. Thus, if a is a point on the plane (x, y)

then

R(a, γ) :=

∫ 1

0

∣∣(arg(f(t)− a))
′∣∣ dt

is the total rotation of γ around this point a. Then we consider the curve

γ(k) := f
(k)
1 (t) + if

(k)
2 (t) and denote by

T (γ(k)) := R(0, γ(k)) :=

∫ 1

0

∣∣∣∣
(

arg f (k)(t)
)′∣∣∣∣ dt

the total integral curvature of γ(k−1) (or the total rotation of the curve γ(k)

around a = 0).
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Denote by l(γ) the length of γ.

Theorem 1.1 (principle of angles and lengths). For any γ := f(t) ∈
F (k), any integer k ≥ 1, any point a

R (a, γ) ≤ T
(
γ(k)

)
+ kπ. (1.1)

For any collection of pairwise different points aν , ν = 1, 2, ..., q
q∑

ν=1

R (aν , γ) ≤ T
(
γ(k)

)
+

2kπq

ρ
l(γ) + kπ, (1.2)

where ρ is the minimal distance between the points aν .

The inequalities have simple geometric meaning: the total rotation of γ

around a does not exceed total integral curvature of γ plus π. For k > 1,

T (γ(k)) equals total rotation of the curve γ(k) so that both (1.1) and (1.2)

admit corresponding interpretations.

The reader familiar with Nevanlinna’s value distribution theory and (or)

with Ahlfors theory of covering surfaces will see an analogy between (1.2)

and the second fundamental theorem in Nevanlinna’s theory; we will discuss

this below.

Sharpness. We consider the case where k = 1. Let γ := f(t), t ∈ [0, 1]

be the segment connecting the points (−1, ε) and (1, ε) in the plane. Then

R(0, γ) is as close to π as we please when we take ε sufficiently small,

meantime T (γ(1)) is equal to zero. Thus, (1.1) can not be improved.

Assume that our curve γ approaches to a circumference by a spiral.

Then the part of γ having N “coils” contributes to both the first and the

second integrals asymptotically as N when N tends to infinity. Thus the

ratio of the left and the right magnitudes in (1.1) tends to 1 when N tends

to infinity.

The inequality (1.2) is sharp as well. Let γ be the graph of the function

fε :=
√
ε sin 1

t+ε , t ∈ [0, 1], where 0 < ε < 1
2 and take aν = 2(ν − 1),

ν = 1, 2, ..., q. When ε tends to zero then both the left and the right sides

of (1.2) tend to infinity but their ratio tends to 1.

Let γi ∈ F (1) be a sequence of curves, each satisfying the conditions of

Theorem 1.1, γi ⊂ γi+1, for which T
(
γ(k)

)
→∞ when i→∞ and

l(γi)

T
(
γ(k)

) → 0, i→∞. (1.3)

This is a bee sequence (frequent excursions on small distances in different

directions) respectively T is comparatively large and l is comparatively
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small. The rotations of γi around aν determines the following magnitude

∆(aν) := lim inf
i→∞

R (aν , γi)

T
(
γ(k)

)

which we refer as deficiency. Inequality (1.2) implies the following

Deficiency relation (for the curves). For any bee sequence of curves

and an arbitrary collection of pairwise different points aν , ν = 1, 2, ..., q,

q∑

ν=1

∆(aν) ≤ 1. (1.4)

1.2. Bridges between inequalities (1.2), (1.4) and

Nevanlinna theory

We would like to stress the similarity between (1.2) and the second funda-

mental theorems in Nevanlinna theory [16], Ahlfors theory [1]. In Nevan-

linna version it looks as follows: for any meromorphic in the complex

plane function w(z) and any collection of pairwise different points aν ,

ν = 1, 2, ..., q we have

q∑

ν=1

m(r, aν , w) ≤ 2T (r, w) + C(q)λ(r)T (r, w), r = rn →∞, (1.5)

wherem(r, aν , w) is the approximation function, T (r, w) is Nevanlinna char-

acteristic function, C(q) is a constant depending on q and λ(r) → 0 when

r →∞, see [16]. The fact that the second term on the right side of (1.5) is

essentially less than the first term plays a crucial role. Particularly it leads

to the well known Nevanlinna deficiency relation:

q∑

ν=1

δ(aν) ≤ 2, (1.6)

where δ(aν) := lim infr→∞ {m(r, aν , w)/T (r, w)}.
Thus we see that inequality (1.2) is similar to the second fundamental

theorem (1.5) and (1.4) is similar to the Nevanlinna deficiency relation

(1.6).

1.3. The proof Theorem 1.1. and some comments

An inequality similar to (1.2) was proved in 1978 (see Lemma 2 in [3]).

In this paper we studied meromorphic functions w in the disks D(r) :=

{z| |z| < r} and in Lemma 2 we obtained an inequality of type (1.2) but for
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the particular class of curves γ which are the images w(∂D(r)) and with

the spherical length instead of ordinary length l(γ) in (1.2). However, the

proof was valid in fact for arbitrary smooth curves. Much later, passing to

study ordinary differential equations [6] we again used this proof, this time

in full generality (for arbitrary smooth curves). In an excellent book by

Sheill-Small [15] (2002) the same magnitudes (R and T ) were studied but

for closed curves only and for only one value a. He proved (pp. 387-389)

that in this case

R (a, γ) ≤ T (γ′) . (1.7)

Unfortunately in [15] we did not find any hint as regards the origin of this

inequality. Seemingly it should be Sheill-Small.

Below we prove this inequality making use in fact just a part of the

proof of Lemma 2 in [3].

Observe that arg f(t0) means the angle between x-axis and vector con-

necting 0 and f(t0) respectively arg f ′(t) means the angle between tangent

to γ at the point f(t0) and x-axis. Thus, if a is a point on the plane (x, y)

then the magnitude R(a, γ) :=
∫ 1

0

∣∣(arg(f(t)− a))
′∣∣ dt means total rotation

of γ around this point a.

First we assume that on the curve γ do not involve some sub curves

consisting only of points, where (arg(f(t)− a))
′

= 0. This assumption does

not restrict generality since we can consider the result for a new a∗ (very

close to the point a) such that the magnitudes occurring in (1.7) for a∗ and

a are as close as we please. Then proving the inequality for a∗ we obtain

the inequality for a.

Now we assume that our closed curve do not have points, where

(arg(f(t)− a))′ change its sign. This means that the curve rotate around

a only clockwise (or anti clockwise). Since the curve is closed we have∫ 1

0

∣∣(arg(f(t)− a))′
∣∣ dt =

∫ 1

0
(arg(f(t)− a))′ dt = 2πk, where k is an in-

teger. But then the tangential angle arg f ′(t) also rotates at least k time so

that inequality (1.7) is true in this simplest case.

Now we consider the case when on the curve we have some points,

where(arg(f(t)− a))
′

change its sign. Denote corresponding points by t1 <

t2 < ... < tI . Since the curve is closed we have f(0) = f(1) so that we can

assume that t1 = 0 take as tI+1 the point 1.

Consider three type of intervals:

(type 1) those intervals (ti, t+1) at whose both endpoints function |f(t)|
increases (or decreases);

(type 2) those intervals (ti, t+1) for which |f(t)| increases at ti and
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decreases at ti+1;

(type 3) those intervals (ti, t+1) for which |f(t)| decreases at ti and

increases ti+1.

Since
∣∣(arg(f(t)− a))

′∣∣ > 0 and |arg(f(ti+1)− a)− arg(f(ti)− a)| =

|arg f ′(ti+1)− arg f ′(ti)| we have for the intervals (ti, ti+1) of type 1
∫ t+1

ti

∣∣(arg(f(t)− a))′
∣∣ dt

= |arg(f(ti+1)− a)− arg(f(ti)− a)| = |arg f ′(ti+1)− arg f ′(ti)|
≤
∫ t+1

ti

∣∣(arg f ′(t))′
∣∣ dt.

For a given interval (ti, t+1) of type 2 we observe that there is a point

t∗ ∈ (ti, t+1) where |f(t)| is maximal; if we have more than one sim-

ilar points we take arbitrary one. Denote by α, α1and α2 the angles∫
(arg(f(t)− a))

′
dt taken for interval (ti, t+1), (ti, t

∗) and (t∗, t+1) respec-

tively and by η1, η∗ and η2 the straight lines passing trough zero and the

points having f(ti), f(t∗) and f(ti+1) respectively. Since the tangent of

our curve at the point ti coincides with η1 and direction of arg f ′(t∗) is

perpendicular to the direction of η∗ and since |f(t)| increases at ti we have

α1 +π/2 ≤ |arg f ′(t∗)− arg f ′(ti)| ≤
∫ t∗
ti

∣∣(arg f ′(t))′
∣∣ dt. Quite similarly we

have α2 + π/2 ≤ |arg f ′(ti+1)− arg f ′(t∗)| ≤
∫ ti+1

t∗

∣∣(arg f ′(t))′
∣∣ dt so that

we obtain for any interval of type 2
∫ t+1

ti

∣∣(arg(f(t)− a))
′∣∣ dt ≤

∫ t+1

ti

∣∣∣(arg f ′(t))
′
∣∣∣ dt− π.

Consider now intervals of type 3 and denote by t∗ ∈ (ti, t+1) the point

where |f(t)| is minimal. Making use the above notations for angles and the

straight lines and taking into account that the tangent of our curve at the

point ti coincides with η1, that the direction of arg f ′(t∗) is perpendicular

to the direction of η∗ and |f(t)| decreases at the point we observe that for

α1 > π/2 we have α1−π/2 ≤ |arg f ′(t∗)− arg f ′(ti)| ≤
∫ t∗
ti

∣∣(arg f ′(t))′
∣∣ dt.

The same inequality is true for any α1 since for α1 ≤ π/2 this inequality

is obvious. Quite similarly we have α2 − π/2 ≤ |arg f ′(ti+1)− arg f ′(t∗)| ≤∫ ti+1

t∗

∣∣(arg f ′(t))′
∣∣ dt so that we obtain for any interval of type 3

∫ t+1

ti

∣∣(arg(f(t)− a))
′∣∣ dt ≤

∫ t+1

ti

∣∣∣(arg f ′(t))
′
∣∣∣ dt+ π.

Now we observe that when our curve is closed then the intervals of type

2 and 3 occur in pair since if the module |f(t)| increases (decreases) at a

given point ti then at another point ti+k this module |f(t)| should decrease

(increase) due to this closeness. From here and the above three inequalities
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for the intervals of type 1-3 we obtain inequality (1.1) for any closed curve

γ which do with pass trough zero.

Now we consider a given non closed curves γ1. Denote the coordinate of

the plane by (x, y) and make use complex coordinates z = x + iy, so that

|z| = r. Assume that r∗ > |f1(0)| , |f1(1)|.
Let T (0) (T (1)) be the tangent of γ1 at the terminal points f1(0) (f1(1)).

Let us continue the curve γ1 by adding to γ1 the segment γ2 lying on T (1)

and connecting f1(1) with a point t(1) lying on intersection of T (1) with

the circumference {z| |z| = r∗}. Similarly we define the segment γ4 lying

on T (0) and connecting f1(0) with a point t(0) lying on intersection of

T (0) with the circumference {z| |z| = r∗}. The points t(0) and t(1) divide

the circumference {z| |z| = r∗} onto two parts. Denote by γ3 that part of

{z| |z| = r∗} which corresponds to the smaller central angle.

Notice that the curve γ = γ1 ∪ γ2 ∪ γ3 ∪ γ4 is a closed curve.

Also notice that if r∗ tends to infinity then the angle formed by γ2 and

γ3 at the point t(1) tends to π/2 as well as the angle formed γ3 and γ4 at

the point t(0). In other words, for a given “small” ε > 0 we can chose such

a big r∗ that the differences between these angles and π/2 are less than

ε/4.

After choosing similar r∗ we cut from γ3 two ends of γ3 with the central

angles less than ε/4; the rest part we denote by γ̃3. Now we construct a

new curve γ2,3 which connects the point f1(1) with the initial point of γ̃3

in such a way that the union γ1 ∪ γ2,3 ∪ γ̃3 is a smooth curve. Similarly we

will construct a new curve γ3,4 connecting the terminal point of γ̃3 with the

point f1(0) and again such that γ̃3 ∪ γ3,4 ∪ γ4 is a smooth curve. We clearly

can construct γ2,3 and γ3,4 such that:

(a) the curve

γ̃ = γ1 ∪ γ2 ∪ γ2,3 ∪ γ̃3 ∪ γ3,4 ∪ γ4 (1.8)

is a closed, smooth curve;

(b)

∣∣∣T (γ2,3)− π

2

∣∣∣ ≤ ε

2
and

∣∣∣T (γ3,4)− π

2

∣∣∣ ≤ ε

2
.

Taking into account (a), (b), the inequality R(0, γ̃3) = T (γ̃′3) (since γ̃3 is

the part of the circumference centered at zero) and |T (γ ′2)| = |T (γ′4)| = 0
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(since γ2 and γ4 are straightforward) we obtain from (1.7) and (1.8)

R(0, γ1) ≤ R(0, γ̃) ≤ T (γ̃ ′)
:= T (γ′1) + T (γ′2) + T

(
γ′2,3

)
+ T (γ′3) + T

(
γ′3,4

)
+ T (γ′4)

≤ T (γ′1) + π + ε.

and since ε is arbitrary we obtain (1.1) when k = 1.

Taking into account that T (γ ′1) := R (0, γ′1) we can repeat the obtained

inequality for γ′1, γ′′1 , ..., γ
(k)
1 and come to (1.1) for arbitrary integer k.

1.4. The proof of Theorem 1.2

Denote D(r, a) := {z : |z − a| < r}, γ(D(ρ, a)) := γ ∩ D(ρ, a),

ρ = min
[
mini6=,j

|ai−aj |
2 ; 1

]
. For any aν we can consider our curve γ

as a collection of the following type of curves. Type 1: curves γ1(i, aν),

i = 1, 2, ..., I(ν), which lie in D(ρ, aν) and have the length ≥ ρ/2. Type 2:

curves γ2(j, aν), j = 1, 2, ..., J(ν), which lie in D(ρ, a)\D( ρ2 , a) and have the

length < ρ/2. Type 3: curves γ3(s, aν), s = 1, 2, ..., S(ν), which lie out of

∪νD(ρ, aν). Type 4: curve γ4, which have common points with D( ρ2 , a) and

have the length < ρ/2; obviously this is the case when our curve γ coincides

with γ4.

We will proceed now assuming that γ is not of view γ4.

Obviously we have
∑q

ν=1R (aν , γ)

=
∑q
ν=1

∑I(ν)
i=1 R (aν , γ1(i, aν)) +

∑q
ν=1

∑J(ν)
j=1 R (aν , γ2(j, aν))

+
∑q
ν=1

∑S(ν)
s=1 R (aν , γ3(s, aν))

(1.9)

Denoting by l(X) Euclidean length of a curve X and taking into account

the definition of curves of type 1 we have

q∑

ν=1

I(ν)∑

i=1

kπ ≤ 2kπ

ρ

q∑

ν=1

I(ν)∑

i=1

l (γ1(i, aν))

so that (1.1) yields

∑q
ν=1

∑I(ν)
i=1 R (aν , γ1(i, aν))

≤∑q
ν=1

∑I(ν)
i=1

∫
z∈γ1(i,aν)

∣∣∣∣
d

dt
arg f (k)

∣∣∣∣ dt+ 2kπ
ρ

∑q
ν=1

∑I(ν)
i=1 l (γ1(i, aν))

≤ R
(
0, γ(k)

)
+ 2kπ

ρ

∑q
ν=1

∑I(ν)
i=1 l (γ1(i, aν)) .

(1.10)
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Observe that since γ2(j, aν) lie in D(ρ, a)\D( ρ2 , a) we have that the incre-

ment of arg(z − aν) on γ2(j, aν) is comparable with the length l (γ2(j, aν))

so that follows

R (aν , γ2(j, aν)) ≤ 2

ρ
l (γ2(j, aν))

consequently

q∑

ν=1

J(ν)∑

j=1

R (aν , γ2(j, aν)) ≤ 2

ρ

q∑

ν=1

J(ν)∑

j=1

l (γ2(j, aν)) . (1.11)

Further we have
∣∣∣∣
d

dt
arg (z − a)

∣∣∣∣ dt =

∣∣∣∣
d

dt
arctan

y − Ima

x−Rea

∣∣∣∣ dt

=

∣∣∣∣∣∣∣∣∣


y − Ima

x−Rea




′

t

1+



y − Ima

x−Rea




2

∣∣∣∣∣∣∣∣∣
dt =

∣∣∣∣∣
y′ (x−Rea)− x′ (y − Ima)

(x−Rea)
2

+ (y − Ima)
2

∣∣∣∣∣ dt

≤ |y′|√
(x−Rea)

2
+ (y − Ima)

2

|x−Rea|√
(x−Rea)

2
+ (y − Ima)

2
dt

+
|x′|√

(x−Rea)
2

+ (y − Ima)
2

|y − Ima|√
(x−Rea)

2
+ (y − Ima)

2
dt

≤

√
|y′|2 + |x′|2

√
(x−Rea)2 + (y − Ima)2

so that taking into account that for any z ∈ γ3(s, aν) is valid

√
(x−Reaν)2 + (y − Imaν)2 ≥ ρ

we obtain

q∑

ν=1

S(ν)∑

s=1

R (aν , γ3(s, aν)) ≤ 1

ρ

q∑

ν=1

S(ν)∑

s=1

∫

z∈γ3(s,aν)

√
|y′|2 + |x′|2dt

≤ 1

ρ

q∑

ν=1

S(ν)∑

s=1

l (γ3(s, aν)) . (1.12)
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Summing up (1.9)-(1.12) we have
∑q

ν=1R (aν , γ) ≤ R
(
0, γ(k)

)

+
2kπ

ρ

[∑q
ν=1

∑I(ν)
i=1 l (γ1(i, aν)) +

∑q
ν=1

∑J(ν)
j=1 l (γ2(j, aν))

+
∑q
ν=1

∑J(ν)
j=1 l (γ2(j, aν))

]

and since the magnitude in the brackets ≤ ql(γ) we obtain

q∑

ν=1

R (aν , γ) ≤ R
(

0, γ(k)
)

+
2kπq

ρ
l(γ). (1.13)

Remember that we proved (1.13) provided that γ is not of view γ4. Notice

that any curve γ is of view γ4 should lie in one of the disks D(ρ, aν), say

in D(ρ, a1), and then inequality (1.1) applied for a1 yields

R (a1, γ) ≤ R
(

0, γ(k)
)

+ kπ

meantime repeating for aν 6= a1 the above proofs of (1.11) and (1.12) we

obtain

R (aν , γ) ≤ 2

ρ
l(γ)

so that summing up we have

q∑

ν=1

R (aν , γ) ≤ R
(

0, γ(k)
)

+
2 {q − 1}

ρ
l(γ) + kπ. (1.14)

Inequality (1.2) of Theorem 1.1 follow now from (1.13) and (1.14).

2. Consequences for the broken lines

Let Γ be an arbitrary broken line (closed or open) in the plane (x, y) com-

posed of n successive segments γi, i = 1, 2, ..., n. Denote by α(a, γi) the

angle under which γi is seen from the point a in the plane and by L(X) the

length of X .

We state first a very simple inequality: for an arbitrary broken line Γ

(closed or open) and an arbitrary collection of pairwise different points aν ,

ν = 1, 2, ..., q, in the plane

q∑

ν=1

A(aν ,Γ) ≤ πn+
2πq

ρ
L(Γ), (2.1)

where A(aν ,Γ) =
∑n
i α(aν , γi).
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The inequality is a very rough corollary of our Theorem 2.2 below.

Meantime, surprisingly, (2.1) appears to be rather sharp as shows the first

example given after Theorem 1.1.

We may prescribe a direction to the segment γi (that is consider them

as some successive vectors) and denote by β(γi) the absolute value of the

angle between vectors γi and γi+1. Further we write B(Γ) :=
∑n∗

i β(γi),

where n∗ = n if Γ is closed and n∗ = n− 1 if Γ is an open broken line: for

an open Γ clearly β(γn) is not defined.

Theorem 2.1. For an arbitrary broken line Γ (closed or open) in the plane

and an arbitrary point a in the plane

A(a,Γ) ≤ B(Γ) + π. (2.2)

For any collection of pairwise different points aν , ν = 1, 2, ..., q,

q∑

ν=1

A(aν ,Γ) ≤ B(Γ) +
2kπq

ρ
L(Γ) + π, (2.3)

where ρ is the minimal distance between aν .

Sharpness, inequalities (2.2) and (2.3) can be verified by considering

broken lines “very close” to the curves that demonstrated sharpness in the

previous section.

Let now Γ be a broken line consisting of infinitely many successive seg-

ments γi and Γn := ∪nν=1γi. We say that Γ is a bee broken line if

L(Γn)

B(Γn)
→ 0, n→∞. (2.4)

Defining the deficiency of Γ as

∆(aν) := lim inf
n→∞

A(aν ,Γn)

B(Γn)

from the inequality (2.3) we obtain

Deficiency relation for arbitrary bee broken line. For an arbitrary

bee broken line in the plane and an arbitrary collection of pairwise different

points aν , ν = 1, 2, ..., q in the plane

q∑

ν=1

∆(aν) ≤ 1. (2.5)

Clearly the inequalities (2.3) and (2.5) also can be considered as ana-

logues of the second fundamental theorem in Nevanlinna-Ahlfors’ theories.
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Theorem 2.1 is an immediate consequence of Theorem 1.1. Indeed,

rounding up Γ at the vertices (the ends of γi and the initial points of

γi+1) we can obtain a curve γ ∈ F (1) as close to Γ as we please. Then

A(aν ,Γ) and B(Γ) will be as close as we please to R(aν , γi) and T
(
γ(k)

)
Γ

correspondingly. Thus Theorem 1.1 implies Theorem 2.1.

3. Consequences for the real functions of one variable

Inequalities (1.1) and (1.2) for the curves imply corresponding corollaries

for the real smooth functions of one variable.

The graph of a real function of one variable ϕ(x) ∈ C1[0, 1] is the curve

γ := f(t) := x + iϕ(x) ∈ F (1), x ∈ [0, 1]. With the notation S(u) :=

u′/
(
1 + u2

)
(the spherical derivative of u) and aν = (xν , yν) we have

Theorem 3.1. For any ϕ(x) ∈ C1[0, 1],
∫ 1

0

S

(
ϕ(x)

x

)
dx ≤

∫ 1

0

S (ϕ′(x)) dx+ π. (3.1)

For any collection of pairwise different points aν = (xν , yν), ν = 1, 2, ..., q,

q∑

ν=1

∫ 1

0

S

(
ϕ(x) − yν
x− xν

)
dx ≤

∫ 1

0

S (ϕ′(x)) dx+
2πq

ρ

∫ 1

0

√
1 + (ϕ′(x))2dx+π,

(3.2)

where ρ is the minimal distance between aν .

Thus we again obtain the Nevanlinna type inequality for real functions.

Proof. To derive these inequalities from Theorem 1.1 we need just to ob-

serve that

(arg(f(t)− aν))
′

= arctan
ϕ(x) − yν
x− xν

= S

(
ϕ(x) − yν
x− xν

)
,

(arg f ′(t))
′

= S (ϕ′(x)) ,

so that the inequality (1.1) of Theorem 1.1 applied to the curve γ and

a1 = 0 immediately yields (3.1) and inequality (1.2) yields (3.2).

Sharpness of Theorem 3.1. To show that (3.1) is sharp we consider the

function ϕ(x) = h(2x− 1), x ∈ [0, 1], for which
∫ 1

0

S

(
ϕ(x)

x

)
dx→ π, as h→∞.

Clearly, the integral means the angle under which we see the line

segment connecting the points (−h, 0) and (1, h). On the other hand∫ 1

0 S (ϕ′(x)) dx = 0 so that the difference between the left and the right
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sides of (3.1) will be as small as we please provided we take h sufficiently

large.

Sharpness of (3.2) can be checked using the functions fε :=
√
ε sin 1

x+ε ,

x ∈ [0, 1] by the same arguments as in Section 1.

4. Applications in complex analysis, particularly principle

of derivatives of analytic functions

We feel pertinent to mention that the last principle is a “pure” type asser-

tion in the sense that we deal only with the functions w and its derivatives

like Cauchy formula and its consequences, Carleman formula for analytic

functions and Cauchy-Pompeiu formula for smooth functions. One can re-

member that the majority of results valid for arbitrary analytic functions

w in arbitrary domains are not of pure type since they deal either with

a-points of w or their generalizations such as Ahlfors’ islands (Nevanlinna-

Ahlfors theories [1,16]) or they deal with Gamma-lines ([7,8]).

In what follows we denote by D a bounded domain with piecewise

smooth boundary whose intersection with any line consists of finite number

of intervals. Let l(∂D) be the length of the boundary ∂D.

Theorem 4.1 (principle of derivatives). For any meromorphic function

f in the closure of a given domain D and any integer k ≥ 1,
∫ ∫

D

∣∣∣∣
f ′(z)

f(z)

∣∣∣∣ dσ ≤
∫ ∫

D

∣∣∣∣
f (k+1)(z)

f (k)(z)

∣∣∣∣ dσ +
kπ

2
l(∂D). (4.1)

For any collection of pairwise different points aν , ν = 1, 2, ..., q,

q∑

ν=1

∫∫

D

∣∣∣∣
f ′

f − aν

∣∣∣∣ dydx

≤
∫∫

D

∣∣∣∣
f (k+1)

f (k)

∣∣∣∣ dydx+
kπ2q

ρ

∫∫

D

|f ′| dydx+
kπ

2
l(∂D), (4.2)

where ρ is the minimal distance between the aν ’s.

Sharpness. For function f(z) = exp z in the disk |z| < r we have∫ ∫
D

∣∣∣ f
′(z)
f(z)

∣∣∣ dσ = 2πr2,
∫ ∫

D

∣∣∣ f
(k+1)(z)
f (k)(z)

∣∣∣ dσ = 2πr2 and l(∂D) = 2πr so that

the ratio of the left and the right sides in (4.1) tends to 1 when r → ∞.

This means that (4.1) is asymptotically sharp.

Clearly (4.2) is an analogue of Nevanlinna theorem. The case k = 1 was

considered in [4].
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Now we pass to analogous results for “reasonably smooth” complex

functions. The results can be proved for more general classes of functions

but for simplicity we put some rather common restrictions. We write f(z) :=

u(x, y) + iv(x, y) ∈ C(D, k) if for any integer j, 1 ≤ j ≤ k + 1, u and v

have continuous j-th derivatives in x and y in the closure D̄ of D and if

for any j there is at most finite number of points in D̄, where u
(j)
x (x, y) =

v
(j)
x (x, y) = 0 or u

(j)
y (x, y) = v

(j)
y (x, y) = 0.

Also we need the following

Definition (projections with multiplicity). Let Γ be a given smooth

plane curve Γ and γ be a given straight line in the plane P . Consider Γ as a

union of subsets {ωm} ∪ {ω̄p} (ωm := ωm(γ), ω̄ = ω̄p(γ)) such that for any

m the ortogonal projection π (ωm) of ωm onto γ is a homeomorphic map

and for any p the length l(π(ω̄p)) of the ortogonal projections π(ω̄p) onto

γ is equal to zero. Denote by Γ ⊥ γ the union ∪mπ(ωm) and by l(Γ ⊥ γ)

the sum
∑

m l(π(ωm). Thus the mentioned union counts the projections of

Γ onto γ with multiplicities. We call l(Γ ⊥ γ) the projection length of Γ on

γ.

Denote by l(∂D ⊥ x) the projection length of ∂D on the axis x. Similarly

we define l(∂D ⊥ x) substituting x by y.

Theorem 4.2. For any f(z) ∈ C(D, k) and any integer k ≥ 1,

∫∫

D

∣∣∣(arg f)′y

∣∣∣ dydx ≤
∫∫

D

∣∣∣∣
(

arg f (k)
y...y

)′
y

∣∣∣∣ dydx+
kπ

2
l(∂D ⊥ x). (4.3)

For any collection of pairwise different points aν , ν = 1, 2, ..., q,

∑q
ν=1

∣∣∣(arg(f − aν)
′
y

∣∣∣ dydx ≤

intD

∣∣∣∣
(

arg f
(k)
y...y

)′
y

∣∣∣∣ dydx+ 2kπq
ρ

∫
D

∣∣f ′
y

∣∣ dydx+ kπ
2 l(∂D ⊥ x).

(4.4)

Thus we have again an Nevanlinna type inequality, this time for broad

classes of (non analytic) functions belonging to C(D, k).

Clearly these inequalities remain true if we substitute y by x. Summing

up and taking into account that l(∂D ⊥ x) + l(∂D ⊥ y) ≤
√

2l(D) we

obtain

∫
D

[∣∣(arg f)
′
x

∣∣+
∣∣∣(arg f)

′
y

∣∣∣
]
dydx ≤

∫
D

[∣∣∣∣
(

arg f
(k)
x...x

)′
y

∣∣∣∣+

∣∣∣∣
(

arg f
(k)
y...y

)′
y

∣∣∣∣
]
dydx+

√
2kπ

2
l(D)
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and

∑q
ν=1

∫
D

[∣∣(arg(f − aν)
′
x

∣∣+
∣∣∣(arg(f − aν)

′
y

∣∣∣
]
dydx ≤

∫
D

[∣∣∣∣
(

arg f
(k)
x...x

)′
y

∣∣∣∣+

∣∣∣∣
(

arg f
(k)
y...y

)′
y

∣∣∣∣
]
dydx+

2kπq

ρ

∫
D

(
|f ′
x|+

∣∣f ′
y

∣∣) dydx+

√
2kπ

2
l(D).

Proof of Theorem 4.2. Denote by Ix the straight line passing trough

point (x, 0) and perpendicular to the axes x. Similarly we define Iy as

the straight line passing trough point (0, y) and perpendicular to the axes

y. Since the domain D is proper we have only finite number of intervals

on D ∩ Ix; denote these intervals by m
(p)
x , where p is the counting index.

Consider the following function g(y) := f(x, y) := u(x, y) + iv(x, y) ∈
C(k,D) (of one variable) onm

(p)
x . Function g(y) onm

(p)
x determines a curve.

Denote by (x, y∗(p)) and (x, y∗∗(p)) the endpoints of m
(p)
x . The determined

curve we can consider on [0, 1] after linear transformation [y∗(p), y∗∗(p)] to

[0, 1]. Since f ∈ C(D, k) we conclude that this curve on [0, 1] belongs to the

class F (k). So that we can apply inequality (1.1) to this curve. This yields
∫

m
(p)
x

∣∣∣(arg g)′y

∣∣∣ dy ≤
∫

m
(p)
x

∣∣∣∣
(

arg g(k)
y...y

)′
y

∣∣∣∣ dy + kπ (4.5)

so that summing up by all m
(p)
x we have

∫

Ix

∣∣∣(arg g)′y

∣∣∣ dy ≤
∫

Ix

∣∣∣∣
(

arg g(k)
y...y

)′
y

∣∣∣∣ dy +
∑

{m(k)
x }

kπ.

Now we integrate this inequality by x and obtain

∫
D|x
∫
Ix

∣∣∣(arg g)′y

∣∣∣ dydx ≤
∫
D|x
∫
Ix

∣∣∣∣
(

arg g
(k)
y...y

)′
y

∣∣∣∣ dydx+ kπ
∫
D|x

(∑
{m(k)

x } 1
)
dx,

(4.6)

where D|x is the interval on x-axis which is the ortogonal projection of D

on x-axis.

Suppose that the part D(Ix′ , Ix′′) of the domain D contained in the

strip between Ix′ and Ix′′ satisfies the following conditions:

(A) the part is decomposed into n connected components Dj(Ix′ , Ix′′), j =

1, 2, ..., n, each with boundaries having common points both with Ix′ and

Ix′′ ;



March 20, 2009 15:41 WSPC - Proceedings Trim Size: 9in x 6in furthe

18 G. A. Barsegian

(B) intersection of each of these components Dj(Ix′ , Ix′′) with any Ix, x′ ≤
x ≤ x′′ consists of only one interval on Ix.

Then for every x ∈ (x′, x′′) we have
∑

{m(k)
x }

1 = n,

where the constant n is independent of x and consequently

∫ x′′

x′


 ∑

{m(k)
x }

1


 dx = n(x′′ − x′).

But the quantity n(x′′−x′) is half of the sum of the lengths of total projec-

tions on axis x of all boundary components of Dj(Ix′ , Ix′′) occurring in the

mentioned strip; here the multiplier 2 (half) arise since each Dj(Ix′ , Ix′′)

has two boundary components projected on x. Hence, since the domain D

is assumed to have a piecewise smooth boundary, we can split the interval

(x1, x2) onto appropriate parts and obtain

∫

D|x


 ∑

{m(k)
x }

1


 dx =

l(∂D ⊥ x)

2
. (4.7)

Now (4.6) and (4.7) yield the inequality
∫

D|x

∫

Ix

∣∣∣(arg g)
′
y

∣∣∣ dydx ≤
∫

D|x

∫

Ix

∣∣∣∣
(

arg g(k)
y...y

)′
y

∣∣∣∣ dydx+
kπ

2
l(∂D ⊥ x)

(4.8)

which implies inequality (4.3) of Theorem 4.2.

To prove inequality (4.4) we need to apply inequality (1.2) similarly as

we have applied above inequality (1.1). This yields

∑q
ν=1

∫
D|x
∫
Ix

∣∣∣(arg(f − aν)
′
y

∣∣∣ dydx ≤
∫
D|x
∫
Ix

∣∣∣∣
(

arg g
(k)
y...y

)′
y

∣∣∣∣ dydx+

2kπq
ρ

∫
D|x
∫
Ix

∣∣f ′
y

∣∣ dydx+ kπ
∫
D|x

(∑
{m(k)

x } 1
)
dx

so that taking into account (4.7) we obtain (4.4).

Proof of Theorem 4.1. Now we deal with the meromorphic functions f

in D̄. First we assume that f , f ′, f (2),...,f (k+1) 6= 0,∞ in D̄. From the



March 20, 2009 15:41 WSPC - Proceedings Trim Size: 9in x 6in furthe

Some Interrelated Results in Different Branches of Geometry and Analysis 19

definition of g(y) we have

(arg g)
′
y =

(
arctan

v

u

)′
y

=
v′yu− vu′y
u2 + v2

=

√
(u′y)2 + (v′y)2

√
u2 + v2


 v′y√

(u′y)
2 + (v′y)2

u√
u2 + v2

− v√
u2 + v2

u′y√
(u′y)2 + (v′y)2




= −

√(
u′y
)2

+
(
v′y
)2

√
u2 + v2

sin
(
arg f − arg f ′

y

)
= −

∣∣∣∣
f ′

f

∣∣∣∣ sin
(
arg f − arg f ′

y

)

and similarly we have

(
arg g(k)

y...y

)′
y

= −
∣∣∣∣∣
f

(k+1)
y...y

f
(k)
y...y

∣∣∣∣∣ sin
(

arg f (k)
y...y − arg f (k+1)

y...y

)

so that (4.3) yields

∫ ∫
D

∣∣∣∣
f ′
y

f

∣∣∣∣
∣∣sin

(
arg f − arg f ′

y

)∣∣ dσ ≤

∫ ∫
D

∣∣∣∣∣
f

(k+1)
y...y

f
(k)
y...y

∣∣∣∣∣
∣∣∣sin

(
arg f

(k)
y...y − arg f

(k+1)
y...y

)∣∣∣ dσ + kπ
2 l(∂D ⊥ x),

where dσ is the area element.

Let X̄(θ) be the straight line {(x, y)| 0 ≤ θ := arctan(y/x) < 2π} on

the plane (x, y), Ȳ (θ) is the straight line perpendicular to X̄(θ).

Denoting by f ′
η the partial derivative of f in direction η perpendicular

to X̄(θ) we rewrite the last inequality in the new coordinates (X̄(θ), Ȳ (θ))

as follows:

∫ ∫
D

∣∣∣∣
f ′
η

f

∣∣∣∣
∣∣sin

(
arg f − arg f ′

η

)∣∣ dσ ≤

∫ ∫
D

∣∣∣∣∣
f

(k+1)
η...η

f
(k)
η...η

∣∣∣∣∣
∣∣∣sin

(
arg f

(k)
η...η − arg f

(k+1)
η...η

)∣∣∣ dσ + kπ
2 l(∂D ⊥ X̄(θ)).

(4.9)

Now we observe that due to conformity of f , f ′, f (2),...,f (k+1) we have
∣∣∣∣
f ′
η

f

∣∣∣∣ =

∣∣∣∣
f ′(z)

f(z)

∣∣∣∣

and ∣∣∣∣∣
f

(k+1)
η...η

f
(k)
η...η

∣∣∣∣∣ =

∣∣∣∣
f (k+1)(z)

f (k)(z)

∣∣∣∣ .



March 20, 2009 15:41 WSPC - Proceedings Trim Size: 9in x 6in furthe

20 G. A. Barsegian

Substituting the above two equalities in (4.9), observing that
∣∣∣ f

′(z)
f(z)

∣∣∣ and∣∣∣ f
(k+1)(z)
f (k)(z)

∣∣∣ do not depend on θ and integrating the obtained inequality in θ

we have

∫ 2π

0

[∫ ∫
D

∣∣∣∣
f ′

f

∣∣∣∣
∣∣sin

(
arg f − arg f ′

η

)∣∣ dσ
]
dθ

=
∫ ∫

D

∣∣∣∣
f ′

f

∣∣∣∣
[∫ 2π

0

∣∣sin
(
arg f − arg f ′

η

)∣∣ dθ
]
dσ

≤
∫ 2π

0

[∫ ∫
D

∣∣∣∣
f (k+1)(z)

f (k)(z)

∣∣∣∣
∣∣∣sin

(
arg f

(k)
η...η − arg f

(k+1)
η...η

)∣∣∣ dσ
]
dθ

+
∫ 2π

0
kπ
2 l(∂D ⊥ X̄(θ))dθ

=
∫ ∫

D

∣∣∣∣
f (k+1)(z)

f (k)(z)

∣∣∣∣
[∫ 2π

0

∣∣∣sin
(

arg f
(k)
η...η − arg f

(k+1)
η...η

)∣∣∣ dθ
]
dσ

+
∫ 2π

0
kπ
2 l(∂D ⊥ X̄(θ))dθ.

(4.10)

Since arg f ′
η = arg f ′

x + θ + π
2 = arg f ′ + θ + π

2 (conformity of f) and the

magnitudes arg f , arg f ′ do not depend on θ we have

∫ 2π

0

∣∣∣sin
(

arg f − arg f ′
X(θ)

)∣∣∣ dθ =

∫ 2π

0

∣∣∣sin
(

arg f − arg f ′ − θ − π

2

)∣∣∣ dθ

=

∫ 2π

0

|sin t| dt = 4.

On the other hand we have f ′
ζ = f ′eiθ, where ζ is the direction of the

straight line X̄(θ) composing angle θ with x-axis. Observing that eiθ is a

constant when we move along X̄(θ) we obtain f
(k)
ζ...ζ = f (k)eikθ . Applied to

the direction η this yields f
(k)
η...η = f (k)eik(θ+

π
2 ). Therefore

∫ 2π

0

∣∣∣sin
(

arg f (k)
η...η − arg f (k+1)

η...η

)∣∣∣ dθ

=

∫ 2π

0

∣∣∣sin
(

arg f (k) + arg eik(θ+
π
2 ) − arg f (k+1) − arg ei(k+1)(θ+ π

2 )
)∣∣∣ dθ

=

∫ 2π

0

∣∣∣sin
(

arg f (k) − arg f (k+1) − θ − π

2

)∣∣∣ dθ =

∫ 2π

0

|sin t| dt = 4.

The above two equalities and (4.10) yield

4

∫ ∫

D

∣∣∣∣
f ′(z)

f(z)

∣∣∣∣ dσ ≤ 4

∫ ∫

D

∣∣∣∣
f (k+1)(z)

f (k)(z)

∣∣∣∣ dσ +

∫ 2π

0

kπ

2
l(∂D ⊥ X̄(θ))dθ.

(4.11)



March 20, 2009 15:41 WSPC - Proceedings Trim Size: 9in x 6in furthe

Some Interrelated Results in Different Branches of Geometry and Analysis 21

Due to the main identity of integral geometry ([9], [14], see also Section 6

of the present paper) we have
∫ 2π

0

l(∂D ⊥ X̄(θ))dθ = 4l(D). (4.12)

The last two assertions imply inequality (4.1) in Theorem 4.1 in the case

when f , f ′, f (2),...,f (k+1) 6= 0,∞ in D̄. The general case can be proved

making use quite standard arguments. Namely, we exclude from D̄ some

small neighborhoods sc of all the zeros and poles of all these functions. Then

we apply in the remained domain the proved inequality and then shrink the

neighborhoods to the corresponding points (zeros or poles). When sc tends

to the corresponding point we have
∫ ∫

sc

∣∣∣∣
f ′(z)

f(z)

∣∣∣∣ dσ → 0,

∫ ∫

sc

∣∣∣∣
f (k+1)(z)

f (k)(z)

∣∣∣∣ dσ → 0, l(∂sc)→ 0

what completes the proof of (4.1).

In the proof of (4.1) we have utilized inequality (4.3) to obtain (4.11).

Arguing similarly and making use (4.4) we obtain instead of (4.11) the

following inequality

4
∑q
ν=1

∫∫
D

∣∣∣ f ′

f−aν

∣∣∣ dydx ≤

4
∫∫
D

∣∣∣ f
(k+1)

f (k)

∣∣∣ dydx+ 2kπq
ρ

∫ 2π

0

∫∫
D

∣∣f ′
η

∣∣ dydxdθ +
∫ 2π

0
kπ
2 l(∂D ⊥ X̄(θ))dθ.

Inequality (4.2) follows now from the last inequality, (4.12) and identity∣∣f ′
η

∣∣ = |f ′|.

5. Applications in ODE: the windings of the solutions

5.1. The problem, its connections with Poincaré theory and

applicability

Many phenomena in physics, technics, biology, economics have a cyclic

nature. Often these phenomena are described by the differential equations

y′ = F1 (t, x, y), x′ = F2 (t, x, y). In similar cases the solutions are the curves

γ := (x (t) , y (t)), t ∈ (t1, t2), that rotate (wind up) around a given center

a on the plane (x, y).

There are numerous studies (in pure mathematics and in all the men-

tioned sciences) which utilize Poincaré theory to describe the windings of

the solutions (x (t) , y (t)) of these equations. The differential geometric prin-

ciple of the angles and lengths in Section 1 leads to another approach for

studying these windings.



March 20, 2009 15:41 WSPC - Proceedings Trim Size: 9in x 6in furthe

22 G. A. Barsegian

Below we discuss some parallels and differences between the Poincaré

theory and the new approach.

Poincaré theory deals with the concepts (the spiral and periodic solu-

tions, the limit cycles) that determine the asymptotic shape or asymptotic

windings of the solutions. Respectively the theory considers the solutions

on infinite intervals t ∈ (−∞,+∞), (−∞, 0), (0,+∞). This is an essen-

tial restriction in applications since in the practice we very often need to

consider namely finite time intervals t ∈ (t1, t2). Also the Poincaré theory

deals in fact with only one center. The new approach permits to study the

solutions on finite time intervals. In this case the windings are determined

by ordinary total rotation of γ defined in Section 1. Also we able to study

an interplay between the windings around different centers what leads to

some Nevanlinna type consequences for the solutions.

The approach leads to some new problems related to the interplay be-

tween the solutions on finite and infinite intervals. We state qualitatively

one problem connected with Hilbert Problem 16 (part b) [10] which asks

about the number of limit cycles for the solutions with polynomial F1 and

F2 of the degree n. Following this problem we can consider (instead of the

limit cycles) the solutions with rather strong rotations and we may ask

whether the number of all possible similar solutions also depend on n.

The approach first arose in the study [6] by K. Barseghyan and the au-

thor, where we dealt with some particular classes of equations in biomath-

ematics (Lotka-Volterra’s [11], [17] and Kolmogorov’s [12] equations).

Below we study the windings of the solutions of much larger classes of

autonomous equations.

5.2. The windings of solutions of autonomous equations

Consider the following autonomous system of equations

{
y′ = F1 (x, y)

x′ = F2 (x, y)
(5.1)

with continuously differentiable F1 and F2 in the closure D̄ of a given

domain D. Assume that the coefficient satisfy the usual restrictions

∣∣(F1 (x, y))
′
x

∣∣ ,
∣∣∣(F1 (x, y))

′
y

∣∣∣ ,
∣∣(F2 (x, y))

′
x

∣∣ ,
∣∣∣(F2 (x, y))

′
y

∣∣∣ ≤ C(D) = const.

(5.2)

Let γ := (x (t) , y (t)), t ∈ (t1, t2), be a part of an integral curve of (5.1)

lying in D̄. We will refer simply γ as a is a solution of (5.1), [13].
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Theorem 5.1. For any smooth solution γ := (x (t) , y (t)), t ∈ (t1, t2), of

equation (5.1) satisfying (5.2)

R (a, γ) ≤ T (γ′) + π ≤ 3C(D) |t2 − t1|+ π. (5.3)

Notice that (5.3) gives upper bounds both for the rotations R of the

solutions around a and for the integral curvature T of γ. Another advantage

is that the upper bounds can be given simply by making use |t2 − t1| and

the derivatives of F1 and F2.

As in section 1 we consider again a collection of pairwise different

points aν , ν = 1, 2, ..., q, q ≥ 2, in the plane (x, y) and denote ρ =

min
[
mini6=,j

|ai−aj |
2 ; 1

]
. Then we consider a collection of the bounded non

intersecting domains Dν 3 aν , ν = 1, 2, ..., q, in the plane (x, y). Denote

d := ∪qν=1Dν and assume that for (x, y) ∈ d̄ functions F1 (x, y) and F2 (x, y)

in (5.1) satisfy

|(F1 (x, y))| , |(F2 (x, y))| ≤ K(d) = const. (5.4)

The set γ ∩ D consists of some (one or more) curves γi(Dν), i =

1, 2, ..., Iν . Denote by A(aν , Dν , γ) the total rotations of all similar curves

around a, that is A(aν , Dν , γ) :=
∑Iν

i=1 R (aν , γi(Dν)).

For the similar total rotations we prove the following Nevanlinna type

result.

Theorem 5.2. Assume that for a given above type set d the coefficients of

the equation (5.1) satisfy (5.2) and (5.4) in d. Then for any smooth solution

(x (t) , y (t)), t ∈ (t1, t2), we have

q∑

ν=1

A(aν , Dν , γ) ≤
{

3C(d) +
4
√

2π

ρ
K(d)

}
|t2 − t1|+ π. (5.6)

Remark 5.1. It is interesting that ρ is the only magnitude depending on

the geometry of points aν , ν = 1, 2, ..., q, and that the geometry of domains

Dν does not affect to inequality (5.6).

Proof of Theorem 5.1. Consider a solution γ := (x(t), y(t)), t ∈ (t1, t2),

of (5.1) lying in D. Upper bounds for T (γ ′) can be given easily. Indeed,

according to the definitions we have

T (γ′) :=

∫ t2

t1

∣∣∣∣
d

dt
arg (x′(t) + iy′(t))

∣∣∣∣ dt =

∫ t2

t1

∣∣∣∣
d

dt
arctan

y′(t)

x′(t)

∣∣∣∣ dt.
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Further
∣∣∣∣
d

dt
arctan

y′(t)

x′(t)

∣∣∣∣ :=

∣∣∣∣∣
y′′x′ − x′′y′
(x′)2 + (y′)2

∣∣∣∣∣ .

Since

y′′ (t) = (F1 (x, y))
′
x x

′ + (F1 (x, y))
′
y y

′ =

(F1 (x, y))
′
x F2 (x, y) + (F1 (x, y))

′
y F1 (x, y)

and

x′′ (t) = (F2 (x, y))
′
x x

′ + (F2 (x, y))
′
y y

′ =

(F2 (x, y))
′
x F2 (x, y) + (F2 (x, y))

′
y F1 (x, y)

we have

y′′x′ − x′′y′
(x′)2 + (y′)2

=

[
(F1 (x, y))

′
x F2 (x, y) + (F1 (x, y))

′
y F1 (x, y)

]
F2 (x, y)

F 2
2 (x, y) + F 2

1 (x, y)
−

[
(F2 (x, y))

′
x F2 (x, y) + (F2 (x, y))

′
y F1 (x, y)

]
F1 (x, y)

F 2
2 (x, y) + F 2

1 (x, y)
=

(F1 (x, y))
′
x F

2
2 (x, y)− (F2 (x, y))

′
y F

2
1 (x, y)

F 2
2 (x, y) + F 2

1 (x, y)
+

[
(F1 (x, y))

′
y − (F2 (x, y))

′
x

]
F1 (x, y)F2 (x, y)

F 2
2 (x, y) + F 2

1 (x, y)

so that
∣∣∣∣∣
y′′x′ − x′′y′
(x′)2 + (y′)2

∣∣∣∣∣ ≤
∣∣(F1 (x, y))

′
x

∣∣+
∣∣∣(F1 (x, y))

′
y

∣∣∣+
∣∣(F2 (x, y))

′
x

∣∣

2
+
∣∣∣(F2 (x, y))′y

∣∣∣

and applying (5.2) we obtain the inequality

T (γ′) ≤ 3C(D) |t2 − t1| (5.7)

which being applied to inequality (1.1) of Theorem 1.1 yields Theorem 4.1.
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Proof of Theorem 5.2. Arguing similarly as in the proof of inequality

(1.2) we can obtain the following quite similar inequality

q∑

ν=1

A(aν , Dν , γ) :=

q∑

ν=1

Iν∑

i=1

R (aν , γi(Dν))

≤
q∑

ν=1

Iν∑

i=1

T (γ′i(Dν)) +
4π

ρ

q∑

ν=1

Iν∑

i=1

l(γi(Dν)) + π. (5.8)

Thus to prove Theorem 5.2 we need to obtain upper bounds for the

sums in the right side of (5.8). Assume that γi(Dν) is the image of

(t′i,ν , t
′′
i,ν) ⊂ (t1, t2). Applying (5.7) to this curve and obtain T (γ ′i(Dν)) ≤

3C(Dν)
∣∣t′′i,ν − t′i,ν

∣∣ so that

q∑

ν=1

Iν∑

i=1

T (γ′i(Dν)) ≤ 3

q∑

ν=1

Iν∑

i=1

C(Dν)
∣∣t′′i,ν − t′i,ν

∣∣ ≤ 3C(d) |t2 − t1| .

For the length we have l(γi(Dν)) :=
∫
γi(Dν)

√
(x′(t))2 + (y′(t))2dt and from

the equation we have x′(t) = F1(x, y), y′(t) = F2(x, y) so that (5.4) yields

q∑

ν=1

Iν∑

i=1

l(γi(Dν)) ≤
√

2K(d)

q∑

ν=1

Iν∑

i=1

∣∣t′′i,ν − t′i,ν
∣∣ ≤
√

2K(d) |t2 − t1| .

Substituting the last two inequalities in (5.8) we obtain Theorem 5.2.

6. Some identities and inequalities in integral geometry

6.1. Introduction

In this section we present some new identities and inequalities concerning

integrals of function along the curves, among them those generalizing some

classical formulae of integral geometry.

The study has arisen as follows. The theory of Gamma-lines [7] (complex

analysis) studies particularly the level sets of harmonic functions. The level

sets occur in numerous branches of pure and applied mathematics (isoterm,

isobar, potential line, stream line etc.). Naturally we tried to find some ways

to apply and extend Gamma-lines technic for studying level sets of much

larger classes of functions u(x, y) that can be of interest in different applied

situations. This have led us to an extensive list of open problems [8] in

nearly thirty fields.

Our attempts to develop these ideas and solve some of the problems

posed in [8] have led to some new inequalities [5] for curves, real and com-

plex functions. Then we have applied the Gamma-lines’ methods to obtain
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some other identities and inequalities which we present in this paper. It is

interesting that the obtained results turned out to be rather close to those

obtained earlier in Integral Geometry [9], [14] and Combinatorial integral

Geometry [2]. I got idea about the mentioned interrelation with Integral ge-

ometry thanks to R. Ambartzumyan and V. Oganian who kindly presented

me the key ideas and results in [2], [9], [14]. I express my deep thanks to

them for that as well as for their valuable comments.

In this section we present some of the obtained results in this direction.

In full generality they will be presented elsewhere.

6.2. The main identity in integral geometry

We say that a given oriented plane curve Γ := (x(t)) , y(t)), t ∈ [0, 1], is

proper if Γ is a smooth curve with bounded length l(Γ) and uniformly

continuous on Γ curvature k. Let f be a function given on Γ.

In this paper we give an identity for
∫
fds. In the particular case when

f ≡ 1 this identity coincides with the classical Identity 1 (see below ) in

integral geometry.

To present the identity for
∫
fds we need to modify the classical concepts

and to give an interpretation.

Definition (projections with multiplicity). Let Γ be a given smooth

plane curve Γ and γ be a given straight line in the plane P . Consider Γ as a

union of subsets {ωm} ∪ {ω̄p} (ωm := ωm(γ), ω̄ = ω̄p(γ)) such that for any

m the orthogonal projection π (ωm) of ωm onto γ is a homeomorphic map

and for any p the length l(π(ω̄p)) of the orthogonal projections π(ω̄p) onto

γ is equal to zero. Denote by Γ ⊥ γ the union ∪mπ(ωm) and by l(Γ ⊥ γ)

the sum
∑

m l(π(ωm). Thus the mentioned union counts the projections of

Γ onto γ with multiplicities. We call l(Γ ⊥ γ) the projection length of Γ on

γ.

Let X̄(θ) be the straight line {(x, y)| 0 ≤ θ := arctan(y/x) < 2π} on the

plane (x, y). We will use notation X(θ) for the coordinate on X̄(θ). Denote

by JX(θ) the straight line perpendicular to X̄(θ) and intersecting X̄(θ) at

the point X(θ).

Notice that Γ ∩ JX(θ) may consist of some points and some intervals

on the straight lines JX(θ): these intervals clearly should be the intervals

of type ω̄p(X̄(θ)) belonging to Γ. Ignoring similar intervals we denote by

N(Γ, JX(θ)) the total number of similar points.

We make use notations lθ(Γ) for l(Γ ⊥ X̄(θ)) when γ is the straight line

X̄(θ).Notations Γ|X̄(θ) stands for the set of all those points X(θ) on X̄(θ)

for which JX(θ) intersects Γ in at least one point.
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With the above notations and definitions we able now to present

Identity 6.1. For any proper curve Γ we have

l(Γ) =
1

4

∫ 2π

0

∫

Γ|X̄(θ)

N(Γ, JX(θ)) |dX(θ)| dθ =
1

4

∫ 2π

0

lθ(Γ)dθ, (6.1)

(here we make use Lebesgue integration).

Comment 6.1. Notice that lθ(Γ) = lθ+π(Γ) and N(Γ, JX(θ)) =

N(Γ, JX(θ+π)) for any θ so that the above inequality we may rewrite as

l(Γ) =
1

2

∫ π

0

∫

Γ|X̄(θ)

N(Γ, JX(θ)) |dX(θ)| dθ =
1

2

∫ π

0

lθ(Γ)dθ. (6.1′)

Similar comments are true for other identities and inequalities below.

Comment 6.2. Identity (6.1) is a bit simplified and complemented version

of the classical identity whose modifications and generalizations constitute

in fact an essential part of integral geometry: here contributed Barbier,

Poincaré, Blaschke, Santalo (see [14]). The difference between the first iden-

tity in (6.1) and its classical counterparts is that we make use more simple

pointwise intersections N(Γ, JX(θ)) (instead of forms and densities). Also

we have the second part in (6.1) which despite its triviality we did not meet

elsewhere.

Notice that in (6.1) we deal with all length projections lθ(Γ) for all θ,

0 ≤ θ ≤ 2π. Now we give another identity for the length of Γ which make

use only two projections of Γ on perpendicular axes JX(θ) and JX(η), where

η := θ + π/2. Since our curve Γ is oriented we can fix starting point of Γ

and define the angle α(s) between the tangent to Γ at the point s ∈ Γ and

X̄(0). Notice that the last straight line is x-axis.

Let us consider identity (6.1) from a bit different point of view. Mov-

ing along the curve Γ we fix the elements si(θ) of Γ ∩ JX(θ), si(θ) =

1, 2, ..., N(Γ, JX(θ)): here i is, clearly, the index of these elements (points

or curves). Thus we can rewrite (6.1′) as

l(Γ) =
1

2

∫ π

0

lθ(Γ)dθ =
1

2

∫ π

0

∫

Γ|X̄(θ)





N(Γ,JX(θ))∑

i(θ)=1

1



 |dX(θ)| dθ.

6.3. Identities for the integrals along curves

In this section we give some formulas of the above types for the integrals
∫

Γ

f(s)ds,
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where s is the natural parameter of Γ. Particularly, when f(s) ≡ 1 this

formulae coincide with identities (6.1) and (6.2).

Instead of the projection length of Γ on X̄(θ), we consider now the

following weighted projection length of Γ on X̄(θ)

Lθ(Γ, f) :=

∫

Γ

f(s) |cos (α(s) − θ)| ds =
∑

m

∫

ωm(X̄(θ)

f(s) |cos (α(s) − θ)| ds

and, instead of the length Dθ(Γ) of double projection, we consider the fol-

lowing weighted double projection length
∫
π(ωm(X̄(θ))

Iθ(Γ, f) :=

∫

Γ

f(s) cos2 (α(s) − θ) ds =
∑

m

∫

ωm(X̄(θ)

f cos2 (α(s)− θ) ds.

Theorem 6.1. For any proper curve Γ and any continuous function f(s) >

0 on Γ we have
∫

Γ

f(s)ds =
1

4

∫ 2π

0

Lθ(Γ, f)dθ

=
1

4

∫ 2π

0

∫

Γ|X(θ)

N(Γ,JX(θ))∑

i(θ)=1

f(si(θ)) |dX(θ)| dθ. (6.2)

6.4. Inequalities for the lengths of curves and inequalities

for the integrals along curves

From the above identities we derive some inequalities giving upper bounds

for the integrals
∫
Γ
f(s)ds in terms of the integral curvature C(Γ) :=∫

Γ
k(s)ds, where k(s) is the ordinary curvature of Γ at the point s ∈ Γ.

Observe that for the proper curves C(Γ) = VarΓα(s) so that we can

consider also C(Γ) as the variation of the tangential angle.

We give first some simple inequalities related to the particular case when

f(s) ≡ 1; respectively
∫
Γ f(s)ds become ordinary length l(Γ) of Γ.

Denote by ∆θ(Γ) the length of Γ|X(θ).

Inequality 6.1. For any proper curve Γ and any θ we have

l(Γ) ≤
(

1

2

∫

Γ

|k(s) sinα(s)| ds+ 1

)
∆0(Γ)

+

(
1

2

∫

Γ

|k(s) cosα(s)| ds+ 1

)
∆π/2(Γ). (6.3)

If Γ is closed we have

l(Γ) ≤
(

1

2

∫

Γ

|k(s) sinα(s)| ds
)

∆0(Γ) +

(
1

2

∫

Γ

|k(s) cosα(s)| ds
)

∆π/2(Γ).
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Notice that (6.3) implies the following more simple (and more rough)

inequality

l(Γ) ≤
(

1

2

∫

Γ

|k(s)| ds+ 1

)(
∆0(Γ) + ∆π/2(Γ)

)
. (6.3′)

Notice also that when Γ is a segment of a straight line then k(s) ≡ 0 and

inequality (6.3′) become a usual Pythagorean (or triangular) inequality in

the form: l(Γ) ≤ ∆0(Γ) + ∆π/2(Γ).

Sharpness. We have equality in (6.3) and (6.3′) and for any segment lying

on X̄(0) and X̄(π/2).

For the proper closed curves Γ Santalo proved the following interesting

inequality, see [14], p. 37:

l(Γ) ≤ 1

2

∫

Γ

|k(s)| ds∆max(Γ).

We establish similar result for arbitrary (non closed) proper curves.

Inequality 6.2. For any proper curve Γ we have

l(Γ) ≤ 1

2

∫

Γ

|k(s)| ds∆max(Γ) +
1

2

∫ π

0

∆θ(Γ)dθ

≤ 1

2

∫

Γ

|k(s)| ds∆max(Γ) +
π

2
∆max(Γ). (6.4)

Sharpness The ratio of the left and the right sides in (6.4) tends to 1 for

any sequence of spirals (1− 1
ϕ(r))eiω(r), rn ∈ (0, 1), where ϕ(r) and ω(r) are

some monotone differentiable functions tending to infinity when rn → 1.

Thus (6.4) is asymptotically sharp.

6.5. Inequalities for the integrals along curves

Theorem 6.2. For any proper curve Γ and any continuously differentiable

function f(s) > 0 on Γ and any θ we have
∫
Γ f(s)ds

≤ 1
2 supΓ |f |

{∫
Γ
|k(s) sinα(s)| ds∆0(Γ) +

∫
Γ
|k(s) cosα(s)| ds∆π/2(Γ)

}

+
{

1
2 supΓ |f ′

λ| l(Γ) + supΓ |f |
} (

∆0(Γ) + ∆π/2(Γ)
)

≤
{

1
2 supΓ |f |

∫
Γ k(s)ds+ 1

2 supΓ |f ′
λ| l(Γ) + supΓ |f |

} (
∆0(Γ) + ∆π/2(Γ)

)

(6.5)

and∫

Γ

f(s)ds ≤ 1

2π

[
sup
Γ
|f |
∫

Γ

|k(s)| ds+ sup
Γ
|f ′
λ| l(Γ) + 2 sup

Γ
|f |
] ∫ 2π

0

∆θ(Γ)dθ.

(6.6)
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Notice that (6.5) implies (6.3) when f(s) ≡ 1. In turn the sharpness of (6.5)

follows from the sharpness of (6.3).

7. Principle of zeros for real functions of two variables

In this section we present an inequality related to the zeros of real functions

of two variables and the zeros of derivatives of this function. We show that

these inequalities can be considered as some analogues of Rolle’s theorem

for functions of two variables.

In what follows we denote by D domains with piecewise smooth bound-

ary ∂D of length l(∂D).

The results are valid for arbitrary functions u(x, y) ∈ C2(D̄), D̄ =

D ∪ ∂D, but below we present only the case of the proper functions in D̄,

that is functions u ∈ C2(D̄) which admit only finite number of points in

D̄, where gradu = 0 or gradu′ = 0. Observe that the zeros of u(x, y) (that

is the solutions of u(x, y) = 0 or level sets of u(x, y)) are piecewise smooth

curves γi(u) for the proper functions. The same is true for zeros u′θ(x, y) = 0

(for any θ, 0 ≤ θ < π). Corresponding curves we denote by γj(u
′
θ).

Denote by L(D, 0, u) (by L(D, 0, u′θ) the total length of the curves γi(u)

(γj(u
′
θ)) in D̄.

Theorem 1 (Principle of zeros for proper functions). For any proper

function u(x, y) in D̄

L(D, 0, u) ≤ 1

2

∫ π

0

L(D, 0, u′θ)dθ +
1

2
l(∂D)

≤ π

2
sup

0≤θ<π
L(D, 0, u′θ) +

1

2
l(D). (7.1)

Sharpness. The following simple example shows that this inequality is

sharp. Consider u =
√
x2 + y2 − 1 in the unit disk. The set of solutions

of u = 0 coincides with the boundary of the disk and the set of solutions

of u′θ = 0 coincides with the diameter of the disk having direction θ. We

have therefore L(D, 0, u) = 2π, L(D, 0, u′θ) = 2 for any θ (consequently

sup0≤θ<2π L(D, 0, u′θ) = 2) and l(D) = 2π. Thus we have equality in the

double inequality (7.1) for this function.

Comment 1 (Theorem 7.1 as a Rolle type results). One of the key

results in real analysis, the Rolle’s theorem, asserts: between arbitrary two

zeros of a real differentiable function of one variable f(x) in [a, b] there is a

zero of f ′(x).

At the early stage of mathematical education we learn that this theorem

has no any analogue for functions of several variables. We ask how can look
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like possible results for functions of several variables that can serve as some

analogues of the Rolle’s theorem? We meet essential difference: zeros of

functions of several variables are curves, surfaces etc. and these functions

have directional derivatives (unlike functions of one variable whose zeros

are points in general case and we deal with only one derivative).

Let us consider the Rolle’s theorem in a bit enlarged version: if f has

n zeros on [x1, x2] then f ′ should have at least n− 1 zeros on [x1, x2]. The

last statement we can express qualitatively as follows: if f has “powerful”

set of zeros of f on [x1, x2] then f ′ should also have “powerful” set of zeros.

The power of zeros we can define also in multivariate case. A natu-

ral measure for the ”power” of zeros of functions u(x, y) (u′
θ(x, y)) of two

variables in D is the length L(D, 0, u) (L(D, 0, u′θ)).
Inequality 1 has exactly the same meaning: if u(x, y) has “powerful”

set of zeros of u in D̄ (that is if L(D, 0, u) is large) we should have also

“powerful” set of zeros of u′θ for at least one value θ (that is L(D, 0, u′θ)
should be large as well). Respectively this inequality can be considered as

an analogue of Rolle’s theorem for functions of two variables.

Comment 2. There were many attempts to obtain Rolle’s type results

for analytic functions: the Internet shows nearly five hundreds papers. This

goes back to Gauss who has proved the following astonishing results: any

disk involving all zeros of a given complex polynomial P involves also all

zeros of derivative P ′. This was likely the first and till present the the most

simple and applicable result.

We are not aware whether someone tried to get an analog of the Rolle’s

theorem in real case, say for function of two real variables. As we see in

this case we deal with essentially different type of objects (curves instead

of points) and one need to consider the problem from a different point of

view, for instance as we do it in Theorem 7.1.

Hydrodynamic and electromagnetic interpretations of inequality

(7.1). Let u(x, y) be the velocity at the point (x, y) in a plane flow of an

ideal liquid. This implies u′y = −v′x since the corresponding complex poten-

tial w is an analytic function. Then solutions of u(x, y) = A are those lines

where the velocity is equal to A. The magnitudes u′x and u′y mean com-

ponent of the accelerations in directions x and y; again u′y = −v′x. Thus

all magnitudes in this inequality have hydrodynamic interpretations and

inequality (7.1) can be considered as a result in hydrodynamics. Quite sim-

ilar interpretation we have for the case when u(x, y) is an electric potential.

Then solutions of u(x, y) = A equipotential lines, where the potential is

equal to A. The magnitudes u′x and u′y mean components of the electric
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field in directions x and y. Clearly, inequality (7.1) can now be considered

as a result in electromagnetism.
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