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The ongoing informatics evolution has posed some challenging statistical prob-
lems. Most statistical models arising in applications in bioinformatics, data min-
ing and a variety of other computer-intensive interdisciplinary research fields are
complex in their designs, sampling plans, and associated probability laws. The
curse of dimensionality is so overwhelming that conventional likelihood ratio
based statistical inference may not be much useful. Further, such models are typ-
ically constrained by inequality, order, functional, shape or other restraints, often
on functional parameters, and as a result, optimal statistical inference procedures
are hard to find or may not even exist. Although. the use of restricted-, profile-
,pseudo-, partial-, or quasi-likelihood has been advocated in such constrained en-
vironments, their optimality properties are generally not known, and at least, are
hard to establish. S. N. Roy’s ingenious union-intersection principle along with
innovations in discrete multivariate analysis provide an alternative avenue, of-
ten having some computational advantages, increased scope of adaptability, and
flexibility beyond conventional likelihood paradigms. This scenario is appraised
here with some illustrative examples of high-dimensional discrete multivariate
analysis of covariance models arising in genomic studies in parametrics as well
as beyond parametrics setups.
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2 P. K. Sen

1.1. Introduction

During the last twelve years before his premature demise, Professor S. N. Roy
made most significant and innovative contributions in three important areas in
multivariate statistical analysis, namely, multiple comparisons procedures (MCP),
union-intersection principle (UIP) and discrete multivariate analysis. During 1930
- 1960’s, classical multivariate analysis stole the limelight of most innovative and
sophisticated statistical analysis, albeit being mostly confined either to samples
from finie-dimensional multivariate normal populations or simple and low mul-
tidimensional categorical data models. The present study reflects some of Roy’s
innovative perspectives in finite dimensional data models with an eye on their
fruitful incorporation in high dimensional perspectives.

Statistical models usually advocated for complex problems arising in some in-
terdisciplinary research and many real life applications are rarely simple so as
to make room for routine incorporation of conventional or standrad (i.e., likeli-
hood based) statistical inference tools. The ongoing evolution of genomics (and
bioinformatics, in general) has indeed posed some enormously large dimensional
statistical models where the sample size may often be relatively much smaller.
Such high-dimensional low sample size (HDLSS) models generally involve com-
plex designs, sampling plans, and the underlying stochastics relate to probability
laws which, typically, not only involve a multitude of parameters but also with the
parameters subjected to various nonlinear restraints. Inequality, order, functional
and shape constraints are commonly encountered, in probability as well as sample
spaces, where the HDLSS perspectives may complicate the models as well as their
statistical resolutions considerably. For beyond parametrics (i.e., nonparamet-
rics and semiparametrics) setups, often, there could be more complex restraints
involving functional constraints. Stochastic ordering (dominance) of functional
pasrameters in categorical data models, arising in genomic studies, particularly,
in single nucleotide proliferation (SNP) models being a notable example of this
kind (Sen et al. 2007). In conventional statistical inference, likelihood, sufficiency
and invariance principles play a key role in finite sample methodology, and some
of the finie-sample optimality properties usually transpire in large sample cases
even without sufficiency, invariance or some other regularity conditions. Never-
theless, even in such asymptotic cases, lacking support of suitable regularity as-
sumptions, particularly in constrained environments, optimal statistical inference
may encounter roadblocks of diverse types.

Generally, complex statistical models create impasses for computation of max-
imum likelihood estimators (MLE) and likelihood ratio tests (LRT) in closed,
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High-Dimensional Discrete Statistical Models: UIP, MCP and CSI in Perspectives 3

explicit or manageable forms; often, this may become a formidable task. Even
so, various algorithms have been developed for such computational convenience,
though the finite sample optimality properties of MLE and LRT ranging over the
exponential family of densities may not automatically transpire in more complex
models where the underlying probability laws are rarely bonafide members of
such regular families; even if they are, underlying constraints or implicit struc-
tural restraints may take away such optimality properties. (Restricted) RMLE and
(restricted) RLRT along with various modifications of the likelihood function have
therefore been advocated for such complex models, albeit they may not have any
universal optimality property parallel to that in simple models. S. N. Roy’s (1953)
ingenious UIP, having its genesis in the likelihood principle (LP), has emerged as
a viable alternative, often having some computational advantages, increased scope
of applicability (beyond the likelihood paradigm), greater adaptability to nonstan-
dard situations (beyond the parametrics), and good robustness perspectives.

Roy, Gnanadesikan and Srivastava (1971) contains a thorough treatise of UIP in
multivariate models with due emphasis on simultaneous confidence sets and mul-
tiple hypothesis testing problems relating to the domain of MCP. Though their
treatise is mostly confined to continuous multinormal distributional models, the
past three decades have witnessed a steady flow of research on UIP in a vari-
ety of beyond parametric models. For a general treatise of constrained statistical
inference (CSI) we refer to Silvapulle and Sen (2004) which recaptured the prior
developments in in the classical monograph of Barlow et al. (1972) and its follow-
up by Robertson et al. (1988). The major emphasis in Barlow et al. (1972) has
been the finite sample methodology with due consideration of the basic role of the
likelihood function in such formulations. More in-depth computational aspects
are additionally reported in Robertson et al. (1988). The Silvapulle-Sen (2004)
treatise goes beyond that into more general setups with adequate asymptotics to
simplify the methodology; in line with the Wald-type tests, in CSI such proce-
dures are elaborated along with the basic role of UIP in some important problems.
The present study is devoted to a display of the basic role of UIP in high-
dimensional discrete statistical models (HDDSM) with due emphasis on CSI as
well as MCP; this development being very useful in the evolving field of genomics
or bioinformatics. A key factor in this respect is the most innovative treatise of
some multidimensional categorical data models in Roy (1957) and its subsequent
ramification during the past 50 years. Functional parameters arising in HDDSM,
as is commonly perceived in genomics studies (Tsai and Sen 2005, Sen at el.
2007), is a basic perspective deserving thorough appraisals. In Section 2, we
outline the preliminary notion. In Section 3 an overview of classical categorical
multivariate analysis of covariance (CATMANOCOVA) in low to moderate di-
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4 P. K. Sen

mensional setups (where the sample size n is still >> K, the dimension) is made.
In Section 4, the basic formulation of UIP is considered along with some illustra-
tions in some simple simple models. Section 5 is devoted to HDDSM with due
emphasis on some SNP models. Section 6 deals with fruitful incorporation of the
Roy (1953) UIP and MCP in such HDDSM’s with due emphasis on some appli-
cations in genomic models (Sen et al. 2007).

1.2. Preliminary Notion

The scenario of statistical modeling and inference changes drastically from para-
metric to beyond parametric perspectives, and even in the parametric setup, from
the single parameter to multiparameter models. The more complex a model is,
the more likely is the feature that optimal statistical inference may not exist, and
even it exists, it may be harder to implement. The evolving field of genomics
is a pertinent illustration of the enormous difficulties which conventional statis-
tical inference tools are encountering in this high-dimensional low-sample size
(HDLSS) setups. For (continuous, discrete, as well as, categorical ) distributions
belonging to the so called exponential family, generally optimal statistical infer-
ence procedures, based on the sufficiency principle, work out well. However, even
for the exponential family, if there are too many parameters or if the parameters
are constrained in some way, such optimality properties may not transpire. Often
invariance structures (with respect to some group of transformations mapping the
sample space onto itself, inducung conjugate transformations on the parameter
space)allow us to formulate invariant statistical procedures where within the class
of such invariant procedures, an optimal one could be found out in a rational way.
Sans such exponential families of densities, usually, finite-sample optimal statis-
tical inference procedure may not exist, although, in the conventional asymptotic
setup :K << n (generally, K being fixed but # is large), asymptotically optimal sta-
tistical inference procedures have been prescribed. Whereas in the univariate case,
in many situations, a moderately large sample size provides adequate asymptotic
theory based methodology for inference tools, as the dimension becomes large, a
reasonably good asymptotic approximation may generally require a much larger
sample size; the rate of increase of the required sample size being usually much
faster than the dimension increase. This basic limitation stands in the way of valid
and efficient statistical inference for HDLSS data models.

As an illustration, consider the classical multivariate analysis of variance
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(MANOVA) problem in the setup of (multi-)normally distributed errors. Let
Y =XB+E, (1.1)

where the observable stochastic matrix Y = (Yy,...,Y,)’, with each Y; being
a stochastic p-vector, is related to a known (nonstochastic) matrix X (of order
n x m) of regression constants, through an unknown (regression) parametric matrix
B (of order m x p), and where E' = (ey,...,e,)" with each (p-vector) e; having a
multivariate normal distribution with null mean vector and a positive definite (p.d.)
but unknown dispersion matrix X. Symbolically, we write

E~ MN(0,I,®%), (1.2)

where ® stands for the Kronecker product of the two matrices. In this setup,
consider the most simple null hypothesis

Hy:B=0, (1.3)
against (global) alternatives that
H:B+#0. (1.4)
In this normal theory setup, the MLE of [ is given by
B, = (X'X)"1(X'Y). (1.5)
The residuals are then defined by
Y, =Y-Xp,
= (I, - X(X’X)"'X')E. (1.6)

The residual sum of product matrix (of order p X p) is defined by
Se = (Ya)'(Ya). (1.7)

Side by side, the sum of product matrix (of order p X p) due to regression is
defined as

S = (B,) (X'X)(B,) (1.8)

The rank of Sg (and Sg) is equal to min(p,n —m) (and min(m, p)). Thus, in order
that Sg is of full rank, it is tacitly assumed that n —m > p, while the other matrix
is nonsingular when m > p.

First, even for this simple model (belonging to the exponential family), if p and
m are greater than one, there may not be a uniformly most powerful (UMP) test
for Hy vs. H;. As a matter of fact, since X is nuisance, we need to confine our-
selves to UMP similar regions. To resolve this problem, one considers the class
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6 P. K. Sen

of tests which are invariant under nonsingular transformations on the observation
vectors: Y — Z = YB, for some nonsingular p x p matrix B. Within this class
of invariant tests, the usual likelihood ratio test is best (i.e., uniformly most pow-
erful invariant (UMPI)) test when the rank of Sy is equal to 1; for this particular
case, all the three test statistics are equivalent and enjoy the same optimality prop-
erty. However, even in this case, we need the condition that n —m > p. For the
general case where both m, p are greater than 1, there are several test statistics
including the classical likelihood ratio test based on |Sg + Sy|/|Sk|, Hotelling-
Lawley trace criterion based on Trace(SHSE' ), Roy’s largest root criterion based
on chyax(Sy(Sg)~!, and other ramifications. None of these would be UMPI.
Since all these test criteria depend on the maximal invariant, the characteristic
roots of SH(SE)’l, it is imperative that n > m+ p.

Instead of the simple null hypothesis Hy considered above, one may consider a
more general null hypothesis where for suitable prespecified matrices A and C of
order » x m and p X g respectively with r <m and g < p, we set Hy : ABC =0 and
the alternatives relate to nonnull matrices on the right hand side. For simultaneous
(or multiple) hypotheses testing, we allow A to be arbitrary within a class, say 4,
and also C arbitrary within another class, say C, and desire to control the type I
error over these classes as a whole. Similarly, we may want to set a simultaneous
confidence set for all ABC, allowing A € 4 and C € C, with the property that the
coverage probability is some specified 1 — o, for some o € (0, 1). The genesis of
UIP lies in this complex, and this will be elaborated in Section 1.4.

Like the univariate one sided alternatives, we could have in the multivariate case
some one sided alternatives, or more generally, alternatives specified by some
inequality, order or other constraints. CSI typically pertains to such complex sta-
tistical environments. The affine invariance structure mentioned earlier may not
pertain to such restricted alternatives, and hence, the classical (unrestricted) likeli-
hood based tests sketched above may not be ideal in such CSI problems. Much of
the development in CSI rests on RMLE and RLRT, which takes into account the
underlying restraint(s), although not much optimality property may be retained in
this setup. There could be computational complexities too. Therefore, it may be
natural to appraise the interactive role of UIP and CSI. This will be considered in
Section 1.4.

The above discussion pertains specifically to multinormal distributions, In many
fields of application, such an assumption may be very untenable. In some cases,
the random vectors are continuous, and hence, nonparametric models are more
reasonable to adopt. In some other cases, we may be confronted with count vari-
ables while in many other cases we have categorical (and possibly qualitative)
data models. The likelihood principal (LP) may generally encounter roadblocks
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High-Dimensional Discrete Statistical Models: UIP, MCP and CSI in Perspectives 7

in such general setups. In the next section, we consider simple multidimentional
categorical data models, albeit in the conventional asymptotic setups, to illustrate
some of these basic difficulties with the LP. In Section 1.5, we shall introduce
the HDLSS discrete multivariate setups, and appraise these models in the light of
MCP and CSI perspectives.

1.3. CATANOCOVA

Categorical ANOVA models typically involve product-multinomial distributions
which can be presented in their simplest form as follows. Consider G indepen-
dent populations, each involving a set of C categorical responses not necessarily
quantitative or even ordered in some way, and let T,(c), ¢ = 1,...,C be the cell
probabilities for the gth population, for g = 1,...,G. Let there be n, observa-
tions from the gth population and let ng. be the cell frequency of the cth cell, for
c=1,...,C,and g = 1,...,G, all these samples being drawn independently. The
joint probability function of these ngy., known as the product multinomial law, is
given by

H{ng e (1.9)

°i’:1‘~'>

ngﬂ n C'

where ng, are nonnegative integers such that YC_, ng. = ng, and the m,

= (mg(1),...,me(C))', g=1,...,G all belong to the simplex Sc_; = {x € [0,1]¢
x'1 = 1}. In this nonparametnc formulation, an ANOVA model relates to the
homogeneity of the ;. In many cases, we may be interested in various MHT
testing problems, possibly in CSI setups, for this CATANOVA model. As an
illustration, first, consider the (opinion) response model for

Reduction of US Military Involvement in Iraq

where we have the following (ordered) response categories: HS = highly sup-
portive, S = generally supportive, N = No opinion, O = opposed and TO = totally
opposed. Note that despite an inherent ordering, there is no linear or precise math-
ematical scale for the ordering. The probability space is the simplex S4, generated
by the vector of the 5 cell probabilities. Let us now consider the following classifi-
cation of respondents: Democratic and Republican. The probability vector for the
two groups are denoted by Ttp and 7k respectively, each belonging to the common
simplex S4. We frame the null hypothesis of homogeneity as
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8 P. K. Sen

Hy : mp = g = © (unknown).

We denote the corresponding cumulative probability vectors by Ilp and Ilg re-
spectively (where the last element in each vector is equal to 1). To reflect a one-
sided preference of the Democrats to the Republicans, we consider the following
restricted alternative

H1<IHDZHR

with at least one (of the four coordinates) bearing a strict inequality sign. The
conventional 2 x 5 contingency table based x>-test or even the Fisher exact ran-
domisation test may not be ideal, as they address global alternatives of lack of
homogeneity and thereby are more likely to be less powerful for such restricted
alternatives. This one-sided hypothesis testing in a multiparameter setup could be
even more complicated if there are some covariates or explanatory variables (such
as male / female and young, middle-age and senior people, type of employment,
educatiobnal and racial diversity etc). Some of these problems are discussed in
Silvapulle and Sen (2004, Ch.6) in detail.

Suppose that instead of one such query, we have a questionnaire involving K basic
questions, for each of which, we have a set of C ordered categories of responses.
Thus there will be a totality of CX possible response category-combinations. The
K questions could be related (as in the classical item analysis schemes) when typ-
ically they refer to different aspects of a composite health or psychiatric problem.
As such, the K response vectors are expected to be stochastically dependent. Al-
though some restricted alternative hypothesis testing problems may relate to the
K marginal probability laws, without taking into account their interdependence,
such hypothesis testing problems can not be treated efficiently. In the context we
are more interested the categories may not have any partial ordering and hence,
hypotheses are to be formulated in a somewhat different way.

In a parametric formulation, the 7, (c) are expressed in terms of some unknown
parameters (vectors) 8, of dimension less than C (and possibly involving some
explanatory or concomitant variates), and as in the classical ANOVA problem, we
may like to test for the homogeneity of these parametric vectors, as well as, as-
sociated MHT along with CSI formulations. In passing, we may remark that if
the response is quantal (i.e., all or nothing) where C = 2, regression on the ex-
planatory variables may not be in conventional linear models, and a logit or probit
transformation is advocated for using generalized linear models for drawing sta-
tistical conclusions. On the other hand, if C > 3 and the response categories are
qualitative, such transformations are usable, and more general regression models
are to be sought. Due to such model complexities, the finite sample treatment
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High-Dimensional Discrete Statistical Models: UIP, MCP and CSI in Perspectives 9

of the nonparametric CATANOVA model may not generally be tenable in such
parametric formulations. Usually, BAN (best asymptotically normal) estimators
are incorporated in an asymptotic setup wherein the n, are all taken to be large.
Wald-type tests are more commonly used in this large sample size (relative to the
dimension) context, including CSI setups; we again refer to Silvapulle and Sen
(2004, Ch. 6). The UIP based approach will be outlined in later sections. Our
main contention is to appraise HDDSM problems arising in this context, and this
will be done in a later section.

1.4. UIP and CSI

S.N. Roy (1953) motivated the UIP through multivariate models with due empha-
sis on multiple comparisons and simultaneous statistical inference. We illustrate
UIP with a general composite hypothesis testing problem that lends itself naturally
to CSI as well as HDDSM, typically involving multiparameter models. Consider
a general hypothesis testing problem, not necessarily the multinormal or multino-
mial models treated in earlier sections, or even a parametric model. Let Hy be the
null hypothesis of interest and let H; be the alternative one; both of them are com-
posite so that the likelihood function is not completely specified under either of
them. As it is the case with composite hypotheses testing problems, there may not
be in general an optimal test for testing Hy vs. Hj, and in many case, even find-
ing out a similar region may restrict attention to a subclass of tests like invariant
tests, conditional tests, etc.. This situation is likely to be worse in CSI where the
conceived restraints may preempt the relevance of invariant or conditional tests.
However, for a general class of testing problems, including in CSI, it might be
possible to express

H():ijJHOja H1:Uje]H1j (1.10)

where J is a suitable index set, and for each j € 7, there exists a suitable (and
often optimal in a certain sense) test for testing Ho; vs Hy;. In a parametric frame-
work, such a test could be the UMP test whenever the latter exists, could be LMP
(locally most-powerful) test in some other case, and in beyond parametrics setups,
such a test can be decided on the basis of robustness, validity and efficiency con-
siderations. Further, the index set J can be a finite (discrete) set, or it may even
be a set in continuium. In this way, there is flexibility in the decomposition of the
hupotheses and choice of appropriate test statistics. Bearing in mind the genesis
of UIP in LP (Roy, 1953), we consider first the following illustrative example per-
taining to multinormal populations where the connection of UIP and LP can be
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10 P K. Sen

identified easily.

Let X1, ...,X,, be n independent and idenetically distributed random vectors hav-
ing a p-variate (multi-)normal distribution with unknown mean vecor u and dis-
persion matrix X, unknown but positive definite (p.d.). Consider first the null hy-
pothesis Hy : u = 0 versus Hj : u # 0, treating X as a nuisance parameter (matrix).
There is no UMP test for this hypotheses testing problem. The likelihood ratio

test statistic for this problem is a monotone function of the Hotelling 72-statistic
T2 =n(X,)'S; ' (X,), (1.11)

n

where

i(xi*Xn)(XﬁXn)'. (1.12)

The test is affine-invariant and within the class of affine-invariant tests it is UMP.
The affine invariance is defined in terms of the invariance of the test under the
class of transformations X — Y = BX, B being nonsingular. Let us look into this
picture from a different angle.

Let a € R? be an arbitrary p-vector, and let Ho, : a u=0and Hi, : a/,u > (. Then
note that

Hy = NacrrHoa, Hi = UacrrHia. (1.13)

Further note that for testing the null hypothesis Hy, against Hj,, a UMP test is
based on the Student 7-statistic

t(a) = vn(a'X,)/(a'S,a)!/ (1.14)

using the right hand side critical region marked by the Student #-distribution with
n— 1 degrees of freedom (DF). The overall hypothesis H is only accepted when
all the component hypotheses are accepted and H; is accepted when at least one
component alternative hypothesis is deemed acceptable, thus implementing the
UIP. Therefore, the UIT is based on the test statistic

t* =sup{t(a):a € R} (1.15)
and some routine computations yield that
(") =17 (1.16)

Thus, the UIT and LRT are isomorphic for this hypotheses testing problem. If,
however, we go to the K-sample problem of testing the homogeneity of the mean
vectors for K > 3 or the general MANOVA problem, the UIT and LRT statistics
may not be generally isomorphic, albeit both are affine-invariant (and none being
UMP invariant). The UIT relates to Roy’s largest root criterion.
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High-Dimensional Discrete Statistical Models: UIP, MCP and CSI in Perspectives 11

Let us considere the same one-sample model under a CSI setup. Namely, we
consider the same null hypothesis that u = 0 against one-sided alternative H; :
u >0, ie., the mean vector lies in the positive orthant R?™ = {xeR?:x>0}.
The RLRT for this problem, treated by Perlman (1969) and others, rests on the
test statistic

A = log L,(8'")) —log L, (8", (1.17)
)

where 0,

and éilw under the alternative H, and this ic complex. By the use of the KTL-
point formula, one can obtain an expression of the estimates, though not verey
simple. Further, the estimator of ¥ (under the alternative) is not orthogonal to the
RMLE of u and it does not have the anticipated Wishart distribution. To eliminate
this problem, Perlman (1969) suggested a conservative test by allowing a further
maximisation over all ¥ in the class of p.d. matrices.

The UIT can be constructed as follows: The alternative hypothesis can be equiv-
aletly expressed as Hj = U{a'u > 0,Va > 0} = Uycgp+1H)(a). Then, for testing
Ho, versus Hj,, we have an optimal one-sided test based on #,(a), as defined
above. Therefore, the UIT test statistic is given by

is the RMLE of 6 = (u, X) under the null hypothesis (which is simple),

t =sup{t,(a):a € R""} (1.18)

an explicit expression for this UIT test statistic, also based on the KTL-point for-
mula theorem, comparable to the RLRT test statistic is available in the literature
(Silvapule and Sen 2004, Ch. 5). We also refer to Sen and Tsai (1999) for a
detailed treatise of the LRT and UIT for one-sided alternatives for multivariate
normal mean testing problem when the dispersion matrix is nuisance (i.e., posi-
tive definite but arbitrary). It is shown that the UIT statistic can not be smaller
than the RLRT statistic, and both of them have a certain amount of conservative-
ness due to the nuisance dispersion matrix. They suggested a two-stage LRT and
UIT to overcome this problem. If we look into the corresponding simultaneous
confidence sets, the procedures based on the LP and UIP have possibly different
forms, and it is known (Wijsmann, 1979) that the UIP has certain advantages over
the LP in this setup.

The UIP has also received due attention in other parametric CSI problems along
with new interpretations and motivations. While a comprehensive account of
some of these developments is available in the literature (viz., Silvapulle and
Sen, 2004), it should be noted that in specific CSI problems, often these UIP
motivated procedures have much simplicity and rationality to offer; we refer to
Mudholkar and McDermott (1989), McDermott and Mudholkar (1993), Mud-
holkar et al. (1993,1995), and Srivastava and Mudholkar (2001) and Mudholkar
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12 P K. Sen

et al. (2001) for some interesting developments including some robust tests for
the multivariate orthant restricted alternative testing problem. Tsai (1995) con-
sidered the estimation of covariance matrices under Lowner order restriction, and
Tsai (2004) considered the covariance matrices estimation problem under simple
tree ordering. Das and Sen (1994) considered the restricted canonical correlation
inference problem. In the context of genomics, Sen et al. (2007) have developed
restricted alternative tests based on Hamming distance, and have discussed their
plausibility for the high-dimension low sample size contexts. Also, nonparamet-
ric tests for ordered diversity in a genomic sequence have been considered by
Sen (2005). Although, these developments relate to some specific distributional
setups or pseudo-likelihood problems, in principle, that goes over to the more gen-
eral case of densities not belonging to the so called exponential family, as well as,
to beyond parametrics. However, computational and distributional complexities
may mar the simple appeal of the UIP to a certain extent.

In a parametric setup with quantitative multifactor multiresponse experiments, a
detailed account of UIP is available in Roy et al. (1971). This interesting mono-
graph, a culmination of the fundamental ideas of Roy (1953, 1957), has clearly
illustrated the basic appeal of UIP in various statistical inference problems, al-
beit in traditional setups without so much emphasis on CSI. The evolution of CSI
during the past four decades has added more impetus to look into UIP in CSI for
parametric as well as beyond parametric setups. Towards this end, we consider
first the same one-sample multivariate problem as in above but without assum-
ing that the underlying distribution (F) is multinormal or of some specified form.
Simply assume that F' is diagonally symmetric about its location u (in the sense
that both X — u and p — X have the same distribution). Consider the hypotheses
testing problem: Hy : u =0 vs. Hfr cu>0. If we write Hyj :u; =0,j=1,...,p
and Hyj :u; > 0,j=1,...,p, then Hy and Hl+ can be expressed as the (finite)
intersection and union of the Hy; and H; respectively. This is therefore a finite
union-intersection formulation ( see J. Roy 1958) for a step-down procedure) that
makes sense since we are not seeking for affine or similar invariance in our resolu-
tion. For the jth marginal, we have a univariate testing problem for which (locally
or globally) optimal or at least desirable signed rank tests are known to exist. The
crux of the problem is however to find the distribution theory for the maximum
of these p possibly correlated statistics. Unfortunately, this distribution depends
on the unknown F, even under the null hypothesis. An easy way to eliminate
this impasse is to take recourse to the permutation distribution theory generated
by the n!2" conditionally equally likely sign-inversions and column permutations,
a detailed treatise of this being available in Sen and Puri (1967). Silvapulle and
Sen (2004, Sec.5.5) have considered some parallel UIT statistics based on derived
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R-estimators of location, and have shown that in an asymptotic setup the multi-
normal setup is retained in this formulation as well.

In the context of multiparameter/multivariate hypothesis testing problems, re-
stricted alternatives, often, there is no UMP test, even along specific directions.
This feature complicates the construction of usual LRT and RLRT. In a majority
of cases, a locally most powerful (LMP) test can be constructed for specific di-
rections, and thus, a UIT based on such LMP statistics can be constructed. The
concept extends easily for nonparametric tests where LMPR tests are advocated.
Some of these procedures have been discussed in detail in Silvapulle and Sen
(2004, Ch. 5). As such, we omit most of these discussions here.

The extension of statistical reasoning from simple parametrics to more complex
beyond parametrics setups has been fortified with less emphasis on the likeli-
hood and more on asymptotics to accomodate workable resolutions. This is no
exception in CSI too, and the where UIP plays a special role. In most of the com-
plex statistical inference problems, the usual likelihood formulation stumbles into
methodological as well as computational difficulties, even in asymptotic setups.
For example, in semiparametric inference, the celebrated Cox (1972) proportional
hazards model, a partial likelihood approach was innovated to accomodate censor-
ing in a meaningful way, and suitable counting processes along with martingale
methodology provided the needed methodological support. Yet, the very basic as-
sumption of proportional hazards may often appear to be rather untenable. More
general semiparametrics may require further modification of the LP, and along this
line, profile-, partial-, penalized-, pseudo-, and quasi-likelihoods have been advo-
cated in the literature. The usual estimating equations appearing in likelihood for-
mulations have been extended to “generalized estimating equation” (GEE), hence
linking the generalised linear models in this broader setup. Empirical likelihoods
have also been advocated, along the lines of conventional resampling methods.
In all these developments, the validity of exact statistical inference is questioned,
loss of information is assessed, and robustness aspects have been focused.

As we look into CSI in such a complex setup, we observe that statistical inference
perspectives become even more unclear. For example, in many such problems,
suitable scores statistics based on appropriate modification of the likelihood for-
mulation are used in the formulation of test statistics or estimating equations. In
constrained evvironments, these score statistics often require considerable modifi-
cations to satisfy the set constraints, and thus resulting in a different distributional
problem. Silvapulle (1995) and Silvapulle and Silvapulle (1995) formulated a
somewhat different approach, termed the Wald-type tests. Recall that in a con-
ventional regular model, Wald (1943) considered a modification of the likelihood
ratio test by considering the unrestricted MLE of the associated parameters and
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14 P. K. Sen

exploiting their asymptotic normality in a formulation of a quadratic form which
is asymptotically equivalent to the LRT for the same hypothesis testing problem.
This approach has been systematically explored in Silvapulle and Sen (2004) cov-
ering some parametrics as well as beyond parametrics CSI problems. This ap-
proach has also been extended to beyond parametrics situations. The only point in
this approach is the need for the computation of the restricted estimators as well as
the unrestricted ones, even in an asymptotic setup and that in general requires ex-
tensive computational tools. It has been observed (Silvapulle and Sen 2004) that
in some simple CSI problems it might be more convenient to incorporate the UIP
to derive parallel inference tools which may be computationally less cumbersome
and yet asymptotically equivalent. In the rest of this study, we shall elaborate this
feature of UIP with some specific CSI problems.

1.5. Statistical Reasoning for HDDSM

Low dimensional discrete statistical models in general CSI setups have been
treated in Silvapulle and Sen (2004), Section 6.5 (pp.306-313) in a general case
of r X ¢ contingency tables, for ,c > 2. In the LP based formulation ( viz., Dar-
danoni and Forcina, 1998), it is necessary to find the MLE of ®p and 7z under
the null as well as alternative hypotheses. The computation of the MLE under Hy
is simple, namely, the pooled group marginal proportions in the r or ¢ categories.
However, analytical computation of the MLE under general restricted alternatives
may be usually quite cumbersome, requiring extensive computational algorithms.
Further, once these are done, one has to appeal to the large sample distribution the-
ory of RLRT as customarily given by the conventional chi-square bar distribution.
There is a further complication due to the nature of the dispersion matrix (un-
known and not of full rank), and hence, as in Perlman’s (1969) multinormal mean
testing problem against positive orthant alternatives (with unknown arbitrary p.d.
dispersion matrix), one has to deal with the least favorable configuration to obtain
a conservative p-value. Side by side, let us consider the UIP approach. We need
to find out the (unrestricted) UMLE of the two probability vectors, and the task is
comparatively simpler, specially in the same asymptotic setup. We may motivate
the approach through the asymptotic joint normality of these UMLE, again a well
known result. Once this is done, we have a set of inequality constraints for which
the classical Kithn- Tiicker- Lagrange (KTL) point formula (viz., Silvapulle and
Sen, 2004, pp. 166 - 168), under the Shapiro (2000) regularity coditions, could
be used to formulate the appropriate test statistic. This may generally require less
intensive computational schemes. Its asymptotic null hypothesis distribution is
given by a chi square bar distribution, a convex mixture of chi-square distribu-
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tions with degrees of freedom ranging from O to p (here p = 4), similar to the case
treated in Silvapulle and Sen (2004, p.157). Finally, we note that under the null
hypothesis, we have the homogeneity of the two probability vectors, and hence,
the exact conditional probability law (given the marginal totals) can be effectively
used to find a conditional test. For sample sizes not too large, this provides a bet-
ter control of the type I error than a conservative testing procedure based on the
asymptotics solely. For some details, we may refer to Tsai and Sen (2005) where
a more general case of restricted alternative hypothesis testing problem has been
treated under the Shapiro (2000) regularity conditions, exploiting the UIP there to
a greater extent. Whereas the LP based approach exploits the Wald formulation,
the UIP based approach does so through the Rao score statistics, under constrained
environments.

The second motivating example relates to a statistical comparison of 4 epidemio-
logic groups with respect to their SARSCoV genomes, treated in Sen et al. (2007).
Following the origin of SARS (severe acute respiratory syndrome) in Southern
China, the global epidemic resulted in 8,422 infected people with 916 deaths.
The SARS causative agent was identified as a novel coronavirus (SARSCoV), as
a signle-stranded and positive sense RNA virus with large genome sise (around
30kb). Compared to other RNA viruses, the mutation rate in the SARSCoV is
moderate but still several orders of magnitude higher than in DNA virus. An ap-
praisal of variations on the viral RNA was therefore sought for molecular, clinical
and therapeutic studies. After preliminary data handling, 25 SARS genome with
single nucleotide variation were identified including 6 from Beijing, 3 from Hong
Kong, 4 from Singapore and 12 from Taiwan. There were 192 screened genes, so
that we have 4 groups of 6, 3, 4 and 12 sequences, each with 192 positions and at
each position 4 possible response: Nucleotides A, C, G and T. This perfectly fits
with our contemplated HDDSM.

Motivated by the above, we consider G groups of sequences, where in the gth

group, there are n, sequences, for g = 1,...,G. In the kth position, let ng . de-
note the number of sequences in the gth group with the response categoy c, where
c ranges over 1,...,C and k over 1,...,K. In the above example, K = 192 and

C = 4. Thus, we have G stochastic matrices ((ngkc))xxc, for g =1,...,G. Al-
though, it could be assumed that the sequences are independent, it is unreasonable
to assume that the responses at the K positions are stochastically independent.
To capture the HDDSM, we let X,; = (Xgi1,...,Xeix), i =1,...,ng, where X,
can take on lebels 1,...,C for each k = 1,...,K. Therefore, there is a set C of
CK possible joint labels ¢ = (cy,...,ck), where each c; can take on the labels
1,...,C, so that the cardinality of C is CX. The corresponding cell probability is
denoted by m,(c), for ¢ € C. Note that Yo ngre = ng and YocTe(c) = 1, for

ADVANCES IN MULTIVARIATE STATISTICAL METHODS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7160.html



16 P K. Sen

every g(=1,...,G). The full multisample, multidimensional, multinomial law is
given by
G ng!

[ B— ng(c)
H g L=, (19
defined over the product simplex S (cx _1).-

Since here the categories 1,...,C relate to purely qualitative characteristics (with-
out any implicit ordering), conventional measures of variability are not usable.
Rather variation is viewed in the light of mutation rates or other diversity mea-
sures, which are functions of the cell probabilities. If we consider the full multi-
nomial model, formulated above, when K is large, even if C may not be, for each
group there being CX — 1 cell probabilities, we need the individual ng(c) to be at
least moderately large, so that n, should be >> C K. a condition rarely tenable in
HDDSM, specially in genomics context where experiments are excessively costly.
For this reason, a full likelihood based statistical inference procedure is impracti-
cal in use in HDDSM, and alternative approaches are to be advocated.

We consider here a pseudo-marginal approrach wherein for each of the K marginal
probability laws, a convenient measure of diversity is used in a composite way to
formulate an overall measure of diversity, Among plausible measures of diversity,
we may consider two important ones, namely, the Gini-Simpson index and the

entropy measure. For a simple multinomial law with cell probabilities 7y, ..., Tc,
the Gini-Simpson Index (GSI) (Gini 1912, Simpson 1949) is defined as
Igs(m) =1 —7'z, (1.20)

which attains a maximum value (C — 1)/C when all the 7t; are equal (to C~'), and
a minimum value 0 when only one of the 7; is equal to 1 and the rest 0. Thus, if we
consider a simplex Sc_1 then 7 being defined on this simplex, minimum diversity
occurs at the C vertexes of the simplex while a maximum occurs at the centroid of
this simplex. Sen et al. (2007) have exhibited diversity contours based on the GSI.
The basic idea is the following: If some gene (position) is not associated with a
specific disease/disorder then its variation, as measured by some diversity indenx,
will be stable. On the other hand, for disease-genes, the variation would stochas-
tically different with more concentration in some specific transitions. Therefore,
the average of the marginal diversity measures has an interpretable role to play in
this study. Actually, CSI comes in good handy form in such a marginal approach.
Let 1y be the vector of cell probabilities of the gth group at the kth position, for
k=1,...,K; g=1,...,G. Let us then define

K
0, =K 'Y Is(me), g=1,...,G. (1.21)
k=1
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It is also possible to express 0, as K! Zszl P{X,ir # X,jk}, and this is known
as the Hamming distance for the probability law 7. The sample counterparts are
easily shown to be (suitable U-statistics)

-1
Uy, = <”2g> Y 0(Xe X)), g=1,...,G, (1.22)
1<i<j<ng

where 0(a,b) = K~ 'YX | I(a; # by) is the Hamming distance between a and b
both being K vectors. Pinheiro et al. (2005) have incorporated these Hamming
distances for the G groups to test for the homogeneity of the 6,. A subgroup
decomposability property (Sen 1999) underlies their formulation.

We combine the G groups into a single one with n sequences. Define

_1 %
U, = <’;) Y 0(Xei Xgrr) (1.23)

where the summation }* extends over all possible pairs of vectors from the pooled
sample. Further, let

ng Mg
Ungng = (ngng)”! Zl .Zl¢(Xgl,X ), 8748 =1,...,G; (1.24)
=1 j=
these are the generalised U-statistics for pairs of samples. Then the subgroup
decomposability relates to the following:

G

U, = Z (ng/n)Up, + Z

g=1 1<g<g’<G (I’l— 1)

ngng/

{2Ungny = Ung=Uny},  (1.25)

where the second term, termed the adjusted between group Hamming distance,
has nonnegative expectation when the null hypothesis is not true and 0 expecta-
tion under the null hypothesis. Thus, we may consider a regular ANOVA-type
test based on this decomposition, rejecting the null hypothesis for large positive
values. The crux of the problem is to determine the distribution theory of this test
statistic under the null hypothesis. We refer to Pinheiro et al. (2005) and Sen et
al. (2007) for some details.

1.6. UIP and MCP in HDDSM

Sen et al. (2007) have considered CSI problems relating to the Hamming dis-
tances for the G groups presented in the preceding section. Basically, they con-
sidered suitable ordered alternatives against the null hypothesis of homogeneity.
Thus, the null hypothesis Hy relates to the homogeneity of the ©,, g =1,...,G
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against alternatives relating to suitable ordering of the Hamming distances 6, hav-
ing interpretable biological implications. For example, we might have H; : 6; <
0, < --- < 0 with at least one strict inequality sign being true. Note that there
is no linear ordering involved, and moreover, the 6, are all defined on the interval
[0,(C —1)/C] so that translation or scale euivariance property may not hold.

For the normal theory models, for such ordered alternative hypothesis testing
problems, as treated in detail in Silvapulle and Sen (2004), even if translation or
scale equivariance may hold, we may not have an optimal test, specially for partial
ordering when there are nuisance scale parameters or dispersion matrices. Roy’s
UIP has been incorporated to formulate suitable union-intersection test statistics.
Further, for small sample sizes and relatively large K, the exact distribution the-
ory of such test statistics may be difficult to obtain, and the problem becomes
even more unmanageable for our contemplated HDDSM. In order to bypass some
of these technical difficulties, the UIP is incorporated to formulate suitable test
statistics (without necessarily claiming that these are optimal), and a permutation
approach is advocated for good approximation for critical levels. If the n, were
large, Tsai and Sen (2005) prescription for asymptotic CIS would apply here well.
However, if the n, are relatively small, copared to K, such approximations are
not adequate, and the proposed permutation-sampling provides a better resolu-
tion. Recall that under Hy, all the n sequences conform to a common multidimen-
sional multinomial probability law, so that all possible partitioning into G subsets,
namely,

n!

~ TG
e—17g!

M, (1.26)

are equally likely, each having the common probability M, !. This provides the
basis for the permutation distribution.

Even if we do so, M), could be prohibitively large. For example, in the SARSCoV
dataset, we have n = 25, n; = 6,ny = 3,n3 = 4,n5 = 12 so that M,, is unman-
ageably large. As such, what was done to draw a random sample of 5,000 per-
titionings from this set, and for each drawn permutation, the UIT statistic was
computed. Thus, we arrive at a set of 5,000 values of the test statistic against
which the actual sample realisation was compared. This procedure gives a fairly
good apprpximation of the critical level based on the permutation distribution. Of
course, this would not give us the exact critical level, but the procedure remains
valid for the HDDSM whereas conventional chi-squared bar distributional approx-
imations are much less reliable.

As has been noted earlier, one of the basic problems in high-dimensional data
models is the abundance of hypotheses or comparisons, often outnumbering the
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sample size. We therefore consider some pertinent remarks on the role of UIP in
MCP studies role of UPI in meta analysis, or pooling of information from com-
posite sites, as is currently adapted in in various fields of application, specially in
genomic studies. In passing, we should note, howver, in such high-dimensional
perspectives, the test statistics for different subhypotheses may not be stochasti-
cally independent. For multi-center clinical trials, generally conducted under not
so homogeneous environment (e.g., different geographical or demographic strata,
age / cultural differences), inter-center heterogeneity may account for some ex-
tra variation, although all the centers may have a common objective of drawing
statistical conclusions that pertain to a broader population. The picture is simi-
lar in genomics studies where inter-species heterogeneity may mar the simplicity
of usual UIP or MCP approaches. Typically with a huge number of genes and
with relatively smaller number of replications, there is a high level of degeneracy
of statistical models so that conventional MCP formulations may generally en-
counter serious roadblocks. At the present there is considerable emphasis on the
use of individual gene based statistical analysis and then combining these marginal
statistics into some rational statistical inference scheme. Although this is typically
in line with conventional meta analysis, possible stochastic dependence among the
genes may vitiate standard meta analysis tools. We discuss these problems briefly
here.

For motivation, we briefly take a detour to multi-center clinical trials where the
clinics can be taken as independent. Consider in this vein, C(> 2) centers, each
one conducting a clinical trial with the common goal of comparing a new treat-
ment with an existing one or a control or placebo. Since such centers pertain
to patients with possibly different clutural, racial, demographic profiles, diet and
physical exercise habits etc. and they may have somewhat different clinical norms
too, the intra-center test statistics L., c=1,...,C, used for CSI/RST, though could
be statistically independent, might not be homogeneous enough to pull directly.
This feature may thus create some impasses in combining these statistics values
directly into a pooled one to enhance the statistical information. Meta analysis, in
the context of MCP, based on observed significance levels (OSL) or p-values, is
commonly advocated in this context. Recall that under the null hupothesis (which
again can be interpreted as the intersection of all the center null hypotheses), the
p-values have the common uniform (0, 1) distribution, providing more flexibility
to adopt UIP in meta analysis. Under restricted alternatives, these OSL values are
left-tilted (when appropriate UIT are used) in the sense that the probability density
is postively skewed over (0, 1) with high density at the lower tail and low at the
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upper. Let us denote the p-values by
P. = P{L, > the observed value |Hp},c =1,...,C. (1.27)

The well-known Fisher’s test is based on the statistic

C
F,=Y {-2logP.}, (1.28)

c=1

which, under the null hypothesis, has the central chi-square distribution with 2C
degrees of freedom. This test has some desirable asymptotic (in ) properties, al-
beit in HDLSSM such properties may not be tenable. There are many other tests
based on the OSL values. The well known step-down procedure (Roy 1958) has
also been adapted in this vein (cf. Mudholkar and Subbaiah 1980, Sen 1983), and
they have been amended for CSI and RST as well (cf. Sen 1988). One technical
drawback observed in this context is the insensitivity (to small to moderate de-
partures from the null hypothesis) of such tests (including the Fisher’s ) when C
is large, resulting in nonrobust and, to a certain extent, inefficient procedure. In
multi-center clinical trials, typically, C may not be too large, and hence, the extent
of nonrobustness and inefficacy of the Fisher method as well as other conventional
ones might not be that significant. However, as C becomes large, these deficien-
cies can be more apparent. Thus, alternative approaches based on the OSL values
have been explored more recently in the literature.

In the evolving field of bioinformatics and genomics, generally, we encounter an
excessively high dimensional data set with inadequately small sample size creat-
ing impasses for the applicability of standard CSI or even conventional statistical
inference tools. On top of that, the OSL values to be combined (corresponding
to different genes) may not be independent, and in many cases, due to actual dis-
tributional assumptions (e.g., nonparametric ones) may not have strictly uniform
distribution under the null hypothesis, creating another layer of difficulty with
conventional meta analysis. This led to the development of multiple hypotheses
testing in large dependent data models based on OSL values. This field is going
through an evolution, and much remains to be accomplished. In this spectrum,
the Simes (1986) theorem occupies a focal point. Let there be K null hypothe-
ses (not necessarily independent) Hoy, kK = 1,...,K with respective alternatives
(which possibly could be restricted or constrained as in clinical trials or microar-
ray studies) Hyx, k= 1,...,K. We thus come across the same UIP scheme by
letting Hy as the intersection of all the component null hypotheses, and H; as the
union of the component alternatves.Let P,k = 1,...,K be the OSL values asso-
ciated with the hypotheses testing Hox vs. Hyg, for k =1,...K. We denote the
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ordered values of these OSL values by
Pg.1,--+ Pk (1.29)

The basic idea is to exploit the information contained in these ordered p-values in
a more creative way. If the individual tests have continuous null distributions then
the ties among the P, (and hence, among their ordered values) can be negelected,
in probability. Assuming independence of the Py, and uniform distribution for the
unordered ones, Simes theorem states that

P{Pgx > ko /K, Yk =1,... K|Hy} =1—q. (1.30)

Interestingly enough, the Simes theorem is a restatement of the classical Ballot
theorem, developed some twenty years earlier (cf. Karlin, 1969): Let Uy,...,Ux
be i.i.d. r.v.’s having the Unif.(0, 1) distribution and let Gk (u) =K' YX_ 1(U, <
u), u € (0,1) be the associated empirical d.f. Then, for evey y > 1, and every
K>1,

P{Gk(u) <yu,Yue (0,1)} =1—-y". (1.31)

In any case, granted the unawareness, it is a nice illustration how the UIP is linked
to the extraction of extra statistical information through ordered OSL values.

It did not take long time for applied mathematical statisticians to make good uses
of the Simes-Ballot theorem in CSI and multiple hypothesis testing problems.
The above results pertains to tests for an overall null hypothesis in the UIP setup.
Among others, Hochberg (1988) incorporated a variant of the above result:

P{Px;>0/(K—j+1),Vj=1,...,K|H} =1-a, (1.32)

in a multiple testing framework. Benjamini and Hochberg (1995) introduced the
concept of false discovery rate (FDR) in the context of multiple hypothesis test-
ing, and illustrated the role of the Simes-Ballot theorem in that context. Just to
point out how difficult may be such procedures, let us consider the following il-
lustrative example (Sen et al. 2007). Suppose that K = 192 and there are 4 groups
with sample sizes 4,6,3 and 12 respectively. Basically then one has 192 tests in a
multiple hypotheses testing setup. Even if we assume multinormality, the sample
sizes are so small that the recording of the actual p-values from appropriate tables
could be very sensitive for values close to zero (or 1); the tabular values could be
quite different from the actual ones. A permutation approach, as has been pre-
scribed in Sen et al. (2007), may be quite conservative and thereby subject to the
same limitation. On top of that for any chosen value of o, the numbers o/K or
o/ (K — j+1), for small values of j(> 1) will be so small that these MTP will have
too little power. For example, for oo = 0.05 and K = 192,we have o./K = 0.00025
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so that we need to have a fairly accurate recording of the actual p-values, espe-
cially near the lower end-point 0. From robustness point of view, this is often a
challenging task.

The past ten years have witnessed a phenomenal growth of research literature
in this subfield with applications to genomics and bioinformatics. The basic re-
straint in this respect is the assumption of independence of the P;,j =1,...,K,
and in bioinformatics, this is hardly the case. Sarkar (1998) and Sarkar and Chang
(1997) incorporated the MT P> (multivariate total positivity of order 2)property
to relax the assumption of independence to a certain extent. Sarkar (2000, 2002,
2004) has added much more to this development with special emphasis on control-
ling of FDR in some dependent cases. The literature is too large to cite adequately,
but our primary emphasis here is to stress how UIP underlies some of these devel-
opments and to focus on further potential work.

Combining OSL values, in whatsoever manner, may generally involve some loss
of information when the individual tests are sufficiently structured to have coher-
ence that should be preserved in the meta analysis. We have seen earlier how
guided by the UIP, progressive censoring in clinical trials provided more efficient
and interpretable testing procedures. The classical Cochran-Mantel-Haenszel
(CMH) procedure is a very notable example of this line of attack. In a compara-
tively more general multiparameter CSI setting, Sen (1999b) has emphasized the
use of the CMH procedure in conjunction with the OSL values to induce greater
flexibility. The field is far from being saturated with applicable research method-
ology. The basic assumption of independence or specific type of dependence is
just a part of the limitations. A more burning question is the curse of dimension-
ality in CSI problems. Typically, there K is large and the sample size n is small,
i.e., K >> n. In the context of clinical trials in genomics setups, Sen (2006) has
appraised this problem with due emphasis on the UIP. Conventional test statistics
(such as the classical LRT ) have awkward distributional problems so that usual
OSL values are hard to compute and implement in the contemplated CSI prob-
lems. Based on the Roy (1953) UIP but on some nonconventional statistics, it is
shown that albeit there is some loss of statistical information due to the curse of
dimensionality, there are suitable tests which can be implemented relatively eas-
ily in high-dimension low sample size environments. In CSI for clinical trials in
the presence of genomics undercurrents, there is a tremendous scope for further
developments along this line.
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