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and Peskin [54] introduced a different formally second-order version of the
IB method and demonstrated second-order convergence in test problems
in which the immersed boundaries have a finite thickness. The related
immersed interface method (IIM), which will be described later in this
chapter, avoids the smearing due to the spreading of force to the Eulerian
grid from a sharp interface and maintains second-order accuracy by altering
the finite difference equations in the vicinity of the interface.

One manifestation of the lack of accuracy at a sharp interface for 1B
methods is the problem of volume conservation. In the example problem
described above in Figure 1, the elastic boundary can be placed initially
in an elliptical configuration in which the boundary is stretched beyond
its resting length. In the long-time solution of the IB equations, the im-
mersed boundary is expected to assume a circular shape in which the area
enclosed by the membrane is conserved. However, with many IB methods,
the elastic boundary attains a circular shape with a reduced area. Peskin
and Printz [121] have shown that this volume loss can be minimized by
choosing appropriate discrete divergence and gradient operators. These
operators are intricate in construction and have been implemented in the
context of a first-order projection method [133]. Improvement of volume
conservation was also shown in the Blob Projection Method [17]. Here, the
interpolation of the immersed boundary force to the Eulerian grid is regu-
larized using operators that do not necessarily scale with the mesh size h. In
[112] enforcement of volume conservation is accomplished by incorporating
a correction in the interpolation step in Equation (4).

Part I A TUTORIAL OF THE IMMERSED
INTERFACE METHOD

The immersed boundary (IB) method as a numerical method is simple
to implement and robust. In [8], a convergence analysis is given for the
IB method for some 1D problems. The original motivation of the im-
mersed interface method is to generalize the results in [8] to two- and three-
dimensional problems and try to improve accuracy of Peskin’s IB method.
However, it seems unlikely that the discrete delta function approach can
achieve second-order or higher accuracy except for a few special situations,
e.g., when the interface is aligned with a grid line. The immersed inter-
face method (IIM) thus uses a different approach by locally enforcing jump
conditions. The idea and method will be explained in the next few sections.
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5. The Immersed Interface Method for Elliptic
Interface Problems

For many applications solving elliptic type equations usually is the most
expensive part of the entire simulation, for example, the projection method
or streamfunction vorticity formulation for incompressible Navier-Stokes
equations. The IIM was first derived for elliptic interface problems in
[80, 76].

5.1. The IIM for 1D elliptic interface problems
First we consider a simple but typical 1D elliptic interface problem
(Bug)e —ou=f+Colz—a), 0<z<l, O0<a<l, (19)

with specified boundary conditions on u at x = 0 and x = 1. The function
B(x) is allowed to be discontinuous at © = « but o(z) and f(x) are smooth
functions for simplicity at this moment.

Reformulating the problem using the jump conditions

From the regularity theory, we know that the solution of (19) is continuous
across the interface a. By integrating (19) from z = o~ to z = a™ , we
can get [Bu,] = C. Thus we have the following jump conditions across the
interface o

[u]] =ut —u” =0, [Bug]| =B uf — B u, =C. (20)

[e3 «

An alternative way to state the problem (19) then is to require that u(z)
satisfy the equation

(Bug)e —ou=f, z€(0,a)U(a,l), (21)

excluding the interface «, together with the two internal boundary condi-
tions (20) at x = @. When f(x) is continuous, we also have

Biuf 4+ Bruf, —otut =B uy + 6 uy, —o u”.
Since we know that vt = u~ and assume that o™ = ¢~ and 8, = 8] =0,
we can express the limiting quantities from + side in terms of those from
the — side to get,
ub, = p"u,, /BT (22)

rxr
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The finite difference equations

The algorithm of the IIM for (21) and (20) is outlined below. The key
derivation is given in the next subsection.

e Generate a Cartesian grid:
x; = ih, i=1,2,...,n

where h = 1/n. The point « will typically fall between the grid points,
say ; < o < xj41. The grid points x; and x4, are called irregular grid
points. The other grid points are called regular grid points.

e Determine the finite difference scheme at regular grid points. At a grid
points x;, i # j, j + 1, the standard finite difference approximation

% (ﬁluré (witr — i) = Bi_ 1 (us — Uifl)) —oiu; = fi (23)

is used, where ﬁH_% = ﬂ(xH_%), o; =0o(xi), fi = f(xi).

e Determine the finite difference scheme at irregular regular grid points
xj and zj41. The finite difference equations are determined from the
method of undetermined coefficients:

Viatj—1 +,2u5 + 753U — ojuy = fi + G, (24)
Yi+1,1U5 + Vj+1,2U54+1 + Vj+1,3Uj4+2 — Oj+1Uj+1 = fj+1 + Cj+1-

For the simple model problem in which o = 0, [f] = 0, and 3 is piecewise
constant, the coefficients of the finite difference have the following closed
form:

i1 = (87 = [8)(z; —a)/h)/ Dy, Yi+1,1 = B~ /Dj+1,

Y2 = (=287 +[Bl(zj—1 — @)/R)/Dj, vj+1,2 = (=261 +[6)(zj+2 — a)/h)/Dji1,

v5,3 = B1/Dj, Yj+1,3 = (B1 = [Bl(zj4+1 — @) /h)/Djt1,
(25)

where

Dj = h* + [B)(zj-1 — a)(z; — ) /267,
Dji1 = h* = [Bl(zj42 — @) (zj1 — @)/267.
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It has been shown in [58, 80] that D; # 0 and D;41 # 0 if 5~ 51 > 0.
The correction terms are:

C C
Cj =53 (x4 — ) BT Cir1 = Y11 (@ = 25) 8- (26)

e Solve the tridiagonal system of equations to get an approximate solution
of u(z).

Remark 1. Note that when [§] = 0, we recover the standard central finite
difference using the three-point stencil, and the correction terms are the
same as those obtained from the discrete delta function using the hat dis-
crete delta function.

The derivation of the finite difference scheme at an
iwrregular grid point

We illustrate the idea of the IIM in determining the finite difference coef-
ficients v;1, vj,2, and ;3 in (24). We want to determine the coefficients
so that the local truncation error is as small as possible in the magnitude.
The main idea is to expand the solution u(z;_1), u(z;), and u(z;41) in the
expression of the local truncation errors at the interface «, then use the
interface relation (20) to express them in terms of the quantities from one
particular side.
Using the Tailor expansion for u(x;41) at a, we have
1

u(@jpn) = u' (@) + (@501 — ) uf (@) + 5 (301 = @) ugy(a) + O(R?).

Using the jump relation (22), the expression above can be written as

_ 67 _ C
w(zya) = (@) + (2741 — ) (6—+uw (@) + ﬁ—+)
+ 3 (@ = ) Sz (@) + O(K).

The Taylor expansions of u(xzj_1) and u(x;) at « have the following
expression

w(z) = u (@) + (21 — a)u, (a)

1
+ 5 @ =) ug (@) +O(%), I=j-1,].
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Therefore we have the following

Yiau(@i—1) + vj2u(z;) + v5,3u(Tj41)

= (Vi1 t .2 +v3)u («)

+ <(%‘1 —a)yj1+ (T — a)y2 + g—;(%’ﬂ — a)’yj,3> u, (@)

C
+953(xj41 — @) 7

1 B8~ _
+3 ((%‘1 —a)®yj1 + (z; — a)’yj2 + 6—+(%‘+1 - a)2> Uy ()
+ O(max [;,] h?),

after the Taylor expansions and collecting terms for u~ (), u, (a), and
Uy (¥).

By matching the finite difference approximation with the differential
equation at a from the — side,’ we get the system of equations for the

coefficients v;’s below:

Y1+ Y2+, =0

—(a=mj—1)v1 — (@ —x5) Y2 + g—;(%‘ﬂ — )3 =0 (97

1 8 _
(@—z;1)°y1 + Jla— ;)% V2 + uﬁ(%‘ﬂ —a)’y3=0".

N | =

It is easy to verify that the 7’s in the left column of (25) satisfy the system
above. Once those «’s have been computed, it is easy to set the correction
term C; to match the remaining leading terms of the differential equation.

The IIM for general 1D elliptic interface problems

For a general interface problem in which all the coefficients 5(z), o(z), and
f(x), can have a finite jump at = «, and the solution itself can have a
jump [u] = C, in addition to the flux jump condition, [Bu,] = C, the IIM
has been developed in [80]. The finite difference coefficients at z = x; is

11t is also possible to further expand at x = x; to match the differential equation at
z = x;. The order of convergence will be the same.
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the solution of the following linear system

2
Tijit1 — &
Vi1 + V52 + (1—1—%[0]) 75,3 =0

(xj—1 — )1+ (T — )52

- - -3+ L —a)? (28)
e R e

(zj—1 — a)? (z; — a)? (i1 — )2 B~
2 7]71 + 2 7]72 + 2ﬂ+
The correction term at x = x; is

S {m (e - 015 - G a>2<6:c e m)}.

Vi3 =0".

By 7 BB
(29)

The linear system of equations for the coefficients of the finite difference
equation at & = x4, and the correction term Cj;1 can be found in [80].
In [87], a comparison of the numerical results obtained from the IIM
and the smoothing method with the discrete cosine delta function for 1D
interface problem (19) with o = 0 is given. In the example, the source term
is f(z) = §(x — «). The boundary condition is u(0) = u(1) = 0. It is easy
to check that the exact solution is
{Bx(l—a), if0<z<a,
u(zx) =
Ba(l-1z), fa<z<1,

where B = _W‘(l*a)' Figure 15 plots the computed solutions with
two different methods when o = 1/3, 3~ = 1, and 8+ = 100. In this case,
the TIM gives the exact solution at all grid points while the result (little
'0’s) computed from the smoothing method with ¢ = 2h combined with
the cosine discrete delta function is obviously first-order accurate and has
a visible phase error; see Figure 15.

5.2. The immersed interface method for 2D elliptic
interface problems

In two space dimensions, an interface is a curve that we assume to be
smooth. For an elliptic interface problem

V- (B(x)Vu) —o(x)u = f(x), x € (), (30)
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Figure 15: A comparison of two computed solutions. The solid line is the exact solution.
The “*’ is the result from the IIM which is exact at all grid points. The ‘0’ is the result
obtained from the smoothing method with ¢ = 2h combined with the discrete cosine
delta function. The mesh size is h = 1/40.

the two jump conditions generally are
] =w(). (Bl = (o), (31)

where w(s) and v(s) are two functions defined only along the interface T, s
is the arc-length of the interface, u,, = %
and n is the unit normal direction; see Figure 16(a) for an illustration. The
original IIM for two-dimensional problems are proposed in [76, 80]. In the
original IIM, a six-point stencil is used at irregular grid points. In [86],
a new version of the IIM, the maximum principle preserving scheme, is

= Vu-n is the normal derivative,

proposed. Using the discrete maximum principle, second convergence of
the IIM has been proved by constructing a comparison function. Before
we explain the IIM for two-dimensional problems, we first provide some
theoretical preparations.

The local coordinates in the normal and tangential directions

Let (2*,y*) be a point on the interface I'; it is more convenient to use the
local coordinates in the normal and tangential directions:
E=(r—a*)cosh+ (y —y*)sinb,

(32)
n=—(zx—a%)sinb + (y — y*) cos b,

INTERFACE PROBLEMS AND METHODS IN BIOLOGICAL AND PHYSICAL FLOWS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7147.html




Introduction to Immersed Boundary and Interface Methods 25

n
Bt ‘
Ot
&
PN £=x(n)

Figure 16: (a) A diagram of a rectangular domain Q = Q% U Q~ with an immersed
interface I'. The coefficients such as 8(x) etc., may have a jump across the interface;
(b) A diagram of the local coordinates in the normal and tangential directions, where 6
is the angle between the z-axis and the normal direction.

where 6 is the angle between the z-axis and the normal direction, pointing
to the direction of a specified side.
In the neighborhood of (z*,3*), the interface I' can be parameterized as

§=x(n), with x(0)=0, x'(0)=0. (33)
The curvature of the interface at (x*,y*) then is x”(0).

The interface relations

To derive the finite difference equations at irregular grid points, we need to
use the interface relations so that we can express the quantities from one
side in terms of those from the other. The derivation is based on the original
jump conditions (31), their derivatives along the interface, and the partial
differential equation itself. These relations are listed below; see [76, 80] for
the derivation,

v
’U,+:u_+w’ ugr:pug+ﬂ_+7 U;;_:U;—f—’wl,
- + - +
+ _ ﬁf ” - 7 ﬁf + 67] _ 67; +
“55—<5—+_X>“5+(X _5—+)“5+—5+ Uy T U
L o ot y
+(p =Dy, +puge —w +5_++ i ; (34)
iy =ty + (g —ud) X"+,
b B o B '

-\ - v
Ugny = 3+ Ug 3+ Ug +(un —pun)x +pu£n+5_+’

INTERFACE PROBLEMS AND METHODS IN BIOLOGICAL AND PHYSICAL FLOWS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7147.html




26 R. H. Dillon and Z. Li

where p = 37 /8%. These interface relations are used in deriving the finite
difference equations.

The maximum principle preserving ITM

For a rectangle domain [a, b] X [c, d], the IIM is outlined below.

e Generate a Cartesian grid
z; = a+ihg, yj =a+jhy, i=0,1,...,m, j=0,1,...,n,

where h; = (b—a)/m and hy, = (d—c)/n. We say (z;,y;) is a regular grid
point in reference to the central five-point stencil if (z;—1,y;), (Tit1,Y;),
(xi,yj—1), and (z;, y;j+1) are all on the same side of the interface as (x;, y;)
is. Otherwise, the grid point is called irregular.

e Use the standard finite difference equation at regular grid points. For
example, at a regular grid point (z;,y;), the finite difference equation is

By juivty + B s jui-1 — (Bigr; + B j)ui;
(he)?

N Bijratigrr +Bij-stuij—1 — (Bijpr + B j-1)ui;
(hy)?

The local truncation error at regular grid points is O(h?), where h =

max{h,, hy}.
o If (z;,y;) is an irregular grid point, the method of undetermined coeffi-

—O'Uij

= fij.  (35)

cients

Ns

Y Uirin,jrin =015 Uij = fij + Ciy (36)

k=1
is used to determine the coefficients v4’s of the finite difference equation
and the correction term, where ng is the number of grid points in the finite
difference stencil. We usually take ny, = 9. The sum over k involves a
finite number of points neighboring (z;,y;). So each iy, ji will take values
in the set {0, £1,+2...}. The coefficients v and the indices iy, j; should
depend on (i, 5), but for simplicity of notation we drop the dependence
in the notation.

e Use a linear solver, for example, a multigrid method such as the struc-
tured multigrid solver MGD9V [18], or an algebraic multigrid solver
(AMG) [134], or the new multigrid solver in [1], to solve the system
of the finite difference equations.
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Set up the system of equations for the coefficients of the
FD scheme at an irregular grid point

At an irregular grid point x;; = (z;,y;), we want to determine the coeffi-
cients of the finite difference equation in such a way that the local truncation
error

Tij = Wt ity Yjrs) — 0ig wl@s, y;) = f (@i, y5) — Cij, (37)
k=1

is as small as possible in the magnitude.

Using the immersed interface method, we choose a point x}; = (77, y})
on the interface I near (7, y;). Usually, we take x}; either as the orthogonal
projection of x;; on the interface or the intersection of the interface and one
of axes. We use the Taylor expansion at x;; so that (36) matches the partial
differential equation (30) up to second derivatives at x;; from a particular
side of the interface, say the — side. This will guarantee the consistency of
the finite difference scheme. The Taylor expansion of each w(Zitiy,Yj+ix)
at x7; can be written as:

1
W(igi s Yie) = w(€eme) = u™ + fkugt + nruy + 55/3“22
1
+ Ermrug,, + 577;%@63,5, + O(h?),

where the + or — superscript depends on whether (£, nx) lies on the + or

— side of I'. Therefore the local truncation error T;; can be expressed as a

; ot + .+ &+ £ F+ 4
linear combination of the values u s Ug 5 Uy s Ugg, Ugys Uy

Ty =airu” +asut +az Ug +ay ug+a5 U, +a6u747'+a7 Ug ¢
+ ag uz'ﬁ + ag u,, + aio u,‘;’n + a1 ug, + a2 uz'n
—o u” — [~ — Gy + O(maxy, [y |h3),
where h = max{hg, hy}. The coefficients a; depend only on the position of

the stencil relative to the interface. They are independent of the functions
u, o, and f. If we define the index sets K+ and K~ by

K* = {k: (&, nx) is on the + side of T'},
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then the as;_1 terms are given by

a= Y as= Y & as = Y M

keK— keK— keK—
. . (39)
_ 2 _ 2 _
ar =5 D &G ag = 3 S ks ann= Y Gklkvk
keK— keK— keK—

The a; terms have the same expressions as ag;—1 except the summation is
taken over K.

Using the interface relations (34), we eliminate the quantities of one
particular side, say the + side, in (38) in terms of those from the other
side, say the — side, and collect terms to get an expression below

T;; = (a a;ga] ) u 4+ {ag + ag (%—; — ) + alOX un a12%7+

+ //_@ _ " _ M — (B N
plas+as|x 3 ajpX — 012 = Be ¢ ug

+<as+ 577___£ 1— "n_ -

5+ ag + ag 3 3 +CL12( p)x 677 u
+{ar+asp— B} uge +{ao+aro+as(p—1) -6} u,,

+{an + arap} ug, — o u” — [~ + (Ti; — Cij) + O(h), (40)

where

. v as Bt
ﬂj:a2w+a12—+<a6— s e +ap2x" ) w

pr g
e L SR S
apw’ —i—ﬂJr as + as(x’ ﬁJr) a10X CllzﬁJr v
—+
rafll 2o

We want to make the magnitude of the truncation error as small as possible
by choosing 7x’s so that the coefficients of u™ s Ug 5 Uy s vanish. Therefore
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we set the linear system of equations for the coefficients as

al+a2+U/8M:0

ﬁ+
- _ + _ " " - +
0L3+Pa4+a8ﬁ6 pﬂng [Blx —|—a1o[ﬁﬁ]§ +a12ﬁn Berﬂ" =B
as +ae — as[g—i] tan(l-p)x" =8 (42)
ar+asp ="

ag +a+as(p—1) =3~
a1 +aizp = 0.
Once the ~;’s are obtained, we set Cy; = Tij, which is given by (41). If

we use a six-point stencil and (42) has a solution, then this leads to the
original IIM [76].

Enforcing the maximum principle using an optimization approach

The stability of the finite difference equations is guaranteed by enforcing
the sign constraint of the discrete maximum principle; see, for example,
Morton and Mayers [110]. The sign restriction on the coefficients 7;’s in
(36) are

Ye >0 if (g, jr) # (0,0), Ve <0 if  (ig,jx) = (0,0). (43)

Note that at regular grid points, the standard central finite difference
equations satisfy the sign constraints. We form the following constrained
quadratic optimization problem whose solution is the coefficients of the
finite difference equation at the irregular grid point x;;:

1
min{— Iy — g||§} , subject to
¥ 2

T < Oa if (Zka.]k) = (070)5

where v = [71,72,...,Vn. |7 is the vector composed of the coefficients of
the finite difference equation; Ay = b is the system of linear equations
(42); and g € R™s has the following components: g € R™s,

(44)

gr = ﬁi+i;;,2j+jk7 if  (ig, k) € {(~1,0),(1,0),(0,—1),(0,1) };
4B £ (i i) — (0.0): 0. otherwi
9k = — B2 it (i, jr) = (0,0); gr = 0, otherwise.

(45)
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If [B] = 0, then the solution to the optimization problem is the coeffi-
cients of the standard central FD equation using the five-point stencil. The
existence of the solution to the optimization problem has been proved in
[86]. We use the QL program developed by K. Schittkowski [137] to solve
the quadratic optimization problem. The coefficient matrix of the finite dif-
ference approximation to the PDE from the maximum preserving scheme is
an M-matrix which guarantees convergence of the multigrid methods that
we used. The additional cost in constructing the finite difference equations
at irregular grid points is usually less than 5% of the total CPU time. We
refer the readers to [86] for the detailed analysis and numerical examples.

A benchmark example

In this example, the interface is the circle 2% + 3% = % within the domain
—1 < z,y < 1. The equations are

(Buz)z + (Buy)y = f(x) +C g 6(x — X(s)) ds, (46)
d

with f(x)=8(z*+y?) +4 an

2?24 y? +1,if 2% + 92 < 4
mwz{ h

b, 1fx2+y2>z

r2, ifr<i

ulx) (1= g5~ §) 4+ (5 +72) o+ Clog@n) /b, if > 4,
where r = /22 + y2. This is a benchmark example for several reasons. The
coeflicient is a nonlinear function and discontinuous across the interface;
as the parameter b gets smaller, the elliptic interface problem has very
different scales across the interface and the gradient of the solution is getting
bigger at one side. The linear system of equations of the finite difference
discretization becomes more ill-conditioned; as b gets bigger, the solution
behaviors like a piecewise quadratic function and often we get better than
second-order accuracy.

Tables 1 and 2 show the results of a grid refinement analysis for different
choices of b and ¢. The maximum error over all grid points,

| En |l = Hilaj!xm(xi,yj) - Uyjl, (48)

INTERFACE PROBLEMS AND METHODS IN BIOLOGICAL AND PHYSICAL FLOWS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7147.html




Introduction to Immersed Boundary and Interface Methods 31

is presented. The order of convergence is computed from

log (Il Eny [loo/Il Ena o)

order = , 49
log(N1/N2) (49)

which is the solution of the equation
| By [l = C O™ (50)

with two different N’s.

Table 1: A grid refinement analysis of the maximum principle preserving scheme for
the benchmark example with b = 10, C' = 0.1, and Nc¢oarse = 6. Average second-order
convergence is confirmed.

Npinest Ny ny I Ex |l order
42 40 4 4.8638¢ 104
82 80 5 1.4476e 10—4 1.7484
162 160 6 3.0120 105 2.2649
322 320 7 8.2255 106 1.8726
642 640 8 2.0599 10~6 1.9975

In the tables of this section, IV, is the number of roughly equally spaced
control points used to represent the interface I'; Neoarse and Npinese are the
number of the coarsest and finest grid lines respectively when the multigrid
solver DMGDYYV is used; n; is the number of levels used for the multigrid
method.

As explained in [83], for interface problems, the errors usually do not
decline monotonously. Instead it depends on the relative location of the
underlying grid and the interface. Nevertheless, the average of the conver-
gence order approach two in Tables 1 and 2. Compared with the results
in [76] using a six-point stencil, the maximum principle preserving scheme
gives a slight better result. Notice that as the parameter b gets smaller,
both the solution and its gradient in the outside of the interface become
larger in magnitude and the problem becomes harder to solve. But the
maximum principle preserving scheme still converges quadratically.

5.3. Some issues for three-dimensional problems

The IIM developed for 3D problems in [80, 81] assumes an analytic expres-
sion of the interface. The maximum principle preserving IIM and the fast
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Table 2: A grid refinement analysis of the maximum principle preserving scheme for the
benchmark example with Neogrse = 9. Second-order convergence is confirmed.

b= 1000, C' = 0.1 b=0.001, C' = 0.1
Nyinest Ny ny I En lloo order Il En lloo order
34 40 3 5.1361 10—* 9.3464
66 80 4 8.2345 10> 2.7598 2.0055 2.3204
130 160 5 1.8687 10~° 2.1878 5.8084 10! 1.8280
258 320 6 4.0264 10—6 2.2394 1.3741 1071 2.1031
514 640 7 9.430 10~7 2.1059 3.5800 102 1.9514

IIM for interface problems with piecewise constant coefficient have been
developed in [19, 20] for three-dimensional problems in which the interface
is expressed in terms of a level set function. While the main ideas are sim-
ilar, the implementation and derivation may be substantially different. We
mention below some crucial components of the IIM for three-dimensional
problems.

The local coordinates transformation and the choice of the
tangential directions

Given a point (z*,y*, z*) on the interface I', let & be the normal direction
of ', and n, 7, be two orthogonal directions tangential to I', then the local
coordinates transformation is given by

£ T — " Qe Qg O
n|=4ly—y* |, A= am oy o |, (51)
T z—2z" Ozr  Oyr Qr

where ay¢ represents the directional cosine between the z-axis and &, and
so forth. For any differentiable function p(x,y, z), we have

ﬁﬁ Pz
Dy | = A Dy | > (52)
Dr P=

where p(&,7,7) = p(x,y, z), and

pEE ﬁﬁn ﬁﬁr Pzz Pzy Pazxz
Dne Dnn Dyr | =A| Dya Dy Py- AT, (53)
p‘r& 15777 ]57'7' Pzz Pzy Pzz
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where A7 is the transpose of A. It is easy to verify that AT A = I, where
I is the identity matrix.

If the interface is expressed as the zero level set of a function ¢(z,y, z),
then the normal direction &, the two tangential directions 77 and 7 can be

selected as
Vo
€= o, = (Pzs y> 02)7/1/P2 + 02+ #2, (54)

n=(py, =z, 0)7/1/¥2 + 2, (55)

if o2 + cpz # 0. Otherwise, we choose
n= (0, —0a)"/ V2 + 2. (56)

The corresponding second tangential direction is

EXn s 2 2\T
T="—=—, where s = PPz PyPzy —Py — P ’ o7
€xal 8] ( ! A

if 92 + @2 # 0. Otherwise, we choose

t
T=qg Where t= (—apy, 93+ 0% —pyp2)T. (58)

6. The Augmented Immersed Interface Method and Applications

The original idea of the augmented strategy for interface problems was pro-
posed in [83] for elliptic interface problems with a piecewise constant but
discontinuous coefficient. With a few modifications, the augmented method
developed in [83] was applied to generalized Helmholtz equations including
Poisson equations on irregular domains in [99]. The augmented approach
for the incompressible Stokes equations with a piecewise constant but dis-
continuous viscosity was proposed in [88].

There are at least two motivations to use augmented strategies. The
first one is to get a faster algorithm compared to a direct discretization,
particularly to take advantages of existing fast solvers. The second reason is
that, for some interface problems, an augmented approach may be the only
way to derive an accurate algorithm. This is illustrated in the augmented
immersed interface method [88] for the incompressible Stokes equations
with discontinuous viscosity in which the jump conditions for the pressure
and the velocity are coupled together. The augmented techniques enable us
to decouple the jump conditions so that the idea of the immersed interface
method can be applied.
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The first augmented immersed interface method was developed for the
interface problems (30)-(31) with piecewise constant coefficient 5 and o = 0.
Divided by the coefficient in each sub-domain of €2, the original problem
(30) can be written as

Au==, ifxeQtuQ —T, (59)

along with the jump conditions (31) and the boundary condition on 9.
The Poisson equation above is only valid in the interior of the domain
excluding the interface I'.

For a Poisson equation with jumps [u] = w and [u,] = v, the finite dif-
ference equations using the IIM are the standard central five-point discrete
Laplacian plus correction terms at irregular grid points. The resulting lin-
ear system of equations can be solved with one call to a fast Poisson solver.
However, if [§] # 0, the second jump condition is in the flux [Bu,] = v
instead of [u,] = v. We cannot divide  from the flux jump condition
[Bun] = v because § is discontinuous. As described in [83], the idea of the
augmented ITM is to augment an unknown [u,] = g to have the following
system

Au==, ifxeQtuQ —T,

I

(60)
[u] =w, [Bun]=v, [u,]=g.
Note that g is also an unknown. The system is still closed because of an
additional equation [u,] = g.
In the discretization, we represent the unknown jump g = [u,] only at
certain projections x; (I = 1,2, ...) of irregular grid points from a particular
side of the interface. There are two steps in the discretizations:

e The system of the finite difference equations, which is obtained from the
IIM with given jumps [u] = w and [u,] = g, can be written as (in the
matrix-vector form)

AU +BG =F+F, = Fy, (61)

where U is the approximation to u(x) at all grid points, G is a discrete
form of g(s) at the chosen points on the interface, A is the matrix ob-
tained from the standard five point discrete Laplacian, F' is the vector
formed from the source term, F,, is the part of the correction terms cor-
responding to the jump [u] = w, and —BG is the part of the correction
terms corresponding to the jump [u,] = g.
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e The discretization of the flux jump condition [Su,] = v in terms of u,
[u] = w, and [u,] = g using an interpolation scheme, can be written as
EU + DG = F, (62)

where E, D, are two matrices.

If we put the two systems (61) and (62) together, we get
A Bl |U P
E D] |G Fy

Since the dimension of GG, which is defined at a number of points on the
interface, is much smaller than the dimension of U, which is defined at all
grid points, it is advantageous to focus on the Schur complement

(D—-EA'B)G=F,—-EA'F, (64)

: (63)

for the unknown G. The Schur complement system can be solved using the
GMRES method [136]. Each iteration involves a call to a fast Poisson solver
(A7'B@G) and an interpolation scheme of (62) for the flux jump condition
[Bun] = v to get the residual vector. When the convergence criteria are
met, we not only have an approximate solution to the PDE, but also the
normal derivatives of the solution from each side of the interface; see [83].
The augmented method described above is also called the fast immersed
interface method.

In Table 3, we show a grid refinement analysis of the fast IIM with

different jump in 8. The interface is
X =7r(0) cos + z.,
r(0) =79+ 02sin(wfh), 0<0 <27,

Y =r(0) sinf + y.,

We shifted the center of the interface from the origin to avoid any advan-
tages of symmetry. The source term is

4, ifxe Q7
ﬂ%m={

1672, if x € QF,

where r = /22 + y2. The exact solution is chosen as

2
ﬁ__7 if (z,y) € Q7
u(z,y) =
r* + Cplog(2r) o r3 1y + Colog(2ro) £ o+
G + G R T  if (z,y) € QF.
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The jump conditions [u] and [Su,] are obtained from the exact solution.
In Table 3, Eq, Es, and Ej3, are the errors in the maximum norm for the
solution u, the normal derivatives u,;, and w,l respectively. For a second-
order method, the ratio r; should approach number 4. In the last column
of Table 3, k is the number of iterations of the GMRES iteration. We
see clearly second-order accuracy for all the quantities, and the number of

iterations is independent of both the mesh size N and the jump in (.

Table 3: A grid refinement analysis for the fast IIM. The parameters are ro = 0.5,
ZTe = ye = 0.2/4/20, w = 5, and m = np = n. The number of iterations of the GMRES
iterations is independent of both the mesh size n and the jump in the coefficient 3.

N B8t | g~ F1 Fo> E3 1 o T3 k
40 2 1 | 22851073 | 2.231073 | 7.434 1073 7
80 | 2 1 | 5225107* | 5.956 1073 | 1.987 1072 | 4.37 | 3.74 | 3.74 | 7
160 | 2 1 | 1.269107* | 1.82710~* | 6.10110~* | 4.12 | 3.26 | 3.26 | 7
320 | 2 1 ] 29881075 | 5.038107° | 1.678 10~* | 4.25 | 3.63 | 3.64 | 7
N B+ B8~ E4 E» Es r1 ro r3 k
40 | 10000 | 1 | 6.552107° | 6.331 104 | 2.110 10~4 8
80 | 10000 | 1 | 7.847107% | 8.366 105 | 2.78510° | 8.35 | 7.57 | 7.58 | 8
160 | 10000 | 1 | 5.988 107 | 9.19210~7 | 3.0331076 | 13.1 | 9.10 | 9.18 | 8
320 | 10000 | 1 | 5.859 1078 | 2.058 10~7 | 6.887 10~ 7 | 10.2 | 4.47 | 4.40 | 7

6.1. The augmented immersed interface method for
Poisson equations on irregular domains

The idea of the fast interface IIM described in the previous section can be
used with a few modifications to solve Helmholtz/Poisson equations of the
form

Au—du= f(x), x€Q,

(65)
q(u,up) =0, X € 09,

defined on an irregular domain €2 (interior or exterior), where q(u,u,) is
a prescribed linear boundary condition along the boundary 9. We will
demonstrate the idea for interior problems with a Dirichlet boundary con-
dition ulgg = ug(x).
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We embed Q into a cube R and extend the PDE and the source term
to the entire cube R

fif xeq,
Au—du= ulan = uo(x),
0, if xeR—0Q,

[u] =g, on 99, [u] =0, on 09, (66)
[up]) =0, on o9, or [un] =g, on 09,
u=0, ondR, uw=20, ondR.

Again, the solution u is a functional of g. We determine g(s) such that the
solution u(g) satisfies the boundary condition u(g)|an = uo(x). This can
be solved using the GMRES iteration exactly the same way as we discussed
earlier. The only difference is the way in computing the residual vector.
The augmented method for Poisson equations on irregular domains is the
essential part of several applications [56, 59, 99].

6.2. The augmented immersed interface method for the
incompressible two-phase flow problem

The immersed interface method has been developed for incompressible
Stokes equations [77, 155] and Navier-Stokes equations with singular
sources [90].

The governing PDEs are the following:

p(%Jru-vu) =-Vp+ V- (u(Vu+Vu')) +F, V-u=0, (67)

with a prescribed boundary condition for the velocity. The density and the
viscosity typically are discontinuous across an interface I' that separates
the two fluids. For the incompressible Stokes equations, the only difference
in the above equations is that the inertial term at the left-hand side of the
first equation is zero. The source term can have a delta function singularity,

F(x, 1) = /F | .03 X(s,0) s, (68)

where x = (x,y) in two dimensions, the integral is over the entire interface
I(t), and X(s,t) (X(s1,82,t) in 3D) is a parametric representation of the
interface.
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In our recent theoretical work for the 2D problem [89], we have shown
that the jump conditions across the interface satisfy the following:

=2 ] + . (69)
2ol (31
WV -u] =0, (72)

where fl, fg are the normal and tangential force strengths defined along
the interface, 4 = u-n, v = u- 7 are the velocity in the normal and
tangential directions, (£,7) is the local coordinate system in the normal
and tangential directions, and & is the curvature of the interface; see [89]
for the derivations. There are similar relations in three dimensions.
When viscosity is continuous across the interface, the jump conditions
are very much simplified
=i el = 2

[u] =0, [puy] = —fz T.

(73)

These conditions along with other interface relations derived from the jump
conditions above by surface differentiation and the PDE are utilized in the
immersed interface method for solving incompressible flow with continuous
viscosity in [90].

When the viscosity is discontinuous, the jump conditions for the pressure
and the velocity are coupled together, which makes it difficult to get second-
order discretization using the immersed interface method. One solution idea
is to use an augmented approach to set the jump in either velocity (as in
[88, 89] for the Stokes equations with discontinuous viscosity) or the normal
derivative of the velocity (as in [62] for Navier-Stokes equations on irregular
domains) as unknowns to decouple the jump conditions and then use the
GMRES iterative method to solve the augmented variables.

The augmented algorithm for Stokes equations

Let p, u, and v be the solution to the Stokes equations. Let ¢1 = [u] = [pu],
g2 = [0] = [uv], and q = (q1,¢2). Then @, 0, p, 1, g2 are the solution of
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the following augmented system of partial differential equations:

Ap =0,
=i~ 253, -
8] = 5 om0 -2 ([0 - [152])

At = p; — g1,

li] = a1, {ﬂ:(fﬁa .£>sin9—<a— 77)0059 (75)
AV = py — g2,

v N 76
[0] = g2, {2—2] =—<f2+g—3-£) COS9—<Z—3'77> sin 6, (76)

PRI

where (€, n) is the local coordinate system. The augmented variable should
be chosen such that the pressure jump conditions (69)-(70) are satisfied.
This is the algorithm used in [88, 89]. We refer the reader for the details
there. Work is under way to develop the augmented immersed interface
method for full Navier-Stokes equations with singular sources and discon-
tinuous viscosity.

Re=200,-2:5:0.2:2.5

I \@

Figure 17: A contour plot of flow passing a stationary cylinder computed with Re = 200
using the augmented IIM [62].

INTERFACE PROBLEMS AND METHODS IN BIOLOGICAL AND PHYSICAL FLOWS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7147.html




40 R. H. Dillon and Z. Li

The augmented algorithm for Navier-Stokes equations on
irregular domains

The augmented immersed interface method has been developed for full
Navier-Stokes equations on irregular domains [62]. To illustrate the idea,
we assume that the domain 2 is a rectangle R = [a, b] X [¢, d] with holes
bounded by 9. Now we set the jump in the normal derivative of the veloc-
ity as the augmented variable q = [%]. The projection method (suitable
for small to medium Reynolds number) from time t* to t*+1 can be written:

* _ ..k 1 .
uTtu+(u-Vu)k+5:—Vpk_5+%(Au*+Auk), (78)
u*|or = ugr(xor, "), u*|on = ug(xaq, "), (79)

ou*
whe=0. |G| —at (50)
onN on 00
Aﬁbk“:—v.u, x € R,
k1 At k41 (81)
99 _o, [65+1], =0, {&b ] _ 0.
on |op oe I Jaq
ubtl = uf — AtV pF L, x € R, (82)
where (u-V u)k+% is approximated by
(u-Vu)kJr% = g(uk-V)uk—%(uk*-V) ut L. (83)

The solution above is a functional of the augmented variable ! which
should be chosen to satisfy the boundary condition

u* o = usq(xaq, ). (84)

*

The equations (78)—(84) now is a complete system for (u*, q**t, ¢*+1,
uFt1). After we have solved this system, then the pressure is determined
from

Vpht1l/2 = ypk=1/2  ygktl x € R\Q (85)

In the literature, there are a few methods that set the force strength as
the augmented variable. While there are some advantages of this approach,
the system of the equations for the augmented variable is ill-conditioned. In
our approach we set the jump in the normal derivative of the velocity as the
augmented variable, the condition number of the linear system of equations
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is almost a constant. Also, we apply the augmented method for the coupled
system of (u*, g**1) which enable us to employ a fast Helmholtz solver when
we use the GMRES iterative method to solve the Schur-complement system
for the augmented variable g**1. In Fig. 17, we show the simulated result
of vertex shadding using the augmented method with Reynolds Re = 200.

While augmented methods have some similarities to boundary integral
methods or the integral equation approach, for example, [9, 103, 104, 53,
105, 52, 70, 126, 127] to find a source strength, the augmented methods
have a few special features: (1) no Green function is needed, and therefore
there is no need to evaluate singular integrals; (2) there is no need to set up
the system of equations for the augmented variable explicitly; (3) they are
applicable to general PDEs with or without source terms; (4) the process
does not depend on the boundary conditions. On the other hand, we may
have less knowledge about the condition number of the Schur-complement
system and how to apply pre-conditioning techniques. Recently, Ying and
Henriquez [165] developed the augmented method (they labeled it as a
kernel-free boundary integral method) for elliptic boundary value problems
on irregular domains. The analysis is based on operator theory, for example,
[69, 7T1]. We believe that the analysis in [165] can be applied to augmented
methods for different problems.

7. Simplifying the Immersed Interface Method by
Removing Source Singularities

We can see that with homogeneous jump conditions, the correction terms in
the finite difference equations using the IIM are simply zero; see (41). Such
jump conditions are often called natural jump (or interface) conditions and
have many applications. Physically, it means that there is no source/sink
along the interface. The immersed interface method is simple and easy to
implement with natural jump conditions since no surface derivatives are
needed.

For non-homogeneous jump conditions the immersed interface method
requires the first, and the second (if [u] # 0), surface derivatives of the jump
conditions in the correction terms. If the interface is represented by a cubic
spline in two space dimensions, the surface derivatives are easy to compute;
see [77, 80]. If the interface is represented by the zero level set of a Lipschitz
continuous function ¢(x), an approach to find the surface derivatives is
described in [56] for 2D problems, and [20, 19] for 3D problems. The
implementation, however, it is not trivial for non-experts in this area.
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In [97], a special immersed interface method that does not require the
surface derivatives of the jump conditions is proposed for Poisson equations
with only singular sources, that is, 8 =1, [u] and [u,] are given. The new
method is based on an extension of the known jump conditions along the
normal direction of the interface using a level set function. The main idea
is to construct a known function that has the same jump conditions as that
of the original problem. Thus the difference of the solution to the original
problem and the constructed function is smooth across the interface.

We describe the idea of singularity removal using the following elliptic
interface problems

Au=f, xeR-T, [ulr = w(s), [un]r = v(s). (86)

We assume that w € C?(I') and v € C?*(T).

In the neighborhood of the interface I', which is the zero level set ¢ = 0,
we extend w(X(s)) and v(X(s)) along the normal line (both directions)
using the formulas

We(x) = we (X(s) + an) = w(X(s)), (87)
Ve (%) = ve (X(8) + an) = v(X(s)), (88)

for @ € R in a neighborhood of the interface in which the normal lines
do not intersect. We then construct the following function based on the
extensions

o(x)
O (89)

Note that @(x) € C? in the neighborhood of the interface I' since we assume
that w(s), v(s), and I'(s) are all in C2. Define also

U(X) = We(x) + ve(x)

0, if p(x) <0,
a(x) = H(p(x))a(x) = { za(x), if p(x) =0, (90)
a(x), if p(x) >0,

in the same neighborhood in which @(x) is well defined. We have the
following theorem.

e the solution of (86), 4(x) be defined in (90).

Theorem 1. Let u(x) b
— 4(x). Then in the neighborhood of the interface

Define q(x) = u(x)
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where we (x) and ve(x) are well defined, q(x) is the solution of the following
problem

Aq(x) = f(x) — H(p(x)) Al(x), x€eR-T, (91)
lg)r =0, [g-]r =0, [qn]r = 0, (92)

where T is the unit tangent direction. In other words, the new function q(x)
is a smooth function across the interface T.

The proof can be found in [97] and will be omitted here. Since ¢(x)
is smooth, we can use the standard finite difference scheme with minor
modifications (to take care of the jump in the second-order derivatives)
to get an accurate ¢(x), and then recover the solution u(x) according to

u(x) = q(x) + a(x).
The discretization strategy using the transformation

The finite difference scheme using the standard 5-point stencil now is

fij — H(pij ) Ants; + Apty; + Cyj, if x45 is irregular,

AU =
nUij fij otherwise, (93)
where
Ui—1,; + U1, +U; j-1 + U, j41 — 4U;5
AUy, = 1 tUig1,; + hg 1+ U1 j (94)
while in polar coordinates, it is
AU — Uic1,; —2Ui5+ Uip1y; | 1 Uigaj —Uicayg
hii (Ar)? T; 2Ar o5
r2 (A6)? '

The correction term is

Cij = Y H(=Pivig,itix Pig) Vitin.i+in

ik,Jk

2
( Pitig it ) Fitig.itin — Fij
b
IV@itiy.itinl 2
(96)

with

Fyj = fij — H(pij) Antij, (97)
which is computable.
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Note that it has been long challenging problem to find a second-order
accurate discrete delta function. At least for the elliptic interface problems,
—H(pij)Ants; + Aptiy; + Csj provides us with an answer if the interface
is represented by the zero level set of a Lipschitz continuous function. The
curvature information is implied in A@. We can also easily compute the
gradient of u using the central finite difference scheme with a correction;
see [97] for the detail.

For variable but discontinuous coefficient 3(z), it is difficult, if not pos-
sible to transform the original problem to a new one with a smooth solution.
However, using the same idea, we can transform the original problem to a
new one with homogeneous jump conditions if we define

Ve (X) SD(X) (98)

100 =) 5 ol

where X* is the orthogonal projection of x on the interface.

The strategy of removing source singularities has also been applied to
the immersed finite element methods for elliptic and elasticity interface
problems [51, 50].

8. The Immersed Interface Method Using Finite
Element Formulations

In the previous sections, we have been focused on finite difference methods
for interface problems because they are usually simple to understand and
implement. However, sometimes a finite element formulation is preferred
because there is rich theoretical foundation based on Sobolev space. And
more important, the linear system of equations may have a better condition
number than that obtained from a finite difference method. This is par-
ticularly important for an elasticity system. Finite element methods also
have less regularity requirements for the coefficients, the source term, and
the solution than finite difference methods do. In fact, the weak form for
elliptic interface problems (30) is

//QﬁVquSdX—i—//Qqudx:—//ﬂf¢dx+/rv¢ds’ Vé(x) € HA(Q),

(99)

which does allow the discontinuity in the coefficient 3, we refer the readers
to [92] for the derivation.
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8.1. The modified basis functions for one-dimensional problems

Unless the interface o in (19) itself is a node, the solution obtained from the
standard finite element method using the linear basis functions is only first-
order accurate in the maximum norm. In [84], a new immersed finite ele-
ment (IFE) space is constructed using modified basis functions that satisfy
homogeneous jump conditions. The modified basis functions satisfy

1, ifk=q,
bi(wr) = _ (100)
0, otherwise,

[¢i] =0,  [Bgi]=0. (101)

Obviously, if z; < a < xj41, then only ¢; and ¢;11 need to be changed
to satisfy the second jump condition. Using the method of undetermined
coefficients, we can conclude that

0, 0§Z‘<Z‘j_1,
r—Ti_1
Tja xj—1§$<3?ja
ri — X
oj(x) = jD +1, zj<z<a
p(zj41 — ) <
D , ST < ZTjtr,
O, l‘j+1§$§1,
0, 0 <z <y,
T — Ty
D r; <z <a,
r — Tiq1
¢j+1(x): %"'1, a§x<xj+1,
Tj42 — X
/ 5 ; Tjr1 <o < xjya,
Oa xj+2§x§]-v

where
8- B -5~
P=G D:h—T(xﬂl—a).
Figure 18 shows several plots of the modified basis functions ¢;(x), ¢;+1(z),
and some neighboring basis functions, which are the standard hat functions.
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n=40, =1, B*=5, 0=2/3 n=40, =5, B*=1, 0=2/3
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2

0 0.6 0.65 0.7 0 0.6 0.65 0.7

n=40, $7=1, *=100, 0:=2/3 n=40, $7=100, p*=1, 0=2/3

1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0

0.6 0.65 0.7 0.6 0.65 0.7

Figure 18: Plot of some basis function near the interface with different 3~ and 8t. The

interface is at a = %

At the interface «, we can see clearly the kink in the basis function which
reflect the natural jump condition.

Using the modified basis function, it has been shown in [84] that the
finite element solution obtained from the Galerkin method with the new
basis functions is second-order accurate in the maximum norm.

For 1D interface problems, the FD and FE methods discussed here are
not very much different. The FE method likely perform better for self-
adjoint problems, while the FD method is more flexible for general elliptic
interface problems.

8.2. Modified basis functions for two-dimensional problems

A similar idea above has been applied to two-dimensional problems with
a uniform Cartesian triangulation [92]. The piecewise linear basis function
centered at a node is defined as:
1, ifi=y
i) = ulle =0, |3

0, otherwise,

=0, ¢ilaa =0.

i
] ' (102)

on
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We call the space formed by all the basis function ¢;(x) as the immersed
finite element space (IFE).

® (b)

-0.25

-0.35F

L L L
205 ~0.45 0.4 ~0.35 -03 ~0.25 0.2

Figure 19: (a) A standard domain of six triangles with an interface cutting through;
(b) A global basis function on its support in the non-conforming immersed finite element
space. The basis function has small jump across some edges.

It is easy to show that the linear basis functions defined at a nodal
point exists and it is unique. It has also been proved in [92] that for the
solution of the interface problem (30), there is an interpolation function
ur(x) in the IFE space that approximates u(x) to second-order accuracy in
the maximum norm.

However, as we can see from Figure 19(b), a linear basis function
may be discontinuous along some edges. Therefore such IFE space is a
non-conforming finite element space. Theoretically, it is easy to prove the
corresponding Galerkin finite element method is at least first-order accu-
rate; see [92]. In practice, it behaves much better than the standard finite
element without any modifications. Numerically, the computed solution
has super linear convergence. More theoretical analysis can be found in
[33, 91].

The non-conforming immersed finite element space is also constructed
for elasticity problems with interfaces in [50, 98, 163]. There are six coupled
unknowns in one interface triangles for elasticity problems with interfaces.

A conforming IFE space is also proposed in [92]. The basis functions are
still piecewise linear. The idea is to extend the support of the basis function
along interface to one more triangle to keep the continuity. The conform-
ing immersed finite element method is indeed second-order accurate. The
trade-off is the increased complexity of the implementation. We refer the
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readers to [92] for the details. The conforming immersed finite element
space is also constructed for elasticity problems with interfaces in [50].

9. The IIM for Free Boundary or Moving Interface Problems

To simulate moving interface or free boundary problems, it is crucial to
compute the velocity of the interface or boundary. In pure geometrical mo-
tion such as the mean curvature flow (see [115] for several examples), the
velocity is given, and the location of the boundary at different time lev-
els can be computed from an evolution scheme. However, for many other
applications, the velocity field has to be computed from the governing dif-
ferential equations as in the examples of multi-phase flows governed by
the Stokes or Navier-Stokes equations. In these applications, the governing
PDE:s for the velocity are coupled with differential equations for the motion
of the interface or the boundary. A commonly used approach is a splitting
method in which we fix (or freeze) the interface or boundary temporar-
ily and solve the governing equations to get the velocity. The computed
velocity then is used to evolve the interface or the boundary. Such a pro-
cess can be done once or iteratively until a convergence criteria is satisfied.
The framework for moving interface/free boundary problems is to use the
IIM to solve the governing equations to obtain an accurate velocity; and
then evolve the interface or the boundary with the computed velocity by
an evolution scheme. In [82], the immersed interface method was devel-
oped for non-linear parabolic differential equations with a moving interface
in one space dimension. An application to the glacier movement using a
one-dimensional model was discussed in [94].

There are several commonly used evolution schemes for two- and three-
dimensional problems in the literature. We explain briefly below how to
couple the IIM with the front tracking and the level set methods.

Coupling the front tracking method with IIM

One of the evolution methods is the front tracking method based on a La-
grangian formulation; see, for example, [45, 49, 46, 47, 48, 67, 77, 78, 151,
152, 153, 154]. In this approach, a set of ordered marked particles {X(t)},
k=1,2,..., Ny, also called the control points are tracked at different time
level according to % = u, where u is the velocity. If the governing PDEs
are solved on a uniform Cartesian grid (Eulerian coordinates) to get the ve-
locity, then we have two different coordinate systems. The key to combine
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the IIM and an evolution scheme is to exchange information between the
two grids with adequate accuracy, or precisely, how to interpolate the ve-
locity {U;;} from the grid points in the Eulerian coordinates to the control
points in Lagrangian coordinates. Peskin’s interpolation formula is

UX,Y) ~ Y wi 0n(X — 2i)0n (Y — y;)hahy (103)
ij

based on the formula
UY) = [ [ ue)ia (@) - (X.7)) dody (104)

in two space dimensions. While this approach is simple and generally first-
order accurate, it is widely used along with the immersed boundary method
since it is also first-order accurate.

In the immersed interface method, the velocity at a point on the in-
terface is obtained either from the three point interpolation formula; see
[56, 87] or from the least squares interpolation

U(X,Y)~ Z'Yijuij -C, (105)
ij

where C' is a correction term that is determined from the interpolation co-
efficients and the jump conditions. The coefficients {v;;} are chosen such
that the interpolation scheme is second-order accurate. The interpolation
points are chosen in a robust way, for example, in a disk or in some spe-
cial set. In the least squares interpolation, we take a few more points than
needed for the accuracy to get an underdetermined system of equations.
The solution is then the one with the least 2-norm among all feasible so-
lution, or the solution based on the singular value decomposition (SVD).
With the least squares interpolation, the magnitude of the coefficients of
the interpolation are well balanced, which also helps the stability of the
entire evolving process. The only trade-off may be the computational cost
used in the singular value decomposition.

For many application problems, the motion of the interface depends on
the interface quantities, particularly, the first-order derivatives such as the
normal and tangential directions, the second-order derivatives such as the
curvature. Typically, these information can be obtained from interpolation
of the control points {Xy(¢)}. For example, one approximation for the unit
tangential vector is

Xpt1 — X
T = —————. 106
© e~ X (106)
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A better approach is to use a cubic spline interpolation as used in [80, 85] in
terms of the arc-length. Once we have expressed the interface in terms of the
arc-length (X (s),Y (s)), we can get the first and second surface derivative
easily.

One of advantages of a front tracking method is that the Lagrangian
coordinates is independent of the underlying Cartesian grid. One can con-
trol the accuracy of the interface by the number of control points. On the
other hand, the front tracking method may be difficult for problems in
multi-connected domains, problems with topological changes such as merg-
ing and splitting, and problems in three dimensions. Reparameterization
(or regriding) and filtering techniques may be needed for front tracking
methods.

The details of the coupling between the front tracking and the immersed
interface method can be found in [77, 102] for the particular application of
the Stokes flow with a moving membrane or bubble.

Coupling the level set method with the ITM

A simple front tracking method may break down when an interface develops
topological changes such as breaking and merging. The implementation of
the front tracking method for three-dimensional problems can also be rather
complicated. An alternative is the level set method first proposed by Osher
and Sethian in [115]. The level set method is a front capturing method that
avoids the explicit tracking of the moving interface. The moving interface
is implicitly captured on the same Eulerian grid by the zero level set of a
Lipschitz continuous function ¢(x, t),

T(X(t),1) = {x, o(x, 1) = 0}. (107)

By differentiating ¢(x,¢) = 0 with time ¢, we get the evolution equations
for the level set function:
pe+Vep-u=0, or

108
pe+ VeV =0, o)

where V,, = u - n is the component of the velocity in the normal direction
given by n = V¢ /|Vp|. The level set equation (108) is a Hamilton-Jacobi
type equations that often be solved using numerical method for conservation
laws, particularly the ENO or WENO schemes, say for example, [63, 64]
and the reference therein.
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The level set method is relatively easy in dealing with complex interface
structures, topological changes, and problems in three or higher dimensions.
We refer the readers to two books [114, 139] on the level set method. The
level set method for two-phase flows can be found, for example, in [14, 68,
90, 146, 147] and many others. The variational level set method has been
developed with applications in [168, 169]. There is intensive study in the
literature to improve the level set method to reduce its computational cost
due to embedding the interface into a higher dimensional space; to better
preserve the volume for incompressible flows. These efforts lead to fast
level set method using a computational tube [99, 116, 56], re-initialization
techniques [14, 15, 63, 139, 146, 147], hybrid methods with particle method
[32], finite volume-level set method [143, 144], adaptive level set method
[145], and finite element-level set method [3, 149].

We can combine the advantages of the immersed interface method and
the level set approach to evolve moving fronts. The information regarding
the location and the local normal vector can be extracted from the level set
function. When we incorporate this information into the immersed interface
discretization, we obtain a uniformly high-order discretization. Clearly, we
get the advantages of both methods, and avoid the shortcomings of these
two methods. This gives rise to a robust and accurate Eulerian discretiza-
tion for interface problems. The key is how to accurately exchange the
information between the interface and the solution (or a grid function) on
the grid, and how to extend a surface quantity to nearby grid points if
necessary.

Orthogonal projections and the bi-linear interpolation

Using the level set method, the interface is not explicitly given. Instead we
only have information ¢(z;,y;) at each grid point in two dimensions. The
interface can be re-constructed from the orthogonal projections of some
grid points on the interface or the intersections of the interface and the
grid lines.

It is reasonable to assume that the level set function has first- and
second-order derivatives in a neighborhood of the interface where ¢(z,y) =
0. This is true if the level set function is chosen as the signed distance
function and the mesh is fine enough. Therefore, we can use the standard
central finite difference formulas to get ¢, ¢y, ..., Yzy, and thus the tan-
gential and normal direction, and the curvature of the level curve/surface at
each grid point. The bi-linear interpolation formula described below then
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can be used to get these interface information at a non-grid point, say, at
an orthogonal projection.

® ®
°
X
® L
X

Figure 20: A diagram for the bi-linear interpolation.

In two space dimensions, given any point (x,y), let the vertices of
the square that contains (z,y) be (xi,v;), (Tit1,Y;), (Ti,yj4+1), and
(i+1,y;+1). Let G, be a grid function. The bi-linear interpolation formula
in 2D to get G(z,y) in terms of G;; is the following

1

Z Gitkj+1 Tk Ui, (109)
k=0,1=0

G(xvy) =

=

where

xk:1+(2k—1)<2(x7;xi)—1),

yl:1+(21—1)<w—1>.

The bi-linear interpolation is second-order accurate if G(x,y) € C! in the
neighborhood of interpolation. The bi-linear interpolation in three space
dimensions is given in [19, 20].

Reconstructing the interface locally from a level set function

For many applications, it is necessary to find the kth surface derivative
of a surface quantity, where k& can be 0, 1, and 2. This may be trivial if
the interface is expressed in terms of a cubic spline interpolation, but not
so if the interface is implicitly given by a level set function. Some of the
approaches can be found in [99, 159]. Here, we explain a direct approach
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by reconstructing the interface locally so that an interpolation scheme can
be applied to obtain the surface derivatives.

Let (x;,y,) be an irregular grid point in reference to the standard central
5-point stencil. Let the orthogonal projection of (x;,y;) on the interface
o(z,y) = 0be X* = (X*,Y™*). We describe how to reconstruct the interface
locally in terms of the orthogonal projections of irregular grid points in a
neighborhood of (z;,y;).

Under the local coordinates system (32) centered at (X*,Y™), the in-
terface has the form

&(n) = Cn* + D + O(n*). (110)

Once we know the coefficients C' and D, we have an analytic expression
of the interface in a neighborhood of (X*,Y™*). Let X} = (z7,y]) be the
orthogonal projection of a different irregular grid point. We can determine
C and D using the interface information. Denote (n¢, n,) as the unit normal
direction of the interface at X7, we have

2Cm + 3Dn?

\/1 + (20 + 3Dp2)?
1

\/1 + (20 +3Dn2)°

= —nn’

(111)

= nf?

where (&1,71) is the local coordinates of X7; see (32). We arrive at the
following linear system of equation for C' and D:

fl,
n, (112)
’I’Lg.

Cni + Dy
2Cm + 3an

In other words, the curve is approximated by a Hermite spline interpolation
between X* and X7. Once we have solved for C' and D, we have an analytic
expression to approximate the interface. The arc-length between X* and

1 is determined from

m
[s1] = / \/1 + (200 4 3Dn2)?dn. (113)
0

This definite integral can be approximated by the Simpson rule or a Gaus-
sian quadrature formula using the approximate analytic expression of the
interface. In this way, the arc-length is evaluated to third-order accuracy.
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Finally, we need to determine the sign of the arc-length according to the
relative position between X* and X7:
Sl:{|81|, if (X5 —X*)-7*>0 (114)
—|s1], otherwise,
where 7* is the tangential vector at X*.

Once we have the signed arc-length between X* and other projections,
it is easy to interpolate a surface function g(s) to obtain ¢’(s*) and g¢”(s*)
at the projection on the interface.

The immersed interface method has been successfully applied to variety
linear and non-linear problems. It has been applied to a mixed hyperbolic
elliptic system in [100]; hyperbolic systems in [79]; elasticity systems in
[98, 163, 135]; glacier prediction in [94]; the Hele-Shaw flow in [56]; electro-
migration of voids in [99]; the traffic flow in [157]; drop spreading in [59];
Stokes and Navier-Stokes equations with interfaces and singular sources in
[13, 74, 77, 90, 96]; Stefan problems and crystal growth in [95]; non-linear
interface problems in magneto-rheological fluids containing iron particles in
[61]; weighted minimal surface computations in [93]; simulations of porosity
evolution in chemical vapor infiltration in [65]; shape identification of an
inverse problem in [60].

Other related work

LeVeque and Zhang extended the IIM for hyperbolic equations including
one- and two-dimensional acoustic wave equations, two-dimensional elastic-
ity equations [79, 166]. Non-smooth interfaces are allowed in their methods.
Although the techniques that they used are based on finite difference dis-
cretizations, some of the techniques have been successfully merged with the
finite volume implementation in the Clawpack [75]. Such combination is
also used to solve the incompressible Navier-Stokes equations for two phase
flow [74], and on irregular domains using the vorticity stream-function for-
mulation [12, 13]. Piraux and Lombard [125] have proposed an explicit
simplified interface method (ESIM) for hyperbolic interface problems. Mo-
tivated by the fast IIM discussed in Sec. 6, Bube and Wiegmann developed
the EJIIM for elliptic interface problems [156, 157]. The EJIIM works by
focusing on the jumps in the solution and their derivatives, rather than on
finding coeflicients of a new finite difference scheme. The EJIIM expresses
all the quantities in term of the original jump conditions and the limiting
u__, etc. These quantities

TxT)

values from a particular side, say, u™, u_

xT

uy_,
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are used as augmented unknowns. The bigger system of equations that in-
volves the solution of the PDE at grid points and those limiting values at
the interface is solved by the GMRES method. The EJIIM has been applied
to two-dimensional elastic equation in shape design in conjunction with the
level set method [138].

In [164], an immersed interface method for boundary value problems
(IIMB) on irregular domains is developed, particularly for Dirichlet bound-
ary conditions. It was shown in [164] that the IIMB method is second-order
accurate in the maximum norm and the Schur-complement system is well
conditioned. The IIMB method was applied to underground water simula-
tions using the stream-vorticity function in [164].

Forgelson and Keener [42] have developed an embedding method for
Laplacian equations on irregular domains with a Neumann boundary con-
dition in two and three dimensions. With careful selection of the stencils,
the method is second-order accurate and produces a matrix that is stable
(diagonally semi-dominant). Dumett and Keener [31] have also extended the
embedding method to anisotropic elliptic boundary value problems on irre-
gular domains in two space dimensions when £(x) in (30) is an anisotropic
matrix.

In [6], an immersed interface method is developed by approximating
the correction terms as part of the iterative procedure. In [101], the im-
mersed interface method is applied to unsteady incompressible flows on ir-
regular domains by constructing high-order interpolation schemes. In [73],
the authors developed the immersed interface method that is capable of
handling rigid boundaries. The idea is to set the source strength (or force
density) as an unknown that is then determined by solving a small system of
equations.

Xu and Wang [161] have developed a systematic way of deriving the
jump conditions for three-dimensional flow simulations. Xu and Wang [160]
implemented the immersed interface method with the incorporation of their
derived jump conditions. They also discussed the effect of the temporal
jump conditions on the accuracy of the immersed interface method. They
found that in their toy problem [161], it is crucial to include the temporal
jump conditions in the numerical algorithm.

Wei et. al. developed the matched interface and boundary (MIB)
method for interface problems in [170, 171, 174]. The MIB method has
also been applied as a general scheme for accommodating some complex
boundary conditions in high-order spatial discretization of PDEs [173, 172].
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For elliptic equations, the MIB can be regarded as a generalization of the
IIM [174].

Related software packages

Several packages (collections of Fortran subroutines) have been developed
and are available to the public through anonymous ftp.? The interface
(closed surfaces within the solution domain) can be expressed as a set of
ordered points (Lagrangian formulation) or a level set function (Eulerian
formulation). We briefly describe the packages available and choices of the
packages.

e It is recommended that the maximum principle preserving IIM be used
for self-adjoint elliptic interface problems with variable and discontinuous
coefficient, for example, non-linear interface problems whose coefficient
depending on the solution.

e For self-adjoint elliptic interface problems with piecewise constant coef-
ficient, the fast IIM method is recommended.

e Packages for Poisson or Helmholtz equations on irregular domains, either
interior or exterior, are available. The boundary (can be multi-connected)
of the domain should be expressed in terms of a level set function. Like
other elliptic solvers, the method may not work very well for Helmholtz
equations that behave like hyperbolic equations.
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