Chapter 1

Oscillator Model

The valence electrons, which are responsible for the binding of the atoms
in a crystal can either be tightly bound to the ions or can be free to move
through the periodic lattice. Correspondingly, we speak about insulators
and metals. Semiconductors are intermediate between these two limiting
cases. This situation makes semiconductors extremely sensitive to imper-
fections and impurities, but also to excitation with light. Before techniques
were developed allowing well controlled crystal growth, research in semi-
conductors was considered by many physicists a highly suspect enterprise.

Starting with the research on Ge and Si in the 1940’s, physicists learned
to exploit the sensitivity of semiconductors to the content of foreign atoms
in the host lattice. They learned to dope materials with specific impuri-
ties which act as donors or acceptors of electrons. Thus, they opened the
field for developing basic elements of semiconductor electronics, such as
diodes and transistors. Simultaneously, semiconductors were found to have
a rich spectrum of optical properties based on the specific properties of the
electrons in these materials.

Electrons in the ground state of a semiconductor are bound to the ions
and cannot move freely. In this state, a semiconductor is an insulator. In
the excited states, however, the electrons are free, and become similar to the
conduction electrons of a metal. The ground state and the lowest excited
state are separated by an energy gap. In the spectral range around the
energy gap, pure semiconductors exhibit interesting linear and nonlinear
optical properties. Before we discuss the quantum theory of these optical
properties, we first present a classical description of a dielectric medium
in which the electrons are assumed to be bound by harmonic forces to the
positively charged ions. If we excite such a medium with the periodic trans-
verse electric field of a light beam, we induce an electrical polarization due
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2 Quantum Theory of the Optical and Electronic Properties of Semiconductors

to microscopic displacement of bound charges. This oscillator model for
the electric polarization was introduced in the pioneering work of Lorentz,
Planck, and Einstein. We expect the model to yield reasonably realistic
results as long as the light frequency does not exceed the frequency corre-
sponding to the energy gap, so that the electron stays in its bound state.

We show in this chapter that the analysis of this simple model already
provides a qualitative understanding of many basic aspects of light—matter
interaction. Furthermore, it is useful to introduce such general concepts as
optical susceptibility, dielectric function, absorption and refraction, as well
as Green’s function.

1.1 Optical Susceptibility

The electric field, which is assumed to be polarized in the z-
direction, causes a displacement x of an electron with a charge
e~—1.610"1 C ~ —4.8 10719 esu from its equilibrium position. The re-
sulting polarization, defined as dipole moment per unit volume, is

P

P = 23 = noex = nod , (1.1)

where L3 = V is the volume, d = ez is the electric dipole moment, and

ng is the mean electron density per unit volume. Describing the electron

under the influence of the electric field £(t) (parallel to x) as a damped
driven oscillator, we can write Newton’s equation as

d’*x dx

mo—= = —2mq?y 7

2 — mowdz +eE(t) , (1.2)

where 7 is the damping constant, and mg and wy are the mass and resonance
frequency of the oscillator, respectively. The electric field is assumed to be
monochromatic with a frequency w, ie., E(t) = &cos(wt). Often it is
convenient to consider a complex field

E(t) = E(w)e ! (1.3)

and take the real part of it whenever a final physical result is calculated.
With the ansatz

x(t) = x(w)e™ ™ (1.4)
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Oscillator Model 3

we get from Eq. (1.2)
mo(w? + i2yw — wi)r(w) = —e€(W) (1.5)
and from Eq. (1.1)

Plw) = — 0 ! SE(W) - (1.6)

my w? 4+ i2vw — Wi

The complex coefficient between P(w) and £(w) is defined as the optical
susceptibility x(w). For the damped driven oscillator, this optical suscep-
tibility is

x(w) = — i (w ! ! > . (1.7)

2mowy —w()—+—i'y_w—+—w(’)—+—i'y

optical susceptibility
Here,

wh = \Jwd — 72 (1.8)

is the resonance frequency that is renormalized (shifted) due to the damp-
ing. In general, the optical susceptibility is a tensor relating different vector
components of the polarization P; and the electric field ;. An important
feature of x(w) is that it becomes singular at

w=—iytuw) . (1.9)

This relation can only be satisfied if we formally consider complex frequen-
cies w = w’ +iw”. We see from Eq. (1.7) that x(w) has poles in the lower
half of the complex frequency plane, i.e. for w” < 0, but it is an analytic
function on the real frequency axis and in the whole upper half plane. This
property of the susceptibility can be related to causality, i.e., to the fact
that the polarization P(t) at time ¢ can only be influenced by fields E(t — )
acting at earlier times, i.e., 7 > 0. Let us consider the most general linear
relation between the field and the polarization

P(t):/t dt'x(t,tE) . (1.10)
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4 Quantum Theory of the Optical and Electronic Properties of Semiconductors

Here, we take both P(t) and £(t) as real quantities so that x(t) is a real
quantity as well. The response function y(t,t') describes the memory of the
system for the action of fields at earlier times. Causality requires that fields
E(t") which act in the future, ¢’ > t, cannot influence the polarization of the
system at time t. We now make a transformation to new time arguments
T and 7 defined as

b4t
2

T

and T=t—1t" . (1.11)

If the system is in equilibrium, the memory function x(7,7) depends only
on the time difference 7 and not on 7', which leads to

P(t) = /_ = E()
:/0 drx(T)E(t — 7). (1.12)

Next, we use a Fourier transformation to convert Eq. (1.12) into frequency
space. For this purpose, we define the Fourier transformation f(w) of a
function f(t) through the relations

ﬂ@=/ﬁﬁﬂmm

10 = [ i (1.13)

Using this Fourier representation for z(¢) and £(t) in Eq. (1.2), we find for
x(w) and £(w) again the relation (1.5) and thus the resulting susceptibility
(1.7), showing that the ansatz (1.3) — (1.4) is just a shortcut for a solution
using the Fourier transformation.

Multiplying Eq. (1.12) by e and integrating over ¢ , we get

0 “+o0
Plw) = /0 drx(r)eiw/ dtE(t — T)ei‘”(t_ﬂ =xw)éw) , (1.14)

— 00

where

X(w) = /000 de(T)ei‘” . (1.15)
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Oscillator Model 5

The convolution integral in time, Eq. (1.12), becomes a product in Fourier
space, Eq. (1.14). The time-dependent response function x(t) relates two
real quantities, £(t) and P(t), and therefore has to be a real function itself.
Hence, Eq. (1.15) implies directly that x*(w) = x(—w) or X' (w) = x'(—w)
and x”(w) = —x"(—w). Moreover, it also follows that y(w) is analytic for
"> (), because the factor e~ forces the integrand to zero at the upper
boundary, where 7 — 0.
Since x(w) is an analytic function for real frequencies, we can use the
Cauchy relation to write

oo du v
X(w)=/ d—L : (1.16)

oo 2TV —w — 6

where ¢ is a positive infinitesimal number. The integral can be evaluated
using the Dirac identity (see problem (1.1))

lim

1
lim ———> = P; +imd(w) , (1.17)

where P denotes the principal value of an integral under which this relation
is used. We find

+oo v +oo
P/ dv x{v +1/ A ()5(v — w) . (1.18)

riv—w 2 o

For the real and imaginary parts of the susceptibility, we obtain separately

+oo vy (v

X (w) = P[ %% (1.19)
+oo v v (v

X' (w) = —PL ‘%% . (1.20)

Splitting the integral into two parts

X' (W) =P/O v x(v) P/Jrc><> dv X' (1.21)

o TV —W TV —Ww

and using the relation x”(w) = —x”(—w), we find

w=p [T L (A ) (122)

T V4w V—w

Combining the two terms yields
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6 Quantum Theory of the Optical and Electronic Properties of Semiconductors

too dy 2v
K@ =P [ ) (1.23)
0 ™ Ve —w

Kramers—Kronig relation

This is the Kramers—Kronig relation, which allows us to calculate the real
part of x(w) if the imaginary part is known for all positive frequencies. In
realistic situations, one has to be careful with the use of Eq. (1.23), because
X" (w) is often known only in a finite frequency range. A relation similar
to Eq. (1.23) can be derived for x” using (1.20) and x'(w) = x/(—w), see
problem (1.3).

1.2 Absorption and Refraction

Before we give any physical interpretation of the susceptibility obtained
with the oscillator model we will establish some relations to other important
optical coefficients. The displacement field D(w) can be expressed in terms
of the polarization P(w) and the electric field*

D(w) =E(w) +47P(w) = [1 + drx(w)]E(w) = e(w)E(w) (1.24)

where the optical (or transverse) dielectric function €(w) is obtained from
the optical susceptibility (1.7) as

w? 1 1
e(w)=14+4nrx(w) =1— pi ( —— = T )
2w \w—wgt+1y w+twqg+1y

(1.25)

optical dielectric function

Here, wy,; denotes the plasma frequency of an electron plasma with the mean
density ng :

IWe use cgs units in most parts of this book.
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Oscillator Model 7

4mtnge?
Wpt = | ——— (1.26)
mo

plasma frequency
The plasma frequency is the eigenfrequency of the electron plasma density
oscillations around the position of the ions. To illustrate this fact, let us

consider an electron plasma of density n(r,t) close to equilibrium. The
equation of continuity is

an

o Tdivi=0 (1.27)

e
with the current density

j(x,t) =en(r,t)v(r,t) . (1.28)
The source equation for the electric field is

div€ = 4mwe(n — no) (1.29)
and Newton’s equation for free carriers can be written as

ov
Mo = e€ . (1.30)

We now linearize Eqgs. (1.27) — (1.29) around the equilibrium state where

the velocity is zero and no fields exist. Inserting

n = ng + ong + O(6%)
v = ovy + O(6?)
E =6E + 067 (1.31)

into Egs. (1.27) — (1.30) and keeping only terms linear in J, we obtain

on .
8—151 + nodivvy; =0 , (1.32)
divé, = dmen; (1.33)
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8 Quantum Theory of the Optical and Electronic Properties of Semiconductors

and

)
mO% _— (1.34)

The equation of motion for n; can be derived by taking the time derivative
of Eq. (1.32) and using Eqgs. (1.33) and (1.34) to get

2
0 ni _ —nodiV% — _@divgl — —wglnl . (135)
mo

ot? ot

This simple harmonic oscillator equation is the classical equation for charge
density oscillations with the eigenfrequency w,; around the equilibrium den-
sity ng.

Returning to the discussion of the optical dielectric function (1.25), we
note that e(w) has poles at w = +w|, — iy, describing the resonant and the
nonresonant part, respectively. If we are interested in the optical response in
the spectral region around wg and if wy is sufficiently large, the nonresonant
part gives only a small contribution and it is often a good approximation
to neglect it completely.

In order to simplify the resulting expressions, we now consider only
the resonant part of the dielectric function and assume wg >> =, so that
wo ~ wjy and

w? 1
ew)y=1- w_ - (1.36)
2wo w — wo + 1y
For the real part of the dielectric function, we thus get the relation
o)1= oL@ (1.37)
flw)-1=-——"F—""7"— .
2wy (W —wp)?2 +72
while the imaginary part has the following resonance structure
w? 2
(W) = 2L 7 (1.38)

 dwg (w—wo)2+92

Examples of the spectral variations described by Egs. (1.37) and (1.38) are
shown in Fig. 1.1. The spectral shape of the imaginary part is determined
by the Lorentzian line-shape function 2v/[(w — wg)? + 72]. It decreases
asymptotically like 1/(w — wp)?, while the real part of e(w) decreases like
1/(w — wp) far away from the resonance.
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Oscillator Model 9

(03'(’30)/ ®,

Fig. 1.1 Dispersion of the real and imaginary part of the dielectric function, Eq. (1.37)
and (1.38), respectively. The broadening is taken as v/wo = 0.1 and €/}, = wil/Q'ywo.

In order to understand the physical information contained in € (w) and
€’ (w), we consider how a light beam propagates in the dielectric medium.
From Maxwell’s equations

10
curl H(r, t) = EaD(r,t) (1.39)
curl€(r, t) = —E%B(r,t) (1.40)
c

we find with B(r,¢) = H(r,t), which usually holds at optical frequencies,

10 102
curl curl E(r, t) = —E&curlH(r,t) = _C_QﬁD(r’t) . (1.41)

Using curl curl = graddiv — A, we get for a transverse electric field with
div€(r,t) = 0 the wave equation

A&(r,t) — ia—2D(r t)=0 (1.42)
’ 2 ot? T '
Here, A = V2 is the Laplace operator. A Fourier transformation of

Eq. (1.42) with respect to time yields

2 w2

AE(r,w) + %e'(w)g(r,w) it (@)E(rw) =0 . (1.43)
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10 Quantum Theory of the Optical and Electronic Properties of Semiconductors

For a plane wave propagating with wave number k(w) and extinction coef-
ficient k(w) in the z direction,

E(r,w) = & (w)elk@in@lz (1.44)
we get from Eq. (1.43)
W2
[k(w) +ik(w)]* = g[e'(u)) +ie’(w)] . (1.45)

Separating real and imaginary part of this equation yields

k2 (w) — k2 (w) = i—zel(u}) : (1.46)
2% (w)k(w) = Z’—Qe"(w) . (1.47)

Next, we introduce the index of refraction n(w) as the ratio between the
wave number k(w) in the medium and the vacuum wave number kg = w/c

k(w) = n(w)% (1.48)
and the absorption coefficient a(w) as
a(w) = 2k(w) . (1.49)

The absorption coefficient determines the decay of the intensity I oc |€]? in
real space. 1/« is the length, over which the intensity decreases by a factor
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Oscillator Model 11

1/e. From Egs. (1.46) — (1.49) we obtain the relations

n(w) = \/ % [e’(w) + V2 (W) + €72 (w) (1.50)

index of refraction

and

a(w) = €' (w) . (1.51)

n(w)c

absorption coefficient

Hence, Eqs. (1.38) and (1.51) yield a Lorentzian absorption line, and
Egs. (1.37) and (1.50) describe the corresponding frequency-dependent in-
dex of refraction. Note that for |¢’(w)| << |¢/(w)|, which is often true in
semiconductors, Eq. (1.50) simplifies to

n(w) ~ /€ (w) . (1.52)

Furthermore, if the refractive index n(w) is only weakly frequency-
dependent for the w-values of interest, one may approximate Eq. (1.51)
as

w 4w
ow) = 7 w) = TN ) (1.53)

where n;, is the background refractive index.
For the case v — 0, i.e., vanishing absorption line width, the line-shape
function approaches a delta function (see problem 1.3)

2
lim —72 =276 (w — wp) - (1.54)
720 (w—wp)” + 2
In this case, we get
w2
"w) = 6(w — 1.
€' (w) 7r2w0 (w—wo) (1.55)
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12 Quantum Theory of the Optical and Electronic Properties of Semiconductors

and the real part becomes

2
Wpr 1

/
=1- .
€(w) 2wo w — wo

(1.56)

1.3 Retarded Green’s Function

An alternative way of solving the inhomogeneous differential equation

8—2+2 £+ 2) x(t) = e&(t) (1.57)
mo pYe 'yat wy | x(t) =e .

is obtained by using the Green’s function of Eq. (1.57). The so-called
retarded Green’s function G(t —t') is defined as the solution of Eq. (1.57),
where the inhomogeneous term e€£(t) is replaced by a delta function

0? 0
- <@ iy wg) Glt—t) =t —1) . (1.58)

Fourier transformation yields

10 P S —

Mo w? + 29w — w2

1 1 1
— 7 ( T o ) ) (1.59)
2mow( \w —wp + 1y w+w)+ iy

retarded Green’s function of an oscillator

where w|, is defined in Eq. (1.8). In terms of G(t — '), the solution of
Eq. (1.57) is then

z(t) = /+oo dt'G(t —t")eE(t') | (1.60)

—00

as can be verified by inserting (1.60) into (1.57). Note, that the general solu-
tion of an inhomogeneous linear differential equation is obtained by adding
the solution (1.60) of the inhomogeneous equation to the general solution
of the homogeneous equation. However, since we are only interested in the
induced polarization, we just keep the solution (1.60).
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Oscillator Model 13

In general, the retarded Green’s function G(t — t') has the properties

Glt—1') = [f”é“e} for [ZH (1.61)

G(r) o O(T) ,

where 6(7) is the unit-step Heaviside function

o(r) = H for {T>O] . (1.62)

T<0

For 7 < 0 we can close in (1.60) the integral by a circle with an infinite
radius in the upper half of the complex frequency plane since
lim @I = i, e eI = | (1.63)
|w]—00 |w]—00
As can be seen from (1.59), G(w) has no poles in the upper half plane

making the integral zero for 7 < 0. For 7 > 0 we have to close the contour
integral in the lower half plane, denoted by Cy, and get

1 dw .+ 1 1
G(r) = ) / 9(7—)/ 5-¢ < i A )
mowy c, 27 w—wj+1y  wtwy+ iy
1
2mow|)

= i6(7) [e=(iwot T _ oliwo=")7] (1.64)

The property that G(7) = 0 for 7 < 0 is the reason for the name retarded
Green’s function which is often indicated by a superscript r, i.e.,

G"(1) =0 for 7 < 0 «— G"(w) = analytic for Ww'>0. (1.65)

The Fourier transform of Eq. (1.60) is

z(w)

+oo +00 ) , o,
/ dt / dt' e Gt —t)e™t eE(t)
eGw)E(w) . (1.66)

With P(w) = enpz(w) = x(w)E(w) we obtain
x(w) = npe*G(w) (1.67)
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14 Quantum Theory of the Optical and Electronic Properties of Semiconductors

V) = — e < ! ! ) (1.68)

C2muwh \w—wh+ iy w+w)+ iy

in agreement with Eq. (1.7).

This concludes the introductory chapter. In summary, we have dis-
cussed the most important optical coefficients, their interrelations, analytic
properties, and explicit forms in the oscillator model. It turns out that this
model is often sufficient for a qualitatively correct description of isolated
optical resonances. However, as we progress to describe the optical proper-
ties of semiconductors, we will see the necessity to modify and extend this
simple model in many respects.
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PROBLEMS
Problem 1.1: Prove the Dirac identity

1
T F i€

= P% +ind(r) (1.69)

where € — 0 and use of the formula under an integral is implied.
Hint: Write Eq. (1.69) under the integral from —oco to 400 and integrate
in pieces from —oo to —¢, from —e to +¢€ and from +¢€ to +o0.

Problem 1.2: Derive the Kramers—Kronig relation relating x”(w) to the
integral over x'(w).

Problem 1.3: Show that the Lorentzian

flw) = %m (1.70)
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Oscillator Model 15

approaches the delta function é(w — wy) for v — 0.

Problem 1.4: Verify Eq. (1.56) by evaluating the Kramers—Kronig trans-
formation of Eq. (1.55). Note, that only the resonant part of Eq. (1.22)
should be used in order to be consistent with the resonant term approxi-
mation in Eq. (1.36).

Problem 1.5: Use Eq. (1.13) to show that

/ dw e™ = 215 (t).
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