Chapter 4

Linear Response and Sum Rules

4.1 Linear Response Theory

In this section, we present basic tools to investigate the excitation spectrum
of a many-body system. All results obtained in this section are applicable
to both bosons and fermions.

4.1.1 Linear response of density fluctuations

The excitation spectrum of quasiparticles can be probed through the in-
teraction of a test particle with the system of interest. Let U(r,t) be a
time-dependent external potential that couples to the system at position r.
In second-quantized language, the corresponding Hamiltonian is given by

Foat) = [ e UGe, )31 (@050, (4.1)

where 1&(1‘) is the field operator of the system. Substituting Fourier trans-
forms

b(r) = % > ae™, (4.2)
k
— dw ikr  —iw
Ur,t) = g/gU(k,w)e et (4.3)
into Eq. (4.1) gives
Hea(t) = / 1 (1, ) pe ™, (4.4)
- 2m

Here,

b = / dr a(r)e ™ =3 alap i = ol (4.5)
P
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106 Fundamentals and New Frontiers of Bose—FEinstein Condensation

is the Fourier transform of the number-density operator fi(r) = ' (r)i(r).
Let us consider a situation in which the external potential has a single
wave vector k and single frequency w. Then,

Hexi(t) = U(k,w)prce ™" + U (k,w)p’ ™. (4.6)

The state of the system evolves with time according to the Schrodinger
equation

() = (B + Hoalt)e) (), (47)

where H is the Hamiltonian of the system and €, an infinitesimal positive
¢ is introduced to ensure that the external potential
is adiabatically switched off in the remote past. The initial condition is

number. The factor e

assumed to be

[9p(—00)) = 10), (4.8)

where |0) is the ground state of H.

In linear response theory, we solve Eq. (4.7) up to first order in U (k, w).
We expand the state vector in terms of a complete set of eigenstates {|n)}
of H:

[(0) = 3 ealt)e™ 5 ), (4.9)
where
Hin) = E,n) (n=0,1,2,---). (4.10)
The initial condition (4.8) is satisfied if the following condition is met:
en(—00) = dno. (4.11)

Substituting Eq. (4.9) in Eq. (4.7), we obtain
. { iw € ]
em(t) = “n ch(t)e( ot )t<m|cht(t)‘n>
i A W(Wimn —w—1€
= =2 Y enl®) [Ukw) (mlpame! oot

+U* (k,w)(m|pl  |n)eil@mntw=iot] (4.12)

where wy,n, = (B, — Ey,)/h and Eq. (4.6) is substituted in the last equation.
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Linear Response and Sum Rules 107

Integrating Eq. (4.12) with respect to ¢ from —oo to t up to the first
order in U gives

) U(k )<m|p k|0> z(wmofwfie)t
0 Mw — wmo + i€)
U mlil o)
w4+ wmo — i€)

cm(t) = dmo+ (1 — 6

e“wm““if)t] : (4.13)

The change in density due to f[ext is given as
3(pic(t)) = ((8)] pxclib(t)) — (0] x| 0). (4.14)
Substituting Eq. (4.9) for |¢(t)) gives
! . .
5{(e®) = 3 (enlt)e™ (0l ulm) + ¢ (Bl l0)) , (4.15)
where >/ denotes the summation over n except n = 0. Substituting
Eq. (4.13) in Eq. (4.15) and simplifying the result using?!

(] pxc|0) (] p1c]0) = (0| pac ) (n|p 1 |0) = O (4.16)
leads to , ,
. 1 —(iw—eyrx [ [{0]px|n)] |(n]px|0)]
5(pk(t)>:ﬁU(k,w)e e ; (w—wno—f—iew—i-wno—f—ie '

(4.17)
We assume that the system possesses the space-inversion symmetry
(= p-x), 50 that
(n|pxc|0) = (nlp—x|0) = (nlpy|0) = (Ol pxc|n)”. (4.18)
Then, Eq. (4.17) reduces to
2WnO

1 . 1
0{pk(t)) = Uk —(w—e)t o T (41
() = U e Dl 0N 5 e (429
Applying the Fourier transform to this equation gives
§{p(k,w)) = U(k,w)D*" (k,w), (4.20)
where )
Wn0
D™ (k 0)| —. 4.21
AT e o

Equation (4.20) gives the hnear response of density against the external
perturbation U (k,w), and the ratio
5(p(k,w)) ;
k = ———" =D"k 4.22
XP( 7(“)) U(k, w) ( ,W) ( )

defines the linear susceptibility of density fluctuations.

ISince px = Zp @I)dp+k annihilates the net momentum k from the system, (n|pk|0) #
0 only if the total momentum of |n) is —k. Thus, (n|pk|0)(n|p—_k|0) = 0. Similarly, we
obtain the second equation using Eq. (4.5).
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108 Fundamentals and New Frontiers of Bose—FEinstein Condensation

4.1.2 Retarded response function

The function D™'(k,w) defined in Eq. (4.21) is referred to as the retarded
response function or the retarded Green’s function of the density. Taking
the imaginary part of Eq. (4.21) and using

' _p (é) — ind(2), (4.23)

T + 1€

where P (%) denotes the principal value of %7 we obtain the dynamic struc-
ture factor

Sk, w) = —EImDret Z (L 10V 2[6(w — wno) — 8(w + wno)],
(4.24)

which gives the excitation spectrum of density, in which the perturbation
transfers energy hw and momentum Ak to the system.
The inverse Fourier transform of D' (k,w) is given by

Dret (k7 t) — / ;Z_wDret (k7 w)e—iut
oo 4T

1 / > dw 1 1 Z
1 5110 5 aw _ 7zwt.
P10 [ 5 (o o)

(4.25)

Because of the factor e, the integration contour in Eq. (4.25) must be
taken in the lower (or upper) half of the complex w-plane if ¢ > 0 (or if
t < 0). Since the poles w = tw,,o—ie lie in the lower-half plane, the integral
is nonzero only for ¢ > 0. Hence,

Dt (k, t) = 7—9 Z|

—zwngt

— glonot) | (4.26)

where 6(t) is the unit step function. Comparing this with Eq. (4.24), we
find that

Dk, ) = —%9@) / " dwS(k,w)em . (4.27)

Applying the Fourier transform to this equation with respect to time gives

re 1 [ Sk,
Drt(k,w) = 5[m ﬁdw’. (4.28)
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Linear Response and Sum Rules 109

We may use Eq. (4.18) and the completeness relation to eliminate the sum
over n in Eq. (4.26); in fact,

Zl n|pp|0)[2e ot —Z (Olet Tt pre™ 15 n) (n] 5110) = (0| ()5 ]0),

3 algho) et = 3 alpudo) e
n

= > (OlpIn) (nleF pre™ 1 1410) = (0lpLpic()[0),

n

where >~/ is replaced by 3, because (0 /3;[(|0) = 0. We thus find that

D (i 1) = 100 (0] [px(t), A0 [0), (4.29)

where

:wl-

Pi(t) = Rt e R AT, (4.30)

In a special case in which S(k,w) has a single peak of the form
S(k,w) = S(k)d(w — wi), (4.31)
we obtain
Dotk £) = —%Q(t)S(k)e’i“’kt (4.32)

from Eq. (4.27) and Eq. (4.28). Applying the Fourier transform to this
equation with respect to time gives

S(k)

Dtk w) =
(k,w) h(w — wy + ie)

(4.33)

Equation (4.33) implies that the pole of the retarded Green’s function of
the density gives the frequency of the collective mode.

4.2 Sum Rules

When the system is translationally invariant in space, the excitation spec-
trum satisfies some exact relations known as sum rules.

FUNDAMENTALS AND NEW FRONTIERS OF BOSE-EINSTEIN CONDENSATION
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7216.html



110 Fundamentals and New Frontiers of Bose—FEinstein Condensation

4.2.1 Longitudinal f-sum rule

When the system possesses space-translation invariance, the single-particle
Hamiltonian can be diagonalized with respect to the wave vector k:
h2k2

Hy = il G = . 4.34
0 Xk:ﬁkakak, i (4.34)

The interaction Hamiltonian is expressed in the second-quantized form as
- % / dr / dr' () (Y (r = )b () (). (4.35)
Substituting Eq. (4.2) and
V(r)=> Vie* (4.36)
k

into Eq. (4.30), we obtain

o 1 et 1 o
V= 3 Z Vka;a/zlaq+kap7k =3 Z Vi (p,kpk - N) , (4.37)
p,q;k k

where p is given in Eq. (4.5) and

N=> d}ap (4.38)
P
is the total number operator. The total Hamiltonian is given by
H=Hy+V. (4.39)
A straightforward calculation gives
[ﬁ,k, {ﬁk, HH = =3 (eptic + €poic — 2p)bip. (4.40)
p
Since €, = h?k?/2m,
21,2
€p+k T €p—k — 2€p = o = 2¢y,
and thus,
[ﬁ_k, [ﬁk,fl]} — 2. (4.41)

Taking the expectation value of the left-hand side of Eq. (4.41) over |0) and
inserting the completeness relation, we have

(0] [ [ ] ] |0) = =37 hiono (1l pal0)? + I {mlp-sl0}?).  (4.42)
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Linear Response and Sum Rules 111

where fuwpng = E,, — Ey. Substituting Eq. (4.41) in Eq. (4.42), we obtain
> hwno (I(nlpk|0)]* + | (nlp-k[0)|) = 2excN. (4.43)
Equation (4.43) is referred to as the longitudinal f-sum rule. When

the system possesses space-inversion symmetry, the relation |(n|p_k|0)| =
[(n|pk|0)| holds, and thus Eq. (4.43) reduces to

> =N, (4.44)
where
hwn, .
Fao = 2 (al o) (1.45)

is called the oscillator strength. As Eq. (4.44) suggests, the f-sum rule
reflects the conservation of the particle number. Equation (4.44) may be
regarded as a generalization of the Thomas—Reiche-Kuhn sum rule: for a
single particle,
h2
;(Eo = Bn)|(nl2|0)* = 537, (4.46)

where H|n) = E,|n).

In terms of the dynamic structure factor S(k,w) in Eq. (4.24), the lon-
gitudinal f-sum rule is expressed as

/ dwhwS (k,w) = exN. (4.47)
0

For the special case of S(k,w) = NS(k)d(w — wk), Eq. (4.47) gives the
energy of an elementary excitation as [Bijl (1940); Feynman (1954)]
h?k?2
hwy = ——~— 4.48

where the static structure factor S(k) determines the dispersion relation,
i.e., the relation between wy and k.

An extension to finite temperature is straightforward. Multiplying both
sides of Eq. (4.41) by
e fH
p= VA ’

(4.49)
where Z = Tr e we obtain Eq. (4.47) with

Slkw) =~ Y e PEm((mlpllm)* + [(mlpxln)[)3(w — wnm), (4.50)
Z

m,n
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112 Fundamentals and New Frontiers of Bose—FEinstein Condensation

where wpm = (B, — Ep,)/h. In the presense of space-inversion symmetry,
Eq. (4.50) reduces to

K, w Zze

Under the same assumption, we obtain the detailed balance of the dynamic
structure factor:

(mlpxn) 26 (w — wim)- (4.51)

S(k, —w) = e P S(k,w). (4.52)

4.2.2 Compressibility sum rule

The compressibility x measures the degree of volume reduction against an
increase in pressure at a fixed number of particles.

1 /oV
= — — = . 4'
K v < 5 P>N (4.53)
The pressure P is defined as the derivative of energy with respect to volume,
oF
pP=- <> . (4.54)
ov )y
Substituting this in Eq. (4.53) gives
O*E
-1
=V|=] - 4.55
= (5m), (49

Noting that V is related to the particle density n through V = N/n, we
have

0 on 0 n? 0

S =S = - 4.56

oV 9V on N On (4.56)
Substituting £/ = Ney, where €, is the ground-state energy per particle, we
obtain

d de d?
-1_ @ [ 20€ n? 4
K=o (n dn) = —— (neg). (4.57)
On the other hand, the chemical potential u is given by
8E> (8(E/V) ) d
p=\z=| =535 ne 4.58
(8N v A(N/V) dn( o) ( )
Comparing Eqgs. (4.57) and (4.58), we obtain
k= nQd—'u (4.59)

dn’
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A microscopic expression of the compressibility can be found from
Egs. (4.22) and (4.28):

5P, w)) _ ret _1 /= Sk
W—D (k7w)_h/mw+ie—w’d . (4.60)

Suppose that we first take the limit k — 0 and then take the limit w —
0. Then, the denominator on the left-hand side of Eq. (4.60) provides a
uniform scalar potential U(k = 0,w = 0) which may be interpreted as a
minus shift in the chemical potential. On the other hand, the numerator
gives the concomitant change in the number of particles. Thus, we obtain

N Sk =
- <6—> = lim lim D"*(k,w) h/ 0 w)dw. (4.61)

o w—0k—0
It follows from Egs. (4.59) and (4.61) that
>~ Sk=0
/;oo %d&d = KZTL2V (462)

This relation is known as the compressibility sum rule.
The compressibility gives the isothermal and adiabatic sound velocity
c. In fact, defining the mass density as p = mn , we have

[OP 1 dP

Since
oE de
P=—(—) =n*-~2 4.64
(av) " (4.64)
from Eq. (4.57), we find that
dP  d [ ,deg 1
- - = =, 4.
dn dn < dn) nK (4.65)
Thus,
1
c= ——. (4.66)

VvVmnk

We may use this relation to obtain another expression for the compressibil-
ity sum rule.

© Sk=0w), N
/ = (4.67)

—00
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114 Fundamentals and New Frontiers of Bose—FEinstein Condensation

The combination of the fsum rule and the compressibility sum rule gives
an upper bound for the static structure factor. The Schwartz inequality

gives
S(k) = / S(k, w)dw < \/ / hwS(k, w)dw / & (;;“)dw. (4.68)
Substituting Eq. (4.47), we have (note that the range of integration is dou-
bled here)
> Sk
S(k) < \/2ekN/ ) (4.69)
oo hw
Taking the limit of ¥ — 0 and using Eq. (4.67), we obtain
hk
k)< —N . 4.
S( )_mc (k —0) (4.70)

This inequality implies that the density fluctuations of the system with a
finite compressibility become negligible in the long-wavelength limit.

4.2.3 Zero energy gap theorem

The zero energy gap theorem holds for translationally invariant systems
with positive compressibility.

Theorem. If a system is translationally invariant in space, the excitation
spectrum has zero energy gap in the long-wavelength limit as long as the
compressibility is positive.

Proof. Let us assume that the excitation spectrum has an energy gap A in
the limit k — 0. Then, S(k = 0,w) = 0 for fw < A, and therefore, the
compressibility sum rule (4.62) gives

%HTLQV = / de < % Sk=0,w)dw. (4.71)

AJR Tiw A/
On the other hand, the f-sum rule (4.47) leads to
h2k2 e8] oo
N = dw hw S(k,w) > A/ S(k,w)dw. (4.72)
2m AJk AJh
Combining Eq. (4.71) and Eq. (4.72), we find
Rk A2
li N>— . 4.
o N = - (4.73)

This inequality implies that as long as x > 0, A must vanish in the long-
wavelength limit.

As a special application of this theorem, we find that a spatially uniform
Bose system with repulsive interaction is gapless in the long-wavelength
limit.
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4.2.4 Josephson sum rule

The condensate density is defined in terms of the eigenfunction of the single-
particle density matrix corresponding to a macroscopic (i.e., extensive)
eigenvalue and it is a thermodynamic quantity. The superfluid density,
on the other hand, is defined in terms of linear response theory and it is
a transport quantity. These two quantities therefore belong to different
notions despite their apparent similarity. However, Josephson reported an
interesting relation between them that is referred to as the Josephson sum
rule [Josephson (1966)].

We consider a situation in which a superfluid is flowing with velocity
v through a long container that is at rest with respect to the laboratory
frame. Then, the mass current density operatorj is given by

j(r):% D) V() — (VI ()i (r)| . (4.74)

The quantum-statistical average of j defines the superfluid mass density Ps
through the relation

<j> = PsVs- (4.75)

The condensate density [¢g|? is defined in terms of the eigenfunction

1 corresponding to a macroscopic eigenvalue of the single-particle density

matrix. Because 1y is complex, we may decompose it into the amplitude
and the phase

Yo(r) = A(r)e™™). (4.76)

When the amplitude A may be considered as a constant, a variation in the
wave function is related to a change in the phase through

0o = 110 ¢. (4.77)
Since the spatial variation in ¢ is related to the superfluid velocity vy
through
h
vs = —Vo, (4.78)
m

one may expect to find a relationship between ps and |1|? by examining
the responses (j) and ¢ to a common external perturbation.

A variation in g is caused by a Hamiltonian that includes a term con-
jugate to 1[) Here, we consider the response of the system to the following
Hamiltonian:

Hexi(t) = /dr &0k w)e 05T (1) + € (k,w)e 9 Dh(x) ) . (4.79)
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116 Fundamentals and New Frontiers of Bose—FEinstein Condensation

The state evolution due to Heye (t) can be found by following a procedure
similar to the one in Sec. 4.1.1. We expand the state vector in tems of the
cigenstates {|n)} of H as in Eq. (4.9), where the expansion coefficients can
be calculated up to the first order in ﬁext as

€ kvw <nW}T )|0> eikrei(wnofwfie)t
Mw — wno + i€)

<>_5n0+<1—ano>/ [

_g*(ka w)(n|1ﬁ(r)|0> —ikr i(wnotw—i€)
R + wno — 7€) e e + t] . (4.80)

The response of 1[) is given by

8((r, 1)) = WO (L) — (Old(x)[0)
=3 (eat®e Ol )ln) + ¢ (e nlb(x)]0)) . (4.81)

We assume that each state |n) has a fixed number of particles, so that

(019 (x)[n) (nld (x')[0) = (nf)(x)[0) (nld)" (')]0) = 0. (4.82)

Substituting ¢, (¢) in Eq. (4.80) into Eq. (4.81) and using Eq. (4.82), we
obtain

r)|n) (n|yf(x
S0 (r.1) = (k) _metz/ (ow (v)ln) (nlt (2)]0)

W — Wpo + 1€

_ (e >|o>*<n|w<r>|o>>

W+ wpo + 1€
e S fant [ (o1, ) ol 00

— (O[T (', 0)[n) () (r, t)|0>) eltetiatgil’, (4.83)
where
d(r,t) = enHtyj(r)e n it (4.84)

Since (0[¢)(r, £)|0) = 0, we may replace the restricted sum >,/ in Eq. (4.83)
with the unrestricted one >,. Then, it follows from the completeness
relation

Z |n)(n| = (4.85)
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Linear Response and Sum Rules 117

that Eq. (4.83) reduces to
5 (r, )
:f(k,w)eii“’t“t/dr' /00 dt' Gt (xr, ;v 0)e™ et (4.86)
where we introduced the single—pz:rticle retarded Green’s function
Gt (e, tix! ) = 7%9(15 ~ (0] [0t )] o). (asn)

For convenience in later discussions, let us introduce the spectral density
function A(k,w):

Alk,w) = ih/d(r —1/)eik(r=r") / d(t — e =Gt (r 1! 1),

(4.88)
) dk . ’ o dw - ’
ret e ) = _1 ik(r—r )/ W —iw(t—t )A k 4.
G (r7 7r7 ) FL (271')36 o 271'6 ( ,U.)), ( 89)
where A(k,w) satisfies
> dw
/m S Alkw) =1 (4.90)
Substituting Eq. (4.89) in Eq. (4.86) gives
5 1 ; * dw  A(k,w’)
K 1)) = Z&(k z(krfwt)+et/ 777' 4.91
(e, 1) = 30k w)e e e
Taking the limit of w — 0 and € — 0, we obtain
. 1 ar [ dw Ak, w)
S0w) = —qee o [ GEERE, (492)

In a similar manner, the response of the mass current density is given by

5G5(r, 1)) = féf(k,w)e_i””“ / dr’ /0 S

><<0‘ [j(r,t’),z/ﬁ(r',oﬂ ‘o>eikr'ei<w+ie>t’. (4.93)

We introduce another spectral density function B(k,w) of the correlation
function

<0‘ [j(r, t/)vJJT(I‘,O)} ‘O> :/ % / %B(k/,w/)eik/("_rl)—iw/t/’
(4.94)

B(k,w) :/ dr/dt< [j(r,t),l/ﬁ(r’,t’)] >67ik(r7r’)+iw(t,t/).
(4.95)
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Substituting this in Eq. (4.93) gives
* dw' B(k,w)

k i(krfwt)Jret/ ) 4.
530, 1) = 2£0k w)e [ Sos )
Taking the limit of w — 0 and € — 0, we obtain
P 1 ; * dw B(k,w)
0(j = ——¢(k,0)er — 4.
() = — ety [~ 22 (197)

The right-hand side is proportional to 6(¢)(r)), since the Fourier transfor-
mation of the continuity equation

9p(x, t)

i(r,t — = 4.
Vij(r,t) +m 5 0 (4.98)
gives
B o(k,t
ik-j(k,t) + M =0. (4.99)
ot
Assuming that (k t) is proportional to k, we obtain
: imk 0p(k, t)
k t)= — ) 4.1
o n) = oS (4.100)
Hence,
5 B dk  .imk 0p(k,t)
i t) = / 2 e o

dk k zk(r r
zmat/ /( U CHI N (RO

Substituting Eq. (4.101) in Eq. (4.95), we have

B(k,w) =im / dr / dt e—ik@—r’)“w(t—t’)% / dr”
dk' K e /1
< s i)

- mwk/dt iwo(t= t)/ =ikl —x') { (", ), %t (' t)} > (4.102)
Substituting this in Eq. (4.97), we obtain
5((r)) = W ¢(k, 0)e’kr / dr e~ik(r= ”)<[ﬁ(r,t),1ﬁ(r’,t)}>.(4.103)
Using
([pe 0,910, 0] ) = (o), 67 6)]) = (1) [d), o @] )
— () — 1), (4.104)
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we obtain

3(1) = ~ 1€ 0™ (G (1) (1.105)

Comparing Eqs. (4.92) and (4.105), we find that the desired relation be-
tween d(j) and 0(1)) is given by

5<j(r)>=mk—k2 [/m g—:@} (T ()8 (@ (r)), (4.106)

where we substitute 1o (r) = (1)(r)) and use Eq. (4.77) to obtain
5((x)) = dbo(r) = itho(r)3e(r). (4.107)

Then, Eq. (4.106) may be rewritten as

5G(x) = im { | & M}  Wo@)256(e).

k2 —00 g w
_ m oo dw A(k,u)) -1 ,
= [/oo 21w } [Po(r)FVog(r),  (4.108)
since §¢ o e’¥*. From Egs. (4.75) and (4.78), on the other hand, we have
. h
8(j(x)) = psVo(r). (4.109)

Equating Eqgs. (4.108) and (4.109), we finally obtain the relation among
the superfluid density ps, condensate density |1|?, and spectral density
function A(k,w) as

> dw Ak, w) _ m2|¢ol®
el = . A1
/_oo 2r  w hk2ps (4.110)

This relation may be interpreted as a sum rule obeyed by the single-particle
spectral density function A(k,w), and is referred to as the Josephson sum

rule.
Another sum rule obeyed by A(k,w) is

/ d—wA(k7w) =1, (4.111)
oo 27T

which can be shown directly from Eq. (4.88).
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4.3 Sum-Rule Approach to Collective Modes

We investigate the collective mode of a system described by Hamiltonian
H. Let {|n)} and {E,} be a complete set of exact eigenstates and that of
the corresponding eigenvalues:

H'”) = En|n>’

where we assume that Fy < F; < Fy < ---. In general, a system will
exhibit various types of collective modes characterized by symmetries and
excitation energies. Let F be an excitation operator of the system. When
F acts on the ground state |0), various states |Fy), |Fy), - -+ can, in general,
be excited, where |F;) belongs to the set {|n)} and satisfies

H|F;)) = Ep,|F}) (i=1,2,3,---) (4.112)

with Ep, < Ep, <---. The following theorem is useful for finding an upper
bound of a collective mode.
Theorem. An upper bound Aw"PP" to the minimum excitation energy
hw™" = Er. — Ey of the states excited by F' is given by

ms3

hw'PPer = [ 2 (4.113)
mi

where Ej is the ground state energy and

my = Z |(F;|E|0)?(EF, — Eo)? (4.114)

?

is the p-th energy-weighted moment of the excitation.
Proof. A straightforward calculation shows that

~ Ep —Eo\°  Ep—E
(hwuppcr)? _ (hwmin)2 > [(Fi|Fl0)? |:(EZ—E?)) - E:—E?):|

(Fr, — Eo)? - i [{Ei|F|0) 2 (Er, — Eo)

Since (Er, — Fo)/(Er, — Eg) > 1, we have hw™™ < fyuPper,
When F'is Hermitian, m; and ms can be rewritten as

my = %<0’ [FT, [HFH ‘0>, (4.115)
ma = %<0’ HFTH} , [H [HFm ‘0>. (4.116)

Equations (4.115) and (4.116) can be shown by inserting the completeness
relation ), [n)(n| = 1 and noting that only states {|Fj)} are connected
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to the ground state |0) via F. In fact, calculating the right-hand sides of
Egs. (4.115) and (4.116), we have

30l [P [2.7]] o)

_ —Z[ (EF|0) + (B E0) 2] (Br, — Eo)  (4117)
(ol ([ [ [ 2] o)
— _Z[ (F|F|0)? + [(F5|Ftloy)? }(Epi — Ep)®. (4.118)

When F is Hermitian (F = F't), Eqs. (4.117) and (4.118) respectively give
my and ms, as defined in Eq. (4.114). When F is not Hermitian, as in
Eq. (4.140), only one among (F;|F|0) and (F;|E|0) can be nonzero. In
this case, Egs. (4.117) and (4.118) give m4/2 and mg/2, respectively. In
forming the ratio, the factor of 1/2 is canceled out, and thus, Eq. (4.113)
still holds.

The advantage of the sum-rule approach is that no information concern-
ing the excited states is required to find the excitation energies. In par-
ticular, given a correct excitation operator F and the exact ground state,
hw"PPeT gives the exact excitation energy.

4.3.1 Excitation operators

Consider an excitation operator

N

F(n,lm) = 17" Y (0:, ¢1) (4.119)

i=1
that excites a state characterized by radial quantum number n, angular-
momentum quantum number [, and magnetic quantum number m, where
N is the number of atoms, and r;, 6;, and ¢; are polar coordinates of the
i-th atom, that is,

x; = risinf; cos ¢;, y; = r;sinf;sing;, z; = r;cosb;. (4.120)
The spherical harmonic function Y, (6;, ¢;) is given by
) | — )
Yim(0,¢) = ™ P (cos 0 pym L= i 0 4.121
0.6) = OB cos) = (<1)" MR cost), (4121)
where P/™ is the associated Laguerre polynomial defined as

m

(1 _ .%'2)7 dl+m

P () = g qaiem

(z% — 1% (4.122)
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The excitation with n = 1 and [ = m = 0 is called the monopole mode.
In this case, Ypo = 1 and the corresponding excitation operator is given
from Eq. (4.119) as

F=Y 1= (af+y+). (4.123)

The excitations with n = 0 and [ = 1 are called dipole modes that are
classified into three types depending on the value of m. In this case, the
corresponding excitation operator is given from Eq. (4.119) as

(@i +iy;) for m =1,
F=>"rYm0i,¢:) = 3, 2 for m =0, (4.124)
i (@i —idy;) for m=—1.

The excitations with n = 0 and [ = 2 are called quadrupole modes that are
classified into five types depending on the value of m. The corresponding
excitation operators are given by

>l £ iy;)? for m = +2,
F= Zr?Yzm(ﬂi, ¢i) = >, (xi tiys) 2 for m = £1, (4.125)
i > (2 +y? —222) for m=0.

4.3.2 Virial theorem

In the following discussions, we shall restrict ourselves to a situation in
which NV particles are confined in a harmonic potential and undergo contact
interactions described by a delta function. The Hamiltonian of our system
is then given by

2

N pP; m Uy

H= 27;1 +ZE (wix?—&—wiyf—i—wiz?) + 726(“ —rj). (4.126)
i i i#j

We assume that the state of our system is stationary. Then, the expectation

value of >, ¥;piz is constant in time:

%< > xipix> —0, (4.127)

where p;, is the z-component of the momentum of the i-th particle. On
the other hand, Heisenberg’s equation of motion gives
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Substituting Eq. (4.126) in Eq. (4.127) gives

dtz:ﬁzp” Qme_Qmem 2 UOsza(S .j. (4.129)

i#]

Hence, we have

2T, — U0<leaé T Ty > —0, (4.130)
i#] -
where T, and U, are the z-component of the kinetic energy and the po-
tential energy, respectively. The last term in Eq. (4.130) may be rewritten
as

<Z W> /dridl‘jlﬂiww%ri)w%r]’)
i#j Z

/ s w (rz)) ()

—/dri [¢4(ri)+ :;aw;gl)} = —%/dri¢4(ri)

- f%<26(ri — 1) (4.131)

i#]

We thus obtain

2(Ty) —2(Us) + (V) =0, (4.132)
where

U
- 70 > o(ri — 1)), (4.133)
i

We can obtain equations similar to Eq. (4.132) for the y- and z-components.
Summing up the z-, y-, z-components, we obtain

2T —2(U) + 3(V) = 0. (4.134)
The relations (4.132) and (4.134) are known as the virial theorem.

4.3.3 Kohn theorem

The collective-mode frequency of the dipole mode (n = 0, [ = 1) is indepen-
dent of interactions and equal to the frequencies of the trapping potential.
This fact is known as the Kohn theorem. To show this, we consider some
cases of the axisymmetric harmonic potential

U= Z [wi (27 +v7) +w22?]. (4.135)
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4.3.3.1 Case of m =0

The excitation operator with m = 0 is given by

F=>Y "z (4.136)

Straightforward calculations give i
[FT, [HFH - %QN, (4.137)
([#.8]. [ [4.7]]] = Z= (4.138)

We note that the right-hand sides of Eqgs. (4.137) and (4.138) are constants,
and independent of the state of the system. Substituting Eqgs. (4.137) and
(4.138) in Eq. (4.113) gives

Rw"PPT = By, (4.139)

4.3.3.2 Case of m = =+1

The excitation operators with m = +1 are given by

F =" (; +iy,). (4.140)

Straightforward calculations give i
[, A7) = o, (4.141)
([#.8]. [ [4.8]]] = 2L, (4.142)

The right-hand sides of Eqs. (4.141) and (4.142) are again independent of
the state of the system. Substituting Eqgs. (4.141) and (4.142) in Eq. (4.113)
gives

B "PPeT = iy (4.143)
Equations (4.139) and (4.143), in fact, give the exact frequencies of the
dipole modes.

4.3.4 Isotropic trap

When the trap is isotropic, the Hamiltonian is given by
2 2
- p; mw* 5 Uy _ _
H72%+ZTQ +?Zé(rﬁrj). (4.144)
7 A 1#£]
We discuss two important collective modes.
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4.3.4.1 Monopole mode

The excitation operator of the monopole (or breathing) mode with n = 1
and [ = 0 is given by

F=Y 1= (al+yl+2]). (4.145)

i

Calculating the commutation relations for m; gives

e TA A 412
Ft g F|| =— 2. 4.146
[ [ 7| = S 3 (4.146)
Hence,
4R?

Calculating the commutation relations for mg is slightly complicated. We
first note that

{FTH} - % 4 (piri n gzh) (4.148)
7] (- )
(4.149)
Hence,
[ o [ 4] = 2 5 2 3ot
+% (ri'vi+rj'Vj)ri'vifs(ri—rj)}‘ (4.150)
i#£]

The expectation value of the last term can be evaluated as
A= <Z (I‘i . Vi + r;- Vj)l‘i . V,(S (I‘i — I‘j)>
i#j
= /drdr/¢2(r)w2(r/) (2;0; + 2';0';) x;0;0(r — 1),
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where 1 = x, xo =y, x3 = 2, etc. Integration by parts gives
A=— /drdr' {v?(') [0i (z:1*(x))] 2;0;6(r — 1)
+¢2(r) [0; (2/ 0% (r)))] 2;0;6(r — 1') }
= [ e w0y, [0 (@) + [0 (20)] [0 ()]}
B /dr {=(0597) 25 [0i (@:”)] + [(025) 0° + 2 (9;9%)] [0 (wiv®) ] }
= 3/dw2ai (z:9%) = 3/dr [0 (Ds) + iw? (0:0%) }
1 9 9
=3 [dr (3 4+ zz0t ) = = [ deyt = = d(r; —rj)
far (st growt) = 3 [arot = 5 St )
9
o

Hence, we have

(V).

_8n? 9

=— (T V). 4.151
ms m2< +U+4V> (4.151)

We may use the virial theorem (4.134) to eliminate (V') in Eq. (4.151), thus
obtaining

4h?
T m2

Substituting Egs. (4.146) and (4.152) in Eq. (4.113) gives

ms (5U —T). (4.152)

(T)
B "PPer = iy |5 — oL (4.153)
{U)
In the absence of interactions, the vitial theorem gives (T') = (U), and
hence, we have iw"PP®* = 2fiw. In the Thomas—Fermi limit, where (T') = 0,
we have fiw PP = /5w,

4.3.4.2  Quadrupole mode

The excitations with n = 0 and [ = 2 are called quadrupole modes. In the
case of an isotropic trap, the excitation frequency is independent of m. It
is therefore sufficient to consider the case of m = 0, where the excitation
operator is given by

F= 2 g2 —222). 4.154
Z( (3 7 7 ( )
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Straightforward calculations give

8h?
16n*
ms = 0 4 1), (4.156)
Hence, we obtain
T)
hw"PPeY = fuw 4 2 (1 + <> 4.157

In the absence of interactions, iw"PP®" = \/3hw, while in the Thomas-Fermi
limit, fiw"PPer = /2w.

4.3.5 Axisymmetric trap

When the trap is axisymmetric, the Hamiltonian is given by

Z Z (27 + 7)) +wlz] Zé(rz— r;). (4.158)

i#j
In this case, the frequency of the quadrupole mode depends on the value of
m. When n =0, [ = 2, and m = %2, the excitation operators are given by

F=>"(a +iy:)”. (4.159)
In this case,
412 1642
my = F< Z (27 +7) > = 22 <Ui>’ (4.160)
161 Pl + 1} mw? 3252
s = m2<; T2 (@t +9f) ) = S T+ U
(4.161)
Hence, we have
(T, >>
hw"PPeT = hw 211 4.162
- ( " (UL) ( )

The mode with m = 0 is called the radial breathing mode. When w,; # w.,
the angular momentum is no longer a good quantum number, and the mode
withn=1,l=m=20 <F‘ => 7‘3) couples with the mode with n = 0,
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l=2,m=0 (ﬁ’ =3, (a7 +y? - 223)) The excitation operator for the
coupled mode is, in general, given by

F=Y (a7 +y; —0z]), (4.163)

where « is a variational parameter to be determined later. Calculations of
the commutation relations give
a2

4h?
e {Q(Uﬁ + 3 <Uz>} ; (4.164)

4 an 2
ms :% [2(@1)+<UL>)+a2(<TL>+<UZ>)+(1 -%) <V>] . (4.165)

my =

where A = w,/w, . Hence, we have

2((T1) + (UL)) + 2((T2) + (U.) + (1 - 9)* (V)]
2UL) + 5(U.) '

holpper — \/§th

(4.166)
In the Thomas—Fermi limit, we have (T"; ) = (T,) = 0. It can also be shown
that (U,) = (U,). On the other hand, according to the virial theorem, we
obtain (V) = 2(U) = 2(UL). Hence, we have

302 — 4o + 8
FPPer — hwﬂ/o‘auig‘;. (4.167)

Minimizing this with respect to a gives

3 /9
24 SN2 /IM —4X2 4+ 4
+3 1 +

1
2

(4.168)

wupper — Wy
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