1. MARKOV RELIABILITY AND AVAILABILITY
ANALYSIS

1.1 Introduction

Let us consider a system whose behaviour is destiily its states and
the possible transitions among these states. Theugasystem states are
defined by the states of the components comprisineg system. The
components are not restricted to having only twasfide states but
rather may have a number of different states sigchiuactioning, in
standby, degraded, partially failed, completelyef&i under maintenance,
etc.; the various failure modes of a component @lap be defined as
states. The transitions between the states ocodonaly in time, because
caused by various mechanisms and activities suctailages, repairs,
replacements and switching operations, which arelgm in nature.
Common cause failures may also be included as lpessiansitions
occurring randomly in time.

Under specified conditions, the stochastic proocésise system evolution
may be described as a Markov process in whichytsies states and the
possible transitions can be depicted with the &ia state-space diagram,
known as a Markov diagram and be mathematicallycriteed by a
probabilistic Markov model of equations [1-6].
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2 1 MARKOV RELIABILITY AND AVAILABILITY ANALYSIS

1.2 Discrete-time, discrete-state Markov processes

1.2.1 The conceptual model

The system can occupy a finite or countably indinitumber of states,
which can be numbered in a given order 0,1,2,3,4,The set of states
through which the system can move is the stateespdcthe random
process. The states are mutually exclusive and usxiia, since the
system must be in one state at all times and onbne each time. During
the process evolution, the system can move fromstaie to another,
stochastically.

Let us consider an integer random variable whicécdees the random
process of system transition in time, from oneestatanother. The states
occupied by the system at different times are miéid by the values
assumed by the random variable in correspondensaidf times. The
random process may be observed at discrete timesntinuously. The
first case leads to a discrete-time process ofaenttansitions among
discrete system states; the second case leadslisorate state process,
continuous in time. In both cases, the random E®0é system evolution
may be described by a Markov process, discreteontiraious in time,
that visits a finite or countably infinite numbefratates.

We firstly introduce the discrete-time, discretatstMarkov process. The
transitions occur at discrete timgst,, ..., t, with t, = t,; + At(n). The
interval At(n) between two successive timgs andt, is small such that
only one event can occur. For simplicity, we ska$ume that the time
interval At between two successive timgs, t, is always the same
independently oh.

The quantification of the system stochastic proessdution amounts to
computing the probability that the system is ini@eqg state at a given
time, for all possible states and times. To thig,ave need to define the
rules that govern the system transitions and asgigm appropriate
values of probability of occurrence.
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1.2 Discrete-time, discrete-state Markov processes 3

Let us denote by(n) the random variable indicating the state of the
system at time,. This random variable gives an information abdt t
system state in correspondence of the observatimntf. For example,
X(5) = 3 indicates that at the fifth time step thistem is in state 3.

In general, the probability of a future state ¢¢ 8ystem may depend on
its entire life history. Thus,

PIX(N+1) =j OX(0) =Xo, X(1) =X, X(2) =Xz, ... X(N) =x] (1.1)

The fundamental assumption characterizing a Magkoeess is that the
future state of the system depends solely on dsent state, thus

P[X(n+1) =x OX(n) =X,] (1.2)

Since the probability of the system moving to atretate is independent
of its past history, the random process of systeotugion is said to have
no memory: all that is relevant is the presentestdtthe system and not
the history to get there.

Considering two arbitrary times, t, (t, > t,), we introduce the transition
probability that the system in statat timet,, moves to statg at timet,
(Fig. 1.1):

P (mn) =P[X(n) =j UX(m) =i] n>m (1.3)

Fig. 1.1

t t

If pj (mn) depends only on the intervial—t,, and not on the individual
timest,, andt,, the Markov process is said to be homogeneoummand
the transition probabilities are said to be statrgn For a generic time
interval kiAt, we then have (Fig. 1.2)

P (K) =P[X(k) =j OX(0) =i]=P[X(k+s) =jOX(s)=i] s=0 (1.4)
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Fig. 1.2

The transition probabilities satisfy the followipgoperties:

p; (k)=0 fork>0 (1.5)
Zp,j (k)=1fork>0 (1.6)
p(n=k+n=> (K (1) forkr>0 (1.7)

alll

The last property is represented pictorially in.Hig8 below and follows
from the Markov assumption and the theorem of tatabability:

Fig. 1.3
tn-r-k tn-r tn

The problem is then that of determining the prolitstaf transition at the
k-th time step. This can be determined from the ce@ s$ransition
probabilities:

P (1) =P[X(n+1) =j OX(n) =i] = py (1.8)

The pj‘'s are the one step transition probabilities of lmmogeneous
Markov process dependent only on the length oftiime intervalk,
which is not written explicitly. Considering a finistate-space witN+1
states, we need to provide all one step transjpi@babilities from any
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1.2 Discrete-time, discrete-state Markov processes 5

statei to any other statg j = 0,1,2,...,N. These probabilities can be
arranged in a [{+1)x (N+1)) transition probability matri,

i/] 0 1 .. N
0 Poo  Por -+ P
£\= 1 Po Py - Pun (1.9)

N pNO le pNN
The transition probability matrix has the followipgoperties:

1. 0sp; <1 0i,j0{0,1,2,..N}, since all matrix elements are

probabilities
N
2. Zpij =1 i=0,1,2,...N, since the states are assumed
j=0
exhaustive

With these properties, the matrid is said to be a stochastic matrix.

Moreover, given property 2 onl\N¢1)xN elements need to be provided
for A to be fully known. The matrixA contains the fundamental data

and, together with the system states and transitiatescribes the
stochastic process of system evolution.

1.2.2 Stateprobabilities

Given anN-state Markov process, we introduce the row vectothe
probabilities of the system being in state 1, 2, N at then-th time step

P(M=[R(nN R(H .. R(n] (1.10)

At the time stem=0, this vector is initialized to:

P(0)=C=[G G .. G] (1.11)
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6 1 MARKOV RELIABILITY AND AVAILABILITY ANALYSIS

The vectorP(n) at then-th time step can be induced in terms of those at

the previous time steps by repeatedly applying ttieorem of total
probability. At the first time stem=1, we have:

P (1) =P X()= ]
=ZP[X(1)= j|x(o)=i][P[x(o)= i
';0 (1.12)
='—o p,G=n 0G+ g OG+ g OC+..+ p OE,
with j=0,1,2,...N
which in matrix notation reads:
E(l) =C[A (1.13)

At the successive steps2, we get:

P Ch (1) (1.14)

=R (1) Doy, + R()Opy + B(YO0py +..+ R(I0R
with j=0,1,2,...N

which in matrix form becomes:
P(2)=P(1))IA=(CA A= CA (1.15)
Proceeding in the same way, at thth step we get:

P(n)=CrA (1.16)
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1.2 Discrete-time, discrete-state Markov processes 7

which in matrix form represents the fundamentalagigm describing in a
comprehensive way the random transition proceiseiistate-space.

1.2.3 Multi-step transition probabilities

The n-th power of matrix A represents the-step transition probability
matrix:

(r) (1.17)

pN;)(n) pN;(n) An( N

whose generic elemen, (n) is the probability of arriving in stafeafter
n steps, given that the initial state wake.:

py (=P X(n= ] X(0)= (1.18)

Note thatp;(n) is the sum of the probabilities of all trajecesriwith
lengthn which originate in state and end in statg(see the diagram in
Fig. 1.4 for transitions between states 2 and 3).

Fig. 1.4

P22

P (2) = P, [Pyt Pyps,
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P22

P32

P2, (2) = Py UPsnt PoalIps;

An alternative approach to the evaluation of ph@) consists in using
the Chapman-Kolmogorov equation (Fig. 1.5):

py (n)= P X(= | X(0)=
:IZP[X(”)= | X(n=1]P[ x() =1 x(0)=1]

(1.19)

Fig. 1.5
0 | r n |

Example 1.1
Wet and dry days in a town.

Let us consider the stochastic process of raining town (transitions
between wet and dry days). The transition ma#ixs given by:

dry wet
A= dry (0.8 0.2
wet | 0.5 0.5
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1.2 Discrete-time, discrete-state Markov processes 9

For example, the element (2, 2) represents thelittomal probability
that if it is wet today it will also be wet tomowo The process may be
illustrated by the Markov diagram in Fig. 1.6 whetate 1 indicates a dry
day and state 2 a wet one:

Fig. 1.6

0.2

)

0.5

Question If today the weather is dry, what is the prob&pithat it will
be dry two days from now?

Answer Starting from the initial conditiol€ = [1 O], atn=2 time steps

we get:
2=l 4957 ot as of (07 3

The first value in the vector, 0.74, representspittbability of
the conditions being dry two days from now.

1.2.4 Solution of the fundamental equation

Let us now return to the problem of solving thedamental equation of
the Markov process:

(1.20)

{E(n): CA

P(0) <__:
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This system of equations can be solved using tgengalue method.
First, we solve the associated eigenvalue problem:

VA= wlY (1.21)

wherewis a scalar an¥ is an eigenvector.

The above equations may be written in an homogenfom as:

VI{A-wd)=0 (1.22)

where | is the identity matrix. The non-trivial solutiors found by
setting:

det{ A-wd)=0 (1.23)

from which we get the eigenvalueg, j =0,1,...N . Substituting these
values back into (1.21):

VA= Y (1.24)

we get theN+1 corresponding eigenvectdvs, j =0,1,..N .

The eigenvector¥, span theN+1-dimensional space and can be used as

basis to write any vector as a linear combinatibrthem. Hence, the
unknown probability vecton_D(n), aftern steps of time, can be written
as:

P(n) =iaj Y (1.25)

and similarly the known initial condition vectorrche written as:
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1.2 Discrete-time, discrete-state Markov processes 11

N
C=>cLy (1.26)

j=0 —

The problem is then reduced to determining the esipa coefficientsy;
andg;.

To determine the values fag, we resort to the adjoint eigenvalue
problem, recalling that the adjoint of a real maisi simply its transpose:

VA =@ Y, j=0,1..N (1.27)

The adjoint eigenvaluesw; depend only on the determinant of the
transpose matrixéT, which is equal to the determinant of the original
matrix A. Thus, the adjoint eigenvalueﬁ); are the same asv,.
However the adjoint eigenvectofdf are different fromV,. By

definition of the adjoint problem and taking intccaunt tha‘t\/j+ andV,

are orthonormal vectors, we have:

SVARVEELVARA VA Oifi#] (1.28)
MR ! k otherwise

wherek is a real value.

N
Multiplying the left-hand side ot_Z:ZQ\{ by the adjoint eigenvector
i=0

V_j, we get:

N
<V,C>=> ¢<V,Yy>=¢<
- i=0 -

<
<
V

l
e}
I

|
=
o
©

To determine the values of we have:
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B(m)=Ya,y

j=0 -

N
C=>c LV (1.30)

j=0

P(n)=

e}

A

Substituting the second equation into the third @mel setting the
resulting equation equal to the first one we get:

i“j Y, =[i9 EV]D;\ (1.31)

j=0 - j=0 -
Also, from:
_j£~= W Di (1.32)
we have:
no_
A= a)J” D/] (2.33)

N N
20V, =36 M"Y (1.34)
=0 = — =0 -
which yields:
a,=c¢ " (1.35)

Knowing the V; anda;, j=0,1,...N, the probability vectorP(n) in
(1.25) is completely determined.
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1.2 Discrete-time, discrete-state Markov processes 13

Example 1.2

Consider the occupancy history of a ‘slot’ in angih system. A
continuous moving ‘belt’ of ‘slots’ (each slot dgsed for a single
passenger) passes along the transit route. The hagta large number of
stations, in which each individual slot slows dowh.it is full, its
passenger may exit with probability 0.8; if it imety, a waiting user, if
any present, will fill it. The probability that @pson will be present at the
station is 0.5. Assume that the slot starts empty.

Consider the proces€n) defined by:

X(n)=0 if the slot is empty between theh station and then¢1)-
th station

X(n)=1 if the slot is full between theth station and then1)-th
station.

a) Show thatX(n) is a Markov process

b) Find the transition probability matrix

¢) Find the probability that the slot will be emptyitteaves then-th
station.

d) Find the stationary distribution. How long doetake to reach it?

e) What is the probabilityP{ E,} of the evenE,={the slot is full for
the first time at station}?

Solution

a) From the problem description, it can be infertdet the
transition probabilities depend only on the currstaite of the system.
Therefore, it is a Markov process, discrete in tifne this case ‘in
stations’) and states.

b) The transition probability matrixA governs the transitions from a

generic statiom to the successive statiof1. Letp; denote the elements
of the transition probability matri>§, i=0,1,2,..N , j=0,1,2,..N. In our

caseN=1 since there are two possible system stat@gg<£0 andX(n)=1).
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14 1 MARKOV RELIABILITY AND AVAILABILITY ANALYSIS

The first elemenpy of the matrix A is the probability that the slot will

be empty at the station+1 (X(n+1)=0), given that it is empty at the
stationn (X(n)=0):

Pro = P{X(n+1)=0 X(n=¢ = 0.¢
In fact, if the slot has left the statiorbeing empty, the probability that it
will leave the statiom+1 still empty is equal to the probability that

nobody is waiting at the statiar+1, namely 0.5.

The second elemery,, is the probability that the slot will be full ateh
stationn+1 (X(n+1)=1), given that it is empty at the statio{X(n) = 0).

P = P{ X(n+1)=1 X(9=0 = 0.

Evidently, the slot will be filled with a probalii equal to that of
somebody waiting at stationr1, namely 0.5.

The probability that a slot will be empty at thatiin n+1 (X(n+1)=0),
given that it is full at the station (X(n)=1) is the probability that a

passenger gets out of the slot times the probglbiat somebody is not
waiting at the 1f+1)-th station:

Po = P{ X(n+1)=0 X(n=14 = 0.870.5 0.

Finally, if a slot is full at the station, it will be full at stationn+1 either
if the passenger does not get out of it or if thhegenger gets out and
another fills its place:

P, =P{X(n+1)=1 X(7=3} = 0.2+ 0.800.5 O..

Thus, the transition matrié reads:
05 05

A=

= 104 06
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1.2 Discrete-time, discrete-state Markov processes 15

c) Let P(n) be the row vector of state probabilities:

P(n)=[R(n R(N]

whereP;(n) is the probability of being in statat then-th station.
From the theoryP(n) can be expressed as a linear combination of the

eigenvectors ofA, V; , j=0,1,...N. The eigenvalues and eigenvecta,
and VJ. ,j=0,1,...N, respectively, are found as usual by solving thear

system of equations:

VIA-wl)=0

Then, P(n) can be written as:
N

() =3¢ ] 1
j=0

i —

where from the adjoint eigenvalue/eigenvector probl(1.27) and the
orthonormality property (1.28):

with the following notation:

C = vector denoting the initial conditions. In ourseaassuming that the
slot starts emptyC =[1 0.

V" =j-th eigenvector of the adjoint problejrp,1, satisfying the system

(1.27) withw| = w;.

COMPUTATIONAL METHODS FOR RELIABILITY AND RISK ANALYSIS
© World Scientific Publishing Co. Pte. Ltd.

http://www.worldscibooks.com/engineering/7190.html



16 1 MARKOV RELIABILITY AND AVAILABILITY ANALYSIS

Let us first find the direct eigenvalues and eigenors,q ande ,]=0,1.

Solving the homogeneous syst&i(A-wl) =0:

05-w 05
dqé_@J_m[OA Q&w}

=(0.5-w)10.6-w) 0.2/ - 1.+ 0.%
The roots which render the determinant equal to aee:

= w, =1
w, =01

and the first eigenvectov, =[V; V;] is found replacingw, in
VHA-@)=0:

05 05
v, -V, =0
—|10.4 0.6 —
0.5\/0O + 0.4/0l - VO0 =0
0.5\/0O + 0.6/0l —Vol =0
= 05/, -04/,=(= V,=[0.8 1]v;

Similarly, for the second eigenvectt)ﬂs[\/l0 Vﬂ, replacingw,
inVHA-wl)=0:

05 05
V, -0.
—|0.4 0.6
Considering the first equation of the above homeges system (which,
as usual, is undetermined):

12

=0.
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1.2 Discrete-time, discrete-state Markov processes 17

0.5/°+ 0.4/ - 0.1°= (
= 0.4/°+ 0.4 = C =  V,=[1 1]V

Analogously, the adjoint eigenvectors are:

.[o5 04 .
V -V =0
0.5 0.6

-0

0505 ) +0.50; § = 0 == (084 )+ (05 )= «
= Vi = [+1 11 )’

.[05 04 .
V ~0.M =0
0.5 0.6

0.50/°) + 0.5(1 f — 0.2¢° § = 0.4¢° )+ 0.5¢*"
= V=1 -0.8] (V)"

We now have all the quantities used in (1.29) foutate the coefficients
N
¢, of the probability vector expansidp(n) = Z ¢ LV :

j=0

C_ve> if g 1
TV [t qfos J 18

1

_<w.C>_[i-odfr ¢ _ 1
M L odf 18

The vector of the state probabiliti€n) is thus:
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18 1 MARKOV RELIABILITY AND AVAILABILITY ANALYSIS

1 1
P(N) = gaf V+ G QFE[O-S 1]—1—8[—1 +10(0.1)
08,01 1_ o0l
1.8 18 18 18

The probability that the slot will be empty at theh station, By(n) is
thus:

P(n) =0.444+ 0.5610.1

d) The stationary value for the probability thas g8iot will be empty at a
station can be obtained by taking the limitR){n) by lettingn - c:

P, () =lim P(r) =0.444

Proceeding step-by-step to find after how manyiagtatthe asymptotic
solution is practically attained:

R(0)=1
P(1)=0.5
P(2)=0.45
P,(3) = 0.44F
P,(4) = 0.444E

So, the asymptotic solution is practically reachefibur steps.

e) The evenk, = {the slot is full for the first time at statian} requires
that the slot is in the empty state for-1 consecutive stations and that it
transfers to the full state at theth station. Then, it is given by the
geometric distribution withp,,=0.5.

PHE,} :{

0 n=0
(Poo) " Py = (05)(05)"* = (05" n>0
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1.2 Discrete-time, discrete-state Markov processes 19

1.2.5 Steady state probabilitiesfor ergodic systems

We recall that an ergodic set of states is one Hichv all states
communicate and which cannot be left once it ierent [6]. In other
words, it is a collective absorbing state alsoechlichain”. Note that all
finite Markov processes must have at least onenchm@cause a finite
Markov process cannot have all transient statesedine process would
keep leaving its current state to go somewhere else

For ergodic systems, we can obtain the steady spaddabilities
M;,]=012..,N of the system being in state asymptotically.
Considering that the eigenvalue of the fundamentatle isawy = 1
whereas all the others are)j‘<1 , 1 =12,..N, at steady state we have

[6]:

N

lim P(n) =lim iajﬂizliququ”Di: ¢y¥y=0 (1.36)

n- oo n- oo 4 0 Nn- oo 4

j=0

More simply, the steady state solution can be fofiach the recursive
equation:

o]

(n)=P(n-1)0A (1.37)

and considering that at steady state
P(n)=P(n-1)=n (1.38)
we obtain:
n=ntA (1.39)

which can be solved accounting for the normalizatbthe probabilities

N
on the mutually exclusive and exhaustive staES‘,Ij =1.
j=0
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20 1 MARKOV RELIABILITY AND AVAILABILITY ANALYSIS

Example 1.3

Wet and dry days in a town.

Returning to the Example 1.1,

dry wet
Given A=dry (0.8 02); C=[1 0]
wet 0.5 0.5

Question What is the probability that one year from now thay will
be dry?

Answer P(365days=1year) = CP*®
The evaluation ofE365 requires a lot of computations.

On the other hand, we can reasonably assume that at
n=365 the steady state condition is establishetao t

n,=0.80,+ 0.511,
n,+mn,=1
The answer to the question is thdn=0.714.

=N=[0.714 0.28}

1.2.6 First passage probabilities
We introduce the so called “first passage” prolighbil
f,(n)=P[ X(n) = j forthe firsttimp X0)= | (1.40)

which represents the probability to arrive for fist time in statg after
n steps, having departed stat the initial timen=0.

For simplicity let us consider a two state Markénain as in Fig. 1.7:
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1.2 Discrete-time, discrete-state Markov processes 21

Fig. 1.7
Pn P»
P2
Then,
f,(1) = py is the probability of going from state 1 to
state 1 in 1 step for the first time.
f.,(n) = p, 003" Op,, is the probability that the system starting

from state 1 will return to the same state 1
for the first time aftern steps; in other
words, it is the probability to depart from
state 1 and then jump back at theh step to
the initial state 1: this is achieved by
jumping in state 2 at the first step.d),
remaining in state 2 during the successive

2 steps @22_2) and moving back in the
initial state 1 at the-th step [,).
f(n)= pl* Opy, is the probability that the system will arrive

for the first time in state 2 after steps; this
is equal to the probability of remaining in

state 1 fon-1 steps @1”1’1) and then jumping
in state 2, at the final ste(, ).

In order to determine the first passage probaderi;lf;li(n), n=12,3,..
we can adopt an iterative procedure as follows:
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22 1 MARKOV RELIABILITY AND AVAILABILITY ANALYSIS

fi(0)=n (Y=g
fij (2): B (2)_ fj (])Erﬁ
(3)=n (-0 (2~ (309
(1.41)

K=

(9= R (-3 { (- (1

For example, the second term i (2), f; (1), is the probability of

!
going for the first time from statieto statg after the first step and then
remaining there at the successive step: to contheterobability f; (2)
of arriving from state to statg exactly at the second step, the probability

of this sequence of transitions must be taken btheototal probability of
finding the system in statgafter two steps, starting from statei.e.

P (2).

Now we are in the position to compute the probgbit, (m) that the

system goes from an initial stateo another statgwithin m steps, as sum
of the probabilities of the mutually exclusive etgof reachingj for the
first time aftem=1,2,3,..,m steps:

m

g (m=2 f(n (1.42)

n=1
The probabilityq; («0) of eventually reaching statérom statei is then:
G (o) = lim g (m) (1.43)

Denoting byf; the probability of eventually returning to thetial state:

fi =q (°°) (1.44)
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1.2 Discrete-time, discrete-state Markov processes 23

A statei is said to be “recurrent” if the system startingsach state will
surely (probability equal to 1) return to it soooefater, i.e. [6]:

f. =q (oo) =1 (1.45)
For recurrent states there exists a steady stababpility, [1, # 0.

On the contrary, stateis a “transient” state if the system in stateas a
finite probability of never returning to it, i.e.:

f. =q (o) <1 (1.46)

For these states, at steady stdte= 0. Thus, the steady state probability

will be non-zero only for the recurrent states. ©hsly, we cannot have
a finite Markov process in which all states arensiants because
eventually it will leave them and somewhere it nysat steady state.

We also define “absorbing” states those for whinheothe system enters
it can never leave, i.e.:

pi=1 (1.47)

If an absorbing state exists in a Markov chain,system will eventually
reach it and be trapped there.

Finally, another quantity of interest is the averagccupation time of
statei, l;, which represents the number of steps before yht® exits
that state:

| =—— (1.48)
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1.3 Continuoustime, discrete-state M arkov processes

1.3.1 The conceptual model

Let us consider a system which may stay Nrl configurations,
j=0,1,2,...N The state variable describing the system configuraat

time t is denoted byX(t). The system is assumed to start in a specified
state, sayi, at timet=0. The transitions between states are assumed to
occur continuously in time as described by a stshaprocess

{X(t);t=0} governed by the transition probabilities.

For many systems, the transitions are well desdribg a stochastic
process with the Markov property: given that aeysts in staté at time

t [ i.e., X(t)=i], the probability of reaching stajeat timet+v does not
depend on the state§u) visited by the system prior to(0 < u <t). In
other words, given the present stA{® of the system, its future behavior
is independent of the past:

P[X(t+v)= jX(9 =1 X(u= ¥ 4,05 « {

(1.49)
= P[x(t+ V)= X(9)= i]
As illustrated in Section 1.2, the conditional prbbities
P X(t+v)= j|x(9)=1i] i,j=0,12,3,...N (1.50)

are called the transition probabilities of the Markprocess. If the
transition probabilities do not depend on timéut only on the time
interval v for the transition, then the Markov process isdst be
homogeneous or stationary:

P[X(t+v)= jX()=i]= g (V) for t,y>0andi,j=0,1,2,..N (1.51)
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1.3Continuous time, discrete-state Markov processes 25

A Markov process with stationary transition prolisibs has no memory.

Starting from the discrete-time formulation of Mavk processes
described in the previous Section 1.2 and consides time stepdt
sufficiently small that only one event can occue, write for the one step
transition probability from statieto statg:

p, (dt) = P[ X(t+ dy = | X( )= i| =ay Ddt+6( o (1.52)
where IimM =0.
a0 dt

The parameteun; is the transition rate from stat¢o statgj. Sincea; is
constant, the timdj; that the system stays in statdefore making a
transition to statgis exponentially distributed with parametgt

As in the discrete-time case, we can define a itiangrobability matrix
with the form:

N
1-dtD) a, a,Mt .. a, [t
j=1
N
A=| g0t 1-dt)a, .. a, Ot (1.53)
i=0
j#1

In analogy to the discrete-time case, we writefthiewing fundamental
matrix equation which governs the Markov procesgioaous in time:

P(t+dt)=P(9) LA (1.54)

where, for example, the first equation has the form

P (t+dt) {1— dtZN:aoj} R()+a,R()0dt+..+ay,R() d (1.55)
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SubtractingPy(t) on both sides, dividing bgt and in the limit ofdt — 0O,
we get:

dR, H
d_toz_zaoi |:Po(t)'1-0'10D:>1(t)-|-"'-|-0'N0EF?\‘(t) (1.56)
j=1

Manipulating in the same way the other equationthefsystem (1.54),
we can write in matrix form:

N
a,  ay .. Qg
=1
—==P()IA, A'=| a, -Da, .. ay (1.57)

j=0
j#1

The above is a system of linear, first-order déféral equations in the
unknown state probabilitie® (t), j=0,1,2,...N {2 ( The matrix A"
contains the transition rates of the system; tgBfynthe notation, from
now on the transition rate matrﬁD will be simply denoted ag\. Note

N
thata; =) a.

@
Example 1.4

The Poisson process is an infinite Markov chi@rn= o).

The random variable of interest is the number afnés observed in a
period of time. Thus, the possible system state®4r,2,..¢0.
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1.3Continuous time, discrete-state Markov processes 27

Only one event can occur in each snistll with probability AAt. The
probability that the event does not occudinis 1-AAt, which represents
the self-state transition probability, i.e. the lpability of remaining in the
initial state, which is equal to one minus the sofnthe probabilities of
leaving that state.

The corresponding Markov diagram is shown in Fi§: 1

Fig. 1.8
AAL AAL AAL
I-XAI /\ /—\ /\
1-AAt 1-)A? 1-AA?

The transition matrix of the Poisson process htasiie dimension:

-4 A 00 .0
A=| 0 -4 A 0 .. 0

Note that the system does not comprise any redustate because the
chain is infinite (whereas there are always recurrgtates in finite
Markov chains because the system leaves a stdieaviihite probability
and has to go into some other state).

Example 1.5

One component/one repairman with exponential failand repair
times distributions.
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Consider a component which can be in two stateskimg (0) and failed
(1). LetA andu be the rates of failure (transitions from state Gtate 1)
and repair (transitions from state 1 to state €jpectively. The Markov
diagram is then:

Fig. 1.9
AAt

)

1-AAt 1-pAt
pnAt

and the transition matrix takes the form:
A =

- H —U

Example 1.6

System with N identical components and N repairavailable.

Considem identical components which can be in two statesking and
failed. Let us assume that the components failamesd repairs occur
exponentially in time, with constant ratdsand y, respectively. The
states of the system can denote the number ofifedeponents, i.e.:
State 0: none failed, all components function;

State 1: one component failédh1 function;

State 2: two components failéd;2 function;

StateN: all components failed, none functions.

The Markov graph is then:
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Fig. 1.10

NAA? (N-DAA? A

1-NAAt

AL

UAt 2ult NuAt
1-uAt-(N-1) LAt

Given that only one event (failure or repair of mmnponent) can occur
in the smallAt and that the events are mutually exclusive, theeddAAt

is the probability that anyone of tiNecomponents fails idt. Similarly,
(N-K)AAt is the probability that anyone of theN-k) functioning
components fails idt, whereasuAt is the probability that anyone of the
k failed components is repairedAn

Example 1.7

System with N maintainable and identical compone&vith only
one repairman available

Considem identical components which can be in two stateskimg and
failed. LetA andy be their constant failure and repair rates, rasydyg.
The states of the system are the same as in th@pseexample. The
Markov graph becomes:
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Fig. 1.11
NAA? (N-DAA? At
1-NAAt
UAt UAt UAt

1-uAt-(N-1) MA?

In this case with only one repairman available,grebability of repair in
At is alwaysuAt because only one component can be repaired.

1.3.2 Solution to the fundamental equation of the Markov
process continuousin time

As seen in the previous Section, the system ofafindirst-order
differential equations in the state probabilitiest dime t,

P (t) j=0,1,2,...N, which governs the Markov process continuous in
time is written in matrix form as:

—?:E(t)D=A (1.58)
N
Zaoj' ay an
j=1
N
A=l a, Yoy ay, (1.59)
i=0
jz1

This system is to be solved starting from the ahitiondition P(0)=C.
The easiest method of solution is by Laplace tansf The Laplace
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transform of the state probability (t),j=0,1,2,...N, denoted by

P (s), is defined asP, (s) = L[ P( t)] :j: €% P( ) d; correspondingly,

J

the Laplace transform of the time derivativeR)(t) is:
L(dpj—(t)j=sﬂ5j(s)— P(0), j=01,..,N (1.60)

Laplace-transforming the fundamental equation ef karkov process
(1.58):

sP(9-C=H 30/ (1.61)

from which:
B(g=cf<- A" (1.62)

where | is the identity matrix. Then, applying the inversaplace
transformation we can retrieve the state probaslivectoP(t).

Furthermore, since the problems we deal with drérdale chains, there
exists at least one recurrent state and thus, tlera steady state
distribution [1. This latter can be simply found by setting toozéne
derivative ofP in the fundamental equation:

NA=0 (1.63)

N

Taking into account thatZI'Ij =1, the steady state probabilities are
j=0

found to be equal to:

D. .
n = J J :O,l,Z,...N (164)

i
D.

N
i=0
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whereD; is the determinant of the square matrix obtaimednf A by
deleting thg-th row and column.

Example 1.8

One component/one repairman with exponential failand repair
times distributions.

Consider one repairable component which can benig two states,
working (0) and failed (1), and one repairman. Wasuane that the
component transition times are exponentially distied with failure rate
A and repair ratgz. From Example 1.5, we know that the transitior rat
matrix has the form:

A =

o H —H

The component is in operation at tim® (C = [1 O]). To compute the
transient behaviour of the state probability veeterhave to solve:

B(s)=cifsi- 4"

Thus, we need to compute the inverse me(lsi=b<—£\) '

- T
) det[(sj—é\)l](sr oo

B 1 s+A A
S+Astus| u  s+u
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From which we get:

S+ y J

E(S):(sEﬂswl +u) S stA+p)

Observing that the roots are 0 aﬁtﬂ/l +,u) and applying the inverse

Laplace transformation, the state probability veatothe time domain
becomes:

P = K, A e A A Lk
A+u A+u A+pu A+u

where
B (1) =+ —H_ gl
A+u A+u

is the system instantaneous availability at tinjprobability of being in
operational state O at tintge

R()=—2 -1

is the system instantaneous unavailability at tinjerobability of being

— g
A+u A+u
in failed state 1 at timg.

The system steady state probabilities are readuyd to be:

1
’) MTBF . .
n,= H o__A _ = average fraction of time the
A+p 11 MTTR+ MTBF
M A

system is functioning
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1
A _ g _  MTTR
“A+p 1,1 MTTR+ MTBF
H A
system is down (under repair)

n

= average fraction of time the

1

where MTBF and MTTR are the Mean Time Between Fedwand the
Mean Time To Repair, respectively.

1.3.3 Failurelntensity

The unconditional probability of arriving in stajein the nextAt
departing from stateat timet is given by:

P[ X(t+At)= j, X(t)=i]
:P[x(t+At)= j\x(t)=i]EP[ X(9 =1 (1.65)
= p, (89 R (1)

Then, the frequency of departure from statestatq is:

() =tim PLVE g oo (160

Ve = o [T, (1.67)

v()=Ya (R()=q; P (1.68)

and at steady state:
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v, =a; I, (1.69)

Similarly, we can consider arrivals to stafeom any staté and define:

v (t) = ga’ki (R (t)

! (1.70)
N
v :zaki [,
k=0
k#i
Since the matrix equatioll LA = 0 implies
N
a; M, => a,M, i=012..,N (1.71)
k=0

k#i
at steady state the frequency of departure frote st#; , is equal to the
frequency of arrivals to statev™ .

In our case of interest we define the system failntensityW; as the rate
at which system failures occur, i.e. the expectedhlver of system
failures per unit of time; this is equivalent t@ttrate of exiting a success
state to go into one of fault. Denoting ByanF the sets of success and
fault states of the system, respectively:

Wi (=2 P(1)CA (1.72)

where the sum is over all the success siat8of the systempi(t) is the
probability of the system being in the functionistei at timet and
A ¢ is the conditional probability of leaving the stat of success

towards a failed state.

Similarly, we define the system repair intensity as the rate at
which system repairs occur, i.e. the rate of egi@nfailed state to
return into a success state:
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W (1= R (93 .79

jOF

where the sum is over all the failed stgtés of the systemPj(t) is the
probability of the system being in the failed stata timet and y;_¢ is

the conditional probability of leaving the stgteof failure towards a
functioning state.

Example 1.9

One component/one repairman with exponential failand repair
times distributions.

In this case, from the results of Example 1.8 system failure and repair
intensities are computed simply as follows:

W, (1) =2 R (1)
W, ()= #R(Y)

1.3.4 Averagetimeof occupancy of a given statei

When the process arrives at stiatthe system will remain in such state a
time T; before it departs towards another state with rate:

N
a, =>a; i= 0123...,N

j=0
i

[y

Since the departure ratg is constant, the duratioh of occupancy of
statei is exponentially distributed with parameter and the mean
duration of stay in states:
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1
a;

Thus, from the steady state relatisn= a; 1, (Eq. 1.70) we have:

v, =a; T, :%
and
n =v 0

The mean proportion of tim@g; that the system spends in state equal
to the visit frequency to statemultiplied by the mean duration of one
visit in state.

1.3.5 System availability

Among all possible states of the system, some refifesent the system
functioning properly, according to some specifieitecia of system
performance, whereas others will denote configonatiin which the
system is failed. As before, |8tdenote the subset of states in which the
system is functioning arfé the subset of failed states.

The system instantaneous availability at time computed simply by
summing the probabilities of being in a succes® sthtimet:

P()=2R()=1-a()=1-3R() @7
i0s jOF
In the Laplace domain we write:

p(9=3 B(9=¢-T B3 .79)

i0s jOF
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1.3.6 System reliability

We distinguish two cases depending on whether re@ae allowed or
not.

System unattended (no repairs allowed)

In the case of unattended systems, repairs campetiormed and the
system reliability coincides with its availabilify]:

R(H) =p() =1 -q(t) (1.76)

Hence, in the Laplace domain, froE(s) we can simply find those

elementsl?’i(s) which correspond to system success statésS and
write analogously to (1.75):

R(9=2 R(9=

i0s

I E (1.77)

jaF

nlk

The mean-time-to-failure, MTTF, can then be comguas (exploiting
the proprieties of the Laplace transform):

MTTE=["R() dt= B(0)= KO) :E—z H };} - amn

i0S joF

Attended system (repairs allowed)

In this case, the following procedure must be penfl to compute the
system reliability:

1. Partition the transition rate matrié so as to exclude all failed

statesj0F, which are now considered absorbing. The resulting
matrix A" is the matrix of the transition rates for trarsis only
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1.3Continuous time, discrete-state Markov processes 39

among the “success stateé§]S As long as the system switches
back and forth within the states 02\', it is functioning

continuously with no interruption.

2. Solve the reduced problem @f for the probabilities?™(t), i0'S,

of being in these (transient) safe states. Thalily is then easily
computed by summing all such probabilities:

R(t)=>_ R (1) (1.79)

ios
and from (1.78) the mean-time-to-failure, MTTF, is:

MTTF = [ R(1) dt=>" P(0)= K0) (1.80)

0 iags
Note that at steady state all the state probasilitR”(c), are

equal to zero because in this modified (reducedplpm, we have
only transient states.

Example 1.10

System with two identical components which canwah constant
rate A and be repaired by two repairmen at constant gate

The Markov diagram of the process is:

COMPUTATIONAL METHODS FOR RELIABILITY AND RISK ANALYSIS
© World Scientific Publishing Co. Pte. Ltd.

http://www.worldscibooks.com/engineering/7190.html



40 1 MARKOV RELIABILITY AND AVAILABILITY ANALYSIS

Fig. 1.12

20AL Y

R

uA? 2pAe

and the transition matrix:

To answer any system availability or reliabilityestion, we must specify
the system logic of operation.

a) Parallel logic (1 out of 2). The states of the systre:
State 0: system is operating (both componentsifumog)
State 1: system is operating (only one of the tammonents functioning)
State 2: system is failed (both components failed)
The system reliability at a given time is the prhobty of the system
being in states 0 or 1 continuously fraw0, i.e. accounting for the fact
that it cannot come back from state 2 which is lasogbing state with

respect to the reliability measure. Thus, the pantiof the transition rate
matrix is done including only the success statesd1:

2 24 | 0 Y
A=| u —(,u+/1)‘ A |= ,=A=( ~ } (1.81)
5 o ‘—Z,U u =(u+2)
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The fundamental equation for the state probatslittd the reduced

problem is:
dpP’ 4 =24 2A
— =P (t 1.82

L B (182

with initial condition P"(0)=(1 0).
Laplace-transforming:

B(9=(1 o)fsl- A)" (1.83)
with
AL s+A+ 24
R C YR

The determinant roots are:

— - 2 2
@, = BA—pE\JA*+6Au+ (1.85)

1 2

and the inverse-transformed reliability is:

@ il
Ry =& —@ & (1.86)
W~
The mean time to failure (MTTF) can be computetbfews:
MTTF=R(0)=>_ P'(0) (1.87)

Since I5D(s)=_CD[QsD=I—i\)_1 and introducing the unit vector
w=[1 11 .. 7§,

COMPUTATIONAL METHODS FOR RELIABILITY AND RISK ANALYSIS
© World Scientific Publishing Co. Pte. Ltd.

http://www.worldscibooks.com/engineering/7190.html



42 1 MARKOV RELIABILITY AND AVAILABILITY ANALYSIS

MTTF = C'if- A) " Od (1.88)

In our specific case, we have:

MTTF =(1 O)[EZ‘: ;ﬂ}lt@

=(1 0)52,1(/14,;)—2/1#[{#;/1 ZJE@: (1.89)

1 1) 3%+
= ZA)[EJ: 2/12ﬂ=

=3, H
20 20

We can also compute the failure intensity (Eq. .73
w, = R(t) (1.90)

and the repair intensity (Eq. 1.74):
W, (t) = |32(t) Ru (1.91)

b) Series logic (2 out of 2). The states of the systee:
State 0: system is operating (both components ifumog)

State 1: system is failed (only one component fongtg and the other
failed)

State 2: system is failed (both components failed)

The system reliability at a given time is the piabity of the system
being in state 0 continuously fromo0, i.e. accounting for the fact that it
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cannot come back from states 1 or 2, which arerblmp Thus, the
partition of the transition rate matrix, includingly success states, is:

21| 2 0
A=l pu [=(A+y) A |=> A=-2 (1.92)
0 2u -2u

In this case, it is easy to solve the reduced proldlirectly in the time
domain:

()
€ _pr 0A'; PY(0)=C” (1.93)

which simplifies to:
RI(t)+R(1)=1 (1.94)

that leads to the solution:
F{)D(t) —gt (1.95)

which is the probability of both independent expui®@ components
being functioning with no failures up to time

Other quantities of interest with respect to thestam reliability
characteristics are:
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Steady-state failure intensity

The steady-state intensiy is defined as the expected number of visits
to (arrivals into) a failed statel]F per unit time, computed over a long
period of time.

Mean duration of system failure

The mean duratioh of a system failure is defined as the mean tiramfr
when the system enters into a failed staié]R) until it is
repaired/restored and brought back into a funatigrstate §. From

M, =y, O, it is obvious that the system steady-state unalviitly

d., =1-p., [7] is equal to the frequency of system failuregltiplied
by the mean duration of system failure. Hence

a. =W, 0 (1.96)

Mean time between system failures

The mean time between system failures MTBF is teamtime between
consecutive transitions from a functioning stdfeS)) into a failed state
(jOF). The MTBF may be computed from the steady dtatguency of
system failures by:

MTBF = — (1.97)
W,

Example 1.11[8]

Spare parts modelling

This example is intended to show how a Markov madel be built to
catch the stochastic dynamics of a plant suppdryeshare parts.

The Markov system representation is based upom tindexes: the first
one indicates the number of operating componentthénsystem; the

COMPUTATIONAL METHODS FOR RELIABILITY AND RISK ANALYSIS
© World Scientific Publishing Co. Pte. Ltd.

http://www.worldscibooks.com/engineering/7190.html



1.3Continuous time, discrete-state Markov processes 45

second, the number of spares available in stordgethird one is the
number of units in recycling (i.e. in the repaicify).

Consider for simplicity a one-unit system suppofbgdone single spare
and one repair facility: a Markov model can be tbfor the complete
recycling process of these two-components systguon ufailure, the
component is replaced by the spare unit and semntefmir at a remote
facility. Upon repair, it is shipped back and sernas a spare. The
recycling cycle is portrayed in Fig. 1.13 and tlesgible system states are
reported in Table 1.1. The governing stochasticesees are assumed
exponential in time.

Fig. 1.13 Operating unit supported by spare and repair facility

Operating unit H Spare

~ A

Repair facility

A

Table 1.1 System states

System state Operating units Spare units Units rureghair
1 1 1 0
2 1 0 1
3 0 1 1
4 0 2 0
5 0 0 2

The initial system state (state 1) is the nomima @L,1,0), i.e. the online
component is operational and the single spare @ladole. From this
state, upon failure of the operating componentsystem transfers into
state 3 (0,1,1), in which the failed unit is semte@pair. The rate at which
this transfer occurs id. From the state (0,1,1), the system can move into
state 2 (1,0,1), at a rate if the spare unit is sent into operation beftwe t
failed unit is returned from repair, or into stdt€0,2,0), at a rate, if the

COMPUTATIONAL METHODS FOR RELIABILITY AND RISK ANALYSIS
© World Scientific Publishing Co. Pte. Ltd.

http://www.worldscibooks.com/engineering/7190.html



46 1 MARKOV RELIABILITY AND AVAILABILITY ANALYSIS

failed unit returns from repair before the sparstéted up. From state 2,
transfer is possible into state 5 (0,0,2) at a fatw into the nominal state
(1,1,0) at a rater. From state 4 transfer is possible only into thenimal
state, at a ratg. From state 5, transfer is possible only to satat a rate
2a. Fig. 1.14 reports the system state transitions.

Fig. 1.14 Markov diagram for a one-unit system supported by a single spare
and repair facility

State 1:
1,1,0
1 (1,1,0)
7
a State 3: a ,| State 4:
(0,1,1) (0,2,0)
2
A\ 4 ,U a
State 2: A > State 5:
(1,0,1) (0,0,2)

The set of equations governing the Markov model is:

dzt(t) = AP,(t) + aP, (t) + P, ()

% = —(a + L)P;(t) + AP,(t) + 2aP, (t)
=, +apy 0

% =-20P. (t) + AP, (t)
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with the initial conditionR (0) =9, ,, 1 =1,2,....k, whered,, is the usual

Kronecker delta function equal to 1 ferl (i.e., the system is in state 1 at
the initial time).

From the knowledge of the state probabilitgt),| = 12,...5 it is easy

to compute the reliability and availability meassref interest, as
explained in Sections 1.3.5 and 1.3.6.

When we move to consider a system Nf identical, exponential
components supported Wy, spares, the number of possible system
states increases remarkably, so that a completeripigsn of the
recycling process becomes analytically impractieabl

As a possible simplification let us go back to ddes that the
replacement time is negligible with respect to rigair and failure mean
times. In this case, with reference to the systtates of Table 1.2 and
the Markov diagram of Fig. 1.15, the initial, nomirstate is denoted by
(Ne, Nsp, 0) and can transfer, at a radel, only into state 2, denoted by
(Ne, Nsg1, 1), in which the failed unit is instantaneousgplaced by a
spare and sent to repair. From state 2 , the syséemeturn into state 1
at a ratea if the repair of the failed units occurs, or trmsinto state
number 3 K, Ns-2, 2), at a ratdNcA, upon an additional unit failure.
Similarly, the first N.+1 states are of the formN{ Nssj, j), with
j=0,1,...Ns, The rate of flow from statginto statej+1 is N.A, whereas
the return rate iga. All these states are characterized by the fadtttiey

all haveN. operating components, the last state in this ghmipg (\., O,
Nsp). Then, there arB; additional states for which no spares are availabl
which take the formNci, 0, Ngi+i), with i=1,2,...N.. Now, transfer is
possible at a rateNgs+i)a, to state -i+1, 0, Nggt+i-1) upon repair of a
failed unit (followed by its instantaneous star) wp to state N-i-1, O,
Ngsti+1), at a ratel(N-i), because of the failure of an on-line component.
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Table 1.2: System states

System state Operating units Spare units Units rureghair
1 N Ne 0

2 N Ng-1 1

3 N Ng-2 2

j+1 N, Nsp'j J

Nsp+1 N 0 Nsp

Ng+2 N1 0 Ng+1

Ng+3 N¢-2 0 Ng+2

NgHi+1 Ne-i 0 Nt

Ngr+Ne+1 0 0 Ngrt Ne

Fig. 1.15 Markov diagram for a system with N. identical repairable
components supported by Ng, sparesand negligible replacement time

State 1: (N, Ny, 0)

viy fa

State 2: (N, Ny-1, 1)

vy toa

State 3: (N,, Nyy2, 2)

vay e

N.A

State Ny,+1: (N, 0, N,)

A 4

State N\p+2: (N(‘- 1 > O> Nsp+1)

ANA1Y

fov o

State Ny,+3: (Ne-2, 0, Ny,+2)

(Nt a

A l T(NC+NV,)(1

State Ny +N.+1: (0, 0, Ny+N,)
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Example 1.12[9]

Modelling ‘on condition’ maintenance strategiesaofleteriorating
component.

In this Example we describe a Markov approach faxdetling the
behaviour of a deteriorating component subject tmdiion-based
preventive maintenance.

Let t={tots,...,Tu} represent the discretized time variable and
X={ X0 X, 1. %, » %neey D€ @ discrete random variable denoting the level
degradation of the component. The process of dagoadevolution is
described through the first+1 states(x,, X ,..,%,), While the state.,

refers to a non reparable degradation conditiaaghable upon a possible
random failure occurring to the component whileaimy of the other
operative states < x_,,. We define:

P, (k) = probability of being in degradation levg] at timet,;
q( j|k) = probability of an increase plinits of degradation starting from

an initial degradation level ok units (thus, the final
degradation state will be &ftj units);

r( j|k) = probability of a decrease pfinits of degradation starting from
an initial degradation level & units, due to possible repair of
the component (thus, the final degradation levdll lvé of k-j
units);

Ky, = threshold degradation level beyond which maiatee or

repair action is required;

probability of component failure due to a randsinock which

leads the component from the current degradatiesl,|&, to
the final degradation stabtey.;.

f (k)

The above defined probabilities allow us to desctibe physics of the
evolution of a component through its states of afi@n. A possible
realization of the time evolution of a componergh®wn in Fig. 1.16.
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X1

%

Fig. 1.16 Time sketch of the degradation process of a generic component

Xa
I Failure
Maintenanc
Gooc
o 1 t

On the basis of the above definitions, a Markov ehddr the process of
degradation and ‘on-condition’ maintenance can uoé. Bnitially, we do
not consider the effects of possible random faduoecurring to the
component, i.e. the component state evolves ombugh the firstm+1
(%, Xm) degradation or maintenance states without faillng to random
shocks. Obviously, when the component is operdtilegradation state

k<k,) only degradation increases are possible, wheveaasn the
component is under maintenance (degradation statek, ) only
degradation recoveries can occur. The process i®rged by the
following system of equations (in order to simplifye notationsg( j|k)

andr ( j|k) are replaced withy andry):
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FL(O) % 0 0 O rklh+l kp+1 rKh+2 kpt 2 rm m Pn_l(o)
P, Go Qo1 0 Tkt Torikez o Tmam P_.@®)
P.(2) Oz 0 Oy o 2 0 b-tor 1 Tker 2 o Tm2m P_(2) (198)
R.(3) G0 21 G 0 Ko 2 1 o T am P-.(3)
Ry (ky) O, o Og-11 G%-22 - ok, Figer 1 T2 Ty om Pra(kn)
P.(k, +1) Ogs10 Og1 Gg-12 - O, 0 0 Pk, +1)
R (m) Ono  Oma1 Oh22 o Oy i 0 0 Pra(m)

As for the probabilitiesq( j|k), they are defined only for values of the

starting degradation levek <k, and small degradation increments are

favoured among the feasible valuegp= 0,1...,m-Kk. Thus, we
arbitrarily set:

Y
q(J|k)—ak(1 L)

N = m+1= total number of levels of degradation
k=0,1..k,;j= 0L.,N- + k

The value of the coefficierty in the previous equation is obtained from
the normalization of the probabilities:

-k

q(jlk)=1 k=0,1,2,.k, ;

3

I

i
o

And the expression for the probabilitiq€j|k) becomes:

2 N-k-]

i1k =
q(J| ) N-k+1 N-k

for k=0,1,..k, ; j= 01.,.N- & k

Fig. 1.17 shows the values of the probabilitigsj|k) as a function of
the degradation incremeint for three different values df. The total
number of degradation levels N = 71. The probabilitiesq( j|k)
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decrease linearly withj, so that small degradation increments are
favoured. Also, the slope cq( j|k) increases in absolute value with the

initial degradation levek, so that small increments are more and more
favored as the degradation proceeds.

Fig. 1.17 Values of the probabilities q( j|k) asa function of the degradation

increment j, for three different values of the starting degradation level k
(total number of degradation levelsN = 71)
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0.035

0.03

0.025

0.02
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0.015

0.01

0.005

0 L L L
0 10 20 30 40 50 60 70 80

Degradation increment j

With regards to the values of the repair probaédit (| |k), we choose

to favor the transitions with higher values of detation recovery, i.e.
repairs which effectively reduce degradation. Imtjege assume that a
repair can induce a decrease in the degradatioshwtiinges from a
minimum valuek.,i,, here assumed to be equaktk,/2 (corresponding to
a final degradation level of/2 units) to a maximum valuk, when
complete repair to an ‘as good as new’ state ifopeed:
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r(j|k):ﬁk[] for k< i<k k>k,; k,,=k=-k/2
r(] |k) :0 for J <kmin

where the coefficientg3, are found from the normalization condition:

k
r(j |k) =1
i=k

leading to:

2

= >k,
k(k+1)_ Iﬁ'nin (Kﬂin _1)

B

Fig. 1.18 reports the values of the probabilit're($|k) as a function of
the degradation recovej\starting from a degradation levellofinits, for
three different values df. Note that the probabilities( ] |k) are taken
such that the lower the initial degradation legelthe steeper the slope of
r(j |k) is, thus favoring degradation recoveries closethto‘as good as

new’ condition.
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Fig. 1.18 Values of the probabilities r(j |k) as a function of the degradation

recovery j, for three different values of the starting degradation level k (N =
71, kin= 30, Kpin=k -15)

0.0

0.0r

30 40
Degradation recovery j

The system of equations (1.98) is intended to des¢he behaviour of a
component which evolves through degradation andirefe now
associate to each level of degradation a probglofishock failure which
will realistically increase as the component degtiadh increases. Thus,
we further define:

f (k) = probability of component failure when at degraoiatevelk

For modeling the effect of the failures, we processd follows. We
consider absorbing the statg.;, which can be reached upon component

failure from states with degradation levkl< k,, as it is assumed that
the component cannot fail while under repair. Feach operating state

k, the component can either falil, i.e. transfer fretaex, to stateXm:1,
with probability f(k), or increase its degradation leveljofinits, with
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probability q( j|k)[{1- f(k)), since the two events of failure and

degradation are mutually exclusive. The componestalution is now
governed by the following system of equations:

a(o) q)o(l_ f(0) 0 0 0 rl«“,ﬂkhﬂ rkm+2k,,+2 o T 0 F?nl@) (1.99)
P qol1-f(0) 6,0 f@) 0 0 T Thotkez = Tmim P..0)
R() Gol-f(0) @, f@) 0.EFQ) .. 0 Ltk T ez o Tmom P.(2)
E) Gol-fO) 0,0~ f(D) . f(2) 0 Lokt otz o Tmam Pa(d)
- )
R(kn)

G, o= F(O) sl FO) G220~ F@) o G EFED)  Ter Togez o T m G| Pralke)
R+ g .0 fO) q,.,0-f@) @,Ef() .. o EfE)) p| Pk +1)

B 1 0@ FO) sl FD) Guol T2) - Gy A F)
R 10 ) @ . Tk

0 0

o o

0 0 q| Ram
0 o 1\ Pu(mD
The component is unavailable if its degradatioreldvis abovek,,

either because it is under repair or because ifdi@sl K = m+1). Thus,
the instantaneous availability at tiraeof a componen€, A°(t)), can be
obtained as:

kin
A(L)=3 R()

The probability M“(t) that at timet, a maintenance action is being
performed on componeftis:

m

M) = > R.()

=k +1

When generalizing to systems with componenthl.afifferent kinds, we
need to extend the notations introduced:

N, =m+1= total number of levels of degradation, for theh
componenti=1,2,...Nc;

X = {x(')xl){q} = discrete random variable denoting the level of
degradation of component

P! (k) = probability, for the-th component, of being in degradation level
X, at timety;
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qi(j|k)= probability, for the-th component, of an increasejafinits of
degradation starting from an initial degradatioveleof k units
(thus, the final degradation state will bekef units);

r'(j |k)= probability of a decrease plnits of degradation starting from
an initial degradation level df units, due to maintenance or
repair of thei-th component (thus, the final degradation level
will be of k-j units);

ki, = threshold degradation level beyond which a randenrease occurs
following a maintenance or repair action, for comgiati;

f'(k) = probability of failure of componemt when the degradation level

is k.
. 2 k-]
(ilk) = I
a3k N, -k+1 N-k
for k=0,1,...K, ;j= QL.,N- £k

. 2

(k)= — 0

| k(k+1)_|<nin(|<'nin_1)

for k. <j<k; k>K.; K. =k-k /2
r(ijk)=0 for j <kp,.
Finally, for thei-th component, the availability at tinig A(t,), and the
probability of being under maintenandé'(t,), can be obtained from the
system of equations (1.99):

. kn
A )= R()

M) =S PL()

=k +1

From the knowledge of the components’ availabgitige expression for
the system availabilityA(t) can then be simply determined considering
the logic of the series-parallel system and theesmponding laws of
probability. Once the instantaneous system avditialis determined, we

can compute the objective function, mean systeniadoiiity A over the
mission timeTy, from its definition [7].
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