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Chapter 4

Linear Response and Sum Rules

4.1 Linear Response Theory

In this section, we present basic tools to investigate the excitation spectrum

of a many-body system. All results obtained in this section are applicable

to both bosons and fermions.

4.1.1 Linear response of density fluctuations

The excitation spectrum of quasiparticles can be probed through the in-

teraction of a test particle with the system of interest. Let U(r, t) be a

time-dependent external potential that couples to the system at position r.

In second-quantized language, the corresponding Hamiltonian is given by

Ĥext(t) =

∫

dr U(r, t)ψ̂†(r)ψ̂(r), (4.1)

where ψ̂(r) is the field operator of the system. Substituting Fourier trans-

forms

ψ̂(r) =
1√
V

∑

k

âke
ikr, (4.2)

U(r, t) =
∑

k

∫

dω

2π
U(k, ω)eikre−iωt, (4.3)

into E q. (4.1) gives

Ĥext(t) =
∑

k

∫

dω

2π
U(k, ω)ρ̂−ke

−iωt. (4.4)

Here,

ρ̂k ≡
∫

dr n̂(r)e−ikr =
∑

p

â†pâp+k = ρ̂†−k (4.5)
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is the Fourier transform of the number-density operator n̂(r) ≡ ψ̂†(r)ψ̂(r).

Let us consider a situation in which the external potential has a single

wave vector k and single frequency ω. Then,

Ĥext(t) = U(k, ω)ρ̂−ke
−iωt + U∗(k, ω)ρ̂†−ke

iωt. (4.6 )

The state of the system evolves with time according to the Schrödinger

equation

i~
∂

∂t
|ψ(t)〉 =

(

Ĥ + Ĥext(t)e
εt
)

|ψ(t)〉, (4.7 )

where Ĥ is the Hamiltonian of the system and ε, an infinitesimal positive

number. The factor eεt is introduced to ensure that the external potential

is adiabatically switched off in the remote past. The initial condition is

assumed to be

|ψ(−∞ )〉 = |0〉, (4.8)

where |0〉 is the ground state of Ĥ.

In linear response theory, we solve E q. (4.7 ) up to first order in U(k, ω).

W e expand the state vector in terms of a complete set of eigenstates {|n〉}
of Ĥ:

|ψ(t)〉 =
∑

n

cn(t)e−
i

~
Ent|n〉, (4.9)

where

Ĥ |n〉 = En|n〉 (n = 0, 1, 2, · · · ). (4.10)

The initial condition (4.8) is satisfied if the following condition is met:

cn(−∞ ) = δn0. (4.11)

Substituting E q. (4.9) in E q. (4.7 ), we obtain

ċm(t) = − i

~

∑

n

cn(t)e(iωmn+ε)t〈m|Ĥext(t)|n〉

= − i

~

∑

n

cn(t)
[

U(k, ω)〈m|ρ̂−k|n〉ei(ωmn−ω−iε)t

+U∗(k, ω)〈m|ρ̂†−k|n〉ei(ωmn+ω−iε)t
]

, (4.12)

where ωmn ≡ (Em−En)/~ and E q. (4.6 ) is substituted in the last equation.
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Integrating E q. (4.12) with respect to t from −∞ to t up to the first

order in U gives

cm(t) = δm0 + (1 − δm0)

[

U(k, ω)〈m|ρ̂−k|0〉
~(ω − ωm0 + iε)

ei(ωm0−ω−iε)t

−
U∗(k, ω)〈m|ρ̂†−k|0〉
~(ω + ωm0 − iε)

ei(ωm0+ω−iε)t

]

. (4.13)

The change in density due to Ĥext is given as

δ〈ρ̂k(t)〉 ≡ 〈ψ(t)|ρ̂k|ψ(t)〉 − 〈0|ρ̂k|0〉. (4.14)

Substituting E q. (4.9) for |ψ(t)〉 gives

δ〈(ρ̂k(t)〉 =
∑

n

′ (
cn(t)e−iωn0t〈0|ρ̂k|n〉 + c∗n(t)eiωn0t〈n|ρ̂k|0〉

)

, (4.15)

where
∑′

n denotes the summation over n except n = 0. Substituting

E q. (4.13) in E q. (4.15) and simplifying the result using1

〈n|ρ̂k|0〉〈n|ρ̂−k|0〉 = 〈0|ρ̂k|n〉〈n|ρ̂†−k|0〉 = 0 (4.16 )

leads to

δ〈ρ̂k(t)〉 =
1

~
U(k, ω)e−(iω−ε)t

∑

n

′
( |〈0|ρ̂k|n〉|2
ω − ωn0 + iε

− |〈n|ρ̂k|0〉|2
ω + ωn0 + iε

)

.

(4.17 )

W e assume that the system possesses the space-inversion symmetry

(ρ̂k = ρ̂−k), so that

〈n|ρ̂k|0〉 = 〈n|ρ̂−k|0〉 = 〈n|ρ̂†k|0〉 = 〈0|ρ̂k|n〉∗. (4.18)

Then, E q. (4.17 ) reduces to

δ〈ρ̂k(t)〉 =
1

~
U(k, ω)e−(iω−ε)t

∑

n

′
|〈n|ρ̂†k|0〉|2

2ωn0

(ω + iε)2 − ω2
n0

. (4.19)

Applying the Fourier transform to this equation gives

δ〈ρ̂(k, ω)〉 = U(k, ω)Dret(k, ω), (4.20)

where

Dret(k, ω) =
1

~

∑

n

′
|〈n|ρ̂†k|0〉|2

2ωn0

(ω + iε)2 − ω2
n0

. (4.21)

E quation (4.20) gives the linear response of density against the external

perturbation U(k, ω), and the ratio

χρ(k, ω) ≡ δ〈ρ̂(k, ω)〉
U(k, ω)

= Dret(k, ω) (4.22)

defines the linear susceptibility of density fl uctuations.

1S in c e ρ̂k =
∑

p â
†
pâp+k a n n ih ila te s th e n e t m o m e n tu m k fro m th e sy ste m , 〈n|ρ̂k|0〉 6=

0 o n ly if th e to ta l m o m e n tu m o f |n〉 is −k. T h u s, 〈n|ρ̂k|0〉〈n|ρ̂−k|0〉 = 0. S im ila rly , w e
o b ta in th e se c o n d e q u a tio n u sin g E q . (4 .5).
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4.1.2 R etarded response function

The function Dret(k, ω) defined in E q. (4.21) is referred to as the retarded

response function or the retarded G reen’s function of the density. Tak ing

the imaginary part of E q. (4.21) and using

1

x+ iε
= P

(

1

x

)

− iπδ(x), (4.23)

where P
(

1
x

)

denotes the principal value of 1
x , we obtain the dynamic struc-

ture factor

S(k, ω) ≡ − ~

π
ImDret(k, ω) =

∑

n

′
|〈n|ρ̂†k|0〉|2[δ(ω − ωn0) − δ(ω + ωn0)],

(4.24)

which gives the excitation spectrum of density, in which the perturbation

transfers energy ~ω and momentum ~k to the system.

The inverse Fourier transform of Dret(k, ω) is given by

Dret(k, t) =

∫ ∞

−∞

dω

2π
Dret(k, ω)e−iωt

=
1

~

∑

n

′
|〈n|ρ̂†

k
|0〉|2

∫ ∞

−∞

dω

2π

(

1

ω + iε− ωn0
− 1

ω + iε+ ωn0

)

e−iωt.

(4.25)

B ecause of the factor e−iωt, the integration contour in E q. (4.25) must be

tak en in the lower (or upper) half of the complex ω-plane if t > 0 (or if

t < 0). Since the poles ω = ±ωn0−iε lie in the lower-half plane, the integral

is nonzero only for t > 0. Hence,

Dret(k, t) = − i

~
θ(t)

∑

n

′
|〈n|ρ̂†k|0〉|2

(

e−iωn0t − eiωn0t
)

, (4.26 )

where θ(t) is the unit step function. C omparing this with E q. (4.24), we

find that

Dret(k, t) = − i

~
θ(t)

∫ ∞

−∞

dωS(k, ω)e−iωt. (4.27 )

Applying the Fourier transform to this equation with respect to time gives

Dret(k, ω) =
1

~

∫ ∞

−∞

S(k, ω′)

ω + iε− ω′
dω′. (4.28)
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W e may use E q. (4.18) and the completeness relation to eliminate the sum

over n in E q. (4.26 ); in fact,

∑

n

′
|〈n|ρ̂†k|0〉|2e−iωn0t =

∑

n

〈0|e i

~
Ĥtρ̂ke

− i

~
Ĥt|n〉〈n|ρ̂†k|0〉 = 〈0|ρ̂k(t)ρ̂†k|0〉,

∑

n

′
|〈n|ρ̂†k|0〉|2eiωn0t =

∑

n

|〈n|ρ̂k|0〉|2eiωn0t

=
∑

n

〈0|ρ̂†k|n〉〈n|e
i

~
Ĥtρ̂ke

− i

~
Ĥt|0〉 = 〈0|ρ̂†kρ̂k(t)|0〉,

where
∑

n
′
is replaced by

∑

n because 〈0|ρ̂†k|0〉 = 0. W e thus find that

Dret(k, t) = − i

~
θ(t)

〈

0
∣

∣

∣

[

ρ̂k(t), ρ̂†k(0)
]
∣

∣

∣
0
〉

, (4.29)

where

ρ̂k(t) ≡ e
i

~
Ĥtρ̂ke

− i

~
Ĥt. (4.30)

In a special case in which S(k, ω) has a single peak of the form

S(k, ω) = S(k)δ(ω − ωk), (4.31)

we obtain

Dret(k, t) = − i

~
θ(t)S(k)e−iωkt (4.32)

from E q. (4.27 ) and E q. (4.28). Applying the Fourier transform to this

equation with respect to time gives

Dret(k, ω) =
S(k)

~(ω − ωk + iε)
. (4.33)

E quation (4.33) implies that the pole of the retarded G reen’s function of

the density gives the frequency of the collective mode.

4.2 S u m Ru les

W hen the system is translationally invariant in space, the excitation spec-

trum satisfies some exact relations k nown as sum rules.
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4.2 .1 Longitudinal f-sum rule

W hen the system possesses space-translation invariance, the single-particle

Hamiltonian can be diagonalized with respect to the wave vector k:

Ĥ0 =
∑

k

εkâ
†
kâk, εk =

~
2k2

2m
. (4.34)

The interaction Hamiltonian is expressed in the second-quantized form as

V̂ =
1

2

∫

dr

∫

dr′ψ̂†(r)ψ̂†(r′)V (r − r′)ψ̂(r′)ψ̂(r). (4.35)

Substituting E q. (4.2) and

V (r) =
∑

k

Vke
ikr (4.36 )

into E q. (4.30), we obtain

V̂ =
1

2

∑

p,q,k

Vkâ
†
pâ

†
qâq+kâp−k =

1

2

∑

k

Vk

(

ρ̂−kρ̂k − N̂
)

, (4.37 )

where ρ̂k is given in E q. (4.5) and

N̂ =
∑

p

â†pâp (4.38)

is the total number operator. The total Hamiltonian is given by

Ĥ = Ĥ0 + V̂ . (4.39)

A straightforward calculation gives
[

ρ̂−k,
[

ρ̂k, Ĥ
]]

= −
∑

p

(εp+k + εp−k − 2εp)â†pâp. (4.40)

Since εk = ~
2k2/2m,

εp+k + εp−k − 2εp =
~

2k2

m
= 2εk,

and thus,
[

ρ̂−k, [ρ̂k, Ĥ ]
]

= −2εkN̂. (4.41)

Tak ing the expectation value of the left-hand side of E q. (4.41) over |0〉 and

inserting the completeness relation, we have
〈

0
∣

∣

∣

[

ρ̂−k,
[

ρ̂k, Ĥ
]] ∣

∣

∣
0
〉

= −
∑

n

~ωn0

(

|〈n|ρ̂k|0〉|2 + |〈n|ρ̂−k|0〉|2
)

, (4.42)
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where ~ωn0 = En − E0. Substituting E q. (4.41) in E q. (4.42), we obtain
∑

n

~ωn0

(

|〈n|ρ̂k|0〉|2 + |〈n|ρ̂−k|0〉|2
)

= 2εkN. (4.43)

E quation (4.43) is referred to as the longitudinal f -sum rule. W hen

the system possesses space-inversion symmetry, the relation |〈n|ρ̂−k|0〉| =

|〈n|ρ̂k|0〉| holds, and thus E q. (4.43) reduces to
∑

n

fn0 = N, (4.44)

where

fn0 ≡ ~ωn0

εk
|〈n|ρ̂k|0〉|2 (4.45)

is called the oscillator strength. As E q. (4.44) suggests, the f -sum rule

refl ects the conservation of the particle number. E quation (4.44) may be

regarded as a generalization of the Thomas– R eiche– K uhn sum rule: for a

single particle,

∑

n

(E0 − En)|〈n|x̂|0〉|2 =
~

2

2M
, (4.46 )

where Ĥ |n〉 = En|n〉.
In terms of the dynamic structure factor S(k, ω) in E q. (4.24), the lon-

gitudinal f -sum rule is expressed as
∫ ∞

0

dω~ωS(k, ω) = εkN. (4.47 )

For the special case of S(k, ω) = NS(k)δ(ω − ωk), E q. (4.47 ) gives the

energy of an elementary excitation as [B ijl (1940); Feynman (1954)]

~ωk =
~

2k2

2mS(k)
, (4.48)

where the static structure factor S(k) determines the dispersion relation,

i.e., the relation between ωk and k.

An extension to finite temperature is straightforward. M ultiplying both

sides of E q. (4.41) by

ρ̂ =
e−βĤ

Z
, (4.49)

where Z = Tr e−βĤ , we obtain E q. (4.47 ) with

S(k, ω) =
1

Z

∑

m,n

e−βEm(|〈m|ρ̂†k|n〉|2 + |〈m|ρ̂k|n〉|2)δ(ω − ωnm), (4.50)
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where ωnm ≡ (En − Em)/~. In the presense of space-inversion symmetry,

E q. (4.50) reduces to

S(k, ω) =
2

Z

∑

m,n

e−βEm |〈m|ρ̂k|n〉|2δ(ω − ωnm). (4.51)

U nder the same assumption, we obtain the detailed balance of the dynamic

structure factor:

S(k,−ω) = e−β~ωS(k, ω). (4.52)

4.2 .2 C om pressibility sum rule

The compressibility κ measures the degree of volume reduction against an

increase in pressure at a fixed number of particles.

κ = − 1

V

(

∂V

∂P

)

N

. (4.53)

The pressure P is defined as the derivative of energy with respect to volume,

P = −
(

∂E

∂V

)

N

. (4.54)

Substituting this in E q. (4.53) gives

κ−1 = V

(

∂2E

∂V 2

)

N

. (4.55)

N oting that V is related to the particle density n through V = N/n, we

have

∂

∂V
=
∂n

∂V

∂

∂n
= −n

2

N

∂

∂n
. (4.56 )

Substituting E = Nεg, where εg is the ground-state energy per particle, we

obtain

κ−1 = n
d

dn

(

n2 dεg
dn

)

= n2 d
2

dn2
(nεg). (4.57 )

O n the other hand, the chemical potential µ is given by

µ =

(

∂E

∂N

)

V

=

(

∂(E/V )

∂(N/V )

)

V

=
d

dn
(nεg). (4.58)

C omparing E qs. (4.57 ) and (4.58), we obtain

κ−1 = n2 dµ

dn
. (4.59)
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A microscopic expression of the compressibility can be found from

E qs. (4.22) and (4.28):

δ〈ρ̂(k, ω)〉
U(k, ω)

= Dret(k, ω) =
1

~

∫ ∞

−∞

S(k, ω′)

ω + iε− ω′
dω′. (4.6 0)

Suppose that we first tak e the limit k → 0 and then tak e the limit ω →
0. Then, the denominator on the left-hand side of E q. (4.6 0) provides a

uniform scalar potential U(k = 0, ω = 0) which may be interpreted as a

minus shift in the chemical potential. O n the other hand, the numerator

gives the concomitant change in the number of particles. Thus, we obtain

−
(

∂N

∂µ

)

V

= lim
ω→0

lim
k→0

Dret(k, ω) = − 1

~

∫ ∞

−∞

S(k = 0, ω)

ω
dω. (4.6 1)

It follows from E qs. (4.59) and (4.6 1) that
∫ ∞

−∞

S(k = 0, ω)

~ω
dω = κn2V. (4.6 2)

This relation is k nown as the compressibility sum rule.

The compressibility gives the isothermal and adiabatic sound velocity

c. In fact, defining the mass density as ρ ≡ mn , we have

c =

√

∂P

∂ρ
=

√

1

m

dP

dn
. (4.6 3)

Since

P = −
(

∂E

∂V

)

N

= n2 dεg
dn

, (4.6 4)

from E q. (4.57 ), we find that

dP

dn
=

d

dn

(

n2 dεg
dn

)

=
1

nκ
. (4.6 5)

Thus,

c =
1√
mnκ

. (4.6 6 )

W e may use this relation to obtain another expression for the compressibil-

ity sum rule.
∫ ∞

−∞

S(k = 0, ω)

~ω
dω =

N

mc2
. (4.6 7 )
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The combination of the f-sum rule and the compressibility sum rule gives

an upper bound for the static structure factor. The Schwartz inequality

gives

S(k) ≡
∫ ∞

−∞

S(k, ω)dω ≤
√

∫ ∞

−∞

~ωS(k, ω)dω

∫ ∞

−∞

S(k, ω)

~ω
dω. (4.6 8)

Substituting E q. (4.47 ), we have (note that the range of integration is dou-

bled here)

S(k) ≤
√

2εkN

∫ ∞

−∞

S(k, ω)

~ω
dω. (4.6 9)

Tak ing the limit of k → 0 and using E q. (4.6 7 ), we obtain

S(k) ≤ ~k

mc
N (k → 0). (4.7 0)

This inequality implies that the density fl uctuations of the system with a

finite compressibility become negligible in the long-wavelength limit.

4.2 .3 Z ero energy gap th eorem

The zero energy gap theorem holds for translationally invariant systems

with positive compressibility.

T h eo rem . If a system is translationally invariant in space, the excitation

spectrum has zero energy gap in the long-wavelength limit as long as the

compressibility is positive.

P roo f. Let us assume that the excitation spectrum has an energy gap ∆ in

the limit k → 0. Then, S(k = 0, ω) = 0 for ~ω < ∆, and therefore, the

compressibility sum rule (4.6 2) gives

1

2
κn2V =

∫ ∞

∆/~

S(k = 0, ω)

~ω
dω ≤ 1

∆

∫ ∞

∆/~

S(k = 0, ω)dω. (4.7 1)

O n the other hand, the f -sum rule (4.47 ) leads to

~
2k2

2m
N =

∫ ∞

∆/~

dω ~ω S(k, ω) ≥ ∆

∫ ∞

∆/~

S(k, ω)dω. (4.7 2)

C ombining E q. (4.7 1) and E q. (4.7 2), we find

lim
k→0

~
2k2

2m
N ≥ ∆2

2
κn2V. (4.7 3)

This inequality implies that as long as κ > 0, ∆ must vanish in the long-

wavelength limit.

As a special application of this theorem, we find that a spatially uniform

B ose system with repulsive interaction is gapless in the long-wavelength

limit.
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4.2 .4 J oseph son sum rule

The condensate density is defined in terms of the eigenfunction of the single-

particle density matrix corresponding to a macroscopic (i.e., extensive)

eigenvalue and it is a thermodynamic quantity. The superfl uid density,

on the other hand, is defined in terms of linear response theory and it is

a transport quantity. These two quantities therefore belong to diff erent

notions despite their apparent similarity. However, J osephson reported an

interesting relation between them that is referred to as the J osephson sum

rule [J osephson (196 6 )].

W e consider a situation in which a superfl uid is fl owing with velocity

vs through a long container that is at rest with respect to the laboratory

frame. Then, the mass current density operator ĵ is given by

ĵ(r) =
1

2i

[

ψ̂†(r)∇ψ̂(r) − (∇ψ̂†(r))ψ̂(r)
]

. (4.7 4)

The quantum-statistical average of ĵ defines the superfl uid mass density ρs

through the relation

〈̂j〉 = ρsvs. (4.7 5)

The condensate density |ψ0|2 is defined in terms of the eigenfunction

ψ0 corresponding to a macroscopic eigenvalue of the single-particle density

matrix. B ecause ψ0 is complex, we may decompose it into the amplitude

and the phase

ψ0(r) = A(r)eiφ (r). (4.7 6 )

W hen the amplitude A may be considered as a constant, a variation in the

wave function is related to a change in the phase through

δψ0 = iψ0δφ. (4.7 7 )

Since the spatial variation in φ is related to the superfl uid velocity vs

through

vs =
~

m
∇φ, (4.7 8)

one may expect to find a relationship between ρs and |ψ0|2 by examining

the responses 〈j〉 and ψ0 to a common external perturbation.

A variation in ψ0 is caused by a Hamiltonian that includes a term con-

jugate to ψ̂. Here, we consider the response of the system to the following

Hamiltonian:

Ĥext(t) =

∫

dr
(

ξ(k, ω)ei(kr−ωt)ψ̂†(r) + ξ∗(k, ω)e−i(kr−ωt)ψ̂(r)
)

. (4.7 9)
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The state evolution due to Ĥext(t) can be found by following a procedure

similar to the one in Sec. 4.1.1. W e expand the state vector in tems of the

eigenstates {|n〉} of Ĥ as in E q. (4.9), where the expansion coeffi cients can

be calculated up to the first order in Ĥext as

cn(t) = δn0 + (1 − δn0)

∫

dr

[

ξ(k, ω)〈n|ψ̂†(r)|0〉
~(ω − ωn0 + iε)

eikrei(ωn0−ω−iε)t

−ξ
∗(k, ω)〈n|ψ̂(r)|0〉
~(ω + ωn0 − iε)

e−ikrei(ωn0+ω−iε)t

]

. (4.80)

The response of ψ̂ is given by

δ〈ψ̂(r, t)〉 ≡ 〈ψ(t)|ψ̂(r)|ψ(t)〉 − 〈0|ψ̂(r)|0〉
=

∑

n

′ (

cn(t)e−iωn0t〈0|ψ̂(r)|n〉 + c∗n(t)eiωn0t〈n|ψ̂(r)|0〉
)

. (4.81)

W e assume that each state |n〉 has a fixed number of particles, so that

〈0|ψ̂(r)|n〉〈n|ψ̂(r′)|0〉 = 〈n|ψ̂(r)|0〉〈n|ψ̂†(r′)|0〉 = 0. (4.82)

Substituting cn(t) in E q. (4.80) into E q. (4.81) and using E q. (4.82), we

obtain

δ〈ψ̂(r, t)〉 =
1

~
ξ(k, ω)e−iωt+εt

∑

n

′
∫

dr′

(

〈0|ψ̂(r)|n〉〈n|ψ̂†(r′)|0〉
ω − ωn0 + iε

−〈n|ψ̂(r′)|0〉∗〈n|ψ̂(r)|0〉
ω + ωn0 + iε

)

eikr′

= − i

~
ξ(k, ω)e−iωt+εt

∑

n

′
∫

dr′
∫ ∞

0

dt′
(

〈0|ψ̂(r, t′)|n〉〈n|ψ̂†(r′, 0)|0〉

−〈0|ψ̂†(r′, 0)|n〉〈n|ψ̂(r, t)|0〉
)

ei(ω+iε)t′eikr′

, (4.83)

where

ψ̂(r, t) ≡ e
i

~
Ĥtψ̂(r)e−

i

~
Ĥt. (4.84)

Since 〈0|ψ̂(r, t)|0〉 = 0, we may replace the restricted sum
∑

n
′
in E q. (4.83)

with the unrestricted one
∑

n. Then, it follows from the completeness

relation
∑

n

|n〉〈n| = 1̂ (4.85)
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that E q. (4.83) reduces to

δ〈ψ̂(r, t)〉

= ξ(k, ω)e−iωt+εt

∫

dr′
∫ ∞

0

dt′Gret(r, t′; r′, 0)eikr′

ei(ω+iε)t′, (4.86 )

where we introduced the single-particle retarded G reen’s function

Gret(r, t; r′, t′) ≡ − i

~
θ(t− t′)

〈

0
∣

∣

∣

[

ψ̂(r, t), ψ̂†(r′, t′)
] ∣

∣

∣
0
〉

. (4.87 )

For convenience in later discussions, let us introduce the spectral density

function A(k, ω):

A(k, ω) ≡ i~

∫

d(r − r′)e−ik(r−r′)

∫ ∞

−∞

d(t− t′)eiω(t−t′)Gret(r, t; r′, t′),

(4.88)

Gret(r, t; r′, t′) = − i

~

∫

dk

(2π)3
eik(r−r′)

∫ ∞

−∞

dω

2π
e−iω(t−t′)A(k, ω), (4.89)

where A(k, ω) satisfies
∫ ∞

−∞

dω

2π
A(k, ω) = 1. (4.90)

Substituting E q. (4.89) in E q. (4.86 ) gives

δ〈ψ̂(r, t)〉 =
1

~
ξ(k, ω)ei(kr−ωt)+εt

∫ ∞

−∞

dω′

2π

A(k, ω′)

ω + iε− ω′
. (4.91)

Tak ing the limit of ω → 0 and ε→ 0, we obtain

δ〈ψ̂(r)〉 = − 1

~
ξ(k, 0)eikr

∫ ∞

−∞

dω

2π

A(k, ω)

ω
. (4.92)

In a similar manner, the response of the mass current density is given by

δ〈̂j(r, t)〉 = − i

~
ξ(k, ω)e−iωt+εt

∫

dr′
∫ ∞

0

dt′

×
〈

0
∣

∣

∣

[

ĵ(r, t′), ψ̂†(r′, 0)
] ∣

∣

∣
0
〉

eikr′

ei(ω+iε)t′ . (4.93)

W e introduce another spectral density function B(k, ω) of the correlation

function
〈

0
∣

∣

∣

[

ĵ(r, t′), ψ̂†(r, 0)
]
∣

∣

∣
0
〉

=

∫

dk′

(2π)3

∫

dω′

2π
B(k′, ω′)eik′(r−r

′)−iω′t′ ,

(4.94)

B(k, ω) =

∫

dr

∫

dt
〈[

ĵ(r, t), ψ̂†(r′, t′)
] 〉

e−ik(r−r′)+iω(t−t′).

(4.95)
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Substituting this in E q. (4.93) gives

δ〈̂j(r, t)〉 =
1

~
ξ(k, ω)ei(kr−ωt)+εt

∫ ∞

−∞

dω′

2π

B(k, ω′)

ω + iε− ω′
. (4.96 )

Tak ing the limit of ω → 0 and ε→ 0, we obtain

δ〈̂j(r)〉 = − 1

~
ξ(k, 0)eikr

∫ ∞

−∞

dω

2π

B(k, ω)

ω
. (4.97 )

The right-hand side is proportional to δ〈ψ̂(r)〉, since the Fourier transfor-

mation of the continuity equation

∇ĵ(r, t) +m
∂ρ̂(r, t)

∂t
= 0 (4.98)

gives

ik · ĵ(k, t) +m
∂ρ̂(k, t)

∂t
= 0. (4.99)

Assuming that ĵ(k, t) is proportional to k, we obtain

ĵ(k, t) =
imk

~2

∂ρ̂(k, t)

∂t
. (4.100)

Hence,

ĵ(r, t) =

∫

dk

(2π)3
eikr imk

k2

∂ρ̂(k, t)

∂t

= im
∂

∂t

∫

dr′
∫

dk

(2π)3
k

k2
eik(r−r′)ρ̂(r′, t). (4.101)

Substituting E q. (4.101) in E q. (4.95), we have

B(k, ω) = im

∫

dr

∫

dt e−ik(r−r′)+iω(t−t′) ∂

∂t

∫

dr′′

×
∫

dk′

(2π)3
k′

k′2
eik′(r−r′′)

〈[

ρ̂(r′′, t), ψ̂†(r′, t′)
] 〉

=
mωk

k2

∫

dt eiω(t−t′)

∫

dr′′e−ik(r′′−r′)
〈[

ρ̂(r′′, t), ψ̂†(r′, t′)
]〉

. (4.102)

Substituting this in E q. (4.97 ), we obtain

δ〈̂j(r)〉 = −mk

~k2
ξ(k, 0)eikr

∫

dr e−ik(r−r′)
〈[

ρ̂(r, t), ψ̂†(r′, t)
]〉

. (4.103)

U sing
〈[

ρ̂(r, t), ψ̂†(r′, t)
]〉

=
〈[

ρ̂(r), ψ̂†(r′)
]〉

=
〈

ψ̂†(r)
[

ψ̂(r), ψ̂†(r′)
]〉

= 〈ψ̂†(r)〉δ(r − r′), (4.104)
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we obtain

δ〈̂j(r)〉 = −mk

~k2
ξ(k, 0)eikr〈ψ̂†(r)〉. (4.105)

C omparing E qs. (4.92) and (4.105), we find that the desired relation be-

tween δ〈̂j〉 and δ〈ψ̂〉 is given by

δ〈̂j(r)〉 = m
k

k2

[
∫ ∞

−∞

dω

2π

A(k, ω)

ω

]−1

〈ψ̂†(r)〉δ〈ψ̂(r)〉, (4.106 )

where we substitute ψ0(r) = 〈ψ̂(r)〉 and use E q. (4.7 7 ) to obtain

δ〈ψ̂(r)〉 = δψ0(r) = iψ0(r)δφ(r). (4.107 )

Then, E q. (4.106 ) may be rewritten as

δ〈̂j(r)〉 = im
k

k2

[
∫ ∞

−∞

dω

2π

A(k, ω)

ω

]−1

|ψ0(r)|2δφ(r).

=
m

k2

[
∫ ∞

−∞

dω

2π

A(k, ω)

ω

]−1

|ψ0(r)|2∇δφ(r), (4.108)

since δφ ∝ eikr. From E qs. (4.7 5) and (4.7 8), on the other hand, we have

δ〈j(r)〉 =
~

m
ρs∇δφ(r). (4.109)

E quating E qs. (4.108) and (4.109), we finally obtain the relation among

the superfl uid density ρs, condensate density |ψ0|2, and spectral density

function A(k, ω) as

∫ ∞

−∞

dω

2π

A(k, ω)

ω
=
m2|ψ0|2
~k2ρs

. (4.110)

This relation may be interpreted as a sum rule obeyed by the single-particle

spectral density function A(k, ω), and is referred to as the J osephson sum

rule.

Another sum rule obeyed by A(k, ω) is

∫ ∞

−∞

dω

2π
A(k, ω) = 1, (4.111)

which can be shown directly from E q. (4.88).
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4.3 S u m -Ru le A pproach to C ollec tive M od es

W e investigate the collective mode of a system described by Hamiltonian

Ĥ . Let {|n〉} and {En} be a complete set of exact eigenstates and that of

the corresponding eigenvalues:

Ĥ |n〉 = En|n〉,

where we assume that E0 ≤ E1 ≤ E2 ≤ · · · . In general, a system will

exhibit various types of collective modes characterized by symmetries and

excitation energies. Let F̂ be an excitation operator of the system. W hen

F̂ acts on the ground state |0〉, various states |F1〉, |F2〉, · · · can, in general,

be excited, where |Fi〉 belongs to the set {|n〉} and satisfies

Ĥ |Fi〉 = EFi
|Fi〉 (i = 1, 2, 3, · · · ) (4.112)

with EF1
≤ EF2

≤ · · · . The following theorem is useful for finding an upper

bound of a collective mode.

T h eo rem . An upper bound ~ωu p p er to the minimum excitation energy

~ωm in ≡ EF1
− E0 of the states excited by F̂ is given by

~ωu p p er =

√

m3

m1
, (4.113)

where E0 is the ground state energy and

mp ≡
∑

i

|〈Fi|F̂ |0〉|2(EFi
− E0)

p (4.114)

is the p-th energy-weighted moment of the excitation.

P roo f. A straightforward calculation shows that

(~ωu p p er)
2 −

(

~ωm in
)2

(FF1
− E0)3

=

∑

i |〈Fi|F̂ |0〉|2
[

(

EFi
−E0

EF1
−E0

)3

− EFi
−E0

EF1
−E0

]

∑

i |〈Fi|F̂ |0〉|2(EFi
− E0)

.

Since (EFi
− E0)/(EFi

− E0) ≥ 1, we have ~ωm in ≤ ~ωu p p er.

W hen F̂ is Hermitian, m1 and m3 can be rewritten as

m1 =
1

2

〈

0
∣

∣

∣

[

F̂ †,
[

Ĥ, F̂
]] ∣

∣

∣
0
〉

, (4.115)

m3 =
1

2

〈

0
∣

∣

∣

[[

F̂ †, Ĥ
]

,
[

Ĥ,
[

Ĥ, F̂
]]] ∣

∣

∣
0
〉

. (4.116 )

E quations (4.115) and (4.116 ) can be shown by inserting the completeness

relation
∑

n |n〉〈n| = 1 and noting that only states {|Fi〉} are connected
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to the ground state |0〉 via F̂ . In fact, calculating the right-hand sides of

E qs. (4.115) and (4.116 ), we have

1

2

〈

0
∣

∣

∣

[

F̂ †,
[

Ĥ, F̂
]]

∣

∣

∣
0
〉

=
1

2

∑

i

[

|〈Fi|F̂ |0〉|2 + |〈Fi|F̂ †|0〉|2
]

(EFi
− E0)

, (4.117 )

1

2

〈

0
∣

∣

∣

[[

F̂ †, Ĥ
]

,
[

Ĥ,
[

Ĥ, F̂
]]]

∣

∣

∣
0
〉

=
1

2

∑

i

[

|〈Fi|F̂ |0〉|2 + |〈Fi|F̂ †|0〉|2
]

(EFi
− E0)

3. (4.118)

W hen F̂ is Hermitian (F̂ = F̂ †), E qs. (4.117 ) and (4.118) respectively give

m1 and m3, as defined in E q. (4.114). W hen F̂ is not Hermitian, as in

E q. (4.140), only one among 〈Fi|F̂ |0〉 and 〈Fi|F̂ †
i |0〉 can be nonzero. In

this case, E qs. (4.117 ) and (4.118) give m1/2 and m3/2, respectively. In

forming the ratio, the factor of 1/2 is canceled out, and thus, E q. (4.113)

still holds.

The advantage of the sum-rule approach is that no information concern-

ing the excited states is required to find the excitation energies. In par-

ticular, given a correct excitation operator F̂ and the exact ground state,

~ωu p p er gives the exact excitation energy.

4.3 .1 E x citation operators

C onsider an excitation operator

F̂ (n, l,m) =

N
∑

i=1

r2n+l
i Ylm(θi, φi) (4.119)

that excites a state characterized by radial quantum number n, angular-

momentum quantum number l, and magnetic quantum number m, where

N is the number of atoms, and ri, θi, and φi are polar coordinates of the

i-th atom, that is,

xi = ri sin θi cosφi, yi = ri sin θi sinφi, zi = ri cos θi. (4.120)

The spherical harmonic function Ylm(θi, φi) is given by

Ylm(θ, φ) = eimφ P−m
l (cos θ) = (−1)m (l −m)!

(l +m)!
eimφ Pm

l (cos θ), (4.121)

where Pm
l is the associated Laguerre polynomial defined as

Pm
l (x) =

(1 − x2)
m

2

2ll!

dl+m

dxl+m
(x2 − 1)l. (4.122)
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The excitation with n = 1 and l = m = 0 is called the monopole mode.

In this case, Y00 = 1 and the corresponding excitation operator is given

from E q. (4.119) as

F̂ =
∑

i

r2i =
∑

i

(

x2
i + y2

i + z2
i

)

. (4.123)

The excitations with n = 0 and l = 1 are called dipole modes that are

classified into three types depending on the value of m. In this case, the

corresponding excitation operator is given from E q. (4.119) as

F̂ =
∑

i

riYlm(θi, φi) =







∑

i(xi + iyi) for m = 1,
∑

i zi for m = 0,
∑

i(xi − iyi) for m = −1.

(4.124)

The excitations with n = 0 and l = 2 are called quadrupole modes that are

classified into five types depending on the value of m. The corresponding

excitation operators are given by

F̂ =
∑

i

r2i Y2m(θi, φi) =







∑

i (xi ± iyi)
2

for m = ±2,
∑

i (xi ± iyi) zi for m = ±1,
∑

i

(

x2
i + y2

i − 2z2
i

)

for m = 0.

(4.125)

4.3 .2 V irial th eorem

In the following discussions, we shall restrict ourselves to a situation in

which N particles are confined in a harmonic potential and undergo contact

interactions described by a delta function. The Hamiltonian of our system

is then given by

Ĥ =
∑

i

p2
i

2m
+

∑

i

m

2

(

ω2
xx

2
i + ω2

yy
2
i + ω2

zz
2
i

)

+
U0

2

∑

i6=j

δ(ri − rj). (4.126 )

W e assume that the state of our system is stationary. Then, the expectation

value of
∑

i xipix is constant in time:

d

dt

〈

∑

i

xipix

〉

= 0, (4.127 )

where pix is the x-component of the momentum of the i-th particle. O n

the other hand, Heisenberg’s equation of motion gives

d

dt

∑

i

xipix =
i

~

[

H,
∑

i

xipix

]

. (4.128)
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Substituting E q. (4.126 ) in E q. (4.127 ) gives

d

dt

∑

i

xipix = 2
∑

i

p2
ix

2m
− 2

∑

i

mω2
x

2
x2

i − U0

∑

i6=j

xi
∂δ(ri − rj)

∂xi
. (4.129)

Hence, we have

2〈Tx〉 − 2〈Ux〉 − U0

〈

∑

i6=j

xi
∂δ(ri − rj)

∂xi

〉

= 0, (4.130)

where Tx and Ux are the x-component of the k inetic energy and the po-

tential energy, respectively. The last term in E q. (4.130) may be rewritten

as
〈

∑

i6=j

xi
∂δ(ri − rj)

∂xi

〉

=

∫

dridrjxi
∂δ(ri − rj)

∂xi
ψ2(ri)ψ

2(rj)

= −
∫

dri

∂
(

xiψ
2(ri)

)

∂xi
ψ2(ri)

= −
∫

dri

[

ψ4(ri) +
xi

2

∂ψ4(ri)

∂xi

]

= −1

2

∫

driψ
4(ri)

= −1

2

〈

∑

i6=j

δ(ri − rj)
〉

. (4.131)

W e thus obtain

2〈Tx〉 − 2〈Ux〉 + 〈V 〉 = 0, (4.132)

where

V =
U0

2

∑

i6=j

δ(ri − rj). (4.133)

W e can obtain equations similar to E q. (4.132) for the y- and z-components.

Summing up the x-, y-, z-components, we obtain

2〈T 〉 − 2〈U〉 + 3〈V 〉 = 0. (4.134)

The relations (4.132) and (4.134) are k nown as the virial theorem.

4.3 .3 K oh n th eorem

The collective-mode frequency of the dipole mode (n = 0, l = 1) is indepen-

dent of interactions and equal to the frequencies of the trapping potential.

This fact is k nown as the K ohn theorem. To show this, we consider some

cases of the axisymmetric harmonic potential

U =
∑

i

m

2

[

ω2
⊥

(

x2
i + y2

i

)

+ ω2
zz

2
i

]

. (4.135)
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4.3.3.1 C a se o f m = 0

The excitation operator with m = 0 is given by

F̂ =
∑

i

zi. (4.136 )

Straightforward calculations give
[

F̂ †,
[

Ĥ, F̂
]]

=
~

2

m
N, (4.137 )

[[

F̂ †, Ĥ
]

,
[

Ĥ,
[

Ĥ, F̂
]]]

=
~

4ω2
z

m
N. (4.138)

W e note that the right-hand sides of E qs. (4.137 ) and (4.138) are constants,

and independent of the state of the system. Substituting E qs. (4.137 ) and

(4.138) in E q. (4.113) gives

~ωu p p er = ~ωz. (4.139)

4.3.3.2 C a se o f m = ±1

The excitation operators with m = ±1 are given by

F̂ =
∑

i

(xi ± iyi). (4.140)

Straightforward calculations give
[

F̂ †,
[

Ĥ, F̂
]]

=
2~

2

m
N, (4.141)

[[

F̂ †, Ĥ
]

,
[

Ĥ,
[

Ĥ, F̂
]]]

=
2~

4ω2
⊥

m
N. (4.142)

The right-hand sides of E qs. (4.141) and (4.142) are again independent of

the state of the system. Substituting E qs. (4.141) and (4.142) in E q. (4.113)

gives

~ωu p p er = ~ω⊥. (4.143)

E quations (4.139) and (4.143), in fact, give the exact frequencies of the

dipole modes.

4.3 .4 Isotropic trap

W hen the trap is isotropic, the Hamiltonian is given by

Ĥ =
∑

i

p2
i

2m
+

∑

i

mω2

2
r2

i +
U0

2

∑

i6=j

δ(ri − rj). (4.144)

W e discuss two important collective modes.
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4.3.4.1 M o n o po le m od e

The excitation operator of the monopole (or breathing) mode with n = 1

and l = 0 is given by

F̂ =
∑

i

r2
i =

∑

i

(

x2
i + y2

i + z2
i

)

. (4.145)

C alculating the commutation relations for m1 gives

[

F̂ †,
[

Ĥ, F̂
]]

=
4~

2

m

∑

i

r2
i . (4.146 )

Hence,

m1 =
4~

2

m2ω2
〈U〉. (4.147 )

C alculating the commutation relations for m3 is slightly complicated. W e

first note that

[

F̂ †, Ĥ
]

=
2i~

m

∑

i

(

piri +
3

2
i~
)

, (4.148)

[

Ĥ,
[

Ĥ, F̂
]]

= −4~
2

m

(

∑

i

p2
i

2m
−

∑

i

mω2

2
r2

i −
U0

2

∑

i6=j

ri
∂δ(ri − rj)

∂ri

)

.

(4.149)

Hence,

[[

F̂ †, Ĥ
]

,
[

Ĥ,
[

Ĥ, F̂
]]]

=
16 ~

4

m2

{

∑

i

p2
i

2m
+

∑

i

mω2

2
r2

i

+
U0

4

∑

i6=j

(ri · ∇i + rj · ∇j) ri · ∇iδ (ri − rj)

}

. (4.150)

The expectation value of the last term can be evaluated as

A = 〈
∑

i6=j

(ri · ∇i + rj · ∇j) ri · ∇iδ (ri − rj)〉

=

∫

drdr′ψ2(r)ψ2(r′) (xi∂i + x′i∂
′
i)xj∂jδ(r − r′),
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where x1 = x, x2 = y, x3 = z, etc. Integration by parts gives

A = −
∫

drdr′
{

ψ2(r′)
[

∂i
(

xiψ
2(r)

)]

xj∂jδ(r − r′)

+ψ2(r)
[

∂′i
(

x′iψ
2(r′)

)]

xj∂jδ(r − r′)
}

=

∫

dr
{

ψ2∂jxj

[

∂i

(

xiψ
2
)]

+
[

∂j

(

xjψ
2
)] [

∂i

(

xiψ
2
)]}

=

∫

dr
{

−
(

∂jψ
2
)

xj

[

∂i

(

xiψ
2
)]

+
[

(∂jxj)ψ
2 + xj

(

∂jψ
2
)] [

∂i

(

xiψ
2
)]}

= 3

∫

drψ2∂i

(

xiψ
2
)

= 3

∫

dr
[

ψ4 (∂ixi) + xiψ
2
(

∂iψ
2
)}

= 3

∫

dr

(

3ψ4 +
1

2
xi∂iψ

4

)

=
9

2

∫

drψ4 =
9

2

〈

∑

i6=j

δ(ri − rj)
〉

=
9

U0
〈V 〉.

Hence, we have

m3 =
8~

2

m2
〈T + U +

9

4
V 〉. (4.151)

W e may use the virial theorem (4.134) to eliminate 〈V 〉 in E q. (4.151), thus

obtaining

m3 =
4~

2

m2
〈5U − T 〉. (4.152)

Substituting E qs. (4.146 ) and (4.152) in E q. (4.113) gives

~ωu p p er = ~ω

√

5 − 〈T 〉
〈U〉 . (4.153)

In the absence of interactions, the vitial theorem gives 〈T 〉 = 〈U〉, and

hence, we have ~ωu p p er = 2~ω. In the Thomas– Fermi limit, where 〈T 〉 = 0,

we have ~ωu p p er =
√

5~ω.

4.3.4.2 Q u a d ru po le m od e

The excitations with n = 0 and l = 2 are called quadrupole modes. In the

case of an isotropic trap, the excitation frequency is independent of m. It

is therefore suffi cient to consider the case of m = 0, where the excitation

operator is given by

F =
∑

i

(

x2
i + y2

i − 2z2
i

)

. (4.154)
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Straightforward calculations give

m1 =
8~

2

m2ω2
〈U〉, (4.155)

m3 =
16 ~

4

m2
〈T + U〉. (4.156 )

Hence, we obtain

~ωu p p er = ~ω

√

2

(

1 +
〈T 〉
〈U〉

)

. (4.157 )

In the absence of interactions, ~ωu p p er =
√

3~ω, while in the Thomas– Fermi

limit, ~ωu p p er =
√

2ω.

4.3 .5 A x isym m etric trap

W hen the trap is axisymmetric, the Hamiltonian is given by

Ĥ =
∑

i

p2
i

2m
+
∑

i

m

2

[

ω2
⊥

(

x2
i + y2

i

)

+ω2
zz

2
i

]

+
U0

2

∑

i6=j

δ (ri − rj) . (4.158)

In this case, the frequency of the quadrupole mode depends on the value of

m. W hen n = 0, l = 2, and m = ±2, the excitation operators are given by

F̂ =
∑

i

(xi ± iyi)
2
. (4.159)

In this case,

m1 =
4~

2

m

〈

∑

i

(

x2
i + y2

i

)

〉

≡ 16 ~
2

m2ω2

〈

U⊥

〉

, (4.16 0)

m3 =
16 ~

4

m2

〈

∑

i

p2
ix + p2

iy

2m
+

∑

i

mω2

2

(

x2
i + y2

i

)

〉

≡ 32~
2

m2
〈T⊥ + U⊥〉.

(4.16 1)

Hence, we have

~ωu p p er = ~ω⊥

√

2

(

1 +
〈T⊥〉
〈U⊥〉

)

. (4.16 2)

The mode with m = 0 is called the radial breathing mode. W hen ω⊥ 6= ωz,

the angular momentum is no longer a good quantum number, and the mode

with n = 1, l = m = 0
(

F̂ =
∑

i r
2
i

)

couples with the mode with n = 0,
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l = 2, m = 0
(

F̂ =
∑

i

(

x2
i + y2

i − 2z2
i

)

)

. The excitation operator for the

coupled mode is, in general, given by

F̂ =
∑

i

(

x2
i + y2

i − αz2
i

)

, (4.16 3)

where α is a variational parameter to be determined later. C alculations of

the commutation relations give

m1 =
4~

2

m2ω2
⊥

[

2〈U⊥〉 +
α2

λ2
〈Uz〉

]

, (4.16 4)

m3 =
8~

4

m2

[

2(〈T⊥〉+〈U⊥〉)+α2(〈T⊥〉+〈Uz〉)+
(

1 − α

2

)2

〈V 〉
]

, (4.16 5)

where λ ≡ ωz/ω⊥. Hence, we have

~ωu p p er =
√

2~ω⊥

[

2(〈T⊥〉 + 〈U⊥〉) + α2(〈Tz〉 + 〈Uz〉) +
(

1 − α
2

)2 〈V 〉
2〈U⊥〉 + α2

λ2 〈Uz〉

]
1

2

.

(4.16 6 )

In the Thomas– Fermi limit, we have 〈T⊥〉 = 〈Tz〉 = 0. It can also be shown

that 〈U⊥〉 = 〈Uz〉. O n the other hand, according to the virial theorem, we

obtain 〈V 〉 = 2
3 〈U〉 = 2〈U⊥〉. Hence, we have

~ωu p p er = ~ωz

√

3α2 − 4α+ 8

α2 + 2λ2
. (4.16 7 )

M inimizing this with respect to α gives

ωu p p er = ω⊥

[

2 +
3

2
λ2 ±

√

9

4
λ4 − 4λ2 + 4

]
1

2

. (4.16 8)


