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Chapter 1

Differential calculus on fibre bundles

This Chapter summarizes the relevant material on fibre bundles, jet man-
ifolds and connections which find application in classical field theory. The
material is presented in a fairly informal way. It is tacitly assumed that the
reader has some familiarity with the basics of differential geometry [69; 92;
147; 164].

1.1 Geometry of fibre bundles

Throughout the book, all morphisms are smooth (i.e. of class C∞) and
manifolds are smooth real and finite-dimensional. A smooth real manifold

is customarily assumed to be Hausdorff and second-countable (i.e., it has
a countable base for topology). Consequently, it is a locally compact space
which is a union of a countable number of compact subsets, a separable
space (i.e., it has a countable dense subset), a paracompact and completely
regular space. Being paracompact, a smooth manifold admits a partition
of unity by smooth real functions (see Remark 10.7.4). One can also show
that, given two disjoint closed subsets N and N ′ of a smooth manifold X,
there exists a smooth function f on X such that f |N = 0 and f |N ′ = 1.
Unless otherwise stated, manifolds are assumed to be connected (and, con-
sequently, arcwise connected). We follow the notion of a manifold without
boundary.

The standard symbols ⊗, ∨, and ∧ stand for the tensor, symmetric,
and exterior products, respectively. The interior product (contraction) is
denoted by c. By ∂AB are meant the partial derivatives with respect to
coordinates with indices BA .
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If Z is a manifold, we denote by

πZ : TZ → Z, π∗Z : T ∗Z → Z

its tangent and cotangent bundles, respectively. Given coordinates (zα)
on Z, they are equipped with the holonomic coordinates

(zλ, żλ), ż′λ =
∂z′λ

∂zµ
żµ,

(zλ, żλ), ż′λ =
∂z′µ

∂zλ
żµ,

with respect to the holonomic frames {∂λ} and coframes {dzλ} in the tan-
gent and cotangent spaces to Z, respectively. Any manifold morphism
f : Z → Z ′ yields the tangent morphism

Tf : TZ → TZ ′, ż′λ ◦ Tf =
∂fλ

∂xµ
żµ.

The symbol C∞(Z) stands for the ring of smooth real functions on a ma-
nifold Z.

1.1.1 Manifold morphisms

Let us consider manifold morphisms of maximal rank. They are immersions
(in particular, imbeddings) and submersions. An injective immersion is a
submanifold, and a surjective submersion is a fibred manifold (in particular,
a fibre bundle).

Given manifolds M and N , by the rank of a morphism f : M → N at
a point p ∈M is meant the rank of the linear morphism

Tpf : TpM → Tf(p)N.

For instance, if f is of maximal rank at p ∈M , then Tpf is injective when
dimM ≤ dimN and surjective when dimN ≤ dimM . In this case, f is
called an immersion and a submersion at a point p ∈M , respectively.

Since p→ rankpf is a lower semicontinuous function, then the morphism
Tpf is of maximal rank on an open neighbourhood of p, too. It follows from
the inverse function theorem that:
• if f is an immersion at p, then it is locally injective around p.
• if f is a submersion at p, it is locally surjective around p.

If f is both an immersion and a submersion, it is called a local diffeomor-

phism at p. In this case, there exists an open neighbourhood U of p such
that

f : U → f(U)
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is a diffeomorphism onto an open set f(U) ⊂ N .
A manifold morphism f is called the immersion (resp. submersion) if

it is an immersion (resp. submersion) at all points of M . A submersion is
necessarily an open map, i.e., it sends open subsets of M onto open subsets
of N . If an immersion f is open (i.e., f is a homeomorphism onto f(M)
equipped with the relative topology from N), it is called the imbedding.

A pair (M,f) is called a submanifold of N if f is an injective immersion.
A submanifold (M,f) is an imbedded submanifold if f is an imbedding. For
the sake of simplicity, we usually identify (M,f) with f(M). If M ⊂ N , its
natural injection is denoted by iM : M → N .

There are the following criteria for a submanifold to be imbedded.

Theorem 1.1.1. Let (M,f) be a submanifold of N .
(i) The map f is an imbedding if and only if, for each point p ∈ M ,

there exists a (cubic) coordinate chart (V, ψ) of N centered at f(p) so that
f(M)∩V consists of all points of V with coordinates (x1, . . . , xm, 0, . . . , 0).

(ii) Suppose that f : M → N is a proper map, i.e., the pre-images of
compact sets are compact. Then (M,f) is a closed imbedded submanifold
of N . In particular, this occurs if M is a compact manifold.

(iii) If dimM = dimN , then (M,f) is an open imbedded submanifold
of N .

1.1.2 Fibred manifolds and fibre bundles

A triple

π : Y → X, dimX = n > 0, (1.1.1)

is called a fibred manifold if a manifold morphism π is a surjective submer-
sion, i.e., the tangent morphism

Tπ : TY → TX

is a surjection. One says that Y is a total space of a fibred manifold (1.1.1),
X is its base, π is a fibration, and Yx = π−1(x) is a fibre over x ∈ X.

Any fibre is an imbedded submanifold of Y of dimension dimY −dimX.
Unless otherwise stated, we assume that

dimY 6= dimX,

i.e., fibred manifolds with discrete fibres are not considered.

Theorem 1.1.2. A surjection (1.1.1) is a fired manifold if and only if a
manifold Y admits an atlas of coordinate charts (UY ;xλ, yi) such that (xλ)
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are coordinates on π(UY ) ⊂ X and coordinate transition functions read

x′λ = fλ(xµ), y′i = f i(xµ, yj).

These coordinates are called fibred coordinates compatible with a fibration
π.

By a local section of a surjection (1.1.1) is meant an injection s : U → Y

of an open subset U ⊂ X such that π ◦ s = IdU , i.e., a section sends any
point x ∈ X into the fibre Yx over this point. A local section also is defined
over any subset N ∈ X as the restriction to N of a local section over an
open set containing N . If U = X, one calls s the global section. Hereafter,
by a section is meant both a global section and a local section (over an
open subset).

Theorem 1.1.3. A surjection π (1.1.1) is a fibred manifold if and only if,
for each point y ∈ Y , there exists a local section s of π : Y → X passing
through y.

The range s(U) of a local section s : U → Y of a fibred manifold Y → X

is an imbedded submanifold of Y . It also is a closed map, which sends closed
subsets of U onto closed subsets of Y . If s is a global section, then s(X) is
a closed imbedded submanifold of Y . Global sections of a fibred manifold
need not exist.

Theorem 1.1.4. Let Y → X be a fibred manifold whose fibres are diffeo-
morphic to Rm. Any its section over a closed imbedded submanifold (e.g.,
a point) of X is extended to a global section [147]. In particular, such a
fibred manifold always has a global section.

Given fibred coordinates (UY ;xλ, yi), a section s of a fibred manifold
Y → X is represented by collections of local functions {si = yi ◦ s} on
π(UY ).

A fibred manifold Y → X is called a fibre bundle if admits a fibred
coordinate atlas {(π−1(Uξ);xλ, yi)} over a cover {π−1(Uι)} of Y which is
the inverse image of a cover U = {Uξ} is a cover of X. In this case,
there exists a manifold V , called a typical fibre, such that Y is locally
diffeomorphic to the splittings

ψξ : π−1(Uξ)→ Uξ × V, (1.1.2)

glued together by means of transition functions

%ξζ = ψξ ◦ ψ−1
ζ : Uξ ∩ Uζ × V → Uξ ∩ Uζ × V (1.1.3)
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on overlaps Uξ ∩ Uζ . Transition functions %ξζ fulfil the cocycle condition

%ξζ ◦ %ζι = %ξι (1.1.4)

on all overlaps Uξ ∩ Uζ ∩ Uι. Restricted to a point x ∈ X, trivialization

morphisms ψξ (1.1.2) and transition functions %ξζ (1.1.3) define diffeomor-
phisms of fibres

ψξ(x) : Yx → V, x ∈ Uξ, (1.1.5)

%ξζ(x) : V → V, x ∈ Uξ ∩ Uζ . (1.1.6)

Trivialization charts (Uξ, ψξ) together with transition functions %ξζ (1.1.3)
constitute a bundle atlas

Ψ = {(Uξ, ψξ), %ξζ} (1.1.7)

of a fibre bundle Y → X. Two bundle atlases are said to be equivalent

if their union also is a bundle atlas, i.e., there exist transition functions
between trivialization charts of different atlases.

A fibre bundle Y → X is uniquely defined by a bundle atlas. Given
an atlas Ψ (1.1.7), there is a unique manifold structure on Y for which
π : Y → X is a fibre bundle with the typical fibre V and the bundle atlas
Ψ. All atlases of a fibre bundle are equivalent.

Remark 1.1.1. The notion of a fibre bundle introduced above is the notion
of a smooth locally trivial fibre bundle. In a general setting, a continuous

fibre bundle is defined as a continuous surjective submersion of topological
spaces Y → X. A continuous map π : Y → X is called a submersion if,
for any point y ∈ Y , there exists an open neighborhood U of the point
π(y) and a right inverse σ : U → Y of π such that σ ◦ π(y) = y, i.e., there
exists a local section of π. The notion of a locally trivial continuous fibre

bundle is a repetition of that of a smooth fibre bundle, where trivialization
morphisms ψξ and transition functions %ξζ are continuous.

We have the following useful criteria for a fibred manifold to be a fibre
bundle.

Theorem 1.1.5. If a fibration π : Y → X is a proper map, then Y → X is
a fibre bundle. In particular, a fibred manifold with a compact total space
is a fibre bundle.

Theorem 1.1.6. A fibred manifold whose fibres are diffeomorphic either
to a compact manifold or Rr is a fibre bundle [115].
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A comprehensive relation between fibred manifolds and fibre bundles is
given in Remark 1.3.2. It involves the notion of an Ehresmann connection.

Unless otherwise stated, we restrict our consideration to fibre bundles.
Without a loss of generality, we further assume that a cover U for a bun-
dle atlas of Y → X also is a cover for a manifold atlas of the base X.
Then, given a bundle atlas Ψ (1.1.7), a fibre bundle Y is provided with the
associated bundle coordinates

xλ(y) = (xλ ◦ π)(y), yi(y) = (yi ◦ ψξ)(y), y ∈ π−1(Uξ),

where xλ are coordinates on Uξ ⊂ X and yi, called fibre coordinates, are
coordinates on a typical fibre V .

The forthcoming Theorems 1.1.7 – 1.1.9 describe the particular covers
which one can choose for a bundle atlas. Throughout the book, only proper

covers of manifolds are considered, i.e., Uξ 6= Uζ if ζ 6= ξ. Recall that a
cover U′ is a refinement of a cover U if, for each U ′ ∈ U′, there exists U ∈ U

such that U ′ ⊂ U . Of course, if a fibre bundle Y → X has a bundle atlas
over a cover U of X, it admits a bundle atlas over any refinement of U.

A fibred manifold Y → X is called trivial if Y is diffeomorphic to the
product X × V . Different trivializations of Y → X differ from each other
in surjections Y → V .

Theorem 1.1.7. Any fibre bundle over a contractible base is trivial.

However, a fibred manifold over a contractible base need not be trivial,
even its fibres are mutually diffeomorphic.

It follows from Theorem 1.1.7 that any cover of a base X consisting of
domains (i.e., contractible open subsets) is a bundle cover.

Theorem 1.1.8. Every fibre bundle Y → X admits a bundle atlas over
a countable cover U of X where each member Uξ of U is a domain whose
closure Uξ is compact [69].

If a base X is compact, there is a bundle atlas of Y over a finite cover
of X which obeys the condition of Theorem 1.1.8.

Theorem 1.1.9. Every fibre bundle Y → X admits a bundle atlas over a
finite cover U of X, but its members need not be contractible and connected.

Proof. Let Ψ be a bundle atlas of Y → X over a cover U of X. For any
cover U of a manifold X, there exists its refinement {Uij}, where j ∈ N and
i runs through a finite set such that Uij ∩ Uik = ∅, j 6= k. Let {(Uij , ψij)}



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

1.1. Geometry of fibre bundles 11

be the corresponding bundle atlas of a fibre bundle Y → X. Then Y has
the finite bundle atlas

Ui =∪
j
Uij , ψi(x) =ψij(x), x ∈ Uij ⊂ Ui.

�

Morphisms of fibre bundles, by definition, are fibrewise morphisms,
sending a fibre to a fibre. Namely, a bundle morphism of a fibre bun-
dle π : Y → X to a fibre bundle π′ : Y ′ → X ′ is defined as a pair (Φ, f) of
manifold morphisms which form a commutative diagram

Y
Φ−→ Y ′

π
? ?

π′

X
f−→ X ′

, π′ ◦ Φ = f ◦ π.

Bundle injections and surjections are called bundle monomorphisms and

epimorphisms, respectively. A bundle diffeomorphism is called a bundle

isomorphism, or a bundle automorphism if it is an isomorphism to itself.
For the sake of brevity, a bundle morphism over f = IdX is often said to
be a bundle morphism over X, and is denoted by Y −→

X
Y ′. In particular,

a bundle automorphism over X is called a vertical automorphism.
A bundle monomorphism Φ : Y → Y ′ over X is called a subbundle of a

fibre bundle Y ′ → X if Φ(Y ) is a submanifold of Y ′. There is the following
useful criterion for an image and an inverse image of a bundle morphism to
be subbundles.

Theorem 1.1.10. Let Φ : Y → Y ′ be a bundle morphism over X. Given
a global section s of the fibre bundle Y ′ → X such that s(X) ⊂ Φ(Y ), by
the kernel of a bundle morphism Φ with respect to a section s is meant the
inverse image

Ker sΦ = Φ−1(s(X))

of s(X) by Φ. If Φ : Y → Y ′ is a bundle morphism of constant rank over
X, then Φ(Y ) and Ker sΦ are subbundles of Y ′ and Y , respectively.

In conclusion, let us describe the following standard constructions of
new fibre bundles from the old ones.
•Given a fibre bundle π : Y → X and a manifold morphism f : X ′ → X,

the pull-back of Y by f is called the manifold

f∗Y = {(x′, y) ∈ X ′ × Y : π(y) = f(x′)} (1.1.8)
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together with the natural projection (x′, y) → x′. It is a fibre bundle over
X ′ such that the fibre of f∗Y over a point x′ ∈ X ′ is that of Y over the
point f(x′) ∈ X. There is the canonical bundle morphism

fY : f∗Y 3 (x′, y)|π(y)=f(x′) →
f
y ∈ Y. (1.1.9)

Any section s of a fibre bundle Y → X yields the pull-back section

f∗s(x′) = (x′, s(f(x′))

of f∗Y → X ′.
• If X ′ ⊂ X is a submanifold of X and iX′ is the corresponding natural

injection, then the pull-back bundle

i∗X′Y = Y |X′

is called the restriction of a fibre bundle Y to the submanifold X ′ ⊂ X. If
X ′ is an imbedded submanifold, any section of the pull-back bundle

Y |X′ → X ′

is the restriction to X ′ of some section of Y → X.
• Let π : Y → X and π′ : Y ′ → X be fibre bundles over the same base

X. Their bundle product Y ×X Y ′ over X is defined as the pull-back

Y ×
X
Y ′ = π∗Y ′ or Y ×

X
Y ′ = π′

∗
Y

together with its natural surjection onto X. Fibres of the bundle product
Y × Y ′ are the Cartesian products Yx × Y ′x of fibres of fibre bundles Y and
Y ′.

1.1.3 Vector and affine bundles

A vector bundle is a fibre bundle Y → X such that:
• its typical fibre V and all the fibres Yx = π−1(x), x ∈ X, are real

finite-dimensional vector spaces;
• there is a bundle atlas Ψ (1.1.7) of Y → X whose trivialization mor-

phisms ψξ (1.1.5) and transition functions %ξζ (1.1.6) are linear isomor-
phisms.
Accordingly, a vector bundle is provided with linear bundle coordinates (yi)
possessing linear transition functions y′i = Aij(x)y

j . We have

y = yiei(π(y)) = yiψξ(π(y))−1(ei), π(y) ∈ Uξ, (1.1.10)

where {ei} is a fixed basis for the typical fibre V of Y , and {ei(x)} are the
fibre bases (or the frames) for the fibres Yx of Y associated to the bundle
atlas Ψ.
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By virtue of Theorem 1.1.4, any vector bundle has a global section,
e.g., the canonical global zero-valued section 0̂(x) = 0. Global sections of
a vector bundle Y → X constitute a projective C∞(X)-module Y (X) of
finite rank. It is called the structure module of a vector bundle.

Theorem 1.1.11. Let a vector bundle Y → X admit m = dimV nowhere
vanishing global sections si which are linearly independent, i.e.,

m
∧ si 6= 0.

Then Y is trivial.

Proof. Values of these sections define the frames {si(x)} for all fibres
Vx, x ∈ X. Linear fibre coordinates (yi) with respect to these frames
form a bundle coordinate atlas with identity transition functions of fibre
coordinates. �

Theorem 10.9.2 and Serre–Swan Theorem 10.9.3 state the categorial
equivalence between the vector bundles over a smooth manifold X and
projective C∞(X)-modules of finite rank. Therefore, the differential cal-
culus (including linear differential operators, linear connections) on vector
bundles can be algebraically formulated as the differential calculus on these
modules. We however follow fibre bundle formalism because classical field
theory is not restricted to vector bundles.

By a morphism of vector bundles is meant a linear bundle morphism,
which is a linear fibrewise map whose restriction to each fibre is a linear
map.

Given a linear bundle morphism Φ : Y ′ → Y of vector bundles over X,
its kernel KerΦ is defined as the inverse image Φ−1(0̂(X)) of the canoni-
cal zero-valued section 0̂(X) of Y . By virtue of Theorem 1.1.10, if Φ is of
constant rank, its kernel and its range are vector subbundles of the vector
bundles Y ′ and Y , respectively. For instance, monomorphisms and epimor-
phisms of vector bundles fulfil this condition.

There are the following particular constructions of new vector bundles
from the old ones.
• Let Y → X be a vector bundle with a typical fibre V . By Y ∗ → X is

denoted the dual vector bundle with the typical fibre V ∗ dual of V . The
interior product of Y and Y ∗ is defined as a fibred morphism

c : Y ⊗ Y ∗ −→
X

X × R.

• Let Y → X and Y ′ → X be vector bundles with typical fibres V and
V ′, respectively. Their Whitney sum Y ⊕

X
Y ′ is a vector bundle over X with

the typical fibre V ⊕ V ′.
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• Let Y → X and Y ′ → X be vector bundles with typical fibres V
and V ′, respectively. Their tensor product Y ⊗

X
Y ′ is a vector bundle over

X with the typical fibre V ⊗ V ′. Similarly, the exterior product of vector
bundles Y ∧

X
Y ′ is defined. The exterior product

∧Y = X × R⊕
X
Y ⊕
X

2
∧Y ⊕

X
· · ·

k
∧Y, k = dimY − dimX, (1.1.11)

is called the exterior bundle.

Remark 1.1.2. Given vector bundles Y and Y ′ over the same base X,
every linear bundle morphism

Φ : Yx 3 {ei(x)} → {Φki (x)e′k(x)} ∈ Y ′x
over X defines a global section

Φ : x→ Φki (x)e
i(x)⊗ e′k(x)

of the tensor product Y ⊗ Y ′∗, and vice versa.

A sequence

Y ′
i−→Y

j−→Y ′′

of vector bundles over the same base X is called exact at Y if Ker j = Im i.
A sequence of vector bundles

0→ Y ′
i−→Y

j−→Y ′′ → 0 (1.1.12)

over X is said to be a short exact sequence if it is exact at all terms Y ′,
Y , and Y ′′. This means that i is a bundle monomorphism, j is a bundle
epimorphism, and Ker j = Im i. Then Y ′′ is the factor bundle Y/Y ′ whose
structure module is the quotient Y (X)/Y ′(X) of the structure modules of
Y and Y ′. Given an exact sequence of vector bundles (1.1.12), there is the
exact sequence of their duals

0→ Y ′′∗
j∗−→Y ∗

i∗−→Y ′∗ → 0.

One says that an exact sequence (1.1.12) is split if there exists a bundle
monomorphism s : Y ′′ → Y such that j ◦ s = IdY ′′ or, equivalently,

Y = i(Y ′)⊕ s(Y ′′) = Y ′ ⊕ Y ′′.

Theorem 1.1.12. Every exact sequence of vector bundles (1.1.12) is split
[80].
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This theorem is a corollary of the Serre–Swan Theorem 10.9.3 and The-
orem 10.1.3.

The tangent bundle TZ and the cotangent bundle T ∗Z of a manifold Z
exemplify vector bundles.

Remark 1.1.3. Given an atlas ΨZ = {(Uι, φι)} of a manifold Z, the tan-
gent bundle is provided with the holonomic bundle atlas

ΨT = {(Uι, ψι = Tφι)}, (1.1.13)

where Tφι is the tangent morphism to φι. The associated linear bundle
coordinates are holonomic (or induced) coordinates (żλ) with respect to
the holonomic frames {∂λ} in tangent spaces TzZ.

The tensor product of tangent and cotangent bundles

T = (
m
⊗TZ)⊗ (

k
⊗T ∗Z), m, k ∈ N, (1.1.14)

is called a tensor bundle, provided with holonomic bundle coordinates
ẋα1···αm

β1···βk
possessing transition functions

ẋ′α1···αm

β1···βk
=
∂x′α1

∂xµ1
· · · ∂x

′αm

∂xµm

∂xν1

∂x′β1
· · · ∂x

νk

∂x′βk
ẋµ1···µm
ν1···νk

.

Let πY : TY → Y be the tangent bundle of a fibre bundle π : Y → X.
Given bundle coordinates (xλ, yi) on Y , it is equipped with the holonomic
coordinates (xλ, yi, ẋλ, ẏi). The tangent bundle TY → Y has the subbundle
V Y = Ker (Tπ), which consists of the vectors tangent to fibres of Y . It is
called the vertical tangent bundle of Y and is provided with the holonomic
coordinates (xλ, yi, ẏi) with respect to the vertical frames {∂i}. Every bun-
dle morphism Φ : Y → Y ′ yields the linear bundle morphism over Φ of the
vertical tangent bundles

V Φ : V Y → V Y ′, ẏ′i ◦ V Φ =
∂Φi

∂yj
ẏj . (1.1.15)

It is called the vertical tangent morphism.
In many important cases, the vertical tangent bundle V Y → Y of a

fibre bundle Y → X is trivial, and is isomorphic to the bundle product

V Y = Y ×
X
Y (1.1.16)

where Y → X is some vector bundle. It follows that V Y can be provided
with bundle coordinates (xλ, yi, yi) such that transition functions of coor-
dinates yi are independent of coordinates yi. One calls (1.1.16) the vertical
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splitting. For instance, every vector bundle Y → X admits the canonical

vertical splitting

V Y = Y ⊕
X
Y. (1.1.17)

The vertical cotangent bundle V ∗Y → Y of a fibre bundle Y → X is
defined as the dual of the vertical tangent bundle V Y → Y . It is not a sub-
bundle of the cotangent bundle T ∗Y , but there is the canonical surjection

ζ : T ∗Y 3 ẋλdxλ + ẏidy
i → ẏidy

i ∈ V ∗Y, (1.1.18)

where {dyi}, possessing transition functions

dy′i =
∂y′i

∂yj
dyj ,

are the duals of the holonomic frames {∂i} of the vertical tangent bundle
V Y .

For any fibre bundle Y , there exist the exact sequences of vector bundles

0→ V Y −→TY
πT−→Y ×

X
TX → 0, (1.1.19)

0→ Y ×
X
T ∗X → T ∗Y → V ∗Y → 0. (1.1.20)

Their splitting, by definition, is a connection on Y → X.
For the sake of simplicity, we agree to denote the pull-backs

Y ×
X
TX, Y ×

X
T ∗X

by TX and T ∗X, respectively.
Let π : Y → X be a vector bundle with a typical fibre V . An affine

bundle modelled over the vector bundle Y → X is a fibre bundle π : Y → X

whose typical fibre V is an affine space modelled over V such that the
following conditions hold.
• All the fibres Yx of Y are affine spaces modelled over the corresponding

fibres Y x of the vector bundle Y .
• There is an affine bundle atlas

Ψ = {(Uα, ψχ), %χζ}

of Y → X whose local trivializations morphisms ψχ (1.1.5) and transition
functions %χζ (1.1.6) are affine isomorphisms.

Dealing with affine bundles, we use only affine bundle coordinates (yi)
associated to an affine bundle atlas Ψ. There are the bundle morphisms

Y ×
X
Y −→

X
Y, (yi, yi)→ yi + yi,

Y ×
X
Y −→

X
Y , (yi, y′i)→ yi − y′i,
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where (yi) are linear coordinates on the vector bundle Y .
By virtue of Theorem 1.1.4, affine bundles have global sections, but

in contrast with vector bundles, there is no canonical global section of an
affine bundle. Let π : Y → X be an affine bundle. Every global section s

of an affine bundle Y → X modelled over a vector bundle Y → X yields
the bundle morphisms

Y 3 y → y − s(π(y)) ∈ Y , (1.1.21)

Y 3 y → s(π(y)) + y ∈ Y. (1.1.22)

In particular, every vector bundle Y has a natural structure of an affine
bundle due to the morphisms (1.1.22) where s = 0̂ is the canonical zero-
valued section of Y . For instance, the tangent bundle TX of a manifold X
is naturally an affine bundle ATX called the affine tangent bundle.

Theorem 1.1.13. Any affine bundle Y → X admits bundle coordinates
(xλ, ỹi) possessing linear transition functions ỹ′i = Aij(x)ỹ

j (see Example
5.10.2).

Proof. Let s be a global section of Y → X. Given fibre coordinates
y → (yi), let us consider the fibre coordinates

y → (ỹi = yi − si(π(y))).

Due to the morphism (1.1.21), they possess linear transition functions. �

One can define the Whitney sum Y
′⊕Y of a vector bundle Y

′ → X and
an affine bundle Y → X modelled over a vector bundle Y → X. This is an
affine bundle modelled over the Whitney sum of vector bundles Y

′ ⊕ Y .
By a morphism of affine bundles is meant a bundle morphism Φ : Y →

Y ′ whose restriction to each fibre of Y is an affine map. It is called an affine

bundle morphism. Every affine bundle morphism Φ : Y → Y ′ of an affine
bundle Y modelled over a vector bundle Y to an affine bundle Y ′ modelled
over a vector bundle Y

′
yields an unique linear bundle morphism

Φ : Y → Y
′
, y′i ◦ Φ =

∂Φi

∂yj
yj , (1.1.23)

called the linear derivative of Φ.
Similarly to vector bundles, if Φ : Y → Y ′ is an affine morphism of

affine bundles of constant rank, then Φ(Y ) and Ker Φ are affine subbundles
of Y ′ and Y , respectively.

Every affine bundle Y → X modelled over a vector bundle Y → X

admits the canonical vertical splitting

V Y = Y ×
X
Y . (1.1.24)
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Note that Theorems 1.1.8 and 1.1.9 on a particular cover for bundle
atlases remain true in the case of linear and affine atlases of vector and
affine bundles.

1.1.4 Vector fields, distributions and foliations

Vector fields on a manifold Z are global sections of the tangent bundle
TZ → Z.

The set T (Z) of vector fields on Z is both a C∞(Z)-module and a real
Lie algebra with respect to the Lie bracket

u = uλ∂λ, v = vλ∂λ,

[v, u] = (vλ∂λuµ − uλ∂λvµ)∂µ.

Given a vector field u on X, a curve

c : R ⊃ ()→ Z

in Z is said to be an integral curve of u if Tc = u(c). Every vector field
u on a manifold Z can be seen as an infinitesimal generator of a local
one-parameter group of diffeomorphisms (a flow), and vice versa [92]. One-
dimensional orbits of this group are integral curves of u. A vector field is
called complete if its flow is a one-parameter group of diffeomorphisms of
Z. For instance, every vector field on a compact manifold is complete.

A vector field u on a fibre bundle Y → X is called projectable if it
projects onto a vector field on X, i.e., there exists a vector field τ on X

such that

τ ◦ π = Tπ ◦ u.

A projectable vector field takes the coordinate form

u = uλ(xµ)∂λ + ui(xµ, yj)∂i, τ = uλ∂λ. (1.1.25)

Its flow is a local one-parameter group of automorphisms of Y → X over a
local one-parameter group of diffeomorphisms of X whose generator is τ .
A projectable vector field is called vertical if its projection onto X vanishes,
i.e., if it lives in the vertical tangent bundle V Y .

A vector field τ = τλ∂λ on a base X of a fibre bundle Y → X gives rise
to a vector field on Y by means of a connection on this fibre bundle (see
the formula (1.3.6)). Nevertheless, every tensor bundle (1.1.14) admits the
canonical lift of vector fields

τ̃ = τµ∂µ + [∂ντα1 ẋνα2···αm

β1···βk
+ . . .− ∂β1τ

ν ẋα1···αm

νβ2···βk
− . . .]∂̇β1···βk

α1···αm
, (1.1.26)
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where we employ the compact notation

∂̇λ =
∂

∂ẋλ
. (1.1.27)

This lift is functorial, i.e., it is an R-linear monomorphism of the Lie algebra
T (X) of vector fields on X to the Lie algebra T (Y ) of vector fields on Y

(see Section 6.1). In particular, we have the functorial lift

τ̃ = τµ∂µ + ∂ντ
αẋν

∂

∂ẋα
(1.1.28)

of vector fields on X onto the tangent bundle TX and their functorial lift

τ̃ = τµ∂µ − ∂βτν ẋν
∂

∂ẋβ
(1.1.29)

onto the cotangent bundle T ∗X.
A fibre bundle admitting functorial lift of vector fields on its base is

called the natural bundle [94; 153] (see Section 6.1).
A subbundle T of the tangent bundle TZ of a manifold Z is called a

regular distribution (or, simply, a distribution). A vector field u on Z is
said to be subordinate to a distribution T if it lives in T. A distribution T
is called involutive if the Lie bracket of T-subordinate vector fields also is
subordinate to T.

A subbundle of the cotangent bundle T ∗Z of Z is called a codistribution

T∗ on a manifold Z. For instance, the annihilator AnnT of a distribution
T is a codistribution whose fibre over z ∈ Z consists of covectors w ∈ T ∗z
such that vcw = 0 for all v ∈ Tz.

Theorem 1.1.14. Let T be a distribution and AnnT its annihilator. Let
∧AnnT(Z) be the ideal of the exterior algebra O∗(Z) which is generated
by sections of AnnT→ Z. A distribution T is involutive if and only if the
ideal ∧AnnT(Z) is a differential ideal [164], i.e.,

d(∧AnnT(Z)) ⊂ ∧AnnT(Z).

The following local coordinates can be associated to an involutive dis-
tribution [164].

Theorem 1.1.15. Let T be an involutive r-dimensional distribution on a
manifold Z, dimZ = k. Every point z ∈ Z has an open neighborhood
U which is a domain of an adapted coordinate chart (z1, . . . , zk) such that,
restricted to U , the distribution T and its annihilator AnnT are spanned by
the local vector fields ∂/∂z1, · · · , ∂/∂zr and the one-forms dzr+1, . . . , dzk,
respectively.
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A connected submanifold N of a manifold Z is called an integral ma-

nifold of a distribution T on Z if TN ⊂ T. Unless otherwise stated, by
an integral manifold is meant an integral manifold of dimension of T. An
integral manifold is called maximal if no other integral manifold contains
it. The following is the classical theorem of Frobenius.

Theorem 1.1.16. Let T be an involutive distribution on a manifold Z. For
any z ∈ Z, there exists a unique maximal integral manifold of T through z,
and any integral manifold through z is its open subset.

Maximal integral manifolds of an involutive distribution on a manifold
Z are assembled into a regular foliation F of Z. A regular r-dimensional
foliation (or, simply, a foliation) F of a k-dimensional manifold Z is defined
as a partition of Z into connected r-dimensional submanifolds (the leaves

of a foliation) Fι, ι ∈ I, which possesses the following properties [126;
151]. A foliated manifold (Z,F) admits an adapted coordinate atlas

{(Uξ; zλ; zi)}, λ = 1, . . . , n− r, i = 1, . . . , r, (1.1.30)

such that transition functions of coordinates zλ are independent of the re-
maining coordinates zi and, for each leaf F of a foliation F , the connected
components of F ∩ Uξ are given by the equations zλ =const. These con-
nected components and coordinates (zi) on them make up a coordinate
atlas of a leaf F . It follows that tangent spaces to leaves of a foliation F
constitute an involutive distribution TF on Z, called the tangent bundle

to the foliation F . The factor bundle

V F = TZ/TF ,

called the normal bundle to F , has transition functions independent of
coordinates zi. Let TF∗ → Z denote the dual of TF → Z. There are the
exact sequences

0→ TF iF−→TX −→V F → 0, (1.1.31)

0→ AnnTF −→T ∗X
i∗F−→TF∗ → 0 (1.1.32)

of vector bundles over Z.
It should be emphasized that leaves of a foliation need not be closed or

imbedded submanifolds. Every leaf has an open tubular neighborhood U ,
i.e., if z ∈ U , then a leaf through z also belongs to U .

A pair (Z,F) where F is a foliation of Z is called a foliated manifold.
For instance, any submersion f : Z →M yields a foliation

F = {Fp = f−1(p)}p∈f(Z)



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

1.1. Geometry of fibre bundles 21

of Z indexed by elements of f(Z), which is an open submanifold of M , i.e.,
Z → f(Z) is a fibred manifold. Leaves of this foliation are closed imbedded
submanifolds. Such a foliation is called simple. It is a fibred manifold over
f(Z). Any (regular) foliation is locally simple.

1.1.5 Exterior and tangent-valued forms

An exterior r-form on a manifold Z is a section

φ =
1
r!
φλ1...λrdz

λ1 ∧ · · · ∧ dzλr

of the exterior product
r
∧T ∗Z → Z, where

dzλ1 ∧ · · · ∧ dzλr =
1
r!
ελ1...λr

µ1...µr
dxµ1 ⊗ · · · ⊗ dxµr ,

ε...λi...λj ...
...µp...µk... = −ε...λj ...λi...

...µp...µk... = −ε...λi...λj ...
...µk...µp...,

ελ1...λr
λ1...λr = 1.

Sometimes, it is convenient to write

φ = φ′λ1...λr
dzλ1 ∧ · · · ∧ dzλr

without the coefficient 1/r!.
Let Or(Z) denote the vector space of exterior r-forms on a manifold

Z. By definition, O0(Z) = C∞(Z) is the ring of smooth real functions on
Z. All exterior forms on Z constitute the N-graded commutative algebra
O∗(Z) of global sections of the exterior bundle ∧T ∗Z (1.1.11) endowed with
the exterior product

φ =
1
r!
φλ1...λrdz

λ1 ∧ · · · ∧ dzλr , σ =
1
s!
σµ1...µsdz

µ1 ∧ · · · ∧ dzµs ,

φ ∧ σ =
1
r!s!

φν1...νrσνr+1...νr+sdz
ν1 ∧ · · · ∧ dzνr+s =

1
r!s!(r + s)!

εν1...νr+s
α1...αr+sφν1...νrσνr+1...νr+sdz

α1 ∧ · · · ∧ dzαr+s ,

such that

φ ∧ σ = (−1)|φ||σ|σ ∧ φ,

where the symbol |φ| stands for the form degree. The algebra O∗(Z) also
is provided with the exterior differential

dφ = dzµ ∧ ∂µφ =
1
r!
∂µφλ1...λr

dzµ ∧ dzλ1 ∧ · · · ∧ dzλr



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

22 Differential calculus on fibre bundles

which obeys the relations

d ◦ d = 0, d(φ ∧ σ) = d(φ) ∧ σ + (−1)|φ|φ ∧ d(σ).

The exterior differential d makes O∗(Z) into a differential graded algebra
which is the minimal Chevalley–Eilenberg differential calculus O∗A over
the real ring A = C∞(Z). Its de Rham complex is (10.9.12).

Given a manifold morphism f : Z → Z ′, any exterior k-form φ on Z ′

yields the pull-back exterior form f∗φ on Z given by the condition

f∗φ(v1, . . . , vk)(z) = φ(Tf(v1), . . . , T f(vk))(f(z))

for an arbitrary collection of tangent vectors v1, · · · , vk ∈ TzZ. We have
the relations

f∗(φ ∧ σ) = f∗φ ∧ f∗σ,
df∗φ = f∗(dφ).

In particular, given a fibre bundle π : Y → X, the pull-back onto
Y of exterior forms on X by π provides the monomorphism of graded
commutative algebras O∗(X) → O∗(Y ). Elements of its range π∗O∗(X)
are called basic forms. Exterior forms

φ : Y →
r
∧T ∗X,

φ =
1
r!
φλ1...λr

dxλ1 ∧ · · · ∧ dxλr ,

on Y such that ucφ = 0 for an arbitrary vertical vector field u on Y are said
to be horizontal forms. Horizontal forms of degree n = dimX are called
densities. We use for them the compact notation

L =
1
n!
Lµ1...µn

dxµ1 ∧ · · · ∧ dxµn = Lω, L = L1...n,

ω = dx1 ∧ · · · ∧ dxn =
1
n!
εµ1...µn

dxµ1 ∧ · · · ∧ dxµn , (1.1.33)

ωλ = ∂λcω, ωµλ = ∂µc∂λcω,

where ε is the skew-symmetric Levi–Civita symbol with the component
εµ1...µn

= 1.
The interior product (or contraction) of a vector field u and an exterior

r-form φ on a manifold Z is given by the coordinate expression

ucφ =
r∑

k=1

(−1)k−1

r!
uλkφλ1...λk...λrdz

λ1 ∧ · · · ∧ d̂z
λk ∧ · · · ∧ dzλr =

1
(r − 1)!

uµφµα2...αr
dzα2 ∧ · · · ∧ dzαr ,
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where the caret ̂ denotes omission. It obeys the relations

φ(u1, . . . , ur) = urc · · ·u1cφ,
uc(φ ∧ σ) = ucφ ∧ σ + (−1)|φ|φ ∧ ucσ.

The Lie derivative of an exterior form φ along a vector field u is

Luφ = ucdφ+ d(ucφ),

Lu(φ ∧ σ) = Luφ ∧ σ + φ ∧ Luσ.

It is a derivation of the graded algebra O∗(Z) such that

Lu ◦ Lu′ − Lu′ ◦ Lu = L[u,u′].

In particular, if f is a function, then

Luf = u(f) = ucdf.
An exterior form φ is invariant under a local one-parameter group of

diffeomorphisms G(t) of Z (i.e., G(t)∗φ = φ) if and only if its Lie derivative
along the infinitesimal generator u of this group vanishes, i.e.,

Luφ = 0.

A tangent-valued r-form on a manifold Z is a section

φ =
1
r!
φµλ1...λr

dzλ1 ∧ · · · ∧ dzλr ⊗ ∂µ (1.1.34)

of the tensor bundle
r
∧T ∗Z ⊗ TZ → Z.

Remark 1.1.4. There is one-to-one correspondence between the tangent-
valued one-forms φ on a manifold Z and the linear bundle endomorphisms

φ̂ : TZ → TZ, φ̂ : TzZ 3 v → vcφ(z) ∈ TzZ, (1.1.35)

φ̂∗ : T ∗Z → T ∗Z, φ̂∗ : T ∗z Z 3 v∗ → φ(z)cv∗ ∈ T ∗z Z, (1.1.36)

over Z (see Remark 1.1.2). For instance, the canonical tangent-valued one-

form

θZ = dzλ ⊗ ∂λ (1.1.37)

on Z corresponds to the identity morphisms (1.1.35) and (1.1.36).

Remark 1.1.5. Let Z = TX, and let TTX be the tangent bundle of TX.
There is the bundle endomorphism

J(∂λ) = ∂̇λ, J(∂̇λ) = 0 (1.1.38)

of TTX over X. It corresponds to the canonical tangent-valued form

θJ = dxλ ⊗ ∂̇λ (1.1.39)

on the tangent bundle TX. It is readily observed that J ◦ J = 0.
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The space O∗(Z)⊗ T (Z) of tangent-valued forms is provided with the
Frölicher–Nijenhuis bracket

[ , ]FN : Or(Z)⊗ T (Z)×Os(Z)⊗ T (Z)→ Or+s(Z)⊗ T (Z),

[α⊗ u, β ⊗ v]FN = (α ∧ β)⊗ [u, v] + (α ∧ Luβ)⊗ v − (1.1.40)

(Lvα ∧ β)⊗ u+ (−1)r(dα ∧ ucβ)⊗ v + (−1)r(vcα ∧ dβ)⊗ u,
α ∈ Or(Z), β ∈ Os(Z), u, v ∈ T (Z).

Its coordinate expression is

[φ, σ]FN =
1
r!s!

(φνλ1...λr
∂νσ

µ
λr+1...λr+s

− σνλr+1...λr+s
∂νφ

µ
λ1...λr

−

rφµλ1...λr−1ν
∂λrσ

ν
λr+1...λr+s

+ sσµνλr+2...λr+s
∂λr+1φ

ν
λ1...λr

)

dzλ1 ∧ · · · ∧ dzλr+s ⊗ ∂µ,
φ ∈ Or(Z)⊗ T (Z), σ ∈ Os(Z)⊗ T (Z).

There are the relations

[φ, σ]FN = (−1)|φ||ψ|+1[σ, φ]FN, (1.1.41)

[φ, [σ, θ]FN]FN = [[φ, σ]FN, θ]FN + (−1)|φ||σ|[σ, [φ, θ]FN]FN, (1.1.42)

φ, σ, θ ∈ O∗(Z)⊗ T (Z).

Given a tangent-valued form θ, the Nijenhuis differential on O∗(Z) ⊗
T (Z) is defined as the morphism

dθ : ψ → dθψ = [θ, ψ]FN, ψ ∈ O∗(Z)⊗ T (Z).

By virtue of (1.1.42), it has the property

dφ[ψ, θ]FN = [dφψ, θ]FN + (−1)|φ||ψ|[ψ, dφθ]FN.

In particular, if θ = u is a vector field, the Nijenhuis differential is the Lie

derivative of tangent-valued forms

Luσ = duσ = [u, σ]FN =
1
s!

(uν∂νσ
µ
λ1...λs

− σνλ1...λs
∂νu

µ +

sσµνλ2...λs
∂λ1u

ν)dxλ1 ∧ · · · ∧ dxλs ⊗ ∂µ, σ ∈ Os(Z)⊗ T (Z).

Let Y → X be a fibre bundle. We consider the following subspaces of
the space O∗(Y )⊗ T (Y ) of tangent-valued forms on Y :
• horizontal tangent-valued forms

φ : Y →
r
∧T ∗X ⊗

Y
TY,

φ = dxλ1 ∧ · · · ∧ dxλr ⊗ 1
r!

[φµλ1...λr
(y)∂µ + φiλ1...λr

(y)∂i],
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• projectable horizontal tangent-valued forms

φ = dxλ1 ∧ · · · ∧ dxλr ⊗ 1
r!

[φµλ1...λr
(x)∂µ + φiλ1...λr

(y)∂i],

• vertical-valued form

φ : Y →
r
∧T ∗X ⊗

Y
V Y,

φ =
1
r!
φiλ1...λr

(y)dxλ1 ∧ · · · ∧ dxλr ⊗ ∂i,

• vertical-valued one-forms, called soldering forms,

σ = σiλ(y)dx
λ ⊗ ∂i,

• basic soldering forms

σ = σiλ(x)dx
λ ⊗ ∂i.

Remark 1.1.6. The tangent bundle TX is provided with the canonical
soldering form θJ (1.1.39). Due to the canonical vertical splitting

V TX = TX ×
X
TX, (1.1.43)

the canonical soldering form (1.1.39) on TX defines the canonical tangent-
valued form θX (1.1.37) on X. By this reason, tangent-valued one-forms
on a manifold X also are called soldering forms.

Remark 1.1.7. Let Y → X be a fibre bundle, f : X ′ → X a manifold
morphism, f∗Y → X ′ the pull-back of Y by f , and

fY : f∗Y → Y

the corresponding bundle morphism (1.1.9). Since

V f∗Y = f∗V Y = f∗Y V Y, Vy′Y
′ = VfY (y′)Y,

one can define the pull-back f∗φ onto f∗Y of any vertical-valued form f

on Y in accordance with the relation

f∗φ(v1, . . . , vr)(y′) = φ(TfY (v1), . . . , T fY (vr))(fY (y′)).

We also mention the TX-valued forms

φ : Y →
r
∧T ∗X ⊗

Y
TX, (1.1.44)

φ =
1
r!
φµλ1...λr

dxλ1 ∧ · · · ∧ dxλr ⊗ ∂µ,
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and V ∗Y -valued forms

φ : Y →
r
∧T ∗X ⊗

Y
V ∗Y, (1.1.45)

φ =
1
r!
φλ1...λridx

λ1 ∧ · · · ∧ dxλr ⊗ dyi.

It should be emphasized that (1.1.44) are not tangent-valued forms, while
(1.1.45) are not exterior forms. They exemplify vector-valued forms. Given
a vector bundle E → X, by a E-valued k-form on X, is meant a section of
the fibre bundle

(
k
∧T ∗X)⊗

X
E∗ → X.

1.2 Jet manifolds

This Section addresses first and second order jet manifolds of sections of
fibre bundles [94; 145].

Given a fibre bundle Y → X with bundle coordinates (xλ, yi), let us
consider the equivalence classes j1xs of its sections s, which are identified
by their values si(x) and the values of their partial derivatives ∂µsi(x) at a
point x ∈ X. They are called the first order jets of sections at x. One can
justify that the definition of jets is coordinate-independent. The key point
is that the set J1Y of first order jets j1xs, x ∈ X, is a smooth manifold with
respect to the adapted coordinates (xλ, yi, yiλ) such that

yiλ(j
1
xs) = ∂λs

i(x), y′
i
λ =

∂xµ

∂x′λ
(∂µ + yjµ∂j)y

′i. (1.2.1)

It is called the first order jet manifold of a fibre bundle Y → X. We call
(yiλ) the jet coordinate.

Remark 1.2.1. Note that there are different notions of jets. Jets of sec-
tions are the particular jets of maps [94; 126] and the jets of submanifolds
[53; 96] (see Section 8.4). Let us also mention the jets of modules over a
commutative ring [96; 112] which are representative objects of differential
operators on modules [71; 96]. In particular, given a smooth manifold X,
the jets of a projective C∞(X)-module P of finite rank are exactly the jets
of sections of the vector bundle over X whose module of sections is P in
accordance with the Serre–Swan Theorem 10.9.3. The notion of jets is ex-
tended to modules over graded commutative rings [60]. However, the jets
of modules over a noncommutative ring can not be defined [60].
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The jet manifold J1Y admits the natural fibrations

π1 : J1Y 3 j1xs→ x ∈ X, (1.2.2)

π1
0 : J1Y 3 j1xs→ s(x) ∈ Y. (1.2.3)

A glance at the transformation law (1.2.1) shows that π1
0 is an affine bundle

modelled over the vector bundle

T ∗X ⊗
Y
V Y → Y. (1.2.4)

It is convenient to call π1 (1.2.2) the jet bundle, while π1
0 (1.2.3) is said to

be the affine jet bundle.
Let us note that, if Y → X is a vector or an affine bundle, the jet bundle

π1 (1.2.2) is so.
Jets can be expressed in terms of familiar tangent-valued forms as fol-

lows. There are the canonical imbeddings

λ(1) : J1Y →
Y
T ∗X ⊗

Y
TY,

λ(1) = dxλ ⊗ (∂λ + yiλ∂i) = dxλ ⊗ dλ, (1.2.5)

θ(1) : J1Y →
Y
T ∗Y ⊗

Y
V Y,

θ(1) = (dyi − yiλdxλ)⊗ ∂i = θi ⊗ ∂i, (1.2.6)

where dλ are said to be total derivatives, and θi are called local contact

forms.

Remark 1.2.2. We further identify the jet manifold J1Y with its images
under the canonical morphisms (1.2.5) and (1.2.6), and represent the jets
j1xs = (xλ, yi, yiµ) by the tangent-valued forms λ(1) (1.2.5) and θ(1) (1.2.6).

Sections and morphisms of fibre bundles admit prolongations to jet man-
ifolds as follows.

Any section s of a fibre bundle Y → X has the jet prolongation to the
section

(J1s)(x) = j1xs, yiλ ◦ J1s = ∂λs
i(x),

of the jet bundle J1Y → X. A section of the jet bundle J1Y → X is called
integrable if it is the jet prolongation of some section of a fibre bundle
Y → X.

Remark 1.2.3. By virtue of Theorem 1.1.4, the affine jet bundle J1Y → Y

admits global sections. For instance, if Y = X×V is a trivial bundle, there
is the canonical zero section 0̂(Y ) of J1Y → Y which takes its values into
centers of its affine fibres.
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Any bundle morphism Φ : Y → Y ′ over a diffeomorphism f admits a
jet prolongation to a bundle morphism of affine jet bundles

J1Φ : J1Y −→
Φ

J1Y ′, (1.2.7)

y′
i
λ ◦ J1Φ =

∂(f−1)µ

∂x′λ
dµΦi.

Any projectable vector field u (1.1.25) on a fibre bundle Y → X has a
jet prolongation to the projectable vector field

J1u = r1 ◦ J1u : J1Y → J1TY → TJ1Y,

J1u = uλ∂λ + ui∂i + (dλui − yiµ∂λuµ)∂λi , (1.2.8)

on the jet manifold J1Y . In order to obtain (1.2.8), the canonical bundle
morphism

r1 : J1TY → TJ1Y, ẏiλ ◦ r1 = (ẏi)λ − yiµẋ
µ
λ

is used. In particular, there is the canonical isomorphism

V J1Y = J1V Y, ẏiλ = (ẏi)λ. (1.2.9)

Taking the first order jet manifold of the jet bundle J1Y → X, we obtain
the repeated jet manifold J1J1Y provided with the adapted coordinates

(xλ, yi, yiλ, ŷ
i
µ, y

i
µλ)

possessing transition functions

y′iλ =
∂xα

∂x′λ
dαy

′i, ŷ′iλ =
∂xα

∂x′λ
d̂αy

′i, y′
i
µλ =

∂xα

∂x′µ
d̂αy

′i
λ,

dα = ∂α + ŷjα∂j + yjνα∂
ν
j , d̂α = ∂α + ŷjα∂j + yjνα∂

ν
j .

There exist two different affine fibrations of J1J1Y over J1Y :
• the familiar affine jet bundle (1.2.3):

π11 : J1J1Y → J1Y, yiλ ◦ π11 = yiλ, (1.2.10)

• the affine bundle

J1π1
0 : J1J1Y → J1Y, yiλ ◦ J1π1

0 = ŷiλ. (1.2.11)

In general, there is no canonical identification of these fibrations. The
points q ∈ J1J1Y , where

π11(q) = J1π1
0(q),

form an affine subbundle Ĵ2Y → J1Y of J1J1Y called the sesquiholonomic

jet manifold. It is given by the coordinate conditions ŷiλ = yiλ, and is
coordinated by (xλ, yi, yiλ, y

i
µλ).
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The second order jet manifold J2Y of a fibre bundle Y → X can be
defined as the affine subbundle of the fibre bundle Ĵ2Y → J1Y given by
the coordinate conditions

yiλµ = yiµλ.

It is modelled over the vector bundle
2
∨T ∗X ⊗

J1Y
V Y → J1Y,

and is endowed with adapted coordinates (xλ, yi, yiλ, y
i
λµ = yiµλ), possessing

transition functions

y′iλ =
∂xα

∂x′λ
dαy

′i, y′
i
µλ =

∂xα

∂x′µ
dαy

′i
λ. (1.2.12)

The second order jet manifold J2Y also can be introduced as the set of
the equivalence classes j2xs of sections s of the fibre bundle Y → X, which
are identified by their values and the values of their first and second order
partial derivatives at points x ∈ X, i.e.,

yiλ(j
2
xs) = ∂λs

i(x), yiλµ(j
2
xs) = ∂λ∂µs

i(x).

The equivalence classes j2xs are called the second order jets of sections.
Let s be a section of a fibre bundle Y → X, and let J1s be its jet

prolongation to a section of the jet bundle J1Y → X. The latter gives rise
to the section J1J1s of the repeated jet bundle J1J1Y → X. This section
takes its values into the second order jet manifold J2Y . It is called the
second order jet prolongation of a section s, and is denoted by J2s.

Theorem 1.2.1. Let s be a section of the jet bundle J1Y → X, and let J1s

be its jet prolongation to a section of the repeated jet bundle J1J1Y → X.
The following three facts are equivalent:
• s = J1s where s is a section of a fibre bundle Y → X,
• J1s takes its values into Ĵ2Y ,
• J1s takes its values into J2Y .

1.3 Connections on fibre bundles

There are several equivalent definitions of a connection on a fibre bundle.
We start with the traditional notion of a connection as a splitting of the
exact sequences (1.1.19) – (1.1.20), but then follow its definition as a global
section of an affine jet bundle [94; 112; 145]. In the case of vector bundles,
there is an equivalent definition (10.9.10) of a linear connection on their
structure modules.
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1.3.1 Connections as tangent-valued forms

A connection on a fibre bundle Y → X is defined traditionally as a linear
bundle monomorphism

Γ : Y ×
X
TX → TY, (1.3.1)

Γ : ẋλ∂λ → ẋλ(∂λ + Γiλ∂i),

over Y which splits the exact sequence (1.1.19), i.e.,

πT ◦ Γ = Id (Y ×
X
TX).

This also is a definition of connections on fibred manifolds (see Remark
1.3.2).

By virtue of Theorem 1.1.12, a connection always exists. The local
functions Γiλ(y) in (1.3.1) are said to be components of the connection Γ
with respect to the bundle coordinates (xλ, yi) on Y → X.

The image of Y ×TX by the connection Γ defines the horizontal distri-

bution HY ⊂ TY which splits the tangent bundle TY as follows:

TY = HY ⊕
Y
V Y, (1.3.2)

ẋλ∂λ + ẏi∂i = ẋλ(∂λ + Γiλ∂i) + (ẏi − ẋλΓiλ)∂i.

Its annihilator is locally generated by the one-forms dyi − Γiλdx
λ.

Given the horizontal splitting (1.3.2), the surjection

Γ : TY →
Y
V Y, (1.3.3)

ẏi ◦ Γ = ẏi − Γiλẋ
λ,

defines a connection on Y → X in an equivalent way.
The linear morphism Γ over Y (1.3.1) yields uniquely the horizontal

tangent-valued one-form

Γ = dxλ ⊗ (∂λ + Γiλ∂i) (1.3.4)

on Y which projects onto the canonical tangent-valued form θX (1.1.37) on
X. With this form called the connection form, the morphism (1.3.1) reads

Γ : ∂λ → ∂λcΓ = ∂λ + Γiλ∂i.

Given a connection Γ and the corresponding horizontal distribution
(1.3.2), a vector field u on a fibre bundle Y → X is called horizontal if
it lives in HY . A horizontal vector field takes the form

u = uλ(y)(∂λ + Γiλ∂i). (1.3.5)
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In particular, let τ be a vector field on the base X. By means of the
connection form Γ (1.3.4), we obtain the projectable horizontal vector field

Γτ = τcΓ = τλ(∂λ + Γiλ∂i) (1.3.6)

on Y , called the horizontal lift of τ by means of a connection Γ. Conversely,
any projectable horizontal vector field u on Y is the horizontal lift Γτ of its
projection τ on X. Moreover, the horizontal distribution HY is generated
by the horizontal lifts Γτ (1.3.6) of vector fields τ on X. The horizontal lift

T (X) 3 τ → Γτ ∈ T (Y ) (1.3.7)

is a C∞(X)-linear module morphism.
Given the splitting (1.3.1), the dual splitting of the exact sequence

(1.1.20) is

Γ : V ∗Y → T ∗Y, Γ : dyi → dyi − Γiλdx
λ. (1.3.8)

Hence, a connection Γ on Y → X is represented by the vertical-valued form

Γ = (dyi − Γiλdx
λ)⊗ ∂i (1.3.9)

such that the morphism (1.3.8) reads

Γ : dyi → Γcdyi = dyi − Γiλdx
λ.

We call Γ (1.3.9) the vertical connection form. The corresponding horizon-
tal splitting of the cotangent bundle T ∗Y takes the form

T ∗Y = T ∗X ⊕
Y

Γ(V ∗Y ), (1.3.10)

ẋλdx
λ + ẏidy

i = (ẋλ + ẏiΓiλ)dx
λ + ẏi(dyi − Γiλdx

λ).

Then we have the surjection

Γ = pr1 : T ∗Y → T ∗X, ẋλ ◦ Γ = ẋλ + ẏiΓiλ, (1.3.11)

which also defines a connection on a fibre bundle Y → X.

Remark 1.3.1. Treating a connection as the vertical-valued form (1.3.9),
we come to the following important construction. Given a fibre bundle
Y → X, let f : X ′ → X be a morphism and f∗Y → X ′ the pull-back of Y
by f . Any connection Γ (1.3.9) on Y → X induces the pull-back connection

f∗Γ =
(
dyi − (Γ ◦ fY )iλ

∂fλ

∂x′µ
dx′µ

)
⊗ ∂i (1.3.12)

on f∗Y → X ′ (see Remark 1.1.7).
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Remark 1.3.2. Let π : Y → X be a fibred manifold. Any connection Γ
on Y → X yields a horizontal lift of a vector field on X onto Y , but need
not defines the similar lift of a path in X into Y . Let

R ⊃ [] 3 t→ x(t) ∈ X, R 3 t→ y(t) ∈ Y,

be smooth paths in X and Y , respectively. Then t → y(t) is called a
horizontal lift of x(t) if

π(y(t)) = x(t), ẏ(t) ∈ Hy(t)Y, t ∈ R,

where HY ⊂ TY is the horizontal subbundle associated to the connection
Γ. If, for each path x(t) (t0 ≤ t ≤ t1) and for any y0 ∈ π−1(x(t0)), there
exists a horizontal lift y(t) (t0 ≤ t ≤ t1) such that y(t0) = y0, then Γ is
called the Ehresmann connection. A fibred manifold is a fibre bundle if and
only if it admits an Ehresmann connection [69].

1.3.2 Connections as jet bundle sections

Throughout the book, we follow the equivalent definition of connections on
a fibre bundle Y → X as sections of the affine jet bundle J1Y → Y .

Let Y → X be a fibre bundle, and J1Y its first order jet manifold. Given
the canonical morphisms (1.2.5) and (1.2.6), we have the corresponding
morphisms

λ̂(1) : J1Y ×
X
TX 3 ∂λ → dλ = ∂λcλ(1) ∈ J1Y ×

Y
TY, (1.3.13)

θ̂(1) : J1Y ×
Y
V ∗Y 3 dyi → θi = θ(1)cdyi ∈ J1Y ×

Y
T ∗Y (1.3.14)

(see Remark 1.1.2). These morphisms yield the canonical horizontal split-

tings of the pull-back bundles

J1Y ×
Y
TY = λ̂(1)(TX) ⊕

J1Y
V Y, (1.3.15)

ẋλ∂λ + ẏi∂i = ẋλ(∂λ + yiλ∂i) + (ẏi − ẋλyiλ)∂i,
J1Y ×

Y
T ∗Y = T ∗X ⊕

J1Y
θ̂(1)(V ∗Y ), (1.3.16)

ẋλdx
λ + ẏidy

i = (ẋλ + ẏiy
i
λ)dx

λ + ẏi(dyi − yiλdxλ).

Let Γ be a global section of J1Y → Y . Substituting the tangent-valued
form

λ(1) ◦ Γ = dxλ ⊗ (∂λ + Γiλ∂i)



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

1.3. Connections on fibre bundles 33

in the canonical splitting (1.3.15), we obtain the familiar horizontal split-
ting (1.3.2) of TY by means of a connection Γ on Y → X. Accordingly,
substitution of the tangent-valued form

θ(1) ◦ Γ = (dyi − Γiλdx
λ)⊗ ∂i

in the canonical splitting (1.3.16) leads to the dual splitting (1.3.10) of T ∗Y
by means of a connection Γ.

Theorem 1.3.1. There is one-to-one correspondence between the connec-
tions Γ on a fibre bundle Y → X and the global sections

Γ : Y → J1Y, (xλ, yi, yiλ) ◦ Γ = (xλ, yi,Γiλ), (1.3.17)
of the affine jet bundle J1Y → Y .

There are the following corollaries of this theorem.
• Since J1Y → Y is affine, a connection on a fibre bundle Y → X exists

in accordance with Theorem 1.1.4.
• Connections on a fibre bundle Y → X make up an affine space mod-

elled over the vector space of soldering forms on Y → X, i.e., sections of
the vector bundle (1.2.4).
• Connection components possess the coordinate transformation law

Γ′iλ =
∂xµ

∂x′λ
(∂µ + Γjµ∂j)y

′i.

• Every connection Γ (1.3.17) on a fibre bundle Y → X yields the first
order differential operator

DΓ : J1Y →
Y
T ∗X ⊗

Y
V Y, (1.3.18)

DΓ = λ(1) − Γ ◦ π1
0 = (yiλ − Γiλ)dx

λ ⊗ ∂i,
on Y called the covariant differential relative to the connection Γ. If s :
X → Y is a section, from (1.3.18) we obtain its covariant differential

∇Γs = DΓ ◦ J1s : X → T ∗X ⊗ V Y, (1.3.19)

∇Γs = (∂λsi − Γiλ ◦ s)dxλ ⊗ ∂i,
and the covariant derivative

∇Γ
τ = τc∇Γ

along a vector field τ on X. A section s is said to be an integral section

of a connection Γ if it belongs to the kernel of the covariant differential DΓ

(1.3.18), i.e.,
∇Γs = 0 or J1s = Γ ◦ s. (1.3.20)

Theorem 1.3.2. For any global section s : X → Y , there always exists a
connection Γ such that s is an integral section of Γ.
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Proof. This connection Γ is an extension of the local section
s(x)→ J1s(x)

of the affine jet bundle J1Y → Y over the closed imbedded submanifold
s(X) ⊂ Y in accordance with Theorem 1.1.4. �

Treating connections as jet bundle sections, one comes to the following
two constructions.

(i) Let Y and Y ′ be fibre bundles over the same base X. Given a
connection Γ on Y → X and a connection Γ′ on Y ′ → X, the fibre bundle

Y ×
X
Y ′ → X

is provided with the product connection

Γ× Γ′ : Y ×
X
Y ′ → J1(Y ×

X
Y ′) = J1Y ×

X
J1Y ′,

Γ× Γ′ = dxλ ⊗
(
∂λ + Γiλ

∂

∂yi
+ Γ′jλ

∂

∂y′j

)
. (1.3.21)

(ii) Let iY : Y → Y ′ be a subbundle of a fibre bundle Y ′ → X and Γ′ a
connection on Y ′ → X. If there exists a connection Γ on Y → X such that
the diagram

Y ′
Γ′−→ J1Y

iY 6 6 J1iY

Y
Γ−→ J1Y ′

is commutative, we say that Γ′ is reducible to a connection Γ. The following
conditions are equivalent:
• Γ′ is reducible to Γ;
• TiY (HY ) = HY ′|iY (Y ), where HY ⊂ TY and HY ′ ⊂ TY ′ are the

horizontal subbundles determined by Γ and Γ′, respectively;
• for every vector field τ on X, the vector fields Γτ and Γ′τ are related

as follows:
TiY ◦ Γτ = Γ′τ ◦ iY . (1.3.22)

1.3.3 Curvature and torsion

Let Γ be a connection on a fibre bundle Y → X. Its curvature is defined
as the Nijenhuis differential

R =
1
2
dΓΓ =

1
2
[Γ,Γ]FN : Y →

2
∧T ∗X ⊗ V Y, (1.3.23)

R =
1
2
Riλµdx

λ ∧ dxµ ⊗ ∂i, (1.3.24)

Riλµ = ∂λΓiµ − ∂µΓiλ + Γjλ∂jΓ
i
µ − Γjµ∂jΓ

i
λ.
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This is a V Y -valued horizontal two-form on Y . Given vector fields τ , τ ′ on
X and their horizontal lifts Γτ and Γτ ′ (1.3.6) on Y , we have the relation

R(τ, τ ′) = −Γ[τ, τ ′] + [Γτ,Γτ ′] = τλτ ′µRiλµ∂i. (1.3.25)

The curvature (1.3.23) obeys the identities

[R,R]FN = 0, (1.3.26)

dΓR = [Γ, R]FN = 0. (1.3.27)

They result from the identity (1.1.41) and the graded Jacobi identity
(1.1.42), respectively. The identity (1.3.27) is called the second Bianchi

identity. It takes the coordinate form∑
(λµν)

(∂λRiµν + Γjλ∂jR
i
µν − ∂jΓiλRjµν) = 0, (1.3.28)

where the sum is cyclic over the indices λ, µ and ν.
In the same manner, given a soldering form σ, one defines the soldered

curvature

ρ =
1
2
dσσ =

1
2
[σ, σ]FN : Y →

2
∧T ∗X ⊗ V Y, (1.3.29)

ρ =
1
2
ρiλµdx

λ ∧ dxµ ⊗ ∂i,

ρiλµ = σjλ∂jσ
i
µ − σjµ∂jσiλ.

It fulfills the identities

[ρ, ρ]FN = 0,

dσρ = [σ, ρ]FN = 0,

similar to (1.3.26) – (1.3.27).
Given a connection Γ and a soldering form σ, the torsion form of Γ with

respect to σ is defined as

T = dΓσ = dσΓ : Y →
2
∧T ∗X ⊗ V Y,

T = (∂λσiµ + Γjλ∂jσ
i
µ − ∂jΓiλσjµ)dxλ ∧ dxµ ⊗ ∂i. (1.3.30)

It obeys the first Bianchi identity

dΓT = d2
Γσ = [R, σ]FN = −dσR. (1.3.31)

If Γ′ = Γ + σ, we have the relations

T ′ = T + 2ρ, (1.3.32)

R′ = R+ ρ+ T. (1.3.33)
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1.3.4 Linear connections

A connection Γ on a vector bundle Y → X is called the linear connection

if the section

Γ : Y → J1Y, Γ = dxλ ⊗ (∂λ + Γλij(x)yj∂i), (1.3.34)

is a linear bundle morphism over X. Note that linear connections are
principal connections, and they always exist (see Assertion 5.4.1).

The curvature R (1.3.24) of a linear connection Γ (1.3.34) reads

R =
1
2
Rλµ

i
j(x)yjdxλ ∧ dxµ ⊗ ∂i,

Rλµ
i
j = ∂λΓµij − ∂µΓλij + ΓλhjΓµih − ΓµhjΓλih. (1.3.35)

Due to the vertical splitting (1.1.17), we have the linear morphism

R : Y 3 yiei →
1
2
Rλµ

i
jy
jdxλ ∧ dxµ ⊗ ei ∈ O2(X)⊗ Y. (1.3.36)

There are the following standard constructions of new linear connections
from the old ones.
• Let Y → X be a vector bundle, coordinated by (xλ, yi), and Y ∗ → X

its dual, coordinated by (xλ, yi). Any linear connection Γ (1.3.34) on a
vector bundle Y → X defines the dual linear connection

Γ∗ = dxλ ⊗ (∂λ − Γλji(x)yj∂i) (1.3.37)

on Y ∗ → X.
• Let Γ and Γ′ be linear connections on vector bundles Y → X and

Y ′ → X, respectively. The direct sum connection Γ ⊕ Γ′ on the Whitney
sum Y ⊕ Y ′ of these vector bundles is defined as the product connection
(1.3.21).
• Let Y coordinated by (xλ, yi) and Y ′ coordinated by (xλ, ya) be vector

bundles over the same base X. Their tensor product Y ⊗Y ′ is endowed with
the bundle coordinates (xλ, yia). Linear connections Γ and Γ′ on Y → X

and Y ′ → X define the linear tensor product connection

Γ⊗ Γ′ = dxλ ⊗
[
∂λ + (Γλijyja + Γ′λ

a
by
ib)

∂

∂yia

]
(1.3.38)

on

Y ⊗
X
Y ′ → X.

An important example of linear connections is a linear connection

Γ = dxλ ⊗ (∂λ + Γλµν ẋν ∂̇µ) (1.3.39)
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on the tangent bundle TX of a manifold X. We agree to call it a world

connection on a manifold X. The dual world connection (1.3.37) on the
cotangent bundle T ∗X is

Γ∗ = dxλ ⊗ (∂λ − Γλµν ẋµ∂̇ν). (1.3.40)

Then, using the construction of the tensor product connection (1.3.38), one
can introduce the corresponding linear world connection on an arbitrary

tensor bundle T (1.1.14).

Remark 1.3.3. It should be emphasized that the expressions (1.3.39) and
(1.3.40) for a world connection differ in a minus sign from those usually
used in the physical literature.

The curvature of a world connection is defined as the curvature R

(1.3.35) of the connection Γ (1.3.39) on the tangent bundle TX. It reads

R =
1
2
Rλµ

α
β ẋ

βdxλ ∧ dxµ ⊗ ∂̇α, (1.3.41)

Rλµ
α
β = ∂λΓµαβ − ∂µΓλαβ + ΓλγβΓµαγ − ΓµγβΓλαγ .

By the torsion of a world connection is meant the torsion (1.3.30) of
the connection Γ (1.3.39) on the tangent bundle TX with respect to the
canonical soldering form θJ (1.1.39):

T =
1
2
Tµ

ν
λdx

λ ∧ dxµ ⊗ ∂̇ν , (1.3.42)

Tµ
ν
λ = Γµνλ − Γλνµ.

A world connection is said to be symmetric if its torsion (1.3.42) vanishes,
i.e.,

Γµνλ = Γλνµ.

Remark 1.3.4. For any vector field τ on a manifold X, there exists a
connection Γ on the tangent bundle TX → X such that τ is an integral
section of Γ, but this connection is not necessarily linear. If a vector field
τ is non-vanishing at a point x ∈ X, then there exists a local symmetric
world connection Γ (1.3.39) around x for which τ is an integral section

∂ντ
α = Γναβτβ . (1.3.43)

Then the canonical lift τ̃ (1.1.28) of τ onto TX can be seen locally as the
horizontal lift Γτ (1.3.6) of τ by means of this connection.



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

38 Differential calculus on fibre bundles

Remark 1.3.5. Every manifold X can be provided with a non-degenerate
fibre metric

g ∈
2
∨O1(X), g = gλµdx

λ ⊗ dxµ,

in the tangent bundle TX, and with the corresponding metric

g ∈
2
∨T 1(X), g = gλµ∂λ ⊗ ∂µ,

in the cotangent bundle T ∗X. We call it a world metric on X. For any
world metric g, there exists a unique symmetric world connection Γ (1.3.39)
with the components

Γλνµ = {λνµ} = −1
2
gνρ(∂λgρµ + ∂µgρλ − ∂ρgλµ), (1.3.44)

called the Christoffel symbols, such that g is an integral section of Γ, i.e.

∂λ g
αβ = gαγ{λβγ}+ gβγ{λαγ}.

It is called the Levi–Civita connection associated to g.

1.3.5 Affine connections

Let Y → X be an affine bundle modelled over a vector bundle Y → X. A
connection Γ on Y → X is called an affine connection if the section Γ : Y →
J1Y (1.3.17) is an affine bundle morphism over X. Affine connections are
associated to principal connections, and they always exist (see Assertion
5.4.1).

For any affine connection Γ : Y → J1Y , the corresponding linear deriva-
tive Γ : Y → J1Y (1.1.23) defines a unique associated linear connection on
the vector bundle Y → X. Since every vector bundle has a natural struc-
ture of an affine bundle, any linear connection on a vector bundle also is an
affine connection.

With respect to affine bundle coordinates (xλ, yi) on Y , an affine con-
nection Γ on Y → X reads

Γiλ = Γλij(x)yj + σiλ(x). (1.3.45)

The coordinate expression of the associated linear connection is

Γ
i

λ = Γλij(x)yj , (1.3.46)

where (xλ, yi) are the associated linear bundle coordinates on Y .
Affine connections on an affine bundle Y → X constitute an affine

space modelled over the soldering forms on Y → X. In view of the vertical
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splitting (1.1.24), these soldering forms can be seen as global sections of
the vector bundle

T ∗X ⊗
X
Y → X.

If Y → X is a vector bundle, both the affine connection Γ (1.3.45) and
the associated linear connection Γ are connections on the same vector bun-
dle Y → X, and their difference is a basic soldering form on Y . Thus,
every affine connection on a vector bundle Y → X is the sum of a linear
connection and a basic soldering form on Y → X.

Given an affine connection Γ on a vector bundle Y → X, let R and R

be the curvatures of a connection Γ and the associated linear connection Γ,
respectively. It is readily observed that

R = R+ T,

where the V Y -valued two-form

T = dΓσ = dσΓ : X →
2
∧T ∗X ⊗

X
V Y, (1.3.47)

T =
1
2
T iλµdx

λ ∧ dxµ ⊗ ∂i,

T iλµ = ∂λσ
i
µ − ∂µσiλ + σhλΓµih − σhµΓλih,

is the torsion (1.3.30) of the connection Γ with respect to the basic soldering
form σ.

In particular, let us consider the tangent bundle TX of a manifold X.
We have the canonical soldering form σ = θJ = θX (1.1.39) on TX. Given
an arbitrary world connection Γ (1.3.39) on TX, the corresponding affine
connection

A = Γ + θX , Aµλ = Γλµν ẋν + δµλ , (1.3.48)

on TX is called the Cartan connection. Since the soldered curvature ρ

(1.3.29) of θJ equals zero, the torsion (1.3.32) of the Cartan connection
coincides with the torsion T (1.3.42) of the world connection Γ, while its
curvature (1.3.33) is the sum R+ T of the curvature and the torsion of Γ.

1.3.6 Flat connections

By a flat or curvature-free connection is meant a connection which satisfies
the following equivalent conditions.

Theorem 1.3.3. Let Γ be a connection on a fibre bundle Y → X. The
following assertions are equivalent.
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(i) The curvature R of a connection Γ vanishes identically, i.e., R ≡ 0.
(ii) The horizontal lift (1.3.7) of vector fields on X onto Y is an R-linear

Lie algebra morphism (in accordance with the formula (1.3.25)).
(iii) The horizontal distribution is involutive.
(iv) There exists a local integral section for a connection Γ through any

point y ∈ Y .

By virtue of Theorem 1.1.16 and item (iii) of Theorem 1.3.3, a flat
connection Γ on a fibre bundle Y → X yields a horizontal foliation on Y ,
transversal to the fibration Y → X. The leaf of this foliation through a
point y ∈ Y is defined locally by an integral section sy for the connection
Γ through y. Conversely, let a fibre bundle Y → X admit a transversal
foliation such that, for each point y ∈ Y , the leaf of this foliation through
y is locally defined by a section sy of Y → X through y. Then the map

Γ : Y → J1Y, Γ(y) = j1xsy, π(y) = x,

introduces a flat connection on Y → X. Thus, there is one-to-one corre-
spondence between the flat connections and the transversal foliations of a
fibre bundle Y → X.

Given a transversal foliation on a fibre bundle Y → X, there exists the
associated atlas of bundle coordinates (xλ, yi) of Y such that every leaf
of this foliation is locally generated by the equations yi =const., and the
transition functions yi → y′

i(yj) are independent of the base coordinates
xλ [53]. This is called the atlas of constant local trivializations. Two such
atlases are said to be equivalent if their union also is an atlas of constant
local trivializations. They are associated to the same horizontal foliation.
Thus, we come to the following assertion.

Theorem 1.3.4. There is one-to-one correspondence between the flat con-
nections Γ on a fibre bundle Y → X and the equivalence classes of atlases
of constant local trivializations of Y such that

Γ = dxλ ⊗ ∂λ

relative to these atlases.

In particular, if Y → X is a trivial bundle, one associates to each its
trivialization a flat connection represented by the global zero section 0̂(Y )
of J1Y → Y with respect to this trivialization (see Remark 1.2.3).
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1.3.7 Second order connections

A second order connection Γ̃ on a fibre bundle Y → X is defined as a
connection

Γ̃ = dxλ ⊗ (∂λ + Γ̃iλ∂i + Γ̃iλµ∂
µ
i ) (1.3.49)

on the jet bundle J1Y → X, i.e., this is a section of the affine bundle

π11 : J1J1Y → J1Y.

Every connection on a fibre bundle Y → X gives rise to the second order
one by means of a world connection on X as follows. The first order jet
prolongation J1Γ of a connection Γ on Y → X is a section of the repeated
jet bundle J1π1

0 (1.2.11), but not of π11. Given a world connection K

(1.3.40) on X, one can construct the affine morphism

sK : J1J1Y → J1J1Y,

(xλ, yi, yiλ, ŷ
i
λ, y

i
λµ) ◦ sK = (xλ, yi, ŷiλ, y

i
λ, y

i
µλ −Kλ

ν
µ(ŷiν − yiν)),

such that

π11 = J1π1
0 ◦ sK

[53]. Then Γ gives rise to the second order connection

Γ̃ = sK ◦ J1Γ : J1Y → J1J1Y, (1.3.50)

Γ̃ = dxλ ⊗ (∂λ + Γiλ∂i + [∂λΓiµ + yjλ∂jΓ
i
µ +Kλ

ν
µ(yiν − Γiν)]∂

µ
i ),

which is an affine morphism

J1Y
Γ̃−→ J1J1Y

π1
0

? ?
π11

Y
Γ−→ J1Y

over the connection Γ. Note that the curvature R (1.3.23) of a connection
Γ on a fibre bundle Y → X can be seen as a soldering form

R = Riλµdx
λ ⊗ ∂µi

on the jet bundle J1Y → X. Therefore, Γ̃ − R also is a connection on
J1Y → X.

A second order connection Γ̃ (1.3.49) is said to be holonomic if it takes
its values into the subbundle J2Y of J1J1Y . There is one-to-one corre-
spondence between the global sections of the jet bundle J2Y → J1Y and
the holonomic second order connections on Y → X. Since the jet bundle
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J2Y → J1Y is affine, a holonomic second order connection on a fibre bundle
Y → X always exists. It is characterized by the coordinate conditions

Γ̃iλ = yiλ, Γ̃iλµ = Γ̃iµλ,

and takes the form

Γ̃ = dxλ ⊗ (∂λ + yiλ∂i + Γ̃iλµ∂
µ
i ). (1.3.51)

By virtue of Theorem 1.2.1, every integral section

s : X → J1Y

of the holonomic second order connection (1.3.51) is integrable, i.e., s =
J1s.

1.4 Composite bundles

Let us consider the composition

π : Y → Σ→ X (1.4.1)

of fibre bundles

πY Σ : Y → Σ, (1.4.2)

πΣX : Σ→ X. (1.4.3)

One can show that it is a fibre bundle, called the composite bundle [53]. It
is provided with bundle coordinates (xλ, σm, yi), where (xλ, σm) are bundle
coordinates on the fibre bundle (1.4.3), i.e., transition functions of coordi-
nates σm are independent of coordinates yi.

For instance, the tangent bundle TY of a fibre bundle Y → X is a
composite bundle

TY → Y → X.

The following two assertions make composite bundles useful for physical
applications.

Theorem 1.4.1. Given a composite bundle (1.4.1), let h be a global section
of the fibre bundle Σ→ X. Then the restriction

Y h = h∗Y (1.4.4)

of the fibre bundle Y → Σ to h(X) ⊂ Σ is a subbundle of the fibre bundle
Y → X.
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Theorem 1.4.2. Given a section h of the fibre bundle Σ→ X and a section
sΣ of the fibre bundle Y → Σ, their composition

s = sΣ ◦ h
is a section of the composite bundle Y → X (1.4.1). Conversely, every
section s of the fibre bundle Y → X is a composition of the section

h = πY Σ ◦ s
of the fibre bundle Σ→ X and some section sΣ of the fibre bundle Y → Σ
over the closed imbedded submanifold h(X) ⊂ Σ.

Let us consider the jet manifolds J1Σ, J1
ΣY , and J1Y of the fibre bundles

Σ→ X, Y → Σ, Y → X,

respectively. They are provided with the adapted coordinates

(xλ, σm, σmλ ), (xλ, σm, yi, ỹiλ, y
i
m), (xλ, σm, yi, σmλ , y

i
λ).

One can show the following [145].

Theorem 1.4.3. There is the canonical map

% : J1Σ×
Σ
J1

ΣY −→
Y

J1Y, (1.4.5)

yiλ ◦ % = yimσ
m
λ + ỹiλ.

Using the canonical map (1.4.5), we can get the relations between con-
nections on the fibre bundles Y → X, Y → Σ and Σ→ X. These connec-
tions are given by the corresponding connection forms

γ = dxλ ⊗ (∂λ + γmλ ∂m + γiλ∂i), (1.4.6)

AΣ = dxλ ⊗ (∂λ +Aiλ∂i) + dσm ⊗ (∂m +Aim∂i), (1.4.7)

Γ = dxλ ⊗ (∂λ + Γmλ ∂m). (1.4.8)

A connection γ (1.4.6) on the fibre bundle Y → X is called projectable

onto a connection Γ (1.4.8) on the fibre bundle Σ → X if, for any vector
field τ on X, its horizontal lift γτ on Y by means of the connection γ is
a projectable vector field over the horizontal lift Γτ of τ on Σ by means
of the connection Γ. This property takes place if and only if γmλ = Γmλ ,
i.e., components γmλ of the connection γ (1.4.6) must be independent of the
fibre coordinates yi.

A connection AΣ (1.4.7) on the fibre bundle Y → Σ and a connection
Γ (1.4.8) on the fibre bundle Σ→ X define a connection on the composite
bundle Y → X as the composition of bundle morphisms

γ : Y ×
X
TX

(Id ,Γ)−→ Y ×
Σ
TΣ AΣ−→TY.
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It is called the composite connection [112; 145]. This composite connection
reads

γ = dxλ ⊗ (∂λ + Γmλ ∂m + (Aiλ +AimΓmλ )∂i). (1.4.9)

It is projectable onto Γ. Moreover, this is a unique connection such that the
horizontal lift γτ on Y of a vector field τ on X by means of the composite
connection γ (1.4.9) coincides with the composition AΣ(Γτ) of horizontal
lifts of τ on Σ by means of the connection Γ and then on Y by means of
the connection AΣ. For the sake of brevity, let us write γ = AΣ ◦ Γ.

Given a composite bundle Y (1.4.1), there are the exact sequences of
vector bundles over Y :

0→ VΣY −→V Y → Y ×
Σ
V Σ→ 0, (1.4.10)

0→ Y ×
Σ
V ∗Σ −→V ∗Y → V ∗ΣY → 0, (1.4.11)

where VΣY and V ∗ΣY are the vertical tangent and the vertical cotangent
bundles of the fibre bundle Y → Σ which are coordinated by (xλ, σm, yi, ẏi)
and (xλ, σm, yi, ẏi), respectively. Let us consider a splitting of these exact
sequences

B : V Y 3 ẏi∂i + σ̇m∂m → (ẏi∂i + σ̇m∂m)cB = (1.4.12)

(ẏi − σ̇mBim)∂i ∈ VΣY,

B : V ∗ΣY 3 dyi → Bcdyi = dyi −Bimdσm ∈ V ∗Y, (1.4.13)

given by the form

B = (dyi −Bimdσm)⊗ ∂i. (1.4.14)

Then the connection γ (1.4.6) on Y → X and the splitting B (1.4.12) define
the connection

AΣ = B ◦ γ : TY → V Y → VΣY, (1.4.15)

AΣ = dxλ ⊗ (∂λ + (γiλ −Bimγmλ )∂i) + dσm ⊗ (∂m +Bim∂i),

on the fibre bundle Y → Σ.
Conversely, every connection AΣ (1.4.7) on the fibre bundle Y → Σ

yields the splitting

AΣ : TY ⊃ V Y 3 ẏi∂i + σ̇m∂m → (ẏi −Aimσ̇m)∂i (1.4.16)

of the exact sequence (1.4.10). Using this splitting, one can construct a
first order differential operator

D̃ : J1Y → T ∗X ⊗
Y
VΣY, (1.4.17)

D̃ = dxλ ⊗ (yiλ −Aiλ −Aimσmλ )∂i,
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on the composite bundle Y → X. It is called the vertical covariant differ-

ential. This operator also can be defined as the composition

D̃ = pr1 ◦Dγ : J1Y → T ∗X ⊗
Y
V Y → T ∗X ⊗

Y
V YΣ,

where Dγ is the covariant differential (1.3.18) relative to some compos-
ite connection AΣ ◦ Γ (1.4.9), but D̃ does not depend on the choice of a
connection Γ on the fibre bundle Σ→ X.

The vertical covariant differential (1.4.17) possesses the following im-
portant property. Let h be a section of the fibre bundle Σ → X, and let
Y h → X be the restriction (1.4.4) of the fibre bundle Y → Σ to h(X) ⊂ Σ.
This is a subbundle

ih : Y h → Y

of the fibre bundle Y → X. Every connection AΣ (1.4.7) induces the pull-
back connection

Ah = i∗hAΣ = dxλ ⊗ [∂λ + ((Aim ◦ h)∂λhm + (A ◦ h)iλ)∂i] (1.4.18)

on Y h → X. Then the restriction of the vertical covariant differential D̃
(1.4.17) to

J1ih(J1Y h) ⊂ J1Y

coincides with the familiar covariant differentialDAh (1.3.18) on Y h relative
to the pull-back connection Ah (1.4.18).

Remark 1.4.1. Let Γ : Y → J1Y be a connection on a fibre bundle
Y → X. In accordance with the canonical isomorphism V J1Y = J1V Y

(1.2.9), the vertical tangent map

V Γ : V Y → V J1Y

to Γ defines the connection

V Γ : V Y → J1V Y,

V Γ = dxλ ⊗ (∂λ + Γiλ∂i + ∂jΓiλẏ
j ∂̇i), (1.4.19)

on the composite vertical tangent bundle

V Y → Y → X.

This is called the vertical connection to Γ. Of course, the connection V Γ
projects onto Γ. Moreover, V Γ is linear over Γ. Then the dual connection
of V Γ on the composite vertical cotangent bundle

V ∗Y → Y → X
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reads

V ∗Γ : V ∗Y → J1V ∗Y,

V ∗Γ = dxλ ⊗ (∂λ + Γiλ∂i − ∂jΓiλẏi∂̇j). (1.4.20)

It is called the covertical connection to Γ. If Y → X is an affine bundle, the
connection V Γ (1.4.19) can be seen as the composite connection generated
by the connection Γ on Y → X and the linear connection

Γ̃ = dxλ ⊗ (∂λ + ∂jΓiλẏ
j ∂̇i) + dyi ⊗ ∂i (1.4.21)

on the vertical tangent bundle V Y → Y .

1.5 Higher order jet manifolds

The notion of first and second order jets of sections of a fibre bundle is
naturally extended to higher order jets [53; 94; 145].

Let Y → X be a fibre bundle. Given its bundle coordinates (xλ, yi),
a multi-index Λ of the length |Λ| = k throughout denotes a collection of
indices (λ1...λk) modulo permutations. By Λ + Σ is meant a multi-index
(λ1 . . . λkσ1 . . . σr). For instance λ+ Λ = (λλ1...λr). By ΛΣ is denoted the
union of collections (λ1 . . . λk;σ1 . . . σr) where the indices λi and σj are not
permitted. Summation over a multi-index Λ means separate summation
over each its index λi. We use the compact notation

∂Λ = ∂λk
◦ · · · ◦ ∂λ1 , Λ = (λ1...λk).

The r-order jet manifold JrY of sections of a fibre bundle Y → X is
defined as the disjoint union of the equivalence classes jrxs of sections s of
Y → X such that sections s and s′ belong to the same equivalence class
jrxs if and only if

si(x) = s′
i(x), ∂Λs

i(x) = ∂Λs
′i(x), 0 < |Λ| ≤ r.

In brief, one can say that sections of Y → X are identified by the r+1 terms
of their Taylor series at points of X. The particular choice of coordinates
does not matter for this definition. The equivalence classes jrxs are called
the r-order jets of sections. Their set JrY is endowed with an atlas of the
adapted coordinates

(xλ, yiΛ), yiΛ ◦ s = ∂Λs
i(x), 0 ≤ |Λ| ≤ r, (1.5.1)

possessing transition functions

y′
i
λ+Λ =

∂xµ

∂′xλ
dµy
′i
Λ, (1.5.2)
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where the symbol dλ stands for the higher order total derivative

dλ = ∂λ +
∑

0≤|Λ|≤r−1

yiΛ+λ∂
Λ
i , d′λ =

∂xµ

∂x′λ
dµ. (1.5.3)

These derivatives act on exterior forms on JrY and obey the relations
[dλ, dµ] = 0, dλ ◦ d = d ◦ dλ,
dλ(φ ∧ σ) = dλ(φ) ∧ σ + φ ∧ dλ(σ),

dλ(dφ) = d(dλ(φ)).
For instance,

dλ(dxµ) = 0, dλ(dyiΛ) = dyiλ+Λ.

We use the compact notation
dΛ = dλr

◦ · · · ◦ dλ1 , Λ = (λr...λ1).
The coordinates (1.5.1) bring the set JrY into a smooth manifold of

finite dimension

dim JrY = n+m

r∑
i=0

(n+ i− 1)!
i!(n− 1)!

.

The coordinates (1.5.1) are compatible with the natural surjections
πrk : JrY → JkY, r > k,

which form the composite bundle

πr : JrY
πr

r−1−→ Jr−1Y
πr−1

r−2−→· · · π1
0−→Y

π−→X

with the properties
πks ◦ πrk = πrs , πs ◦ πrs = πr.

A glance at the transition functions (1.5.2), when |Λ| = r, shows that the
fibration

πrr−1 : JrY → Jr−1Y

is an affine bundle modelled over the vector bundle
r
∨T ∗X ⊗

Jr−1Y
V Y → Jr−1Y. (1.5.4)

Remark 1.5.1. Let us recall that a base of any affine bundle is a strong
deformation retract of its total space. Consequently, Y is a strong defor-
mation retract of J1Y , which in turn is a strong deformation retract of
J2Y , and so on. It follows that a fibre bundle Y is a strong deformation
retract of any finite order jet manifold JrY . Therefore, by virtue of the
Vietoris–Begle theorem [22], there is an isomorphism

H∗(JrY ; R) = H∗(Y ; R) (1.5.5)
of cohomology groups of JrY , 1 ≤ r, and Y with coefficients in the constant
sheaf R.
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Remark 1.5.2. To introduce higher order jet manifolds, one can use the
construction of repeated jet manifolds. Let us consider the r-order jet
manifold JrJkY of a jet bundle JkY → X. It is coordinated by (xµ, yiΣΛ),
|Λ| ≤ k, |Σ| ≤ r. There is a canonical monomorphism

σrk : Jr+kY → JrJkY, yiΣΛ ◦ σrk = yiΣ+Λ.

In the calculus in higher order jets, we have the r-order jet prolongation

functor such that, given fibre bundles Y and Y ′ over X, every bundle
morphism Φ : Y → Y ′ over a diffeomorphism f of X admits the r-order jet

prolongation to a morphism of r-order jet manifolds

JrΦ : JrY 3 jrxs→ jrf(x)(Φ ◦ s ◦ f
−1) ∈ JrY ′. (1.5.6)

The jet prolongation functor is exact. If Φ is an injection or a surjection, so
is JrΦ. It also preserves an algebraic structure. In particular, if Y → X is
a vector bundle, JrY → X is well. If Y → X is an affine bundle modelled
over the vector bundle Y → X, then JrY → X is an affine bundle modelled
over the vector bundle JrY → X.

Every section s of a fibre bundle Y → X admits the r-order jet prolon-

gation to the integrable section

(Jrs)(x) = jrxs

of the jet bundle JrY → X.
Let O∗k = O∗(JkY ) be the differential graded algebra of exterior forms

on a jet manifold JkY . Every exterior form φ on a jet manifold JkY gives
rise to the pull-back form πk+ik

∗φ on a jet manifold Jk+iY . We have the
direct sequence of C∞(X)-algebras

O∗(X) π∗−→O∗(Y )
π1
0
∗

−→O∗1
π2
1
∗

−→· · ·
πr

r−1
∗

−→ O∗r .

Remark 1.5.3. By virtue of de Rham Theorem 10.9.4, the cohomology of
the de Rham complex of O∗k equals the cohomology H∗(JkY ; R) of JkY
with coefficients in the constant sheaf R. The latter in turn coincides with
the sheaf cohomology H∗(Y ; R) of Y (see Remark 1.5.1) and, thus, it equals
the de Rham cohomology H∗DR(Y ) of Y .

Given a k-order jet manifold JkY of Y → X, there exists the canonical
bundle morphism

r(k) : JkTY → TJkY

over a surjection

JkY ×
X
JkTX → JkY ×

X
TX
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whose coordinate expression is

ẏiΛ ◦ r(k) = (ẏi)Λ −
∑

(ẏi)µ+Σ(ẋµ)Ξ, 0 ≤ |Λ| ≤ k,
where the sum is taken over all partitions Σ + Ξ = Λ and 0 < |Ξ|. In
particular, we have the canonical isomorphism over JkY

r(k) : JkV Y → V JkY, (ẏi)Λ = ẏiΛ ◦ r(k). (1.5.7)

As a consequence, every projectable vector field u (1.1.25) on a fibre bundle
Y → X has the following k-order jet prolongation to a vector field on JkY :

Jku = r(k) ◦ Jku : JkY → TJkY,

Jku = uλ∂λ + ui∂i +
∑

0<|Λ|≤k

(dΛ(ui − yiµuµ) + yiµ+Λu
µ)∂Λ

i , (1.5.8)

(cf. (1.2.8) for k = 1). In particular, the k-order jet prolongation (1.5.8) of
a vertical vector field u = ui∂i on Y → X is a vertical vector field

Jku = ui∂i +
∑

0<|Λ|≤k

dΛu
i∂Λ
i (1.5.9)

on JkY → X due to the isomorphism (1.5.7).
A vector field ur on an r-order jet manifold JrY is called projectable if,

for any k < r, there exists a projectable vector field uk on JkY such that

uk ◦ πrk = Tπrk ◦ ur.
A projectable vector field uk on JkY has the coordinate expression

uk = uλ∂λ +
∑

0≤|Λ|≤k

uiΛ∂
Λ
i

such that uλ depends only on coordinates xµ and every component uiΛ is
independent of coordinates yiΞ, |Ξ| > |Λ|. In particular, the k-order jet
prolongation Jku (1.5.8) of a projectable vector field on Y is a projectable
vector field on JkY . It is called an integrable vector field.

Let Pk denote a vector space of projectable vector fields on a jet ma-
nifold JkY . It is easily seen that Pr is a real Lie algebra and that the
morphisms Tπrk, k < r, constitute the inverse system

P0 Tπ1
0←−P1 Tπ2

1←−· · ·
Tπr−1

r−2←− Pr−1 Tπ
r
r−1←− Pr (1.5.10)

of these Lie algebras. One can show the following [149].

Theorem 1.5.1. The k-order jet prolongation (1.5.8) is a Lie algebra
monomorphism of the Lie algebra P0 of projectable vector fields on Y → X

to the Lie algebra Pk of projectable vector fields on JkY such that

Tπrk(J
ru) = Jku ◦ πrk. (1.5.11)
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Every projectable vector field uk on JkY is decomposed into the sum

uk = Jk(Tπk0 (uk)) + vk (1.5.12)

of the integrable vector field Jk(Tπk0 (uk)) and a projectable vector field vk
which is vertical with respect to a fibration JkY → Y .

Similarly to the canonical monomorphisms (1.2.5) – (1.2.6), there are
the canonical bundle monomorphisms over JkY :

λ(k) : Jk+1Y −→T ∗X ⊗
JkY

TJkY,

λ(k) = dxλ ⊗ dλ, (1.5.13)

θ(k) : Jk+1Y −→T ∗JkY ⊗
JkY

V JkY,

θ(k) =
∑
|Λ|≤k

(dyiΛ − yiλ+Λdx
λ)⊗ ∂Λ

i . (1.5.14)

The one-forms

θiΛ = dyiΛ − yiλ+Λdx
λ (1.5.15)

are called the local contact forms. The monomorphisms (1.5.13) – (1.5.14)
yield the bundle monomorphisms over Jk+1Y :

λ̂(k) : TX ×
X
Jk+1Y −→TJkY ×

JkY
Jk+1Y,

θ̂(k) : V ∗JkY ×
JkY

−→T ∗JkY ×
JkY

Jk+1Y

(cf. (1.3.13) – (1.3.14) for k = 1). These monomorphisms in turn define
the canonical horizontal splittings of the pull-back bundles

πk+1∗
k TJkY = λ̂(k)(TX ×

X
Jk+1Y ) ⊕

Jk+1Y
V JkY, (1.5.16)

ẋλ∂λ +
∑
|Λ|≤k

ẏiΛ∂
Λ
i = ẋλdλ +

∑
|Λ|≤k

(ẏiΛ − ẋλyiλ+Λ)∂Λ
i ,

πk+1∗
k T ∗JkY = T ∗X ⊕

Jk+1Y
θ̂(k)(V ∗JkY ×

JkY
Jk+1Y ), (1.5.17)

ẋλdx
λ +

∑
|Λ|≤k

ẏΛ
i dy

i
Λ = (ẋλ +

∑
|Λ|≤k

ẏΛ
i y

i
λ+Λ)dxλ +

∑
ẏΛ
i θ

i
Λ.

For instance, it follows from the canonical horizontal splitting (1.5.16)
that any vector field uk on JkY admits the canonical decomposition

uk = uH + uV = (uλ∂λ +
∑
|Λ|≤k

yiλ+Λ∂
Λ
i ) + (1.5.18)

∑
|Λ|≤k

(uiΛ − uλyiλ+Λ)∂Λ
i
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over Jk+1Y into the horizontal and vertical parts.
By virtue of the canonical horizontal splitting (1.5.17), every exterior

one-form φ on JkY admits the canonical splitting of its pull-back onto
Jk+1Y into the horizontal and vertical parts:

πk+1∗
k φ = φH + φV = h0φ+ (φ− h0(φ)), (1.5.19)

where h0 is the horizontal projection

h0(dxλ) = dxλ, h0(dyiλ1···λk
) = yiµλ1...λk

dxµ.

The vertical part of the splitting is called a contact one-form on Jk+1Y .
Let us consider an ideal of the algebra O∗k of exterior forms on JkY

which is generated by the contact one-forms on JkY . This ideal, called
the ideal of contact forms, is locally generated by the contact forms θiΛ
(1.5.15). One can show that an exterior form φ on the a manifold JkY is
a contact form if and only if its pull-back s∗φ onto a base X by means of
any integrable section s of JkY → X vanishes.

1.6 Differential operators and equations

Jet manifolds provides the conventional language of theory of differential
equations and differential operators if they need not be linear [24; 53; 96].

Definition 1.6.1. A system of k-order partial differential equations on
a fibre bundle Y → X is defined as a closed subbundle E of a jet bundle
JkY → X. For the sake of brevity, we agree to call E a differential equation.

Let JkY be provided with the adapted coordinates (xλ, yiΛ). There
exists a local coordinate system (zA), A = 1, . . . , codimE, on JkY such that
E is locally given (in the sense of item (i) of Theorem 1.1.1) by equations

EA(xλ, yiΛ) = 0, A = 1, . . . , codimE. (1.6.1)

Given a k-order differential equation E, one can always construct its
r-order jet prolongation as follows. Let us consider a repeated jet manifold

σrk : JrJkY → JkY. (1.6.2)

The s-order jet prolongation of the differential equation E is defined as a
subset

E(r) = (σrk)
−1(E)

⋂
Jk+rY.
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In particular, if E(r) is a smooth submanifold of Jk+rY , then the s-order
jet prolongation (E(r))(s) of E(r) coincides with the (r+s)-order jet prolon-
gation E(s+r) of E.

A differential equation E is called regular if all finite order jet prolon-
gations E(r) of E also are differential equations. Let E ⊂ JkY be a regular
k-order differential equation. If it is locally described by the system of
equations (1.6.1), its r-order jet prolongation E(r) is given by the system of
equations

EA = 0, dα1EA = 0, · · · , dα1 · · · dαr
EA = 0.

By a classical solution of a differential equation E on Y → X is meant
a section s of Y → X such that its k-order jet prolongation Jks lives in E.
If a differential equation E has a classical solution through a point q ∈ E,
this point gives rise to an element of every finite order jet prolongation
E(r) of a differential equation E. It follows that a necessary condition for a
differential equation E to admit a solution through everyone of its point is
that the mappings

ρk+rk = σrk|E(r) : E(r) → E (1.6.3)

are surjections. In this case, if E is a regular differential equation, there
is one-to-one correspondence between classical solutions of E and those of
its k-order jet prolongation E(k). If additionally every tangent vector to a
differential equation E is tangent to some classical solution of E, then the
mapping (1.6.3) is a submersion. A regular k-order differential equation E

is called formally integrable if the morphisms

ρk+r+1
k+r : E(r+1) → E(r), r ∈ N,

are fibred manifolds. One can show that if a differential equation E is
formally integrable and analytic, it admits an analytic classical solution
through any its point [53; 109].

In classical field theory, differential equations are mostly associated to
differential operators. There are several equivalent definitions of (non-
linear) differential operators. We start with the following.

Definition 1.6.2. Let Y → X and E → X be fibre bundles, which are
assumed to have global sections. A k-order E-valued differential operator

on a fibre bundle Y → X is defined as a section E of the pull-back bundle

pr1 : EkY = JkY ×
X
E → JkY. (1.6.4)
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Given bundle coordinates (xλ, yi) on Y and (xλ, χa) on E, the pull-back
(1.6.4) is provided with coordinates (xλ, yjΣ, χ

a), 0 ≤ |Σ| ≤ k. With respect
to these coordinates, a differential operator E seen as a closed imbedded
submanifold E ⊂ EkY is given by the equalities

χa = Ea(xλ, yjΣ). (1.6.5)

There is obvious one-to-one correspondence between the sections E
(1.6.5) of the fibre bundle (1.6.4) and the bundle morphisms

Φ : JkY −→
X

E, (1.6.6)

Φ = pr2 ◦ E ⇐⇒ E = (IdJkY,Φ).

Therefore, we come to the following equivalent definition of differential
operators on Y → X.

Definition 1.6.3. Let Y → X and E → X be fibre bundles. A bun-
dle morphism JkY → E over X is called a E-valued k-order differential

operator on Y → X.

It is readily observed that the differential operator Φ (1.6.6) sends each
section s of Y → X onto the section Φ ◦ Jks of E → X. The mapping

∆Φ : S(Y )→ S(E),

∆Φ : s→ Φ ◦ Jks, χa(x) = Ea(xλ, ∂Σs
j(x)),

is called the standard form of a differential operator.
Let e be a global section of a fibre bundle E → X, the kernel of a

E-valued differential operator Φ is defined as the kernel

Ker eΦ = Φ−1(e(X)) (1.6.7)

of the bundle morphism Φ (1.6.6). If it is a closed subbundle of the jet
bundle JkY → X, one says that Ker eΦ (1.6.7) is a differential equation

associated to the differential operator Φ. By virtue of Theorem 1.1.10, this
condition holds if Φ is a bundle morphism of constant rank.

If E → X is a vector bundle, by the kernel of a E-valued differential
operator is usually meant its kernel with respect to the canonical zero-
valued section 0̂ of E → X.

In the framework of Lagrangian formalism, we deal with differential
operators of the following type. Let

F → Y → X, E → Y → X
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be composite bundles where E → Y is a vector bundle. By a k-order
differential operator on F → X taking its values into E → X is meant a
bundle morphism

Φ : JkF −→
Y

E, (1.6.8)

which certainly is a bundle morphism over X in accordance with Definition
1.6.3. Its kernel KerΦ is defined as the inverse image of the canonical zero-
valued section of E → Y . In an equivalent way, the differential operator
(1.6.8) is represented by a section EΦ of the vector bundle

JkF ×
Y
E → JkF.

Given bundle coordinates (xλ, yi, wr) on F and (xλ, yi, cA) on E with re-
spect to the fibre basis {eA} for E → Y , this section reads

EΦ = EA(xλ, yiΛ, w
r
Λ)eA, 0 ≤ |Λ| ≤ k. (1.6.9)

Then the differential operator (1.6.8) also is represented by a function

EΦ = EA(xλ, yiΛ, w
r
Λ)cA ∈ C∞(F ×

Y
E∗) (1.6.10)

on the product F ×Y E∗, where E∗ → Y is the dual of E → Y coordinated
by (xλ, yi, cA).

If F → Y is a vector bundle, a differential operator Φ (1.6.8) on the
composite bundle

F → Y → X

is called linear if it is linear on the fibres of the vector bundle JkF → JkY .
In this case, its representations (1.6.9) and (1.6.10) take the form

EΦ =
∑

0≤|Ξ|≤k

EA,Ξr (xλ, yiΛ)wrΞeA, 0 ≤ |Λ| ≤ k, (1.6.11)

EΦ =
∑

0≤|Ξ|≤k

EA,Ξr (xλ, yiΛ)wrΞcA, 0 ≤ |Λ| ≤ k. (1.6.12)

1.7 Infinite order jet formalism

The finite order jet manifolds JkY of a fibre bundle Y → X form the inverse
sequence

Y
π←− J1Y ←− · · ·Jr−1Y

πr
r−1←− JrY ←− · · · , (1.7.1)
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where πrr−1 are affine bundles modelled over the vector bundles (1.5.4).
Its inductive limit J∞Y is defined as a minimal set such that there exist
surjections

π∞ : J∞Y → X, π∞0 : J∞Y → Y, π∞k : J∞Y → JkY, (1.7.2)

obeying the relations

π∞r = πkr ◦ π∞k
for all admissible k and r < k. A projective limit of the inverse system
(1.7.1) always exists. It consists of those elements

(. . . , zr, . . . , zk, . . .), zr ∈ JrY, zk ∈ JkY,

of the Cartesian product
∏
k

JkY which satisfy the relations zr = πkr (zk) for

all k > r. One can think of elements of J∞Y as being infinite order jets of
sections of Y → X identified by their Taylor series at points of X.

The set J∞Y is provided with the projective limit topology. This is the
coarsest topology such that the surjections π∞r (1.7.2) are continuous. Its
base consists of inverse images of open subsets of JrY , r = 0, . . ., under the
maps π∞r . With this topology, J∞Y is a paracompact Fréchet (complete
metrizable, but not Banach) manifold modelled over a locally convex vector
space of formal number series {aλ, ai, aiλ, · · · } [150]. It is called the infinite

order jet manifold. One can show that the surjections π∞r are open maps
admitting local sections, i.e., J∞Y → JrY are continuous bundles. A
bundle coordinate atlas {UY , (xλ, yi)} of Y → X provides J∞Y with the
manifold coordinate atlas

{(π∞0 )−1(UY ), (xλ, yiΛ)}0≤|Λ|, y′
i
λ+Λ =

∂xµ

∂x′λ
dµy
′i
Λ. (1.7.3)

Theorem 1.7.1. A fibre bundle Y is a strong deformation retract of the
infinite order jet manifold J∞Y [4; 56].

Proof. To show that Y is a strong deformation retract of J∞Y , let us
construct a homotopy from J∞Y to Y in an explicit form. Let γ(k), k ≤ 1,
be global sections of the affine jet bundles JkY → Jk−1Y . Then we have a
global section

γ : Y 3 (xλ, yi)→ (xλ, yi, yiΛ = γ(|Λ|)
i
Λ◦γ(|Λ|−1)◦· · ·◦γ(1)) ∈ J∞Y. (1.7.4)

of the open surjection π∞0 : J∞Y → Y . Let us consider the map

[0, 1]× J∞Y 3 (t;xλ, yi, yiΛ)→ (xλ, yi, y′iΛ) ∈ J∞Y, (1.7.5)

y′iΛ = fk(t)yiΛ + (1− fk(t))γ(k)
i
Λ(xλ, yi, yiΣ), |Σ| < k = |Λ|,
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where fk(t) is a continuous monotone real function on [0, 1] such that

fk(t) =
{

0, t ≤ 1− 2−k,
1, t ≥ 1− 2−(k+1).

(1.7.6)

A glance at the transition functions (1.7.3) shows that, although written in
a coordinate form, this map is globally defined. It is continuous because,
given an open subset Uk ⊂ JkY , the inverse image of the open set

(π∞k )−1(Uk) ⊂ J∞Y
is an open subset

(tk, 1]× (π∞k )−1(Uk) ∪ (tk−1, 1]× (π∞k−1)
−1(πkk−1[Uk ∩ γ(k)(Jk−1Y )]) ∪

· · · ∪ [0, 1]× (π∞0 )−1(πk0 [Uk ∩ γ(k) ◦ · · · ◦ γ(1)(Y )])

of [0, 1]× J∞Y , where [tr, 1] = supp fr. Then, the map (1.7.5) is a desired
homotopy from J∞Y to Y which is identified with its image under the
global section (1.7.4). �

Corollary 1.7.1. By virtue of the Vietoris–Begle theorem [22], there is an
isomorphism

H∗(J∞Y ; R) = H∗(Y ; R) (1.7.7)

between the cohomology of J∞Y with coefficients in the constant sheaf R
and that of Y .

The inverse sequence (1.7.1) of jet manifolds yields the direct sequence of
graded differential algebrasO∗r of exterior forms on finite order jet manifolds

O∗(X) π∗−→O∗(Y )
π1
0
∗

−→O∗1 −→ · · ·O∗r−1

πr
r−1

∗

−→ O∗r −→ · · · , (1.7.8)

where πrr−1
∗ are the pull-back monomorphisms. Its direct limit

O∗∞Y =
→
limO∗r (1.7.9)

exists and consists of all exterior forms on finite order jet manifolds modulo
the pull-back identification. In accordance with Theorem 10.1.5, O∗∞Y is
a differential graded algebra which inherits the operations of the exterior
differential d and exterior product ∧ of exterior algebras O∗r . If there is no
danger of confusion, we denote O∗∞ = O∗∞Y .

Theorem 1.7.2. The cohomology H∗(O∗∞) of the de Rham complex

0 −→ R −→ O0
∞

d−→O1
∞

d−→· · · (1.7.10)

of the differential graded algebra O∗∞ equals the de Rham cohomology
H∗DR(Y ) of a fibre bundle Y [3; 17].
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Proof. By virtue of Theorem 10.3.2, the operation of taking homology
groups of cochain complexes commutes with the passage to a direct limit.
Since the differential graded algebra O∗∞ is a direct limit of differential
graded algebras O∗r , its cohomology H∗(O∗∞) is isomorphic to the direct
limit of the direct sequence

H∗DR(Y ) −→ H∗DR(J1Y ) −→ · · · (1.7.11)

H∗DR(Jr−1Y ) −→ H∗DR(JrY ) −→ · · ·

of the de Rham cohomology groups H∗DR(JrY ) of finite order jet manifolds
JrY . In accordance with Remark 1.5.3, all these groups equal the de Rham
cohomology H∗DR(Y ) of Y , and so is its direct limit H∗(O∗∞). �

Corollary 1.7.2. Any closed form φ ∈ O∗∞ is decomposed into the sum
φ = σ + dξ, where σ is a closed form on Y .

One can think of elements of O∗∞ as being differential forms on the
infinite order jet manifold J∞Y as follows. Let O∗r be a sheaf of germs of
exterior forms on JrY and O

∗
r the canonical presheaf of local sections of

O∗r . Since πrr−1 are open maps, there is the direct sequence of presheaves

O
∗
0

π1
0
∗

−→O
∗
1 · · ·

πr
r−1

∗

−→ O
∗
r −→ · · · .

Its direct limit O
∗
∞ is a presheaf of differential graded algebras on J∞Y .

Let Q∗∞ be the sheaf of differential graded algebras of germs of O
∗
∞ on

J∞Y . The structure module

Q∗∞ = Γ(Q∗∞) (1.7.12)

of global sections of Q∗∞ is a differential graded algebra such that, given an
element φ ∈ Q∗∞ and a point z ∈ J∞Y , there exist an open neighbourhood
U of z and an exterior form φ(k) on some finite order jet manifold JkY so
that

φ|U = π∞∗k φ(k)|U .

Therefore, one can think of Q∗∞ as being an algebra of locally exterior
forms on finite order jet manifolds. In particular, there is a monomorphism
O∗∞ → Q∗∞.

Theorem 1.7.3. The paracompact space J∞Y admits a partition of unity
by elements of the ring Q0

∞ [150].
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Since elements of the differential graded algebra Q∗∞ are locally exterior
forms on finite order jet manifolds, the following Poincaré lemma holds.

Lemma 1.7.1. Given a closed element φ ∈ Q∗∞, there exists a neighbour-
hood U of each point z ∈ J∞Y such that φ|U is exact.

Theorem 1.7.4. The cohomology H∗(Q∗∞) of the de Rham complex

0 −→ R −→ Q0
∞

d−→Q1
∞

d−→· · · . (1.7.13)

of the differential graded algebra Q∗∞ equals the de Rham cohomology of a
fibre bundle Y [4; 150].

Proof. Let us consider the de Rham complex of sheaves

0 −→ R −→ Q0
∞

d−→Q1
∞

d−→· · · (1.7.14)

on J∞Y . By virtue of Lemma 1.7.1, it is exact at all terms, except R.
Being sheaves of Q0

∞-modules, the sheaves Qr
∞ are fine and, consequently

acyclic because the paracompact space J∞Y admits the partition of unity
by elements of the ring Q0

∞. Thus, the complex (1.7.14) is a resolution
of the constant sheaf R on J∞Y . In accordance with abstract de Rham
Theorem 10.7.5, cohomology H∗(Q∗∞) of the complex (1.7.13) equals the
cohomology H∗(J∞Y ; R) of J∞Y with coefficients in the constant sheaf R.
Since Y is a strong deformation retract of J∞Y , there is the isomorphism
(1.5.5) and, consequently, a desired isomorphism

H∗(Q∗∞) = H∗DR(Y ).
�

Due to a monomorphism O∗∞ → Q∗∞, one can restrict O∗∞ to the coor-
dinate chart (1.7.3) where horizontal forms dxλ and contact one-forms

θiΛ = dyiΛ − yiλ+Λdx
λ

make up a local basis for theO0
∞-algebraO∗∞. Though J∞Y is not a smooth

manifold, elements of O∗∞ are exterior forms on finite order jet manifolds
and, therefore, their coordinate transformations are smooth. Moreover,
there is the canonical decomposition

O∗∞ = ⊕Ok,m∞
of O∗∞ into O0

∞-modules Ok,m∞ of k-contact andm-horizontal forms together
with the corresponding projectors

hk : O∗∞ → Ok,∗∞ , hm : O∗∞ → O∗,m∞ .
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Accordingly, the exterior differential on O∗∞ is decomposed into the sum

d = dV + dH

of the vertical differential

dV ◦ hm = hm ◦ d ◦ hm, dV (φ) = θiΛ ∧ ∂Λ
i φ, φ ∈ O∗∞,

and the total differential

dH ◦ hk = hk ◦ d ◦ hk, dH ◦ h0 = h0 ◦ d, dH(φ) = dxλ ∧ dλ(φ),

where

dλ = ∂λ + yiλ∂i +
∑

0<|Λ|

yiλ+Λ∂
Λ
i (1.7.15)

are the infinite order total derivatives. These differentials obey the nilpotent
conditions

dH ◦ dH = 0, dV ◦ dV = 0, dH ◦ dV + dV ◦ dH = 0, (1.7.16)

and make O∗,∗∞ into a bicomplex.
Let us consider the O0

∞-module dO0
∞ of derivations of the real ring O0

∞.

Theorem 1.7.5. The derivation module dO0
∞ is isomorphic to the O0

∞-
dual (O1

∞)∗ of the module of one-forms O1
∞ [59].

Proof. At first, let us show thatO∗∞ is generated by elements df , f ∈ O0
∞.

It suffices to justify that any element of O1
∞ is a finite O0

∞-linear combi-
nation of elements df , f ∈ O0

∞. Indeed, every φ ∈ O1
∞ is an exterior form

on some finite order jet manifold JrY . By virtue of Serre–Swan Theorem
10.9.3, the C∞(JrY )-moduleO1

r of one-forms on JrY is a projective module
of finite rank, i.e., φ is represented by a finite C∞(JrY )-linear combination
of elements df , f ∈ C∞(JrY ) ⊂ O0

∞. Any element Φ ∈ (O1
∞)∗ yields a

derivation ϑΦ(f) = Φ(df) of the real ring O0
∞. Since the module O1

∞ is
generated by elements df , f ∈ O0

∞, different elements of (O1
∞)∗ provide

different derivations of O0
∞, i.e., there is a monomorphism (O1

∞)∗ → dO0
∞.

By the same formula, any derivation ϑ ∈ dO0
∞ sends df → ϑ(f) and, since

O0
∞ is generated by elements df , it defines a morphism Φϑ : O1

∞ → O0
∞.

Moreover, different derivations ϑ provide different morphisms Φϑ. Thus,
we have a monomorphism dO0

∞ → (O1
∞)∗ and, consequently, isomorphism

dO0
∞ = (O1

∞)∗. �
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The proof of Theorem 1.7.5 gives something more. The differential
graded algebra O∗∞ is a minimal Chevalley–Eilenberg differential calculus
O∗A over the real ring A = O0

∞ of smooth real functions on finite order
jet manifolds of Y → X. Let ϑcφ, ϑ ∈ dO0

∞, φ ∈ O1
∞, denote the inte-

rior product. Extended to the differential graded algebra O∗∞, the interior
product c obeys the rule

ϑc(φ ∧ σ) = (ϑcφ) ∧ σ + (−1)|φ|φ ∧ (ϑcσ).

Restricted to a coordinate chart (1.7.3), O1
∞ is a free O0

∞-module gen-
erated by one-forms dxλ, θiΛ. Since dO0

∞ = (O1
∞)∗, any derivation of the

real ring O0
∞ takes the coordinate form

ϑ = ϑλ∂λ + ϑi∂i +
∑

0<|Λ|

ϑiΛ∂
Λ
i , (1.7.17)

where

∂Λ
i (yjΣ) = ∂Λ

i cdy
j
Σ = δji δ

Λ
Σ

up to permutations of multi-indices Λ and Σ. Its coefficients ϑλ, ϑi, ϑiΛ are
local smooth functions of finite jet order possessing the transformation law

ϑ′λ =
∂x′λ

∂xµ
ϑµ, ϑ′i =

∂y′i

∂yj
ϑj +

∂y′i

∂xµ
ϑµ,

ϑ′iΛ =
∑
|Σ|≤|Λ|

∂y′iΛ
∂yjΣ

ϑjΣ +
∂y′iΛ
∂xµ

ϑµ. (1.7.18)

Any derivation ϑ (1.7.17) of the ring O0
∞ yields a derivation (called

the Lie derivative) Lϑ of the differential graded algebra O∗∞ given by the
relations

Lϑφ = ϑcdφ+ d(ϑcφ),

Lϑ(φ ∧ φ′) = Lϑ(φ) ∧ φ′ + φ ∧ Lϑ(φ′).

Remark 1.7.1. In particular, the total derivatives (1.7.15) are defined as
the local derivations of O0

∞ and the corresponding Lie derivatives

dλφ = Ldλ
φ

of O∗∞. Moreover, the C∞(X)-ring O0
∞ possesses the canonical connection

∇ = dxλ ⊗ dλ (1.7.19)

in the sense of Definition 10.2.3 [112].




