Chapter 1

Differential calculus on fibre bundles

This Chapter summarizes the relevant material on fibre bundles, jet man-
ifolds and connections which find application in classical field theory. The
material is presented in a fairly informal way. It is tacitly assumed that the
reader has some familiarity with the basics of differential geometry [69; 92;
147; 164].

1.1 Geometry of fibre bundles

Throughout the book, all morphisms are smooth (i.e. of class C*°) and
manifolds are smooth real and finite-dimensional. A smooth real manifold
is customarily assumed to be Hausdorff and second-countable (i.e., it has
a countable base for topology). Consequently, it is a locally compact space
which is a union of a countable number of compact subsets, a separable
space (i.e., it has a countable dense subset), a paracompact and completely
regular space. Being paracompact, a smooth manifold admits a partition
of unity by smooth real functions (see Remark 10.7.4). One can also show
that, given two disjoint closed subsets N and N’ of a smooth manifold X,
there exists a smooth function f on X such that f|y = 0 and f|n = 1.
Unless otherwise stated, manifolds are assumed to be connected (and, con-
sequently, arcwise connected). We follow the notion of a manifold without
boundary.

The standard symbols ®, V, and A stand for the tensor, symmetric,
and exterior products, respectively. The interior product (contraction) is
denoted by |. By (“)g are meant the partial derivatives with respect to
coordinates with indices &.
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If Z is a manifold, we denote by
g TZ — Z, L VA

its tangent and cotangent bundles, respectively. Given coordinates (z%)
on Z, they are equipped with the holonomic coordinates
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with respect to the holonomic frames {9y} and coframes {dz*} in the tan-
gent and cotangent spaces to Z, respectively. Any manifold morphism
f:Z — Z' yields the tangent morphism

of*
dak
The symbol C*°(Z) stands for the ring of smooth real functions on a ma-
nifold Z.

i,

Tf:TZ - TZ, FAoTf =

1.1.1 Manifold morphisms

Let us consider manifold morphisms of maximal rank. They are immersions
(in particular, imbeddings) and submersions. An injective immersion is a
submanifold, and a surjective submersion is a fibred manifold (in particular,
a fibre bundle).

Given manifolds M and N, by the rank of a morphism f : M — N at
a point p € M is meant the rank of the linear morphism

Tpf : TpM — Tf(p)N.

For instance, if f is of maximal rank at p € M, then 7}, f is injective when
dim M < dim N and surjective when dim N < dim M. In this case, f is
called an immersion and a submersion at a point p € M, respectively.

Since p — rank, f is a lower semicontinuous function, then the morphism
T, f is of maximal rank on an open neighbourhood of p, too. It follows from
the inverse function theorem that:

e if f is an immersion at p, then it is locally injective around p.

e if f is a submersion at p, it is locally surjective around p.
If f is both an immersion and a submersion, it is called a local diffeomor-
phism at p. In this case, there exists an open neighbourhood U of p such
that

f:U—=fU)
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is a diffeomorphism onto an open set f(U) C N.

A manifold morphism f is called the immersion (resp. submersion) if
it is an immersion (resp. submersion) at all points of M. A submersion is
necessarily an open map, i.e., it sends open subsets of M onto open subsets
of N. If an immersion f is open (i.e., f is a homeomorphism onto f(M)
equipped with the relative topology from N), it is called the imbedding.

A pair (M, f) is called a submanifold of N if f is an injective immersion.
A submanifold (M, f) is an imbedded submanifold if f is an imbedding. For
the sake of simplicity, we usually identify (M, f) with f(M). If M C N, its
natural injection is denoted by iy : M — N.

There are the following criteria for a submanifold to be imbedded.

Theorem 1.1.1. Let (M, f) be a submanifold of N.

(i) The map f is an imbedding if and only if, for each point p € M,
there exists a (cubic) coordinate chart (V,v) of N centered at f(p) so that
F(M)NV consists of all points of V with coordinates (z*,...,x2™,0,...,0).

(i) Suppose that f : M — N is a proper map, i.e., the pre-images of
compact sets are compact. Then (M, f) is a closed imbedded submanifold
of N. In particular, this occurs if M is a compact manifold.

(i1i) If dim M = dim N, then (M, f) is an open imbedded submanifold
of N.

1.1.2 Fibred manifolds and fibre bundles

A triple
Y — X, dimX =n >0, (1.1.1)

is called a fibred manifold if a manifold morphism = is a surjective submer-
sion, i.e., the tangent morphism

Tr:TY - TX

is a surjection. One says that Y is a total space of a fibred manifold (1.1.1),
X is its base, 7 is a fibration, and Y, = 7~ 1(x) is a fibre over x € X.
Any fibre is an imbedded submanifold of Y of dimension dim Y —dim X.
Unless otherwise stated, we assume that
dimY # dim X,

i.e., fibred manifolds with discrete fibres are not considered.

Theorem 1.1.2. A surjection (1.1.1) is a fired manifold if and only if a
manifold Y admits an atlas of coordinate charts (Uy; x>, y') such that ()
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are coordinates on w(Uy) C X and coordinate transition functions read
ot =),y =t y).

These coordinates are called fibred coordinates compatible with a fibration
.

By a local section of a surjection (1.1.1) is meant an injection s : U — Y
of an open subset U C X such that m o s = 1d U, i.e., a section sends any
point z € X into the fibre Y, over this point. A local section also is defined
over any subset N € X as the restriction to N of a local section over an
open set containing N. If U = X, one calls s the global section. Hereafter,
by a section is meant both a global section and a local section (over an
open subset).

Theorem 1.1.3. A surjection 7w (1.1.1) is a fibred manifold if and only if,
for each point y € Y, there exists a local section s of m: Y — X passing
through y.

The range s(U) of a local section s : U — Y of a fibred manifold Y — X
is an imbedded submanifold of Y. It also is a closed map, which sends closed
subsets of U onto closed subsets of Y. If s is a global section, then s(X) is
a closed imbedded submanifold of Y. Global sections of a fibred manifold
need not exist.

Theorem 1.1.4. Let Y — X be a fibred manifold whose fibres are diffeo-
morphic to R™. Any its section over a closed imbedded submanifold (e.g.,
a point) of X is extended to a global section [147]. In particular, such a
fibred manifold always has a global section.

Given fibred coordinates (Uy;x?,y?), a section s of a fibred manifold
Y — X is represented by collections of local functions {s’ = y* o s} on
7T(Uy).

A fibred manifold Y — X is called a fibre bundle if admits a fibred
coordinate atlas {(7~1(Ug);z*,y%)} over a cover {7~1(U,)} of Y which is
the inverse image of a cover Y = {U¢} is a cover of X. In this case,
there exists a manifold V', called a typical fibre, such that Y is locally
diffeomorphic to the splittings

Ve i H(Ue) — Ue x V, (1.1.2)
glued together by means of transition functions

oec = e oyt U NUx V = UeNU x V (1.1.3)
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on overlaps Ugs N U¢. Transition functions g¢¢ fulfil the cocycle condition

0¢¢ © 0¢L = Q¢ (1.1.4)

on all overlaps Ug N Us N U,. Restricted to a point x € X, trivialization
morphisms )¢ (1.1.2) and transition functions g¢¢ (1.1.3) define diffeomor-
phisms of fibres

Ve(x): Yy =V,  zelg, (1.1.5)
Qgc(x) V-V, S Ug n Uc. (116)

Trivialization charts (Ug,1)¢) together with transition functions ggc (1.1.3)
constitute a bundle atlas

U= {(Ug, ) 0ec (1.1.7)

of a fibre bundle Y — X. Two bundle atlases are said to be equivalent
if their union also is a bundle atlas, i.e., there exist transition functions
between trivialization charts of different atlases.

A fibre bundle Y — X is uniquely defined by a bundle atlas. Given
an atlas ¥ (1.1.7), there is a unique manifold structure on Y for which
m:Y — X is a fibre bundle with the typical fibre V' and the bundle atlas
W. All atlases of a fibre bundle are equivalent.

Remark 1.1.1. The notion of a fibre bundle introduced above is the notion
of a smooth locally trivial fibre bundle. In a general setting, a continuous
fibre bundle is defined as a continuous surjective submersion of topological
spaces Y — X. A continuous map 7 : Y — X is called a submersion if,
for any point y € Y, there exists an open neighborhood U of the point
7m(y) and a right inverse o : U — Y of 7 such that o o 7(y) = vy, i.e., there
exists a local section of w. The notion of a locally trivial continuous fibre
bundle is a repetition of that of a smooth fibre bundle, where trivialization
morphisms ¢ and transition functions gg¢ are continuous.

We have the following useful criteria for a fibred manifold to be a fibre
bundle.

Theorem 1.1.5. If a fibration 7 : Y — X is a proper map, then Y — X is

a fibre bundle. In particular, a fibred manifold with a compact total space
is a fibre bundle.

Theorem 1.1.6. A fibred manifold whose fibres are diffeomorphic either
to a compact manifold or R” is a fibre bundle [115].
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A comprehensive relation between fibred manifolds and fibre bundles is
given in Remark 1.3.2. It involves the notion of an Ehresmann connection.

Unless otherwise stated, we restrict our consideration to fibre bundles.
Without a loss of generality, we further assume that a cover 4 for a bun-
dle atlas of Y — X also is a cover for a manifold atlas of the base X.
Then, given a bundle atlas ¥ (1.1.7), a fibre bundle Y is provided with the
associated bundle coordinates

My) =@ om(y), v = ov)ly), yer (U,

where z*

are coordinates on Uz C X and y', called fibre coordinates, are
coordinates on a typical fibre V.

The forthcoming Theorems 1.1.7 — 1.1.9 describe the particular covers
which one can choose for a bundle atlas. Throughout the book, only proper
covers of manifolds are considered, i.e., Ug # U, if ( # €. Recall that a
cover Y is a refinement of a cover U if, for each U’ € ', there exists U € U
such that U’ C U. Of course, if a fibre bundle Y — X has a bundle atlas
over a cover 4 of X, it admits a bundle atlas over any refinement of 4l.

A fibred manifold Y — X is called trivial if Y is diffeomorphic to the
product X x V. Different trivializations of Y — X differ from each other
in surjections ¥ — V.

Theorem 1.1.7. Any fibre bundle over a contractible base is trivial.

However, a fibred manifold over a contractible base need not be trivial,
even its fibres are mutually diffeomorphic.

It follows from Theorem 1.1.7 that any cover of a base X consisting of
domains (i.e., contractible open subsets) is a bundle cover.

Theorem 1.1.8. FEvery fibre bundle Y — X admits a bundle atlas over
a countable cover U of X where each member Ug of 4 is a domain whose
closure Ug 18 compact [69].

If a base X is compact, there is a bundle atlas of Y over a finite cover
of X which obeys the condition of Theorem 1.1.8.

Theorem 1.1.9. Every fibre bundle Y — X admits a bundle atlas over a
finite cover U of X, but its members need not be contractible and connected.

Proof. Let ¥ be a bundle atlas of Y — X over a cover 4 of X. For any
cover il of a manifold X, there exists its refinement {U;; }, where j € N and
i runs through a finite set such that U;; N U, = 0, j # k. Let {(Usj, i)}
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be the corresponding bundle atlas of a fibre bundle Y — X. Then Y has
the finite bundle atlas

U; :UUij, wz(m) Zwij(l‘), T € Uij c U;.
J O

Morphisms of fibre bundles, by definition, are fibrewise morphisms,
sending a fibre to a fibre. Namely, a bundle morphism of a fibre bun-
dle 7: Y — X to a fibre bundle 7’ : Y/ — X’ is defined as a pair (P, f) of
manifold morphisms which form a commutative diagram

y 2.y

x x

Bundle injections and surjections are called bundle monomorphisms and
epimorphisms, respectively. A bundle diffeomorphism is called a bundle
isomorphism, or a bundle automorphism if it is an isomorphism to itself.
For the sake of brevity, a bundle morphism over f = Id X is often said to
be a bundle morphism over X, and is denoted by Y ~ Y’. In particular,

a bundle automorphism over X is called a vertical automorphism.

A bundle monomorphism ® : Y — Y’ over X is called a subbundle of a
fibre bundle Y' — X if ®(Y") is a submanifold of Y. There is the following
useful criterion for an image and an inverse image of a bundle morphism to
be subbundles.

Theorem 1.1.10. Let ® : Y — Y’ be a bundle morphism over X. Given
a global section s of the fibre bundle Y — X such that s(X) C ®(Y), by
the kernel of a bundle morphism ® with respect to a section s is meant the
mverse image

Ker ,® = & !(s(X))

of s(X) by ®. If @ : Y — Y’ is a bundle morphism of constant rank over
X, then ®(Y) and Ker ;@ are subbundles of Y' and Y, respectively.

In conclusion, let us describe the following standard constructions of
new fibre bundles from the old ones.

e Given a fibre bundle 7 : Y — X and a manifold morphism f : X’ — X,
the pull-back of Y by f is called the manifold

IY = {(@y) € X' x Y : wly) = [(')} (1.1.8)
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together with the natural projection (z/,y) — z’. It is a fibre bundle over
X' such that the fibre of f*Y over a point z’ € X’ is that of Y over the
point f(z’) € X. There is the canonical bundle morphism

fy 1Y 2 (@ Y)lry=f ) SYEY (1.1.9)
Any section s of a fibre bundle Y — X yields the pull-back section

frs(@’) = (@', s(f(a"))
of f*Y — X',
e If X’ C X is a submanifold of X and iy is the corresponding natural
injection, then the pull-back bundle

Z;{/Y = Y|X’

is called the restriction of a fibre bundle Y to the submanifold X’ Cc X. If
X'’ is an imbedded submanifold, any section of the pull-back bundle

Y|X/ —>X/

is the restriction to X’ of some section of Y — X.
eletm:Y — X and ' : Y/ — X be fibre bundles over the same base
X. Their bundle product Y x x Y’ over X is defined as the pull-back

YxY' =7V or YxY' =77V
X X

together with its natural surjection onto X. Fibres of the bundle product
Y x Y’ are the Cartesian products Y, x Y. of fibres of fibre bundles Y and
Y’

1.1.3 Vector and affine bundles

A vector bundle is a fibre bundle Y — X such that:

e its typical fibre V and all the fibres Y, = 77 1(z), z € X, are real
finite-dimensional vector spaces;

e there is a bundle atlas ¥ (1.1.7) of Y — X whose trivialization mor-
phisms ¢ (1.1.5) and transition functions g¢c (1.1.6) are linear isomor-
phisms.

Accordingly, a vector bundle is provided with Iinear bundle coordinates (y*)
possessing linear transition functions 3% = Aé (x)y?. We have

y=y'ei(m(y) =y've(r(y) " (e),  wy) € U, (1.1.10)
where {e;} is a fixed basis for the typical fibre V of Y, and {e;(x)} are the
fibre bases (or the frames) for the fibres Y, of Y associated to the bundle
atlas W.
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By virtue of Theorem 1.1.4, any vector bundle has a global section,
e.g., the canonical global zero-valued section 6(37) = 0. Global sections of
a vector bundle Y — X constitute a projective C*°(X)-module Y (X) of
finite rank. It is called the structure module of a vector bundle.

Theorem 1.1.11. Let a vector bundle Y — X admit m = dim V' nowhere

m
vanishing global sections s; which are linearly independent, i.e., N\ s; # 0.
Then'Y s trivial.

Proof. Values of these sections define the frames {s;(x)} for all fibres
V., * € X. Linear fibre coordinates (y*) with respect to these frames
form a bundle coordinate atlas with identity transition functions of fibre
coordinates. O

Theorem 10.9.2 and Serre-Swan Theorem 10.9.3 state the categorial
equivalence between the vector bundles over a smooth manifold X and
projective C*°(X)-modules of finite rank. Therefore, the differential cal-
culus (including linear differential operators, linear connections) on vector
bundles can be algebraically formulated as the differential calculus on these
modules. We however follow fibre bundle formalism because classical field
theory is not restricted to vector bundles.

By a morphism of vector bundles is meant a linear bundle morphism,
which is a linear fibrewise map whose restriction to each fibre is a linear
map.

Given a linear bundle morphism @ : Y’ — Y of vector bundles over X,
its kernel Ker ® is defined as the inverse image ®~1(0(X)) of the canoni-
cal zero-valued section 0(X) of Y. By virtue of Theorem 1.1.10, if ® is of
constant rank, its kernel and its range are vector subbundles of the vector
bundles Y’ and Y, respectively. For instance, monomorphisms and epimor-
phisms of vector bundles fulfil this condition.

There are the following particular constructions of new vector bundles
from the old ones.

e Let Y — X be a vector bundle with a typical fibre V. By Y* — X is
denoted the dual vector bundle with the typical fibre V* dual of V. The
interior product of Y and Y™ is defined as a fibred morphism

1YY" ~ X xR.
eLet Y — X and Y/ — X be vector bundles with typical fibres V' and
V', respectively. Their Whitney sum Y @Y is a vector bundle over X with
X
the typical fibre V & V.
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e Let Y —» X and Y/ — X be vector bundles with typical fibres V
and V', respectively. Their tensor product Y @ Y’ is a vector bundle over
X

X with the typical fibre V ® V’. Similarly, the exterior product of vector
bundles Y )/} Y’ is defined. The exterior product

2 k
ANY =X XREYBAY B---NY, k=dimY —dim X, (1.1.11)
X X X
is called the exterior bundle.

Remark 1.1.2. Given vector bundles Y and Y’ over the same base X,
every linear bundle morphism

©:Y, 3 {ei(w)} — {@f (x)ef(x)} € Y]
over X defines a global section
Pz — d(x)el(x) @ el (2)
of the tensor product Y ® Y'*, and vice versa.

A sequence
vy Ly Ly

of vector bundles over the same base X is called exact at Y if Ker j = Im .
A sequence of vector bundles

0—Y -y Ly" o (1.1.12)

over X is said to be a short exact sequence if it is exact at all terms Y,
Y, and Y”. This means that i is a bundle monomorphism, j is a bundle
epimorphism, and Ker j = Im4. Then Y is the factor bundle Y/Y"' whose
structure module is the quotient Y (X)/Y”(X) of the structure modules of
Y and Y’. Given an exact sequence of vector bundles (1.1.12), there is the
exact sequence of their duals
0y Iy Doy,

One says that an exact sequence (1.1.12) is split if there exists a bundle
monomorphism s : Y — Y such that jos =IdY"” or, equivalently,

Y=iY)esy") =Y aY".

Theorem 1.1.12. Every exact sequence of vector bundles (1.1.12) is split

[80].
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This theorem is a corollary of the Serre-Swan Theorem 10.9.3 and The-
orem 10.1.3.

The tangent bundle T'Z and the cotangent bundle T*Z of a manifold Z
exemplify vector bundles.

Remark 1.1.3. Given an atlas ¥z = {(U,, ¢,)} of a manifold Z, the tan-
gent bundle is provided with the holonomic bundle atlas

Vp = {(Uqu = T¢L)}7 (1113)

where T'¢, is the tangent morphism to ¢,. The associated linear bundle
coordinates are holonomic (or induced) coordinates () with respect to
the holonomic frames {9y} in tangent spaces T,Z.

The tensor product of tangent and cotangent bundles

m k
T=(®TZ)®®T*Z), mkeN, (1.1.14)

is called a tensor bundle, provided with holonomic bundle coordinates

O

xgll 5. possessing transition functions

et _ Ox'™ Ox'*m Jx™ O™ -
BB Ozt Ozxtm Ox'Pr Ox/Pr V1 Vk

Let my : TY — Y be the tangent bundle of a fibre bundle 7 : ¥ — X.
Given bundle coordinates (z*, %) on Y, it is equipped with the holonomic
coordinates (2}, y’, 4%, 9"). The tangent bundle TY — Y has the subbundle
VY = Ker (T'w), which consists of the vectors tangent to fibres of Y. Tt is
called the vertical tangent bundle of Y and is provided with the holonomic
coordinates (2, ¥, ) with respect to the vertical frames {9;}. Every bun-
dle morphism @ : Y — Y’ yields the linear bundle morphism over ® of the
vertical tangent bundles

ov

Vo :VY - VY, JioVd=—1jy
oy’

(1.1.15)

It is called the vertical tangent morphism.

In many important cases, the vertical tangent bundle VY — Y of a
fibre bundle Y — X is trivial, and is isomorphic to the bundle product

VY =Y xY (1.1.16)

X
where Y — X is some vector bundle. It follows that VY can be provided
with bundle coordinates (z*,%%, %") such that transition functions of coor-
dinates 7' are independent of coordinates 3*. One calls (1.1.16) the vertical
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splitting. For instance, every vector bundle Y — X admits the canonical
vertical splitting

VY =Y aY. (1.1.17)
X
The vertical cotangent bundle V*Y — Y of a fibre bundle Y — X is

defined as the dual of the vertical tangent bundle VY — Y. It is not a sub-
bundle of the cotangent bundle T*Y, but there is the canonical surjection

C:T*Y 3 @zda™ + gidy’ — ysdy’ € V*Y, (1.1.18)
where {dy'}, possessing transition functions
N i
dy" = ——dy’,
V=G
are the duals of the holonomic frames {9;} of the vertical tangent bundle
VY.
For any fibre bundle Y, there exist the exact sequences of vector bundles

0-VY —TY LY xTX — 0, (1.1.19)
X
0—-YxT'X - T*Y - V*Y — 0. (1.1.20)
X

Their splitting, by definition, is a connection on ¥ — X.
For the sake of simplicity, we agree to denote the pull-backs

Y xTX, YxT*X
X X

by TX and T* X, respectively.

Let ¥ : Y — X be a vector bundle with a typical fibre V. An affine
bundle modelled over the vector bundle Y — X is a fibre bundle 7 : ¥ — X
whose typical fibre V is an affine space modelled over V such that the
following conditions hold.

o All the fibres Y, of Y are affine spaces modelled over the corresponding
fibres Y ,, of the vector bundle Y.

e There is an affine bundle atlas

U= {(Ua7¢x)’ QXC}

of Y — X whose local trivializations morphisms v, (1.1.5) and transition
functions g,¢ (1.1.6) are affine isomorphisms.

Dealing with affine bundles, we use only affine bundle coordinates (y°)
associated to an affine bundle atlas W. There are the bundle morphisms

Y —Y, 7)) -y 47,
Y

x| %]

Y x
X
Yx Y, Wy -y -y,
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where (%) are linear coordinates on the vector bundle Y.

By virtue of Theorem 1.1.4, affine bundles have global sections, but
in contrast with vector bundles, there is no canonical global section of an
affine bundle. Let 7 : Y — X be an affine bundle. Every global section s
of an affine bundle Y — X modelled over a vector bundle Y — X yields
the bundle morphisms

Yoy—y-—s(u(y) ey, (1.1.21)
Yo7y —s(n(y) +y Y. (1.1.22)
In particular, every vector bundle Y has a naturzﬂ structure of an affine
bundle due to the morphisms (1.1.22) where s = 0 is the canonical zero-

valued section of Y. For instance, the tangent bundle T'X of a manifold X
is naturally an affine bundle AT X called the affine tangent bundle.

Theorem 1.1.13. Any affine bundle Y — X admits bundle coordinates
(2}, ") possessing linear transition functions " = A%(x)y’ (see Example
5.10.2).

Proof. Let s be a global section of ¥ — X. Given fibre coordinates
y — (y*), let us consider the fibre coordinates

y— @ =y —s'(n(y)).
Due to the morphism (1.1.21), they possess linear transition functions. O

One can define the Whitney sum Y @Y of a vector bundle Y — X and
an affine bundle Y — X modelled over a vector bundle Y — X. This is an
affine bundle modelled over the Whitney sum of vector bundles Yaov.

By a morphism of affine bundles is meant a bundle morphism ® : Y —
Y’ whose restriction to each fibre of Y is an affine map. It is called an affine
bundle morphism. Every affine bundle morphism ® : Y — Y’ of an affine
bundle Y modelled over a vector bundle Y to an affine bundle Y’ modelled
over a vector bundle Y yields an unique linear bundle morphism

_ - [ X
: VY=Y, giod=—y, (1.1.23)

called the linear derivative of ®.

Similarly to vector bundles, if ® : Y — Y’ is an affine morphism of
affine bundles of constant rank, then ®(Y") and Ker ® are affine subbundles
of Y’ and Y, respectively.

Every affine bundle Y — X modelled over a vector bundle ¥ — X
admits the canonical vertical splitting

VY =Y xY. (1.1.24)
X
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Note that Theorems 1.1.8 and 1.1.9 on a particular cover for bundle
atlases remain true in the case of linear and affine atlases of vector and
affine bundles.

1.1.4 Vector fields, distributions and foliations

Vector fields on a manifold Z are global sections of the tangent bundle
T7 — Z.

The set 7(Z) of vector fields on Z is both a C°°(Z)-module and a real
Lie algebra with respect to the Lie bracket

u=u0y, v =00,
[v,u] = (V*u" — u*O\v*)d,.
Given a vector field v on X, a curve
c:RD>()—Z

in Z is said to be an integral curve of u if T'c = u(c). Every vector field
u on a manifold Z can be seen as an infinitesimal generator of a local
one-parameter group of diffeomorphisms (a flow), and vice versa [92]. One-
dimensional orbits of this group are integral curves of u. A vector field is
called complete if its flow is a one-parameter group of diffeomorphisms of
Z. For instance, every vector field on a compact manifold is complete.

A vector field u on a fibre bundle Y — X is called projectable if it
projects onto a vector field on X, i.e., there exists a vector field 7 on X
such that

Tomw=Tmwou.
A projectable vector field takes the coordinate form
u = ur(z")O\ + u'(zH, y")D;, 7 =u ). (1.1.25)

Its flow is a local one-parameter group of automorphisms of ¥ — X over a
local one-parameter group of diffeomorphisms of X whose generator is 7.
A projectable vector field is called vertical if its projection onto X vanishes,
i.e., if it lives in the vertical tangent bundle VY.

A vector field 7 = 729, on a base X of a fibre bundle Y — X gives rise
to a vector field on Y by means of a connection on this fibre bundle (see
the formula (1.3.6)). Nevertheless, every tensor bundle (1.1.14) admits the
canonical lift of vector fields

F=rh0, + [0, TG0 = O, TN — Ok | (1.1.26)
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where we employ the compact notation

0
e
This lift is functorial, i.e., it is an R-linear monomorphism of the Lie algebra
T (X) of vector fields on X to the Lie algebra 7(Y') of vector fields on YV
(see Section 6.1). In particular, we have the functorial lift

Oy = (1.1.27)

-~ L (e 74 8

T=1"0,+0,7%% Ere (1.1.28)
of vector fields on X onto the tangent bundle T X and their functorial lift

T =1"0, Q@T”iy;; (1.1.29)

onto the cotangent bundle T* X.

A fibre bundle admitting functorial lift of vector fields on its base is
called the natural bundle [94; 153] (see Section 6.1).

A subbundle T of the tangent bundle T'Z of a manifold Z is called a
regular distribution (or, simply, a distribution). A vector field u on Z is
said to be subordinate to a distribution T if it lives in T. A distribution T
is called involutive if the Lie bracket of T-subordinate vector fields also is
subordinate to T.

A subbundle of the cotangent bundle T*Z of Z is called a codistribution
T* on a manifold Z. For instance, the annihilator AnnT of a distribution
T is a codistribution whose fibre over z € Z consists of covectors w € T7;
such that v]jw =0 for all v € T,.

Theorem 1.1.14. Let T be a distribution and Ann'T its annihilator. Let
ANANnT(Z) be the ideal of the exterior algebra O*(Z) which is generated
by sections of Ann'T — Z. A distribution T is involutive if and only if the
ideal AAnnT(Z) is a differential ideal [164], i.e.,

d(AAnnT(Z)) C AAnnT(2).

The following local coordinates can be associated to an involutive dis-
tribution [164].

Theorem 1.1.15. Let T be an involutive r-dimensional distribution on a
manifold Z, dimZ = k. FEwvery point z € Z has an open neighborhood
U which is a domain of an adapted coordinate chart (2%, ... ,zk) such that,
restricted to U, the distribution T and its annihilator Ann'T are spanned by
the local vector fields 0/0z",--- ,0/0z" and the one-forms dz"*+1, ... dz*,
respectively.
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A connected submanifold N of a manifold Z is called an integral ma-
nifold of a distribution T on Z if TN C T. Unless otherwise stated, by
an integral manifold is meant an integral manifold of dimension of T. An
integral manifold is called maximal if no other integral manifold contains
it. The following is the classical theorem of Frobenius.

Theorem 1.1.16. Let T be an involutive distribution on a manifold Z. For
any z € Z, there exists a unique mazimal integral manifold of T through z,
and any integral manifold through z is its open subset.

Maximal integral manifolds of an involutive distribution on a manifold
Z are assembled into a regular foliation F of Z. A regular r-dimensional
foliation (or, simply, a foliation) F of a k-dimensional manifold Z is defined
as a partition of Z into connected r-dimensional submanifolds (the leaves
of a foliation) F,, ¢ € I, which possesses the following properties [126;
151]. A foliated manifold (Z, F) admits an adapted coordinate atlas

Ue: 2N 29, A=1,...,n—r, i=1,...,r 1.1.30
{(Ue

such that transition functions of coordinates z* are independent of the re-
maining coordinates z' and, for each leaf F of a foliation F, the connected
components of F' N Ug are given by the equations z* =const. These con-
nected components and coordinates (2°) on them make up a coordinate
atlas of a leaf F'. It follows that tangent spaces to leaves of a foliation F
constitute an involutive distribution T'F on Z, called the tangent bundle
to the foliation F. The factor bundle

VF=TZ/TF,

called the normal bundle to F, has transition functions independent of
coordinates z°. Let TJF* — Z denote the dual of TF — Z. There are the
exact sequences

0= TF “TX —VF 0, (1.1.31)
0— AnnTF —T°X ZoTF -0 (1.1.32)

of vector bundles over Z.

It should be emphasized that leaves of a foliation need not be closed or
imbedded submanifolds. Every leaf has an open tubular neighborhood U,
i.e., if z € U, then a leaf through z also belongs to U.

A pair (Z,F) where F is a foliation of Z is called a foliated manifold.
For instance, any submersion f : Z — M yields a foliation

F=A{F, =" (0)}pes2)
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of Z indexed by elements of f(Z), which is an open submanifold of M, i.e.,
Z — f(Z) is a fibred manifold. Leaves of this foliation are closed imbedded
submanifolds. Such a foliation is called simple. It is a fibred manifold over
f(Z). Any (regular) foliation is locally simple.

1.1.5 Exterior and tangent-valued forms

An exterior r-form on a manifold Z is a section

1
6= —rsndzM A AN
T.

of the exterior product ANT*Z — Z , where

1
dzM A Ad2M = 76>‘1"'>‘Tm..4mda:“1 Q- @dxtr,
7!

5 VI VO D VIS VI D VIR VI

it — € it — € el fhp e

AL Ar _
e, = L

Sometimes, it is convenient to write
¢ =5, 2, d2N N Ad

without the coefficient 1/7!.

Let O"(Z) denote the vector space of exterior r-forms on a manifold
Z. By definition, O°(Z) = C°°(Z) is the ring of smooth real functions on
Z. All exterior forms on Z constitute the N-graded commutative algebra
O*(Z) of global sections of the exterior bundle AT*Z (1.1.11) endowed with
the exterior product

¢ = %¢A1,,_>\sz’\1 Ao ANd2, o= éaﬂlv--ﬂsd’zul Ao Adzte,
d) No = @¢V1...urgur+1,..ur+sdZVl Ao ANdZVts =
mﬁyl"'V"'+5a1...ar+s¢u1...VTJVT+1...UT+SdzO‘1 A AdzOrre,
such that

dNo = (—1)|¢HU|0 A @,

where the symbol |¢| stands for the form degree. The algebra O*(Z) also
is provided with the exterior differential

1
dp = dz" N O,¢ = ﬁaﬂqﬁhmhdz“ AdzM A A d2
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which obeys the relations
dod=0, d(oNo)=d(d) Ao+ (-1)?pAd0).

The exterior differential d makes O*(Z) into a differential graded algebra
which is the minimal Chevalley—Eilenberg differential calculus O*A over
the real ring A = C*°(Z). Its de Rham complex is (10.9.12).

Given a manifold morphism f : Z — Z’, any exterior k-form ¢ on Z’
yields the pull-back exterior form f*¢ on Z given by the condition

Fow', . o) (z) = o(Tf@h),... . TfW")(f(2))

for an arbitrary collection of tangent vectors v',--- ,v¥ € T,Z. We have

the relations
frlono)=f"oAfro,
df*¢ = f*(dg¢).
In particular, given a fibre bundle 7 : ¥ — X, the pull-back onto
Y of exterior forms on X by 7 provides the monomorphism of graded
commutative algebras O*(X) — O*(Y). Elements of its range 7*O0*(X)
are called basic forms. Exterior forms
¢:Y — AT*X,
1
¢ = = On . da A Ada
7!
on Y such that u]¢ = 0 for an arbitrary vertical vector field u on Y are said

to be horizontal forms. Horizontal forms of degree n = dim X are called
densities. We use for them the compact notation

1
L= HLMM,de‘“ A ANdat = Lw, L=1L1_,,
1
w=dz' A ANdz" = =€ A A Ndxhr (1.1.33)
n!
w)y = a,\Jw, wu,\ = auja,\Jw,

where € is the skew-symmetric Levi—-Civita symbol with the component
€y = L.

The interior product (or contraction) of a vector field v and an exterior
r-form ¢ on a manifold Z is given by the coordinate expression

Ak

r 1 k—1 -
ulp = Z %UAkQSAl”.)\k___)\rdZAI Ao Ndz " A Nd2 =
7!
k=1

1
(r—1)!

Wopas...a dz® N Ndz®T,
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where the caret ~ denotes omission. It obeys the relations
AUy Up) = Up ] - ur |,
ul(pna)=ulp Ao+ (=1)éAulo.

The Lie derivative of an exterior form ¢ along a vector field u is
Lo = u)dg + d(u]®),
Ly(¢pANo)=Ly,p Ao+ ¢ ALyo.

It is a derivation of the graded algebra O*(Z) such that
Ly oLy — Ly oLy = Ly -
In particular, if f is a function, then
Lyf = u(f) = uldf.

An exterior form ¢ is invariant under a local one-parameter group of
diffeomorphisms G(t) of Z (i.e., G(t)*¢ = ¢) if and only if its Lie derivative
along the infinitesimal generator u of this group vanishes, i.e.,

L.,¢=0.
A tangent-valued r-form on a manifold Z is a section

6= %Mlﬁrdw Ao ANd2M ® 0, (1.1.34)

of the tensor bundle

NT*Z&@TZ — 7.

Remark 1.1.4. There is one-to-one correspondence between the tangent-
valued one-forms ¢ on a manifold Z and the linear bundle endomorphisms
6:TZ —TZ, ¢:T.Z>v—v|¢(z)eT.Z, (1.1.35)
6T Z —TZ, ¢ T:Z>0v" — ¢(z)|v* € T*Z, (1.1.36)

over Z (see Remark 1.1.2). For instance, the canonical tangent-valued one-
form

0, = dz* @ O (1.1.37)
on Z corresponds to the identity morphisms (1.1.35) and (1.1.36).

Remark 1.1.5. Let Z =TX, and let TT X be the tangent bundle of T'X.
There is the bundle endomorphism

J(@0x) =0 J(O)=0 (1.1.38)
of TTX over X. It corresponds to the canonical tangent-valued form
0; = da* ® Oy (1.1.39)

on the tangent bundle T'X. It is readily observed that J o J = 0.
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The space O*(Z) ® T(Z) of tangent-valued forms is provided with the
Frolicher—Nijenhuis bracket

[, Jex : O7(2) @ T(2) x O(2) @ T(Z) — O"+*(2) 0 T(Z),
[a®@u, BRv]pn = (@A B) & [u,v] + (a AL,S) @v — (1.1.40)
(LyaAB)@u+ (—1)"(daAu]B) @ v+ (1) (v]aAdB) @ u,
ac0"(Z), 8 e 0(2), u,v € T(Z).
Its coordinate expression is

T SNV S A S
TN OA TN A +SULL/\T”.A.,\,‘H@ATH(%...AT)
dzM A Nd2 N @0,
peO0 (2)T(2), ceO(2)T(Z).
There are the relations

6, 0len = (=) o, glpn, (1.1.41)
[(z)’ [07 G}FN]FN = H¢a U}FN,H]FN + (—1)I¢HU‘[U, [(25, G]FN]FN, (1.1.42)
b.0.0€ O (2) o T(2).

Given a tangent-valued form 6, the Nijenhuis differential on O*(Z) ®
T(Z) is defined as the morphism

do : P — doyp = [0, Y]rn, ve O (Z2)®T(Z).
By virtue of (1.1.42), it has the property
dg [, Olex = [dgt), Olex + (=111 [, dyOln.

In particular, if § = u is a vector field, the Nijenhuis differential is the Lie
derivative of tangent-valued forms

L,o = d.o = [u,0lpx = ;(u”ayafl'.}s — o, 2o+
soly, Ao )daM A NdeM ® 0., o€ ON(2)@T(2).

Let Y — X be a fibre bundle. We consider the following subspaces of
the space O*(Y) ® T(Y) of tangent-valued forms on Y:
e horizontal tangent-valued forms

Y > AT*X@TY,
Y

1 .
¢=dz™ A NdeM @ ﬁ[ﬁbil.,.Ar(y)au + &5, (¥)0i],
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e projectable horizontal tangent-valued forms

1 .
o= dz™ A Adz™ ® ﬁ[ S’:l.”)\r(aj)au + ¢1)\1,,_/\T(y)ai],

e vertical-valued form
6 Y > AT*X QVY,
6= 10 (W) A N
e vertical-valued one-forms, called soldering forms,
o= ol(y)da* ® 0;,
e basic soldering forms
o =ok(z)dz* ® 0;.

Remark 1.1.6. The tangent bundle TX is provided with the canonical
soldering form 6; (1.1.39). Due to the canonical vertical splitting

VTX =TX xTX, (1.1.43)
X

the canonical soldering form (1.1.39) on T X defines the canonical tangent-
valued form 6x (1.1.37) on X. By this reason, tangent-valued one-forms
on a manifold X also are called soldering forms.

Remark 1.1.7. Let Y — X be a fibre bundle, f : X’ — X a manifold
morphism, f*Y — X’ the pull-back of Y by f, and

Iy ffY =Y
the corresponding bundle morphism (1.1.9). Since
VY = f*VY = f; VY, VyY' =V Y,

one can define the pull-back f*¢ onto f*Y of any vertical-valued form f
on Y in accordance with the relation

o' o)) = 6Ty (vh),.... T () (fyr(¥)-

We also mention the T'X-valued forms

¢V > ANT*X®TX, (1.1.44)
Y
1
¢= r! ﬁ‘bl-)\rd:v/\l A ANda @ O
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and V*Y-valued forms

0:Y = AT X VY, (1.1.45)
Y
1 —_— .
0= ﬁqﬁ)‘lu.)\ridwh A ANda @ dy.

It should be emphasized that (1.1.44) are not tangent-valued forms, while
(1.1.45) are not exterior forms. They exemplify vector-valued forms. Given
a vector bundle £ — X, by a F-valued k-form on X, is meant a section of
the fibre bundle

k
(ANT*X)® E* — X.
X

1.2 Jet manifolds

This Section addresses first and second order jet manifolds of sections of
fibre bundles [94; 145].

Given a fibre bundle Y — X with bundle coordinates (2*,%%), let us
consider the equivalence classes jls of its sections s, which are identified
by their values s*(x) and the values of their partial derivatives d,s'(z) at a
point € X. They are called the first order jets of sections at x. One can
justify that the definition of jets is coordinate-independent. The key point
is that the set J'Y of first order jets jls, # € X, is a smooth manifold with
respect to the adapted coordinates (2%, yg) such that

i.1 i 10 Ozt j 13
UaUzs) = Oas'(@), y'a = 2 k(O +00))y" (1.2.1)
It is called the first order jet manifold of a fibre bundle Y — X. We call
(y4) the jet coordinate.

Remark 1.2.1. Note that there are different notions of jets. Jets of sec-
tions are the particular jets of maps [94; 126] and the jets of submanifolds
[53; 96] (see Section 8.4). Let us also mention the jets of modules over a
commutative ring [96; 112] which are representative objects of differential
operators on modules [71; 96]. In particular, given a smooth manifold X,
the jets of a projective C°°(X)-module P of finite rank are exactly the jets
of sections of the vector bundle over X whose module of sections is P in
accordance with the Serre-Swan Theorem 10.9.3. The notion of jets is ex-
tended to modules over graded commutative rings [60]. However, the jets
of modules over a noncommutative ring can not be defined [60].
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The jet manifold J'Y admits the natural fibrations
TV s jls »x e X, (1.2.2)
T JY 3 jls — s(z) €Y. (1.2.3)
A glance at the transformation law (1.2.1) shows that 7} is an affine bundle
modelled over the vector bundle

T*X VY — Y. (1.2.4)
Y

It is convenient to call ! (1.2.2) the jet bundle, while 7} (1.2.3) is said to
be the affine jet bundle.

Let us note that, if Y — X is a vector or an affine bundle, the jet bundle
m (1.2.2) is so.

Jets can be expressed in terms of familiar tangent-valued forms as fol-
lows. There are the canonical imbeddings

Ay 1 Y S>T*X®TY,
Y Y

Ay = da? @ (y +y30:) = da @ dy, (1.2.5)
0y : J'Y >TY QVY,
Y Y

0y = (dy' — yida) @0 = 0’ @ 0, (1.2.6)
where d) are said to be total derivatives, and 6% are called Iocal contact
forms.

Remark 1.2.2. We further identify the jet manifold J'Y with its images
under the canonical morphisms (1.2.5) and (1.2.6), and represent the jets
jls = (J,)‘,yi,yi) by the tangent-valued forms A1y (1.2.5) and 6y (1.2.6).

Sections and morphisms of fibre bundles admit prolongations to jet man-
ifolds as follows.

Any section s of a fibre bundle Y — X has the jet prolongation to the
section

(J's)(@) =jps,  whoJ's =0xs'(2),
of the jet bundle J'Y — X. A section of the jet bundle J'Y — X is called

integrable if it is the jet prolongation of some section of a fibre bundle
Y - X.

Remark 1.2.3. By virtue of Theorem 1.1.4, the affine jet bundle J'Y — Y
admits global sections. For instance, if Y = X x V is a trivial bundle, there
is the canonical zero section 6(Y) of J1Y — Y which takes its values into
centers of its affine fibres.



28 Differential calculus on fibre bundles

Any bundle morphism ® : Y — Y’ over a diffeomorphism f admits a
jet prolongation to a bundle morphism of affine jet bundles

J'o gy ?le’, (1.2.7)

i a(f -~ i
y/>\ ¢] Jl(b == Wdu(b .

Any projectable vector field u (1.1.25) on a fibre bundle Y — X has a
jet prolongation to the projectable vector field

Jw=rio0Ju: JVY — JITY — TJ'Y,

JYu = w0y + uld; + (dyu' — yi@,\u“)af‘, (1.2.8)
on the jet manifold J'Y. In order to obtain (1.2.8), the canonical bundle
morphism

r o JITY — TJYY, ghort = (§)x — yih
is used. In particular, there is the canonical isomorphism
VY =JWY, gk = (). (1.2.9)
Taking the first order jet manifold of the jet bundle J'Y — X, we obtain
the repeated jet manifold J'J'Y provided with the adapted coordinates
(J")\7 yi7 yg\’ @\Z’ yzb)\)
possessing transition functions
oz
oz
do = 0o + .05 +y200Y,  do = 00 + L0, + 42,05
There exist two different affine fibrations of J'.J'Y over J'Y:
e the familiar affine jet bundle (1.2.3):

a _ a .
i i 9z ~ 1t 9z ~ i
)

y’ﬁ = day", Yx = @day Youx = D't UBY

T JETY — JYY, yhomy =y, (1.2.10)
e the affine bundle
Jray  JEIY — JVY, yhoJinh = 7. (1.2.11)

In general, there is no canonical identification of these fibrations. The
points ¢ € J'J'Y, where
mi1(g) = J'mp(q),

form an affine subbundle J2Y — J'Y of JLJ'Y called the sesquiholonomic
jet manifold. It is given by the coordinate conditions @K = yfv and is
coordinated by (z*,y*, v, yb)
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The second order jet manifold J?Y of a fibre bundle Y — X can be
defined as the affine subbundle of the fibre bundle J2Y — JY given by
the coordinate conditions

yg\lt = ylll,)\'
It is modelled over the vector bundle
VTX ® VY — J'Y,
JYy
and is endowed with adapted coordinates (z*, y*, ¥4, Y5, = Up.n), Dossessing
transition functions
« . (e} .

Yx = %day”, Yo = %day'ﬁ- (1.2.12)

The second order jet manifold J2Y also can be introduced as the set of
the equivalence classes j2s of sections s of the fibre bundle Y — X, which
are identified by their values and the values of their first and second order
partial derivatives at points x € X, i.e.,

A(Zs) = Oxs'(2),  yh,(iis) = 0x0pus' ().
The equivalence classes j2s are called the second order jets of sections.

Let s be a section of a fibre bundle Y — X, and let J's be its jet
prolongation to a section of the jet bundle J'Y — X. The latter gives rise
to the section J'.J's of the repeated jet bundle J'.J'Y — X. This section
takes its values into the second order jet manifold J2Y. It is called the
second order jet prolongation of a section s, and is denoted by J2s.

Theorem 1.2.1. Let 3 be a section of the jet bundle J'Y — X, and let J'3
be its jet prolongation to a section of the repeated jet bundle J'J'Y — X.
The following three facts are equivalent:

o 5= J's where s is a section of a fibre bundle Y — X,

o J'3 takes its values into fZY,

o J'5 takes its values into J*Y .

1.3 Connections on fibre bundles

There are several equivalent definitions of a connection on a fibre bundle.
We start with the traditional notion of a connection as a splitting of the
exact sequences (1.1.19) — (1.1.20), but then follow its definition as a global
section of an affine jet bundle [94; 112; 145]. In the case of vector bundles,
there is an equivalent definition (10.9.10) of a linear connection on their
structure modules.
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1.3.1 Connections as tangent-valued forms

A connection on a fibre bundle Y — X is defined traditionally as a linear
bundle monomorphism

I: Y;TX—>TY, (1.3.1)
ity — x"\(c%\ + 1“381-),

over Y which splits the exact sequence (1.1.19), i.e.,
mr ol =1d (Y X TX).

This also is a definition of connections on fibred manifolds (see Remark
1.3.2).

By virtue of Theorem 1.1.12, a connection always exists. The local
functions I'{ (y) in (1.3.1) are said to be components of the connection I
with respect to the bundle coordinates (z*,y*) on Y — X.

The image of Y x T'X by the connection I' defines the horizontal distri-
bution HY C TY which splits the tangent bundle TY as follows:

TY = HY & VY, (1.3.2)
%
P05 +9'0; = 3 (Ox + T0:) + (9 — 'T3)0;.
Its annihilator is locally generated by the one-forms dy® — I'{ dz?.
Given the horizontal splitting (1.3.2), the surjection
r:7v v VY, (1.3.3)

ylol =y' —I%i?,

defines a connection on Y — X in an equivalent way.
The linear morphism I' over Y (1.3.1) yields uniquely the horizontal
tangent-valued one-form
T = dz* ® (0 +T405) (1.3.4)
on Y which projects onto the canonical tangent-valued form 6x (1.1.37) on
X. With this form called the connection form, the morphism (1.3.1) reads
I':0\ — 0\|T =0\ +F§\6i-

Given a connection I' and the corresponding horizontal distribution
(1.3.2), a vector field u on a fibre bundle Y — X is called horizontal if
it lives in HY. A horizontal vector field takes the form

u = u(y)(Ox + I'80;). (1.3.5)
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In particular, let 7 be a vector field on the base X. By means of the
connection form I" (1.3.4), we obtain the projectable horizontal vector field

L7 =7|T =70\ + T30)) (1.3.6)

on Y, called the horizontal lift of 7 by means of a connection I'. Conversely,
any projectable horizontal vector field u on Y is the horizontal lift I'7 of its
projection 7 on X. Moreover, the horizontal distribution HY is generated
by the horizontal lifts I't (1.3.6) of vector fields 7 on X. The horizontal lift

T(X)>7—=TreT(Y) (1.3.7)

is a C'*°(X)-linear module morphism.
Given the splitting (1.3.1), the dual splitting of the exact sequence
(1.1.20) is

L:VY -1, T:dy' —dy" —Tida>. (1.3.8)
Hence, a connection I' on Y — X is represented by the vertical-valued form
I = (dy' — I'\daz?) @ 0 (1.3.9)
such that the morphism (1.3.8) reads
I':dy* — T|dy’ = dy’ — Tida?.
We call T (1.3.9) the vertical connection form. The corresponding horizon-
tal splitting of the cotangent bundle T*Y takes the form
™Y =T"X @F(V*Y), (1.3.10)
ixdz + gidy’ = (i + 3:0%)da™ + g;(dy’ — Dida?).
Then we have the surjection
I=pr, : T"Y - T*X, iy ol =iy + T4, (1.3.11)
which also defines a connection on a fibre bundle Y — X.

Remark 1.3.1. Treating a connection as the vertical-valued form (1.3.9),
we come to the following important construction. Given a fibre bundle
Y — X, let f: X’ — X be a morphism and f*Y — X' the pull-back of Y’
by f. Any connection " (1.3.9) on Y — X induces the pull-back connection

ofr

ox'm

= (dyi —(To fy)g\

on f*Y — X’ (see Remark 1.1.7).

d:z:”‘) ® 0; (1.3.12)
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Remark 1.3.2. Let 7 : Y — X be a fibred manifold. Any connection I’
on Y — X yields a horizontal lift of a vector field on X onto Y, but need
not defines the similar lift of a path in X into Y. Let

RDO[[at—a(t) € X, Rat—yt) €Y,

be smooth paths in X and Y, respectively. Then ¢t — y(t) is called a
horizontal lift of x(t) if

m(y(t) ==@),  9{t) € Hyw)Y, tER,

where HY C TY is the horizontal subbundle associated to the connection
I. If, for each path x(t) (toc <t < t1) and for any yo € 7 (z(to)), there
exists a horizontal lift y(t) (to < ¢t < t1) such that y(tp) = yo, then T is
called the Ehresmann connection. A fibred manifold is a fibre bundle if and
only if it admits an Ehresmann connection [69)].

1.3.2 Connections as jet bundle sections

Throughout the book, we follow the equivalent definition of connections on
a fibre bundle Y — X as sections of the affine jet bundle J'Y — Y.

Let Y — X be a fibre bundle, and J'Y its first order jet manifold. Given
the canonical morphisms (1.2.5) and (1.2.6), we have the corresponding
morphisms

Ay JY XTX 30y —dy=0:]A\y) € J'Y XTY,  (1.3.13)
Oy - JY X VY 3dy' — 00 =0y ]dy' € J'Y x T (1.3.14)
Y Y
(see Remark 1.1.2). These morphisms yield the canonical horizontal split-
tings of the pull-back bundles
JY xTY = X1y(TX) @ VY, (1.3.15)
Y Jry
P05 + 510 = i (Ox +930:) + (" — y3) 0,
JYWXTY =T*X @ 0,,(V*Y), (1.3.16)
Y JY
ixda? + gidy’ = (ix + giyh)da™ + gi(dy’ — yida?).

Let I’ be a global section of J'Y — Y. Substituting the tangent-valued
form

Ay o = da* @ (0) + I',0;)
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in the canonical splitting (1.3.15), we obtain the familiar horizontal split-
ting (1.3.2) of TY by means of a connection I' on ¥ — X. Accordingly,
substitution of the tangent-valued form

0y o = (dy' — T'hdz?) ® 9;
in the canonical splitting (1.3.16) leads to the dual splitting (1.3.10) of T*Y
by means of a connection I'.

Theorem 1.3.1. There is one-to-one correspondence between the connec-
tions T on a fibre bundle Y — X and the global sections

r:y —Jvy, (gt y8) o = (2,98, T%), (1.3.17)
of the affine jet bundle J'Y — Y.

There are the following corollaries of this theorem.

e Since J'Y — Y is affine, a connection on a fibre bundle Y — X exists
in accordance with Theorem 1.1.4.

e Connections on a fibre bundle Y — X make up an affine space mod-
elled over the vector space of soldering forms on ¥ — X, i.e., sections of
the vector bundle (1.2.4).

e Connection components possess the coordinate transformation law

; Ozt j i
D = e @+ T

e Every connection I" (1.3.17) on a fibre bundle Y — X yields the first

order differential operator
Dr:JY 7T*X®VY, (1.3.18)
Y

Dr =Xy —TDomy = (yi —T})dz* ® 0;,
on Y called the covariant differential relative to the connection I'. If s :
X — Y is a section, from (1.3.18) we obtain its covariant differential
Vis=DroJ's: X - T*X @ VY, (1.3.19)
Vs = (Oxs' — T 0 8)da™ @ 0,
and the covariant derivative
Vi =7 vl
along a vector field 7 on X. A section s is said to be an integral section

of a connection I if it belongs to the kernel of the covariant differential Dr
(1.3.18), i.e.,

Vlis=0 or J's=Tos. (1.3.20)

Theorem 1.3.2. For any global section s : X — Y, there always exists a
connection I' such that s is an integral section of T.
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Proof. This connection I' is an extension of the local section

s(z) — J's(x)
of the affine jet bundle J'Y — Y over the closed imbedded submanifold
$(X) CY in accordance with Theorem 1.1.4. O

Treating connections as jet bundle sections, one comes to the following
two constructions.
(i) Let Y and Y’ be fibre bundles over the same base X. Given a
connection I' on Y — X and a connection IV on Y’ — X, the fibre bundle
YxY' — X
X
is provided with the product connection
IxT": Y xY' — J (Y xY')=J'Y x J'Y,
b'e X X
rxr’(mA®<m+I&a.+Fja,). (1.3.21)
dy' oy
(ii) Let 4y : Y — Y’ be a subbundle of a fibre bundle Y’ — X and I” a
connection on Y/ — X. If there exists a connection I' on Y — X such that
the diagram

vy 2oy

iy T T Jliy
y gty
is commutative, we say that I' is reducible to a connection I'. The following
conditions are equivalent:
e I is reducible to T';
e Tiy(HY) = HY'|;, (v), where HY C TY and HY' C TY" are the
horizontal subbundles determined by I" and I, respectively;
e for every vector field 7 on X, the vector fields I'7 and I''7 are related
as follows:
Tiy o't =T'1 0iy. (1.3.22)

1.3.3 Cwurvature and torsion

Let I" be a connection on a fibre bundle Y — X. Its curvature is defined
as the Nijenhuis differential

1 1 2

R=5drT =[O Tlen Y = AT X @ VY, (1.3.23)
1 7

RzgRMmﬁAm“®m (1.3.24)

A= O, — 9,T +T40;I}, — TJ,0,T5.
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This is a VY -valued horizontal two-form on Y. Given vector fields 7, 7/ on
X and their horizontal lifts I'7 and I'7" (1.3.6) on Y, we have the relation

R(r,7") = —T[r,7'] 4+ [[7,T'7] = *7'* R} ,0;. (1.3.25)

The curvature (1.3.23) obeys the identities
[R, Rlpn = 0, (1.3.26)
drR = [T, Rlpx = 0. (1.3.27)

They result from the identity (1.1.41) and the graded Jacobi identity
(1.1.42), respectively. The identity (1.3.27) is called the second Bianchi
identity. It takes the coordinate form
> (0AR), +T30;R, — ;T3 R),) =0, (1.3.28)
(Auv)
where the sum is cyclic over the indices A, p and v.

In the same manner, given a soldering form o, one defines the soldered
curvature

1 1 2
idaa = 5[0, olrn Y = AT* X @ VY, (1.3.29)

p =
1 % A ”w
pé\lt = Jiﬁjaft - oljlajai.
It fulfills the identities
[p, plrn = 0,
dyp = [0, plen = 0,

similar to (1.3.26) — (1.3.27).
Given a connection I' and a soldering form o, the torsion form of I" with
respect to o is defined as

2
T=dro=d,I':Y > ANT*X VY,
T= (am; + Fgﬁjaz - @Fg\afb)dx)‘ Adzt ® 0;. (1.3.30)
It obeys the first Bianchi identity
drT = dio = [R,0]pny = —d, R. (1.3.31)
If IV =T + o, we have the relations

T =T+ 2p, (1.3.32)
R =R+p+T. (1.3.33)
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1.3.4 Linear connections

A connection I' on a vector bundle Y — X is called the linear connection
if the section

LY —JY, T=da*®(0+a(x)y o), (1.3.34)

is a linear bundle morphism over X. Note that linear connections are
principal connections, and they always exist (see Assertion 5.4.1).
The curvature R (1.3.24) of a linear connection I' (1.3.34) reads

1 ) .
R = §R,\M’j(x)yjdm’\ Adz* ® 0;,
R,\pij = a)\FHij — @Ll“ﬁj + F)\hjl—‘#ih — Fuhjl“{'h. (1.3.35)
Due to the vertical splitting (1.1.17), we have the linear morphism
. 1 .
R:Y >y'e;— iRM/jyjd:E)‘ Ndr' @ e; € O} (X) @Y. (1.3.36)

There are the following standard constructions of new linear connections
from the old ones.

e Let Y — X be a vector bundle, coordinated by (z*,%"), and Y* — X
its dual, coordinated by (2*,y;). Any linear connection I" (1.3.34) on a
vector bundle Y — X defines the dual linear connection

I = da* @ (9y — D7 i(2)y;0") (1.3.37)

onY* — X.

e Let I' and I be linear connections on vector bundles ¥ — X and
Y’ — X, respectively. The direct sum connection I' & IV on the Whitney
sum Y @ Y’ of these vector bundles is defined as the product connection
(1.3.21).

e Let Y coordinated by (z*, %) and Y’ coordinated by (2, y?) be vector
bundles over the same base X. Their tensor product Y ®Y' is endowed with
the bundle coordinates (z*,y’). Linear connections I' and I" on Y — X
and Y’ — X define the linear tensor product connection

0
ayia

FeT =dz* @ [0y + Ty + Th%y™) (1.3.38)

on
YeY — X.
X
An important example of linear connections is a linear connection

T = da* @ (9 + ", 5" 0,,) (1.3.39)
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on the tangent bundle T'X of a manifold X. We agree to call it a world
connection on a manifold X. The dual world connection (1.3.37) on the
cotangent bundle T* X is

I = da? @ (9y — TyH,i,0"). (1.3.40)

Then, using the construction of the tensor product connection (1.3.38), one
can introduce the corresponding linear world connection on an arbitrary
tensor bundle T' (1.1.14).

Remark 1.3.3. It should be emphasized that the expressions (1.3.39) and
(1.3.40) for a world connection differ in a minus sign from those usually
used in the physical literature.

The curvature of a world connection is defined as the curvature R
(1.3.35) of the connection I" (1.3.39) on the tangent bundle TX. It reads
R= LR\, i A dat @ 9 (1.3.41)
- 2 Ap B o ..
Ry =00\ — 0,1\ %5 + T\ 60, — T 0%

By the torsion of a world connection is meant the torsion (1.3.30) of
the connection I" (1.3.39) on the tangent bundle TX with respect to the
canonical soldering form 6 (1.1.39):

1 .
T=3 LU ada? A det @ 0, (1.3.42)
T’;LV)\ = FMV)\ - F)\Vu~
A world connection is said to be symmetric if its torsion (1.3.42) vanishes,
ie.,
L=y,
Remark 1.3.4. For any vector field 7 on a manifold X, there exists a
connection I'" on the tangent bundle TX — X such that 7 is an integral
section of I', but this connection is not necessarily linear. If a vector field

T is non-vanishing at a point x € X, then there exists a local symmetric
world connection T' (1.3.39) around « for which 7 is an integral section

9, =T,%57". (1.3.43)

Then the canonical lift 7 (1.1.28) of 7 onto T'X can be seen locally as the
horizontal lift I'7 (1.3.6) of 7 by means of this connection.
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Remark 1.3.5. Every manifold X can be provided with a non-degenerate
fibre metric

2
geVvol(X), g:gwdx)‘@)dx“,
in the tangent bundle T'X, and with the corresponding metric

2 A
geVT (X), g =g\ ® 0y,

in the cotangent bundle T*X. We call it a world metric on X. For any
world metric g, there exists a unique symmetric world connection I" (1.3.39)
with the components

v 14 1 1%
" ={\"u} = 59 P(Oxgpu + Ougpx — Opgap), (1.3.44)
called the Christoffel symbols, such that g is an integral section of T, i.e.
g™ =g {3+ 97 )

It is called the Levi-Civita connection associated to g.

1.3.5 Affine connections

Let Y — X be an affine bundle modelled over a vector bundle Y — X. A
connection I'on Y — X is called an affine connection if the sectionI" : ¥ —
J'Y (1.3.17) is an affine bundle morphism over X. Affine connections are
associated to principal connections, and they always exist (see Assertion
5.4.1).

For any affine connection I' : Y — J'Y, the corresponding linear deriva-
tive I : Y — J'Y (1.1.23) defines a unique associated linear connection on
the vector bundle Y — X. Since every vector bundle has a natural struc-
ture of an affine bundle, any linear connection on a vector bundle also is an
affine connection.

With respect to affine bundle coordinates (z*,y’) on Y, an affine con-
nection I' on Y — X reads

T4 =Ty (2)y + oi(z). (1.3.45)
The coordinate expression of the associated linear connection is
T, =) ()7, (1.3.46)
where (2*,7") are the associated linear bundle coordinates on Y.

Affine connections on an affine bundle ¥ — X constitute an affine
space modelled over the soldering forms on Y — X. In view of the vertical
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splitting (1.1.24), these soldering forms can be seen as global sections of
the vector bundle

T"X®Y — X.
X

If Y — X is a vector bundle, both the affine connection I' (1.3.45) and
the associated linear connection I' are connections on the same vector bun-
dle Y — X, and their difference is a basic soldering form on Y. Thus,
every affine connection on a vector bundle Y — X is the sum of a linear
connection and a basic soldering form on Y — X.

Given an affine connection I' on a vector bundle Y — X, let R and R
be the curvatures of a connection I" and the associated linear connection T,
respectively. It is readily observed that

R=R+T,
where the VY-valued two-form

2
T=dro=d,T:X - AT*X®VY, (1.3.47)
X

1
T = in\MdmA A dx* ® 0,
T)i\u = a,\O'/i — 8Haf\ + Ui\bruih - UZF)\im
is the torsion (1.3.30) of the connection I' with respect to the basic soldering
form o.
In particular, let us consider the tangent bundle T X of a manifold X.
We have the canonical soldering form o = 6; = 0x (1.1.39) on TX. Given

an arbitrary world connection I" (1.3.39) on T'X, the corresponding affine
connection

A=T+0x, Al)f :I‘,\“Vj;”—i—éﬁ, (1348)
on T'X is called the Cartan connection. Since the soldered curvature p
(1.3.29) of 65 equals zero, the torsion (1.3.32) of the Cartan connection

coincides with the torsion T' (1.3.42) of the world connection I', while its
curvature (1.3.33) is the sum R+ T of the curvature and the torsion of T

1.3.6 Flat connections

By a flat or curvature-free connection is meant a connection which satisfies
the following equivalent conditions.

Theorem 1.3.3. Let I' be a connection on a fibre bundle Y — X. The
following assertions are equivalent.
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(i) The curvature R of a connection I" vanishes identically, i.e., R = 0.

(ii) The horizontal lift (1.5.7) of vector fields on X ontoY is an R-linear
Lie algebra morphism (in accordance with the formula (1.3.25)).

(iii) The horizontal distribution is involutive.

(iv) There exists a local integral section for a connection I' through any
pointy €Y.

By virtue of Theorem 1.1.16 and item (iii) of Theorem 1.3.3, a flat
connection I' on a fibre bundle Y — X yields a horizontal foliation on Y,
transversal to the fibration ¥ — X. The leaf of this foliation through a
point y € Y is defined locally by an integral section s, for the connection
I" through y. Conversely, let a fibre bundle ¥ — X admit a transversal
foliation such that, for each point y € Y, the leaf of this foliation through
y is locally defined by a section s, of Y — X through y. Then the map

L:y —JY, I(y)=js, 7y =z,

introduces a flat connection on Y — X. Thus, there is one-to-one corre-
spondence between the flat connections and the transversal foliations of a
fibre bundle Y — X.

Given a transversal foliation on a fibre bundle Y — X, there exists the
associated atlas of bundle coordinates (z*,%') of Y such that every leaf
of this foliation is locally generated by the equations y* =const., and the
transition functions y* — 3'*(y7) are independent of the base coordinates
2> [53]. This is called the atlas of constant local trivializations. Two such
atlases are said to be equivalent if their union also is an atlas of constant
local trivializations. They are associated to the same horizontal foliation.
Thus, we come to the following assertion.

Theorem 1.3.4. There is one-to-one correspondence between the flat con-
nections I' on a fibre bundle Y — X and the equivalence classes of atlases
of constant local trivializations of Y such that

I =da? ® Oy
relative to these atlases.

In particular, if Y — X is a trivial bundle, one associates to each its
trivialization a flat connection represented by the global zero section 0(Y)
of J'Y — Y with respect to this trivialization (see Remark 1.2.3).
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1.3.7 Second order connections

A second order connection T on a fibre bundle Y — X is defined as a
connection

I =da* @ (0) +T30; +T4,00") (1.3.49)
on the jet bundle J'Y — X, i.e., this is a section of the affine bundle
T JUY — JY.

Every connection on a fibre bundle Y — X gives rise to the second order
one by means of a world connection on X as follows. The first order jet
prolongation J'T" of a connection I' on Y — X is a section of the repeated
jet bundle Jlm} (1.2.11), but not of m1;. Given a world connection K
(1.3.40) on X, one can construct the affine morphism

sk JUIY — JHY,

(= 0"y, Tho Ui © sk = (@ 0 0% v Ui — EKn"u(@ — ul),
such that

T = Jlﬂ'é 0SK

[53]. Then I gives rise to the second order connection

[=sgoJ'T:JY — JJ'Y, (1.3.50)

[ =da* @ (Oy +T30; + [OaLL, + 9 0;T% + Ka”u(ys, — T0)]oL),
which is an affine morphism

sy Loy

1
) l l 11

Yy — J
over the connection I'. Note that the curvature R (1.3.23) of a connection
I" on a fibre bundle Y — X can be seen as a soldering form

R =R}, dz* ® 0!

on the jet bundle J'Y — X. Therefore, I — R also is a connection on
JY — X.

A second order connection I (1.3.49) is said to be holonomic if it takes
its values into the subbundle J?Y of J'J'Y. There is one-to-one corre-
spondence between the global sections of the jet bundle J?Y — J'Y and
the holonomic second order connections on Y — X. Since the jet bundle
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J?Y — J'Y is affine, a holonomic second order connection on a fibre bundle
Y — X always exists. It is characterized by the coordinate conditions

~f\ = yf\a ~f\u = fz,\’
and takes the form
T =da* @ (Ox +yid; +T4,0L). (1.3.51)
By virtue of Theorem 1.2.1, every integral section
5:X - JY

of the holonomic second order connection (1.3.51) is integrable, i.e., 5 =
Js.

1.4 Composite bundles

Let us consider the composition

7Y -Y—X (1.4.1)

of fibre bundles
Tys Y — %, (1.4.2)
Tex B — X. (1.4.3)

One can show that it is a fibre bundle, called the composite bundle [53]. Tt
A o™ yt), where (z*,0™) are bundle
coordinates on the fibre bundle (1.4.3), i.e., transition functions of coordi-
nates ¢™ are independent of coordinates y°.

For instance, the tangent bundle TY of a fibre bundle ¥ — X is a

composite bundle

is provided with bundle coordinates (z

TY - Y — X.

The following two assertions make composite bundles useful for physical
applications.

Theorem 1.4.1. Given a composite bundle (1.4.1), let h be a global section
of the fibre bundle ¥ — X . Then the restriction

Yt =hny (1.4.4)

of the fibre bundle Y — X to h(X) C X is a subbundle of the fibre bundle
Y - X.
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Theorem 1.4.2. Given a section h of the fibre bundle ¥ — X and a section
sy, of the fibre bundle Y — X, their composition

s=sxoh

is a section of the composite bundle Y — X (1.4.1). Conversely, every
section s of the fibre bundle Y — X is a composition of the section

h=mnysos

of the fibre bundle ¥ — X and some section sx. of the fibre bundle Y — X
over the closed imbedded submanifold h(X) C 2.

Let us consider the jet manifolds J'¥, J&Y, and J'Y of the fibre bundles

¥ - X, Y —» %, Y - X,
respectively. They are provided with the adapted coordinates
(z),0™,0%), (0™, y' 0 k), (@ 0™y o).
One can show the following [145].
Theorem 1.4.3. There is the canonical map
0:J'% X JY - JY, (1.4.5)

Yh o0 =ynoX + Ui
Using the canonical map (1.4.5), we can get the relations between con-
nections on the fibre bundles Y — X, Y — ¥ and ¥ — X. These connec-
tions are given by the corresponding connection forms

v =dz* ® (On + 79X Om + Wf\ﬁi), (1.4.6)
As, = dz* @ (Oy + ALD;) + do™ @ (O, + AL, D)), (1.4.7)
I =dz* @ (8x + T 0m). (1.4.8)

A connection vy (1.4.6) on the fibre bundle Y — X is called projectable
onto a connection I' (1.4.8) on the fibre bundle ¥ — X if, for any vector
field 7 on X, its horizontal lift y7 on Y by means of the connection 7 is
a projectable vector field over the horizontal lift I'r of 7 on ¥ by means
of the connection I'. This property takes place if and only if 77* = I'}?,
i.e., components v}* of the connection v (1.4.6) must be independent of the
fibre coordinates y*.

A connection As, (1.4.7) on the fibre bundle Y — 3 and a connection
I' (1.4.8) on the fibre bundle ¥ — X define a connection on the composite
bundle Y — X as the composition of bundle morphisms

v Y xTx Dy w1y A5 7y,
X >
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It is called the composite connection [112; 145]. This composite connection
reads
v =dz* @ (O + TT0 + (A4 + AL TT);). (1.4.9)

It is projectable onto I'. Moreover, this is a unique connection such that the
horizontal lift y7 on Y of a vector field 7 on X by means of the composite
connection vy (1.4.9) coincides with the composition Ax(I'T) of horizontal
lifts of 7 on ¥ by means of the connection I' and then on Y by means of
the connection Ayx. For the sake of brevity, let us write y = Ay oI

Given a composite bundle Y (1.4.1), there are the exact sequences of
vector bundles over Y:

0—VeY — VY 5 Y xVE -0, (1.4.10)
>
0= Y xV*S —V*Y - VY —0, (1.4.11)
>

where VsY and VRiY are the vertical tangent and the vertical cotangent
bundles of the fibre bundle Y — ¥ which are coordinated by (2*, 0™, 3%, 9*)
and (z*,0™,y',7;), respectively. Let us consider a splitting of these exact
sequences
B:VY 239'0; + ™0 — (4'0; +6"0m)| B = (1.4.12)
(y" — ¢™B.)0; € VR,
B:V3Y >dy' — Bldy' =dy' — B! do™ € V*Y, = (1.4.13)
given by the form
B = (dy* — B! do™) ® 0. (1.4.14)
Then the connection 7 (1.4.6) on Y — X and the splitting B (1.4.12) define
the connection
As =Bovy:TY - VY — &Y, (1.4.15)
As, = da? @ 9y + (7} — B AY)0;) + do™ @ (O, + BE8;),
on the fibre bundle Y — .

Conversely, every connection Ay, (1.4.7) on the fibre bundle Y — X
yields the splitting

As :TY DVY 3 §'0; + ™0 — (§' — AL,6™)0; (1.4.16)

of the exact sequence (1.4.10). Using this splitting, one can construct a
first order differential operator

D:JY ST X® WY, (1.4.17)
Y

D =da*® (y} — A} — AL,07)0;,
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on the composite bundle Y — X. It is called the vertical covariant differ-
ential. This operator also can be defined as the composition

D=pr,oD": J'Y - T*X@VY - T*X @ VY,
Y Y

where D7 is the covariant differential (1.3.18) relative to some compos-
ite connection Ay o' (1.4.9), but D does not depend on the choice of a
connection I' on the fibre bundle ¥ — X.

The vertical covariant differential (1.4.17) possesses the following im-
portant property. Let h be a section of the fibre bundle ¥ — X, and let
Y" — X be the restriction (1.4.4) of the fibre bundle Y — ¥ to h(X) C X.
This is a subbundle

ip - Yh Sy
of the fibre bundle Y — X. Every connection Ay, (1.4.7) induces the pull-
back connection
Ap = ij Ay = dz* @ [0 + (AL, 0 h)ONR™ + (Ao h)})d;]  (1.4.18)

on Y* — X. Then the restriction of the vertical covariant differential D
(1.4.17) to

JYin(J'Y™M c Jty
coincides with the familiar covariant differential D4 (1.3.18) on Y relative

to the pull-back connection Aj (1.4.18).

Remark 1.4.1. Let I' : Y — J'Y be a connection on a fibre bundle
Y — X. In accordance with the canonical isomorphism VJ'Y = J'VY
(1.2.9), the vertical tangent map

VI:VY - VJY
to I' defines the connection
VI : VY — J'VY,
VT = da* @ (9y + T30, + 0,T4979;), (1.4.19)
on the composite vertical tangent bundle
VY -Y — X.

This is called the vertical connection to I'. Of course, the connection VT’
projects onto I'. Moreover, VT is linear over I'. Then the dual connection
of VI on the composite vertical cotangent bundle

V'Y -Y —- X
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reads
VT : VY — JVYY,
VT = da? @ (s + 1405 — 9;T55:07). (1.4.20)

It is called the covertical connection to I'. If Y — X is an affine bundle, the
connection VT' (1.4.19) can be seen as the composite connection generated
by the connection I' on Y — X and the linear connection

T = da* @ (Ox + ;1537 0;) + dy’ © 0, (1.4.21)
on the vertical tangent bundle VY — Y.

1.5 Higher order jet manifolds

The notion of first and second order jets of sections of a fibre bundle is
naturally extended to higher order jets [53; 94; 145)].

Let Y — X be a fibre bundle. Given its bundle coordinates (z*,y?),
a multi-index A of the length |A| = k throughout denotes a collection of
indices (A1...A;) modulo permutations. By A + ¥ is meant a multi-index
(M ... A\ko1...0p). For instance A + A = (AA1...A). By AX is denoted the
union of collections (A; ... Ag;01 ... 0,) where the indices A; and o; are not
permitted. Summation over a multi-index A means separate summation
over each its index \;. We use the compact notation

8,\:8&:0---08,\1, AZ()\l...)\k).

The r-order jet manifold J"Y of sections of a fibre bundle ¥ — X is
defined as the disjoint union of the equivalence classes j7s of sections s of
Y — X such that sections s and s’ belong to the same equivalence class
jrs if and only if

si(z) = s (), Ors' (x) = Dps'" (2), 0< Al <

In brief, one can say that sections of Y — X are identified by the r+1 terms
of their Taylor series at points of X. The particular choice of coordinates
does not matter for this definition. The equivalence classes j7 s are called
the r-order jets of sections. Their set J"Y is endowed with an atlas of the
adapted coordinates

(95)‘,1115\)7 yf\ 0§ = aAsi(sc), 0<|AI <y (1.5.1)

possessing transition functions

7 ozt i
yl)\+A = a,x)\ d,uy;\a (152)
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where the symbol dy stands for the higher order total derivative
% A ! Ozt
=0+ >y, dy=_—xdu (1.5.3)

by
0<[A[<r—1 o'
These derivatives act on exterior forms on J"Y and obey the relations
[d,\,du}zo, dkOdZdOd,\,
dx(¢ N o) =dx(¢) No+ ¢ Adx(o),
dx(dg) = d(dx(¢))-
For instance,
dy(dz") =0, da(dyh) = dyis-
We use the compact notation
dA Zd)\7,0~-~0d)\1, A= (>\7’-~-)\1)~
The coordinates (1.5.1) bring the set J"Y into a smooth manifold of
finite dimension

in—1) 7
The coordinates (1.5.1) are compatible with the natural surjections
ap JY = JY, >k,

which form the composite bundle

" i — 1)!
dierY:rH—mZ(TH_Z )
1=0

r—1

. . 7l _ ) T~ 7l
e JY Sgrtly S Sy X
with the properties
k r__ _r s r__ 7T
Mg O, = Ty, mfom, =m7'.

A glance at the transition functions (1.5.2), when |A| = r, shows that the
fibration

2 JY = JTY
is an affine bundle modelled over the vector bundle

VX ® VY - JY. (1.5.4)
Jr=1y

Remark 1.5.1. Let us recall that a base of any affine bundle is a strong
deformation retract of its total space. Consequently, Y is a strong defor-
mation retract of J'Y, which in turn is a strong deformation retract of
J2Y, and so on. It follows that a fibre bundle Y is a strong deformation
retract of any finite order jet manifold J"Y. Therefore, by virtue of the
Vietoris—Begle theorem [22], there is an isomorphism

H*(JY;R) = H*(Y;R) (1.5.5)
of cohomology groups of J"Y, 1 < r, and Y with coefficients in the constant
sheaf R.
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Remark 1.5.2. To introduce higher order jet manifolds, one can use the
construction of repeated jet manifolds. Let us consider the r-order jet
manifold J”J*Y of a jet bundle J¥Y — X. It is coordinated by (z#, 9%, ),
|A| <k, |X] <r. There is a canonical monomorphism

okt JTEY = JTIRY, gyl ook = Y-

In the calculus in higher order jets, we have the r-order jet prolongation
functor such that, given fibre bundles Y and Y’ over X, every bundle
morphism ® : Y — Y’ over a diffeomorphism f of X admits the r-order jet
prolongation to a morphism of r-order jet manifolds

J®:JY 3 4rs — jpn(@osof ) e Y (1.5.6)

The jet prolongation functor is exact. If ® is an injection or a surjection, so
is J7®. It also preserves an algebraic structure. In particular, if Y — X is
a vector bundle, J7Y — X is well. If Y — X is an affine bundle modelled
over the vector bundle Y — X, then J"Y — X is an affine bundle modelled
over the vector bundle J'Y — X.

Every section s of a fibre bundle Y — X admits the r-order jet prolon-
gation to the integrable section

(J7s)(x) = jzs
of the jet bundle J"Y — X.

Let O = O*(J*Y) be the differential graded algebra of exterior forms
on a jet manifold J*Y. Every exterior form ¢ on a jet manifold J*Y gives
rise to the pull-back form W]]:+i*(b on a jet manifold J**'Y. We have the
direct sequence of C'*°(X)-algebras

2% v

O (X) TL oY) Pl or T LT o,

Remark 1.5.3. By virtue of de Rham Theorem 10.9.4, the cohomology of
the de Rham complex of O} equals the cohomology H*(J*Y;R) of J*Y
with coefficients in the constant sheaf R. The latter in turn coincides with
the sheaf cohomology H*(Y;R) of Y (see Remark 1.5.1) and, thus, it equals
the de Rham cohomology Hpy (V) of Y.

Given a k-order jet manifold J*¥Y of Y — X, there exists the canonical
bundle morphism
raey t JETY — TJRY
over a surjection

JY x JFTX — JFY xTX
X X
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whose coordinate expression is

Jhorm =) — Y ([ urs@)z,  0<|A|<E,
where the sum is taken over all partitions ¥ +Z = A and 0 < |E|. In
particular, we have the canonical isomorphism over J*Y

Tyt JVY S VIR, (§)a = gh 0T (1.5.7)
As a consequence, every projectable vector field u (1.1.25) on a fibre bundle
Y — X has the following k-order jet prolongation to a vector field on J*Y:

Jou=rgy o JFu: JVY — TJ*Y,
JFu = oy +u'd; + Z (da(u’ — yflu“) + y;Mu”)aiA, (1.5.8)
0<|A|<k
(cf. (1.2.8) for k = 1). In particular, the k-order jet prolongation (1.5.8) of
a vertical vector field u = 1u’0; on Y — X is a vertical vector field
JFu = u'0; + Z daulor (1.5.9)
0<|A|<Kk
on J*Y — X due to the isomorphism (1.5.7).
A vector field u, on an r-order jet manifold J"Y is called projectable if,
for any k < 7, there exists a projectable vector field uy on J*Y such that
ug o, = 1wy, o up.
A projectable vector field uj, on J*Y has the coordinate expression
Up = u’\ﬁ,\ =+ Z uf\é'{\
0<|A|<k
such that uy depends only on coordinates z# and every component u is
independent of coordinates y%, |Z| > |A|. In particular, the k-order jet
prolongation J*u (1.5.8) of a projectable vector field on Y is a projectable
vector field on J*Y. It is called an integrable vector field.
Let P* denote a vector space of projectable vector fields on a jet ma-
nifold J*Y. It is easily seen that P" is a real Lie algebra and that the
morphisms T'm,, k < r, constitute the inverse system

ok 72 Tﬂ'::l L Tr_,
po Topt 0 T pr-t Tt pr (1.5.10)

of these Lie algebras. One can show the following [149].

Theorem 1.5.1. The k-order jet prolongation (1.5.8) is a Lie algebra
monomorphism of the Lie algebra P° of projectable vector fields on Y — X
to the Lie algebra P* of projectable vector fields on J*Y such that

Tryp(J u) = Jouory. (1.5.11)
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Every projectable vector field u, on J*Y is decomposed into the sum
up = JH(Trf (ur)) + v, (1.5.12)

of the integrable vector field J*(T7§(u)) and a projectable vector field vy,
which is vertical with respect to a fibration J*Y — Y.

Similarly to the canonical monomorphisms (1.2.5) — (1.2.6), there are
the canonical bundle monomorphisms over J*Y:

Ay 1 JFHY —T*X © TJYY,

JEY
Ay = da™ @ dy, (1.5.13)
Oy - JHTY —T*JFY © VIFY,
JkY
Oy = Y (dyh — yhsada?) ® 0, (1.5.14)
[AI<E
The one-forms
0 = dyi — yhyada’ (1.5.15)

are called the local contact forms. The monomorphisms (1.5.13) — (1.5.14)
yield the bundle monomorphisms over J*+1Y:

Ay 1 TX x Y ——TJry < JHly,
X

JEY
Oy : VIEY x  —T Y x JHly
JkY JEY

(cf. (1.3.13) — (1.3.14) for k = 1). These monomorphisms in turn define
the canonical horizontal splittings of the pull-back bundles

T IRY = Ny (TX % JHY) @ vIvY, (1.5.16)
Jk+1y

PO+ Y Uh0N =ity + Y (h — Mh )0
[Al<k [Al<K
T IRY = T X @ Gy (VFIRY x JHY), (1.5.17)
Jr+ly JEY
ixdat + Y gidyl = (e + Y iy a)dat + > gk
[Al<k |AI<k
For instance, it follows from the canonical horizontal splitting (1.5.16)
that any vector field u;, on J*Y admits the canonical decomposition

U =ug +uy = (u)\a)\ + Z yf\+A8{\) + (1.5.18)
[A|<E

' j A
Z (up — UAZI&JFA)@‘
A<k
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over J*T1Y into the horizontal and vertical parts.

By virtue of the canonical horizontal splitting (1.5.17), every exterior
one-form ¢ on J*Y admits the canonical splitting of its pull-back onto
J*T1Y into the horizontal and vertical parts:

W}’§+1*¢ = ¢ + oy = hod + (¢ — ho(9)), (1.5.19)

where hy is the horizontal projection
ho(dmk) = dl"\’ ho(dyil---,\k) = y,ihi..xkdx“-

The vertical part of the splitting is called a contact one-form on J*+1Y.

Let us consider an ideal of the algebra Of of exterior forms on J*Y
which is generated by the contact one-forms on J*Y. This ideal, called
the ideal of contact forms, is locally generated by the contact forms 6%
(1.5.15). One can show that an exterior form ¢ on the a manifold J*Y is
a contact form if and only if its pull-back $*¢ onto a base X by means of
any integrable section 5 of J*Y — X vanishes.

1.6 Differential operators and equations

Jet manifolds provides the conventional language of theory of differential
equations and differential operators if they need not be linear [24; 53; 96].

Definition 1.6.1. A system of k-order partial differential equations on
a fibre bundle Y — X is defined as a closed subbundle €& of a jet bundle
J*Y — X. For the sake of brevity, we agree to call & a differential equation.

Let J*Y be provided with the adapted coordinates (z*,y%). There
exists a local coordinate system (z4), A = 1,...,codim&, on J*Y such that
¢ is locally given (in the sense of item (i) of Theorem 1.1.1) by equations

EAMNyy) =0, A=1,...,codim€. (1.6.1)

Given a k-order differential equation &, one can always construct its
r-order jet prolongation as follows. Let us consider a repeated jet manifold

or  JTIRY — JRY. (1.6.2)

The s-order jet prolongation of the differential equation € is defined as a
subset

¢ = (o) (@) T
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In particular, if ¢ is a smooth submanifold of J**"Y", then the s-order
jet prolongation (€()(*) of &) coincides with the (r 4 s)-order jet prolon-
gation €47 of €.

A differential equation € is called regular if all finite order jet prolon-
gations €() of & also are differential equations. Let & C J*Y be a regular
k-order differential equation. If it is locally described by the system of
equations (1.6.1), its r-order jet prolongation &(") is given by the system of
equations

EA=0,  do, =0, o, dy ---do EA=0.

By a classical solution of a differential equation € on Y — X is meant
a section s of Y — X such that its k-order jet prolongation J*s lives in €.
If a differential equation & has a classical solution through a point g € €,
this point gives rise to an element of every finite order jet prolongation
&) of a differential equation €. It follows that a necessary condition for a
differential equation € to admit a solution through everyone of its point is
that the mappings

PRFT = 07| em - €1 — @ (1.6.3)

are surjections. In this case, if € is a regular differential equation, there
is one-to-one correspondence between classical solutions of € and those of
its k-order jet prolongation ). If additionally every tangent vector to a
differential equation € is tangent to some classical solution of &, then the
mapping (1.6.3) is a submersion. A regular k-order differential equation &
is called formally integrable if the morphisms

P e, e,

are fibred manifolds. Omne can show that if a differential equation € is
formally integrable and analytic, it admits an analytic classical solution
through any its point [53; 109].

In classical field theory, differential equations are mostly associated to
differential operators. There are several equivalent definitions of (non-
linear) differential operators. We start with the following.

Definition 1.6.2. Let Y — X and E — X be fibre bundles, which are
assumed to have global sections. A k-order E-valued differential operator
on a fibre bundle Y — X is defined as a section £ of the pull-back bundle

pry : By = JY x E — J*Y. (1.6.4)
X
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Given bundle coordinates (z*,4’) on Y and (2, x%) on E, the pull-back
(1.6.4) is provided with coordinates (z*,y%, x*), 0 < |3| < k. With respect
to these coordinates, a differential operator £ seen as a closed imbedded
submanifold £ C E¥ is given by the equalities

X = E4a*, yl). (1.6.5)

There is obvious one-to-one correspondence between the sections &
(1.6.5) of the fibre bundle (1.6.4) and the bundle morphisms

®:JkY —~— B (1.6.6)
d=pryof = &= (1dJ"Y,d).

Therefore, we come to the following equivalent definition of differential
operators on Y — X.

Definition 1.6.3. Let Y — X and £ — X be fibre bundles. A bun-
dle morphism J*Y — E over X is called a E-valued k-order differential
operator on ¥ — X.

It is readily observed that the differential operator ® (1.6.6) sends each
section s of Y — X onto the section ® o J*s of E — X. The mapping

Ag : S(Y) — S(B),
Ag:s—doJbs,  x*(x) =& dus(z)),

is called the standard form of a differential operator.
Let e be a global section of a fibre bundle £ — X, the kernel of a
FE-valued differential operator ® is defined as the kernel

Ker & = &7 !(e(X)) (1.6.7)

of the bundle morphism & (1.6.6). If it is a closed subbundle of the jet
bundle J*¥Y — X, one says that Ker .® (1.6.7) is a differential equation
associated to the differential operator ®. By virtue of Theorem 1.1.10, this
condition holds if ® is a bundle morphism of constant rank.

If E — X is a vector bundle, by the kernel of a FE-valued differential
operator is usually meant its kernel with respect to the canonical zero-
valued section 0 of E — X.

In the framework of Lagrangian formalism, we deal with differential
operators of the following type. Let

F—-Y—-X EFE—-Y—>X
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be composite bundles where £ — Y is a vector bundle. By a k-order
differential operator on F' — X taking its values into £ — X is meant a
bundle morphism

®:JF — B, (1.6.8)

which certainly is a bundle morphism over X in accordance with Definition
1.6.3. Its kernel Ker ® is defined as the inverse image of the canonical zero-
valued section of £ — Y. In an equivalent way, the differential operator
(1.6.8) is represented by a section £ of the vector bundle

JYF x E — J*F.
Y

Given bundle coordinates (z*,y*,w") on F and (z*,y%,¢*) on E with re-
spect to the fibre basis {e4} for E — Y, this section reads

Eo = EA Y, wh ea, 0<I|Al <k. (1.6.9)
Then the differential operator (1.6.8) also is represented by a function

Ep = EMN?, Y, wh)ea € C°(F x E*) (1.6.10)
Y

on the product F' Xy E*, where E* — Y is the dual of F — Y coordinated
by (xAv yl7 CA)'

If F — Y is a vector bundle, a differential operator ® (1.6.8) on the
composite bundle

F—-Y—-X

is called linear if it is linear on the fibres of the vector bundle J*F — J*Y.
In this case, its representations (1.6.9) and (1.6.10) take the form

Eo= Y EMENy uwiea, O0<[A[<E,  (16.11)

0<|E|<k
Eo= Y EMENyDuwiea, O0<[A<k (1612)
0<IE|<k

1.7 Infinite order jet formalism

The finite order jet manifolds J*Y of a fibre bundle Y — X form the inverse
sequence

Y S JVY e Y LY e (1.7.1)
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where 77_; are affine bundles modelled over the vector bundles (1.5.4).
Its inductive limit J*°Y is defined as a minimal set such that there exist
surjections

T J®Y = X, 7w J®Y =Y,  a:J®Y - JYY,  (1.7.2)
obeying the relations

7% =7k o
for all admissible & and r < k. A projective limit of the inverse system

(1.7.1) always exists. It consists of those elements
(oo Zry ey Zhy e e e)s zr € J"Y, 2 € JFY,
of the Cartesian product []J*Y which satisfy the relations z, = 7% (2;,) for

all £k > r. One can think cff elements of J*Y as being infinite order jets of
sections of Y — X identified by their Taylor series at points of X.

The set J*°Y is provided with the projective limit topology. This is the
coarsest topology such that the surjections 72 (1.7.2) are continuous. Its
base consists of inverse images of open subsets of J"Y, r = 0,.. ., under the
maps 72°. With this topology, J>®Y is a paracompact Fréchet (complete
metrizable, but not Banach) manifold modelled over a locally convex vector
space of formal number series {a*, a’,al, -} [150]. It is called the infinite
order jet manifold. One can show that the surjections 72° are open maps
admitting local sections, i.e., J*Y — J"Y are continuous bundles. A
bundle coordinate atlas {Uy, (z*,y%)} of ¥ — X provides J*Y with the
manifold coordinate atlas

00\ — i i Ot i
{(m5°) 1(UY)a (fk,y/'\)}ogm\’ y/A+A = wduyf\'- (1.7.3)

Theorem 1.7.1. A fibre bundle Y is a strong deformation retract of the
infinite order jet manifold J®Y [4; 56].

Proof. To show that Y is a strong deformation retract of J*Y, let us
construct a homotopy from J*°Y to Y in an explicit form. Let (), k <1,
be global sections of the affine jet bundles J*Y — J*~1Y. Then we have a
global section
v:Y 3 (@) — (2,95, uh = Ygaphorgal—n o o)) € JZY. (1.7.4)
of the open surjection 7§° : J*Y — Y. Let us consider the map
[0,1] x J®Y 3 (29", yh) — (¢, 9", y)) € J®Y, (1.7.5)
i = fr@®yh + (1= e a @y 0%), 18] <k =]A],
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where fi(t) is a continuous monotone real function on [0, 1] such that

_o—k
ro={T 210

1, t>1-2"(k+,
A glance at the transition functions (1.7.3) shows that, although written in
a coordinate form, this map is globally defined. It is continuous because,
given an open subset U, C J¥Y, the inverse image of the open set

(M)~ (U) C T>¥Y

(1.7.6)

)

is an open subset
(trs 1] % (m32) 7 (Uk) U (te—1, 1] x (072 1) ™ (o [Uk N v (J 1Y) U
— U [0, 1) x (m6°) TH (g [Uk Ny © -+ 0 11y (Y)))
of [0,1] x J*Y, where [t,, 1] = supp f,.. Then, the map (1.7.5) is a desired

homotopy from J*Y to Y which is identified with its image under the
global section (1.7.4). O

Corollary 1.7.1. By virtue of the Vietoris—Begle theorem [22], there is an
isomorphism

H*(J*Y;R) = H*(Y;R) (1.7.7)
between the cohomology of J°Y with coefficients in the constant sheaf R
and that of Y.

The inverse sequence (1.7.1) of jet manifolds yields the direct sequence of
graded differential algebras O} of exterior forms on finite order jet manifolds

« 7‘_1* ﬂ':_ *
O"(X) T 0%(Y) 207 — -..0F, L O0r — .- (1.7.8)
where 7] _;* are the pull-back monomorphisms. Its direct limit
O%Y = lim O (1.7.9)

exists and consists of all exterior forms on finite order jet manifolds modulo
the pull-back identification. In accordance with Theorem 10.1.5, O% Y is
a differential graded algebra which inherits the operations of the exterior
differential d and exterior product A of exterior algebras O;. If there is no
danger of confusion, we denote O} = O5 Y.

Theorem 1.7.2. The cohomology H*(O%,) of the de Rham complex
0—R—0° L0l L. (1.7.10)

of the differential graded algebra OF, equals the de Rham cohomology
H}jr(Y) of a fibre bundle Y [3; 17].
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Proof. By virtue of Theorem 10.3.2, the operation of taking homology
groups of cochain complexes commutes with the passage to a direct limit.
Since the differential graded algebra O is a direct limit of differential
graded algebras O, its cohomology H*(O% ) is isomorphic to the direct
limit of the direct sequence

Hpr(Y) — Hpg(J'Y) — - (1.7.11)
Hpp(J77Y) — Hpp(JY) — -

of the de Rham cohomology groups Hfy; (J"Y") of finite order jet manifolds
J"Y . In accordance with Remark 1.5.3, all these groups equal the de Rham
cohomology H{j (Y) of Y, and so is its direct limit H*(O%,). O

Corollary 1.7.2. Any closed form ¢ € O, is decomposed into the sum
¢ = o+ d§, where o is a closed form on'Y .

One can think of elements of Of as being differential forms on the
infinite order jet manifold J*°Y as follows. Let O} be a sheaf of germs of
exterior forms on J"Y and 5: the canonical presheaf of local sections of
9. Since m)._, are open maps, there is the direct sequence of presheaves

1% roox
[R) IR MPPRENY, N
Its direct limit 5; is a presheaf of differential graded algebras on J*°Y.
Let 9F_ be the sheaf of differential graded algebras of germs of 5; on
JY . The structure module

Qr =T(Q%) (1.7.12)

of global sections of Q7 is a differential graded algebra such that, given an
element ¢ € QF_ and a point z € J*Y, there exist an open neighbourhood
U of z and an exterior form #*) on some finite order jet manifold J*Y so
that

olu =1 o™y

Therefore, one can think of Qf as being an algebra of locally exterior
forms on finite order jet manifolds. In particular, there is a monomorphism

Theorem 1.7.3. The paracompact space JY admits a partition of unity
by elements of the ring Q% [150].
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Since elements of the differential graded algebra Q7  are locally exterior
forms on finite order jet manifolds, the following Poincaré lemma holds.

Lemma 1.7.1. Given a closed element ¢ € QY _, there exists a neighbour-
hood U of each point z € J>®Y such that ¢|y is exact.

Theorem 1.7.4. The cohomology H*(Q%,) of the de Rham complex
0—R-—Q° L0l L..... (1.7.13)

of the differential graded algebra Q. equals the de Rham cohomology of a
fibre bundle Y [4; 150].

Proof. Let us consider the de Rham complex of sheaves
0—R—Q% Lql 4. (1.7.14)

on J*®Y. By virtue of Lemma 1.7.1, it is exact at all terms, except R.
Being sheaves of Q% -modules, the sheaves Q7_ are fine and, consequently
acyclic because the paracompact space J*°Y admits the partition of unity
by elements of the ring Q% . Thus, the complex (1.7.14) is a resolution
of the constant sheaf R on J>*Y. In accordance with abstract de Rham
Theorem 10.7.5, cohomology H*(Q%, ) of the complex (1.7.13) equals the
cohomology H*(J*Y;R) of J>®Y with coeflicients in the constant sheaf R.
Since Y is a strong deformation retract of J*Y, there is the isomorphism
(1.5.5) and, consequently, a desired isomorphism
HY(Q%) = Hpp(Y). .
Due to a monomorphism O} — QF, one can restrict OF to the coor-
dinate chart (1.7.3) where horizontal forms dz* and contact one-forms

Oy = dyj — Y5 ada?
make up a local basis for the OY_-algebra 0% . Though J*Y is not a smooth
manifold, elements of OF  are exterior forms on finite order jet manifolds

and, therefore, their coordinate transformations are smooth. Moreover,
there is the canonical decomposition

Or, = a0k™

of 0%, into 0% -modules O%™ of k-contact and m-horizontal forms together
with the corresponding projectors

he: O — O, B 0%, — O™,
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Accordingly, the exterior differential on O is decomposed into the sum
d=dy +dy
of the vertical differential
dyoh™=h"odoh™,  dy(¢)=0\rdr¢, ¢ecO~,
and the total differential
dgohy =hgodohy, dgohy=nhood,  dg(¢)=dz>Adx(¢),
where

dy =0\ +y30i + Y yhya0) (1.7.15)
0<|A|

are the infinite order total derivatives. These differentials obey the nilpotent
conditions

dgodyg =0, dy ody =0, dgody +dyody =0, (1716)

and make O%* into a bicomplex.
Let us consider the O -module 00, of derivations of the real ring OY .

Theorem 1.7.5. The derivation module 90%, is isomorphic to the OY -
dual (OL)* of the module of one-forms OL, [59].

Proof. At first, let us show that Q% is generated by elements df, f € OY.
It suffices to justify that any element of Ol is a finite O -linear combi-
nation of elements df, f € OY . Indeed, every ¢ € OL is an exterior form
on some finite order jet manifold J"Y. By virtue of Serre-Swan Theorem
10.9.3, the C*°(J"Y)-module O} of one-forms on J"Y is a projective module
of finite rank, i.e., ¢ is represented by a finite C°°(J"Y")-linear combination
of elements df, f € C>(J"Y) C O%. Any element ® € (OL)* yields a
derivation ¢ (f) = ®(df) of the real ring O%. Since the module OL, is
generated by elements df, f € 0%, different elements of (OL )* provide
different derivations of OY_, i.e., there is a monomorphism (Ol )* — 00Y,.
By the same formula, any derivation ¥ € 00% sends df — ¥(f) and, since
0% is generated by elements df, it defines a morphism @y : O, — OY .
Moreover, different derivations ¢ provide different morphisms ®y. Thus,
we have a monomorphism 20% — (OL)* and, consequently, isomorphism
209 = (OL)*. O
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The proof of Theorem 1.7.5 gives something more. The differential
graded algebra O} is a minimal Chevalley-Eilenberg differential calculus
O* A over the real ring A = 0% of smooth real functions on finite order
jet manifolds of Y — X. Let 9]¢, ¥ € 002, ¢ € OL_, denote the inte-
rior product. Extended to the differential graded algebra OF, the interior
product | obeys the rule

(¢ No) = (0]¢) Ao+ (=1)1?lp A (9]0).

Restricted to a coordinate chart (1.7.3), OL is a free O -module gen-
erated by one-forms dz*, §%. Since 009, = (OL,)*, any derivation of the
real ring O, takes the coordinate form

9 =005 +0°0; + > Vi, (1.7.17)
0<|A|
where
M) = O dyd, = 616%

up to permutations of multi-indices A and X. Its coefficients ¥*, 9%, ¥4 are
local smooth functions of finite jet order possessing the transformation law

axo\ . ay/i ) 8y/i
A — o 1 J s
v 8:5”19 ’ v 8yj19 +8x”19 ’
) ay/i . ay/i
W = A9 A gr, 1.7.1
i |EZ<:A| oyl 7t (1.7.18)

Any derivation 9 (1.7.17) of the ring O yields a derivation (called
the Lie derivative) Ly of the differential graded algebra O} given by the
relations

Ly¢ = vV]|do + d(9] ),
Ly(p A ') =Ly(o) AN d' + ¢ ALy(¢).

Remark 1.7.1. In particular, the total derivatives (1.7.15) are defined as
the local derivations of O and the corresponding Lie derivatives

dx¢ =La, ¢
of O%,. Moreover, the C*°(X)-ring OY possesses the canonical connection
V = dz @ dy (1.7.19)

in the sense of Definition 10.2.3 [112].





