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8 Combinatorial Problems in Mathematical Competitions 

permuta tions of n distinct objects equals p;: = (n - 1) !. 
n 

Number of Necklace 

Suppose that a necklace consists of n distinct beads which are 

arranged in circle, then the number of distinct necklaces is 1 (if n = 1 

or 2) or ~ • (n -1)! (if n ~ 3). 

Proof If n = 1 or 2, then the number of necklace is 1. Assume 

that n ~ 3. Since a necklace can be rotated or turned over without any 

change, the number of necklaces is one-half of the number of circular 

permutation of n distinct objects, i.e. ~ • (n - 1)!. 

Example 7 How many ways are there to arrange 6 girls and 15 

boys to dance in a circle such that there are at least two boys between 

any two adjacent girls? 

Solution First, for every girl, we regard two boys as her dancing 

partner such that one is at the left of this girl and another is at the 

right. Since 6 girls are distinct, we can select 12 boys from 15 boys in 

P~ ~ ways. Next, every girl and her two dancing partners are considered 

as a group, each of residual 15 - 12 = 3 boys are also considered as a 

group. Thus the total of groups is 9, and we can arrange them in a 

circle in (9 - 1)! = 8! ways. By the multiplication principle, the 

number of permutations satisfying the conditions equals p~~ • 8! = 

15! • 8! 
3! 

1. 5 The Number of Solutions of the 

The number of Solutions of The Indefinite Equation The number of 

nonnegative integer solutions (Xl' X2' •.. , X",) of the indefinite 

(n +m - l) 
equation X l + X2 + "' + X", = n (m, n EN+) is equal to = 

m - 1 
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C + :l - 1). 

Proof We consider that each nonnegative integer solution (x I , 

X l' ... , X "' ) of the equation X I + X l + ... + x'" = 11 (177,11 E N+) 

corresponds to a permutation of 11 circles "0" and 177 - 1 bars" I " : 

Where X I is the number of circles "0" at the left of first bar" I " , X ,+1 

is the number of circles "0" between the i th bars" I" and the (i + 1) th 

bars" I", "', x '" is the number of circles "0" at the right of the (177 -

1 ) th bar "I" . Since the correspondence IS an one-to-one 

correspondence, the number of nonnegative integer solutions ( XI ' 

X l' ... , X "' ) of the indefinite equation XI + Xl + ... + X'" = 11 (177, 

11 E N+) equals the number of the permutations of 11 circles "0" and 

(11 - 177 +1) (l1 +m- 1) 
(m - 1 ) bars " I ", i. e . = . 

m - 1 11 

Remark The number of nonnegative integer solutions ( x I , 

Xl ' ... , X"' ) of the indefinite equation XI + X 2 + ... + x '" = 11 (m, 

11 E N+) is equal to the number of the repeated combinations from 11 

distinct objects taken m objects (each object may has a finite repletion 

number) . 

Corollary The number of positive integer solutions (X I ' X2 ' ... , 

x "' ) of the indefinite equation X I + X 2 + ... +x'" = 11 (m, 11 E N+, 71 ;;? 

m) equals (11 - 1 ). 
m - 1 

Proof Setting y ; = X; - 1 (i = 1, 2, "', m), we get y I + y 2 + ... + 
y ", = 11 - m. Thus the number of positive integer solutions (x 1 , 

X2 ' ... , X"' ) of the indefinite equation X I + X 2 + ... + x '" = 11 (m, 

11 E N+, 11 ;;? m) equals number of nonnegative integer solutions (y I , 

Y2' ... , y", ) of the indefinite equation YI + Y 2 + ... + Y ", = 11 - m, 1. e. 

( (71 - m) +m - 1) = (71 - 1). 
m - 1 m-1 
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=1 S I-I A3 I-I A4 I-I As 1+1 A3 n A41+1 A3 nAs I 
+1 A4 n As I-I A3 n A4 n As I +1 As I 

= n - [~ J- [~ J+ [3 : 4J+ [3 : 5J+ [4 : 5J- [3 X ~ X 5]. 

Applying the inequality a - 1 < [a ] ~ a, we obtain 

and 

2009 < n - (~ - 1 ) - (~ - 1 ) + 3 : 4 

2009 > n _.!J.- _.!J.- + (_n - - 1 ) + (_n - - 1 ) 
3 4 3X5 3x5 

+ (4 : 5 - 1) - 3 X ~ X 5 

3 
= Sn -3. 

Uniting CZ) and (3), we get 3343 ~ < n < 3353 ~. 

15 

CD 

If n is the multiple of 3 or 4 but not 5, then n is not a term in new 

sequence {a,,} , so the required n is only one of the following numbers: 

3345, 3346, 3347, 3349, 3350, 3353. 

Substituting these numbers to the equation CD, we know that n = 3347 

is the solution of equation CD, and the answer to this problem is 

unique. Hence a2lHO = 3347. 

Solution ]I (Combinatorial Analysis Method) Since the least 

common multiple of 3,4 and 5 is 60. Let So = {1, 2, ... , 60}, A, = 

{k IkE So, k is divisible by i}, Ci = 3,4, 5), then the set of numbers 

which are not deleted in So is (A 3 n A4 n As) U As. Applying the 

sieve formula, we get 
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I (A 3 n A4 n A) U A I = I A3 n A4 n As I +1 As I. 

=15 I-I A3 I-I A4 I-I As 1+1 A3 n A4 I 

+1 A3 n As 1+1 A4 n As I 

-I A3 n A4 n As I +1 As I 

= 60 - [6~) ] - [6~) ] + [3 6~ 4 ] + [3 6~ 5 ] 

, [ 60 ] [ 60 ] 
-t- 4x5 - 3X4x5 

= 36. 

Hence there are 36 terms of new sequence {a,,} in 5,,: 

Let P = {a l' a1' .•• , a36} and a" = 60k + r(k , r are the nonnegative 

integers and 1 ~ r ~ 60). Since (a", 12) = (60k + r, 12) = (r, 12) = 

1, or (a", 12) = (r, 12) ::;i: 1, but 5Ia", then 51 r. Hence rEP. 

On the other hand, for any positive integer with the form as 60k + 
r (k, r are the nonnegative integers and rEP). If (r, 12) = 1, so 

(60k + r, 12) = 1, thus 60k + r is a term of new sequence {a,,}. If (r , 

12) ::;i: 1, then 5 I r (since rEP ), so 5 I 60k + r, then 60k + r is also a 

term of new sequence {a,,} . 

Therefore new sequence {a,,} consist of all positive numbers with the 

form as 60k + r (k, r are the nonnegative integers and rEP). For the 

given k, we obtain 36 successive terms of new sequence {a,,} as r ranges 

over the set P. Note 2009 = 36 X 55 + 29, so a11W = 60 X 55 + a2'J. But 

a3f> = 60, a35 = 59, a3-1 = 58, a33 = 55, 

a32 = 53, a31 = 50, a311 = 49, a2~ = 47, 

thus a 211119 = 3300 + 47 = 3347. 

Exercise 1 

1 A teacher gave out n + 1 prizes to n students such that each 

student has at least one prize. Then the number of distinct sending 
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ways is ( ). 

(A) nP;:+! (B) (n + 1)P;: (C) P~+! (D) (n +l)p" 
2 " 

2 Suppose that a teacher selects 4 students from 5 boys and 4 

girls to form a debate team. If at least one boy and one girl must be 

selected, then the number of distinct selecting ways is ( ) . 

(A) 60 (B) 80 (C) 120 (D) 420 

3 If the 5-digit numbers greater than 20000 which are not the 

multiples of 5 have the following properties: their digits are distinct 

and each digit is one of the numbers 1, 2, 3, 4, 5, then the number of 

these 5-digit numbers is ( ) . 

(A) 96 (B) 76 (C) 72 (D) 36 

4 If the coefficients A and B of the equation of a straight line 

Ax + By = 0 are two distinct digits from the numbers 0, 1, 2, 3, 6, 7, 

then the number of distinct straight lines is 
----

5 If the base a and the variable x of the logarithm logax are two 

distinct digits from 1, 2, 3, 4, 5, 7, 9, then the number of distinct 

values of the logarithm logax is 
----

6 In a table tennis tournament, each player plays exactly one 

game against each of the other players. But during this process, there 

are 3 players who have withdrawn from the tournament and each of 

them participates in exactly two matches. If the total of matches is 50, 

then the number of matches whin the above 3 players is ( ) . 

(A) 0 (B) 1 (C) 2 (D) 3 

(China Mathematical Competition in 1994) 

7 Suppose that a, b, c in the equation of straight line ax + by + 
c = 0 are three distinct elements of set { - 3, - 2, -1, 0, 1, 2, 3} and 

the inclination of straight line is an acute angle. Then the number of 

distinct straight lines is . (China Mathematical Competition 

in 1999) 

8 A 2 X 3 rectangle is divided into six unit squares A, B, C, D, 

E, F. Each of these unit squares is to be colored in one of 6 colors 

such that no two adjacent squares have the same colors. Then the 
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number of distinct coloring ways is ___ _ 

9 Two teams A and B participate in a table tennis tournament. 

There are 7 players of each team to engage in this tournament in a 

determined order. Firstly. 1 st player of A team plays against 1" player 

of B team and the loser is eliminated. Afterward. the winner plays 

against 2nd player of another team. On subsequent steps. the play is 

similar. Thus the game does not end until all players of some team are 

eliminated. and another team wins. Then the number of the distinct 

processes of game is . (China Mathematical Competition in 

1988) 

10 In a shooting tournament. eight clay targets 

are arranged in two hanging columns of three each 

and one column of two. as pictured. A marksman is 

to break all eight targets according to the following 

rules: (1) The marksman first chooses a column from 

which a target is to be broken. (2) The marksman 
(loth problem) 

must then break the lowest remaining unbroken target in the chosen 

column. If these ruses are flowed. in how many different orders can 

the eight targets be broken. (8th American Invitational Mathematical 

Examination in 1990) 

11 How many ways are there to paint the five vertices of a 

regular quadrangular pyramid with 5 colors such that each vertex is 

exactly painted with one of 5 colors and the vertices with a common 

edge must be painted with different colors? 

(Remark A coloring is the same as another which is from the 

rotation of the former). 

12 It is given that there are two sets of real numbers A = {al • 

a2' •••• alOO} andB = {b l • b2 • •••• bso }. If there is a mapping j 

from A to B such that every element in B has an inverse image and 

jCal) ~j(a2) ~ ... ~j(alllll)' then the number of such mappings is 
( ) . 

( 100) (A) 
50 CB) G~) ( 100) (C) 

49 CD) G~) 
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(China Mathematical Competition in 2002) 

13 A natural number a is called a "lucky number" if the sum of 

its digits is 7. Arrange all "lucky numbers" in an ascending order, and 

we get a sequence al , a2' a3 , .... If an = 2005, then as" = ----

(China Mathematical Competition in 2005) 

14 How many ways are there to arrange n married couples in a 

line such that no man is adjacent to his wife? 

15 Suppose that all positive integers which are relatively prime 

to 105 are arranged into a increasing sequence: aI' a2' a3' .... 

Evaluate a l(JO(J. (China Mathematical Competition in 1994) 

16 How many n-digit numbers are there consisting of the digits 

1, 2, 3 with at least one 1, at least one 2 and at least one 3? 


