


of integers modulo ¢.

Definition 2.1. The periodic partial correlation function of s; with 55 at
shift 7 and offset k with correlation length L < N is given by

k+L—-1
Py j(rk, L) = Zwl‘“‘”“ﬂ” 1<i<j<M,

where @ denotes addition modulo N, and 0 <7 < N — 1.
Definition 2.2. The first moment of the partial correlation function in
Definition 1 is given by,

2n 2
(P, (T,k, L))

_1 ,]TkL ”(TL)

while its second absolute moment is given by

2" -2

(| Pij(r,k,L) |?), = T Z[P,]Tkm

The notation (f(k)), denotes an average over all possible values of k
of the argument f. The following list summarizes the differences with the
field case. Note that we use:

e The Galois ring GR(4,n) as opposed to the Galois field GF(2").

e The trace function on the Galois ring.

e An element 3 € GR(4,n) of order 2™ — 1 which compares with
the use of &« € GF(2") of order 2" — 1.

Also note the similarity in the sequence definitions:

<2" —1.

o The field m-sequence is given by tr(z) = tr(a <i
3), where a €

9,
e The ring m-sequences over Z4 are given by T'r
GR(4,n),0 <{<2" — 1.

0
(a

Definition 2.3. Let the constants v; be defined as

14285,0<i< 2™ —2,
Yi = 17 7':2n—17
2, 7= 2",

Then the Z4 maximal length sequence family is defined as

ai(t) = Tri(vf),t =0,1,...,2" — 2. (1)
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Henceforth, we use @ for the addition operation in Z4 and + for either the
addition operation in Zgy or the ordinary addition operation in R.

Theorem 2.1. The first moment obeys

L
2n —1
and therefore, for Family A, it simply takes on wvalues proportional to
the values in periodic correlation distribution with the same multiplicities.
These multiplicities were given in a previous lecture.

(Pij(r kL)), = Ci5(7),

We have

] =2
on _1 Z P j(r,k, L)
k=0

Piyj(T, L) =

] rm2L-l
Z Zwsi(k@t®7)—sj(k@t)

n __
2 1 k=0 t=0

| Loizne2
— Z Z wsi(k@tear)—Sj(k@t)

no__

2 1 t=0 k=0

L-1
1 L
5T 2 Cus(7) = 5 Cii(7)-

t=0

i

I

For Binary m-sequences, we have a well known result:

Proposition 2.1. For the binary m—sequence s1, we have

(| PLa(r,k, L) 1?), =L (1 - 251_—11> ’

when 7 # 0 (mod 2™ — 1).

It would be nice to have a similar result for Family A. We have

2m -2
@ =D (|P(r,k, L)), = Y |P(r,k, L))

k=0
and

L1
!P(T, k, L)|2 — Z (*1)tr[(aT+1)(at+k+at'+k)]

t,t'=0



As k ranges over [0,2" — 2| the pair (¢ + k,t' + k) ranges over [0,2" — 2] x
[0,2™ — 2] L times. Therefore

2"-2 272
S Pk L) =L Z )irlle” +1) (e o)
k=0 tt'=

This can itself be written as

2" -2 on_g
Yo PEEDP =L@ 1) +L Y (-pyrieTehted))
k=0 0< st/ <M —2
or
-2 2n_22"_2
S Pk D =@ = 1)L+L Y T (~1yriertietnad)
k=0 u=1 =0

which gives ZZT;_OQ | P(r, k, L)l2 = (2" - 1)L + L(L — 1)(—1) as required.
The following result holds for both odd and even n:

Lemma 2.1. Consider the sum defined as
Svy= Y w09,
T€G
Then, for all v in R* we have

2™ -2

> Y RSB — 1)) =1.

Yi,Y; €LY 7=0
Definition 2.4. We define the global (not for fixed 7) second partial cor-
relation moment for family A as:

2" -2

<| P(L) |2> 22n 1)2 Z Z ’-J T k L) |2

k,7=0v:,7;€

Theorem 2.2. The global second partial correlation moment for Family A
18 given by

L(L—-1)

2

(I PI)) =L+ Gy

We have: i;—:?o ij o Pij(m k, L) [P ;(t,k,L)]" which can be

rewritten as



2IL 2 211
Z Z Z W (kDIBT)—5; (kDt)—s, (IDtB7)+s5; (IDt)
t,7=04,j=0 k,!=0

2" 2"-2 L[-12"-2

- Z Z Z ZwT[(ﬁ’“~ﬂ’)(ﬁ’%—w)[3t]_

4,j=0 T=0 k=0 t=0
We now separate the case k = [, and note that we can use complex conjugate
symmetry of the (3% — 3') terms to rewrite the sum as:

27 2n-2

221

1,7=0 7=0

+ Y Y 2Re{s(s B7v =)}

0<ks#4I<L—1 4,5,T
=LE™-1%+2 > Y Re{S(Fv-v)}
0<I<k<L—1 4,7
where the argument of the sum S(-) simplifies since i is invariant under

multiplication by a nonzero unit. Now note that the inner sum has been
evaluated in Lemma 6 to observe that the sum becomes

L2 —1)2 +2[L(L—1)/2) = L(2™ - 1)2 + L(L - 1)
and the result follows by normalization.
We are now ready to prove our “local” second moment for partial period

correlations in Family A. This computes the average interference seen by
sequence s;.

Definition 2.5. We define the local second partial correlation moment for

Family A with respect to sequence s; as:
2" —2

<|P(L)(")IQ>=( _12(2n+1 SN N | Py(r kL) 2

k,7=0~,€T,

The class containing the sequence s;, as shown in Table 1, determines
its local second partial correlation moment.

Theorem 2.3. Let n be odd. The local second partial correlation moment
for sequence s; in Family A is given by

L(L —1)2(*~1/2

(27 —1)2(27 + 1)

<| P(L)® |2> =L+
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(a) n =2t +1 (an odd integer) ; Period = 2(2" — 1)
Subset N No. of Constituent wWo w1y
Sequences class
P22t —1) | 2712+ 1) Ine Py e R| 2% 428 —2 | 22
Q |—202t+1)| 272t —-1) [ne Qnye S| 2% —2t 2| 2%
B -2 1 ne<2> 2" 2 0
(b) n = 2t (an even integer); Period = 2(2" — 1)
P22t 1) 27722 4 1) |[n e Pypy e P27t 420 — 2|27
Q |—202t+1)|2t2(2t" 1 —1)|n € Q;my € Q277! — 2t — 2[2nt
R -2 22t—2 neR;pyeS| 212 jon-1
B -2 1 ne<2> 2" 2 0
(a) n =2t + 1 (an odd integer) ; Period = 2(2" — 1)
Subset N No. of Constituent wo w1
Sequences class
P 202t —1) 2712t 4+ ) nePipyeR| 2% 42t -2 22t
Q —2(2t 4+ 1) |20 Y2t - 1) \ne Qipy eS| 2% -2t -2 22t
R | —2+4w2tt! 92t-2 neEP;nyES 22t _ 2 22t | ot
S —2 —w 201 222 neEGneR 2%t 9 22t _ ot
B -2 1 ne<2> 2" — 2 0
{b) n = 2t (an even integer); Period = 2(2" — 1)
P2t —2+w2t 207227 1) n € Pypy € R|2P 42071 — i1 4 gt
Q |-2t—-2-w?2H272(2 1 _D)ne Q;py e S|2nt —2t-1 —g|on1 gt
R | 2t—2—w2t 20722 4 1)|n € Pypye S[2n 1 201 — 2|2n—t it
S |2t —2+w 22722 1) p e Qymy € R|2ME — 201 g|gn1 4o gt-1
B -2 1 neEC2> pA) 0

4. The Partial Correlation and Its First Moment

Let s;

N=2"—1and M = 2" + 1 here.

= (54(0),...,5i(2" — 1)) be a sequence from Family A, thus s;(t)
T(viB*) for 0 <t <2"—2 and where v; € T, fori = 1,...,2" + 1. Hence

Definition 4.1. The periodic partial correlation function of s; with s; at
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shift 7 and offset k with correlation length L < 2" — 1 is given by

k+L—1
P, ;(r,k, L) = Z wh®D=5 (0 ] <y <i<om

where @ denotes addition modulo 2% — 1, and 0 < 7 < 2 — 2.

Note that the non-trivial (off-peak) values of this function are those for

which either ¢ # j or 7 % 0. We recover the usual full period correlation if
L=2"-1.

Definition 4.2. The first moment of the partial correlation function in
Definition 1 is given by,

2n_2
1 A
(Pi;(r,k, L)), = > Pyj(r,k, L) S Py (1, L)

2n —1
k=0

while its second absolute moment is given by

2" -2

<l Pi:j(Tv k, L) |2>k

_1 ,]TkL)|

We remark that the correlations are in general, complex valued. It is quite
straightforward to obtain the first moment of the partial periodic correlation
(for all possible 4, 7, 7). In fact this applies to the partial periodic correlation
of any two complex valued sequences provided they have the same length:

Theorem 4.1. The first moment obeys

L

(P (1, k, L))y = o1

Ci (1),

and therefore, for Family A, it simply takes on values proportional to the
values in Theorem § with the same multiplicities.
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Proof: We have
on_2

. Z P; j(r,k, L)

Pl',j(T,L) = on 1
k=0

2"—2L-1

=3 1 Z Zwsi(k@t@T)—sj(k&)t)
n—1

k=0 t=0
L-1

2" -2

— 1 E " § wsi(keatear)—sj(keat)

2n —1
t=0 k=0

1 ! L

oy 2 G =y
t=0

C’i,j (T)v

where after interchanging the summations the resulting inner sum is clearly
a full period correlation sum which is independent of ¢. []

It is of interest in applications to consider only the nontrivial periodic au-
tocorrelation function, i.e., i = j,7 # 0 (mod 2™ — 1), for estimating the
false self-synchronisation probability. Before addressing this, we need a def-
inition.

Definition 4.3. We define the Standard Normalized Correlation Distribu-
tion for a quantity 6(7) as:

(1) If n =2t 41, then

2m — 1, 1 time,
—1 428 4 w2t 272 £ 2171 times,
O(t) = { —142t —~ w2t 272 4 211 times,

-1 -2t 4 w2t 2772 — 2171 times,
—1 — 2t — w2t 972 _ 2171 fimes.

(2) If n = 2t, then

2" —1, 1 time,

—1 42t 2772 1 9211 {imes,
0(r)={ —1 -2t 272 _91-1 times

—1 4+ w2t 272 times,

—1 — w?2t, 2% 2 times.

This definition is used in the proof below. The result follows from arguments
along the lines of! but the autocorrelation distribution was never computed
there; In that paper, the focus was on the global correlation distribution.
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Lemma 4.1. For Family A the full period autocorrelation function obeys:
(1) If we consider the zero divisor sequence (binary m—sequence), then

2% — 1, 1 time,
-1, 2™ — 2 times.

Ciatr) = {

(2) Otherwise, the autocorrelation distribution obeys the Standard Normal-
wed Correlation Distribution from Definition 8, except that the value
S(v:) and its complex conjugate occur with frequency one less than that
specified in Definition 3.

Proof: For the binary m-—sequence corresponding to a coset leader chosen
from the maximal ideal 2R the autocorrelation takes on the value —1 for
T # 0, and 2™ — 1 otherwise. For the rest of the proof, we restrict ourselves
to the sequences which are not all zero divisors. Let n = 2¢+1 and consider
correlation between S% and 7" shift of itself. Because of the linearity, this
value is correlation sum of some S, where b € G 4. These bs are exactly
those in Cayley table of N(a, 3a;b). From Lemma N (a, 3a; b) takes all values
in G4 except a and 3a. The correlation sum of §% and 53¢ are conjugate
of each other. Hence the result. [
The following follows immediately.

Theorem 4.2. For Family A the first moment of the autocorrelation func-
tion obeys

L
(Piilr,k, L)), = T lci,i(T),

and therefore it simply takes on values proportional to the values in Lemma
& with the same multiplicities.

Proof: The proof is similar to that of Theorem 4. O

Lemma 4.2. Let n be an odd number, then for Family C the full period
autocorrelation function obeys:

(1) If we consider the zero divisor sequence (binary m—sequence), then

(2027 — 1), 2 times,
o(r) = {HQ, ontl _ 4 times.

(2) Otherwise, if is® € P, then
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2(2™" — 1), 1 time,
-2, 1 time,
(2t —1), 212t +1)—4 times,
—2(2¢ + 1), 284128 — 1) times,
(3) Otherwise, if is* € Q, then
2(2™ — 1), 1 time,
-2, 1 time,
2028 — 1), 28F1(2t +1) times,
(2t 1), 26H1(2 — 1) — 4 times,

o(r) =

o(r) =

Proof: From Lemma 9 of,'® autocorrelation of is® at 7" shift is given by
S(n)+S(vn), where n = (a—a(vB)"). When 7 = 2" —1, 7 is multiple of 2 and
hence —2 will occur only once in the distribution. The case of 7 = 0 leads to
trivial correlation of 2(2® — 1). For the rest of the proof we assume is® € P.
For even values of 7, ()" = 1. This leads to correlations of S(b) + S(vb),
where b is the Cayley table of N(a,3a,b). These have been computed in
Lemma 3.1 and the distribution of S(n)} + S{yn) have been computed in
the first Table in Theorem 3.2. Here the correlations take values from G4
except a and 3a. For odd values of 7, ()™ = . This results in correlation
sums of ¢'s in N(a,3av,b). In this case, v = 3. Then this corresponds to
values in N(a,a,b). Combining the two cases gives the result. The case for
is® € Q can be similarly proved. [

Lemma 4.3. Let n be an odd number, then for Family B the full period
autocorrelation function obeys:

(1) If we consider the zero divisor sequence (binary m—sequence), then

2(2" — 1), 2 times
0 — ) )
(™) { -2, 27+ — 3 times.

(2) Otherwise, if is® € P, then

22" —1), 1 time,

-2, 1 time,

202t —1),  2UFY(2t1 4 1) — 4 times,
—2(2 +1), 21211 — 1) times,

—2 4w 21 22t times,

—2 —w 21 22t times,
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(3) Otherwise, if is® € Q, then

202" — 1), 1 time,

-2, 1 time,

2028 —1),  22Y1(21 1) times,
=228 +1), 24121 —1) -4 times
~2 4w 2t 92t pipes

~2 —w 2L 22 gimes.

(4) Otherwise, if is® € R or S, then

0(r) =

’

2(2™ —1), 1 time,

-2, 1 time,

2(28—-1), 211271 4 1) times,
—2(2+1), 212071 1) times,
—2 4w 2L 22t _ 9 times,

—2 —w 2L 92 _ 9 times,

Proof: The proof follows as in Lemma 4.2 except here the results of
N{a,3a,b) and N(a,3va,c) of Lemma 3.1 need to be used. [J

Remark: Result similar to Theorem 4.2 holds good for Family B and
Family C.

5. The Second Moment of the Partial Correlation Function

In this section we proceed in stages. First we observe the (well known) sec-
ond moment of the partial autocorrelation function of a binary m—sequence
(i.e., the zero divisor sequence in Family A) which follows from the “shift-
and-add” property of binary m—sequences.

Prop 5.1. For the binary m—sequence s;, we have

L-—1
<| Pl)l(T,k',L) |2>k = L (1 - om _ 1)

when 7 # 0 (mod 2™ — 1).

We next proceed to the second moment of the partial period autocorrelation
function. We first state an intermediate result, which holds for both odd
and even n:

Lemma 5.1. Consider the sum defined as

Styy= Y w0,

rz€G
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Then, for all v in R* we have

2" -2

Z Z R1 {S(’y,ﬂT - ’Yj)} == 1.

Yi,¥; €LY 7=0

Proof: We directly apply the distributions from Table 1. [

We are now ready to prove our “local” second moment for partial period
correlations in Family A. We perform an additional averaging along 7 since
the dependence of the second moment on 7 is quite complicated and seems
to be intractable analytically.

Definition 5.1. We define the local second partial correlation moment for
Family A with respect to sequence s; as:

2" -2

<|P<L>“’|2>=< 2n+1 Yo > 1Pk L) P

k T7=0v;€ly,

Theorem 5.1. Let n be odd. The local second partial correlation moment
for Family A is given by

L(L — 1)2(r—1/2

(2r —1)2(27 + 1)

QP@WHﬁ:Li

where if v; € QUS the second term is positive, and if v; € PUR the second
term 18 negative.

Proof: We evaluate the unnormalized sum in the above definition, where
for convenience we denote the coset representatives by 7o, . . ., yon, and drop
summation limits whenever convenient. We have:

2n-2 2"

Z:E)%TkL [P, (7, k, L))"

k,7=0 j=0

which can be rewritten as

2"-2 2" L-1

Z Z Z wsi(k@tG)T)——sj(k@t)—si(l®t®f)+s]-(le}t)

t,7=05=0 k,[=0
2" 2"-2 L[—12"-2

_Z Z Z ZwT[(ﬁk BB vi~;)B8']

j=0 r=0 k,I=0 t=0



19

We now separate the case k = [, and note that we can use complex conjugate
symmetry of the (8% — ') terms to rewrite the sum as:

2" 2" -2

VDD

3=0 7=0

D RIS - YT )
0<k#I<L-1 4,7
=L -1+ D) +2 ) D RISE v - )
0<i<k<L~-1 4,7

where the argument of the sum S(-) simplifies since it is invariant under
multiplication by a nonzero unit. The sum on the right hand side can be
evaluated by considering the equation v = 37+; —1;, and asking how many
solutions this equation has for a fixed ;. By following the argument in the
proof of Theorem 6 in,! it can be seen that a modified distribution will occur
where the term corresponding to +y; is missing from the Standard Normal-
ized Correlation Distribution from Definition 3. Using this and normalizing
we get the claimed result. O

Note that from the local second partial correlation moment, it is
straightforward to obtain the global partial correlation moment defined
below, and its distribution stated in the Theorem below, after a renormal-
ization of sums.

Definition 5.2. We define the global second partial correlation moment
for Family A as:

2" -2

(I P)P) = 227_ @ TE 2. X | Punk D

k,7=0"v:,v; €l

Theorem 5.2. The global second partial correlation moment for Family
A is given by

(P P) =L+ T

6. Conclusions and Discussion

In this paper we have studied the first two moments of the periodic partial
correlation functions of Galois ring m—sequences which form Families A,
B, C and obtained complete results for the first partial correlation moment.
For the case of Family A, we have also obtained local and global second
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partial correlation moments. The local second moment characterizes the
variability of the interference a given signal experiences with respect to all
the other signals in a CDMA system.

It is of interest to extend this work to further sequence families, such as
5(2)® which is a superset of Family A. The extension of the second moment
results to Family B from! and Family C and Family D from? is challenging
and is left for future work.
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