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G(% ) D0, t»s 0) (0 < ¢, < 1). Therefore EF =

(tn -1, —%), (}_5 = (—%, L2y —1). Since GD | EF, we

gett; +2t, = 1. Then 0 < < 5 Furthermore, DF = (21,

— a2y 0)!

|DF| =& +8 = «/5z2—4z2+1—\/5 —% %

We obtain, ,‘% < |§7| < 1. Answer: A.

@& Suppose f(z) = z* +log,(z ++/z> +1). Foranya, b €
R, to satisfy f(a) + f(b) =0, the conditiona +56 =0 is
( ).
(A) necessary and sufficient
(B) not necessary but sufficient
(C) necessary but not sufficient

(D) neither necessary nor sufficient

Solution Obviously f(z) = z* +log, (x + /x> + 1) is an odd
function and is monotonically increasing. So, ifa +6 =0, i.e.
a =—b,weget f(a) =f(—b), fla) =—f(b), and that means
fla) + f() =0,

On the other hand, if f(a) + f(b) = 0, then f(a) =
—fb) =f(—b). Soa =—b, a +b =0. Answer: A.

@» Let S be the set of all those 2007-place decimal integers
2a,a,as *** ax Which contain odd number of digit ‘9’ in
each sequencea,, az» as» ***» axw. The cardinal number
of Sis
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(A) 1 (102% +§2%) (B) - (10™% —g2%)

(C) 10206 | g2006 (D) 10?®6 — g200s
Solution Define A as the number of the elements in S,

we have

P (20106)gm +(2(;06)92m3 e +@gg§)9

On the other hand,

2006 ,2006
(9 + -I)Zm‘-ﬁ = 92iﬂlﬁ-k
20 )
and
06,2006
(() g -1)20[16 e (_ 1)&92[]"&—.&.
2l )
So
2006 2006 2006
A= g0 | 9203 4 eee 4 9
Ly 2=+ 5 ) oo
= %(102006 —82006).
Answer: B.

Part II Short-Answer Questions ( Questions 7 to 12, each
carries 9 marks. )
@D Let f(x) =sin*x —sinzcosz +cos*x, the range of f(x)
is

Solution As

sin*x — sin xcos x + cos'x

f(z)

=1 —isin 2x —isinzlr,

2 2
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we define t = sin 2z, then

2
f(x)=g(t)=1—%z—%¢2=%_%(3+%)_
So we have
_{gglg(t)—g(n 57 Xy =0
and
N L. P |
—ﬁ‘%&}élg(”_g( 3|~y o
9
Hence 0 < f(x) ég.

@D Let complex number z = (a +cos @) + (2a — sin i, If
| z | <2 foranyfd € R, then the range of real number « is

Solution By the definition given above, we have, for anyd €
R,

|z |<2©(a +cos@)? + (2a —sinf)? < 4

& 2a(cos@ —2sinfd) <3 —5a?
& —2/5asin(d —¢) <3 —5a?

=25 | a | <3 —5a2

=|a Ié‘/—g.
5
So the range of a is [—‘%5_, ‘%—5—}

@D Suppose points F,, F, are the left and right foci of the
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ell1psel6+ 4

z —+3y +8 +243 = 0. When /F,PF, reaches the

|PFI|IS
| PF, |

Solution Euclidean geometry tells us that, /F,PF, reaches

= 1 respectively, and point P is on line /:

maximum, the value of ratio

the maximum only if the circle through points F,, F,, P is
tangent to the line [ at P. Now suppose / intercepts the x-axis
at point A(—8 —2y/3, 0). Then Z/APF, = /AF,P, and that
means AAPF, «» AAF,P. So

| PF: | _ | AP |
| PF, | |AF, |

By using the power of points theorem, we have

| AP |> =| AF, |«| AF, |.
AsF,(—2/3, 0), F,(2¥3, 0), A(—8 —2/3, 0), so

| AF, | =8, | AF, | = 8 +443.

Then we get

|PF||=\/AF,|=\/ g
| PF, | AF, | 8 +4/3
=V4-2/3 =3 —1.

@[> Suppose four solid iron balls are placed in a cylinder with
the radius of 1 cm, such that every two of the four balls
are tangent to each other, and the two balls in the lower
layer are tangent to the cylinder base. Now put water into
the cylinder. Then, to just submerge all the balls, we
need a volume of cm’® water.

Solution Let points O,, O,, O;, O, be the centers of the
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four solid iron balls respectively, with O, O, belonging to the
two balls in the lower layer, and A, B, C, D be the projective
points of O,, O,, O3, O, on the base of the cylinder. ABCD

constitute a square with the side of L_ So the height of the

V2
2
immersed. Hence the volume of water we need is

rr(l +‘%§)—4 X%n(%)s - (% +‘/7§)n.

water in the cylinder must be 1 +-=-, so that all the balls are just

@I» The number of real solutions for equation
(% 4+ 1)A +22 +2* ++ +22) = 200622
is ;
Solution We have

(22® 1 Hgtbgtids a4y =2006:7
(I+ Zr,05)(1 22 4zt e+ 22%) = 2006

5 1 1 1
S x+ax+xd e 5 20n5+ i T

e 4 = 2006
£ f

42)20{)6:x+l + 23 _|_i3 S N
X T T
=2 X 1003 = 2006,

where the equal holds if and only if x = %, = ﬁ, et

ZR - zuu: Thenz ==+1.

T

Since x << 0 does not satisfy the original equation, x = 1 is
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60°, as shown in the figure, prove p
that the cosine of the plane angle
of the dihedral angle A-PB-C is

¢
1 a ik &
w - ‘
L - | . B
(g D) -

Solution On PAB, draw AM | PB with M as the foot drop,
connecting CM and AC, as seen in the figure. Then ZAMC is
the plane angle of the dihedral angle A — PB - C. We may

assume that AB = 2, Then we get PA = AC = 242, and the
vertical height of /APAB with AB as base isv/7. So we have 2 X

N7 =AM « 2/2. 'IhatmeansAM=.;% = CM. By the Cosine

Rule we have

_ _AM2 +CM? —AC* _ 1
oo ZAMC =2 Ll e =

Answer: B.

@&» Suppose real number « satisfies | 2z —a | +| 3z —2a | = a?

for any z € R. Then a lies exactly in ( Ya
11 ke

w[-33]  @[44]

W[ =gl (D) [-3, 3]

Solution Letx = %a. Then we have | a | < % Therefore

(B) and (D) are excluded. By symmetry, (C) is also excluded.
Then only (A) can be correct.
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In general, for anyk € R, letz = %ka. Then the original

inequality becomes

3 4
'l W o == |2 |,
lal-lk—=1]+51lal 3’ | a |
This is equivalent to

EPRPR | .
lal<le—11+3[e -4,

We have
—gk 3, k;%,
|k—1|+%‘k—%‘=<1—%, 1<k <4
3—%,&, B<t.
So

. - oo 3 £ O | N
mip{ 12 -11+3 [t 3|} - .

The inequality is reduced to | a | < —-. Answer: A.

W=

@» Nine balls of the same size and color, numbered 1, 2, **,
9, were put into a packet. Now A draws a ball from the
packet, noted that it is of number a, and puts back it.
Then B also draws a ball from the packet and noted that it
is of number &#. Then the probability for the inequality
a —2b +10 >0 to hold is ( Vi
) 2 ® 2 © 3 R

Solution Since each has equally 9 different possible results for
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A and B to draw a ball from the packet independently. the total
number of possible events is 9> = 81, Froma —2b6 +10 > 0 we
get 26 <<a +10. We find that whenb =1, 2, 3, 4, 5, a can take
any value in 1, 2, -+, 9 to make the inequality hold. Then we
have 9 X 5 = 45 admissible events.

When b = 6, a can be 3, 4, -, 9, and there are 7
admissible events.

Whenb = 7, a can be 5, 6,7, 8,9, and there are 5
admissible events.

Whenéb =8, a can be 7, 8, 9, and there are 3 admissible
events.

Whenb = 9, a can only be 9, and there is 1 admissible
events.

45+7+5+3+1 _ 61
81 81"

So the required probability is

Answer: D.

@» Let f(x) =3sinx +2cos x + 1. If real numbers a, b, c
are such thataf(x) +bf(x —c¢) =1 holds for any z € R,

then !% equals ( ).
W—= B ey ~4 (D) 1
2 2

Solution Letc == Then f(z)+f(x —c) =2foranyzx € R.

Now leta = b =%, and ¢ = . We have

af(x) +bf(x —c) =1

for any x € R. Consequently, % =—1. So Answer is (C).

More generally, we have
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f(x) = J/13sin(x +¢) +1,
flz —¢) = J/13sin(z +¢—c) +1,

2

3 Thenaf(zx) +bf(x —¢c) =1

where 0 < ¢ < % and tang =
becomes

V13asin(x +¢) + /13bsin(z +¢ —¢) +a +b = 1.
¢ ¢

That is,
v 13asin(z + ¢) + +/13bsin(x + ¢@)cos ¢
— v/ 13bsinccos(x +¢) +(a +b —1) =0.
Therefore

V13 (a +bcos )sin(x + @) — +/13bsin ccos(x + ¢)
+(a+b6—-1) =0.

Since the equality above holds for any x € R, we must have

a +bcosc =0,
bsinc =0,
a+b6—1=0,

©®e o

If 5 =0, thena = 0 from @, and this contradicts 3. So
b # 0, and sinc =0 from @). Thereforec =2kn +norc =2kx
(k € D).

If c =2kw, thencosc = 1, and it leads to a contradiction
between (D) and @). Soc = 2knx + (b € Z) andcosc =— 1.

beosc _ _ 4
a

From @ and @, we geta =b = % Consequently,

@&» Given two fixed circles with O, and O, as their center

respectively, a circle P moves in a way such that it is
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tangent to both of them. Then the locus of the center of
P cannot be ( ).

e 2| €

(A)

(B)
© ) «
(C) (D)

Solution Suppose the radii of the two fixed circles are r, and
r, respectively, and | O,0; | = 2¢. Then, in general, the locus
of the center of P is given by two conic curves with O, O, as
2c 2¢

?’1""?'2’ |?'1_?‘2|

the foci, and the eccentricities,

respectively. (When »; = r, , the perpendicular bisector of
0,0, is a part of the locus. When ¢ = 0, the locus is given by
two concentric circles. )

When »y =r;andr, +r, <2c, the locus of the center of P
is like (B). When 0 < 2¢ <| r;, —r» |, the locus is like (C).
When r; # r, and r, +r, < 2¢, the locus is like (D). Since the
foci of the ellipse and the hyperbola in (A) are not identical,
the locus of the center of P cannot be (A). Answer: A.

@» Lect A and B be two subsets of {1, 2, 3, =+, 100},
satisfying | A |=| B |and A N B = . If n € A always
implies 2n +2 € B, then the maximum of | A U B | is
( ).

(A) 62 (B) 66 (C) 68 (D) 74

Solution We will first prove that | A U B [< 66, or

equivalently | A | <33. For this purpose, we only need to prove
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that, if A is a subset of {1, 2, **-, 49} with 34 elements, then
there must exist n € A such that 2n +2 € A. The proof is as
follows.

Divide {1, 2, ==+, 49} into 33 subsets:

{1, 4}, {3, 8}, {5, 12}, ===, {23, 48}, 12 subsets;

{2, 6}, {10, 22}, {14, 30}, {18, 38}, 4 subsets;

{25}, {27}, {29}, -, {49}, 13 subsets;

{26}, {34}, {42}, {46}, 4 subsets.

By the Pigeonhole Principle we know that there exists at
least one subset with 2 elements among them which is also a
subset of A. That means there exists n € A such that 2n +
2 €eA.

On the other hand, let

A — {1; 3; Sy ammy 23; 2, 1(], 149 189 259 279 299 ey 499
26, 34, 42, 46}

B =1{2n+2|n € A}. We find that A and B satisfy the
condition and | A U B | = 66. Answer: B.

Part I Short-Answer Questions ( Questions 7 to 12, each

carries 9 marks, )

@» Given four fixed points A(—3, 0), B(1, —1), C(0, 3),
D(—1, 3) and a variable point P in a plane rectangular
coordinates system, the minimum of | PA |+| PB |+
| PC |+ | PD | is

Solution As shown in the figure, assuming that AC and BD

meet at point F, we have
| PA |+| PC | =| AC | =| FA |+| FC |

and
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| PB |+| PD |=| BD | =| FB |+| FD |.
When P coincides with F, | PA |+| PB |+ P¢”
| PC |+| PD | reaches the minimum.
Thatis | AC |+| BD |=342 +245. So 4
342 +24/5 is the required answer.

@» Given AABC and AAEF such that B is the midpoint of
EF. Also, AB =EF =1, BC =6, CA = /33, and AB -
AE +AC « AF = 2. The cosine of the angle between EF

and BC is
Solution We have
2 = AB - AE +AC « AF
— AB « (AB +BE) +AC - (AB +BF),
i.e.
AB? +AB « BE +AC « AB +AC « BF =2.
AsAB? =1,

—  —3=

33 +1—36
AC- A J_XIX—=—
X /33 X1

and BE :—gﬁ,wcget
1+BF « (AC —AB) —1 =2,

i.e. BF « BC =2. Defining ¢ as the angle between EF and BC,

2

we get | BF | «| BC |+ cos@ =2o0r3cosf = 2. Socosl = 3

@» Given a unit cube ABCD-A,B,C,D,, construct a ball

with point A as the center and of radius 2’/_ Then the
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length of the curves resulting from the intersection

between the surfaces of the ball and cube is

Solution As shown in the figure, the D K

surface of the ball intersects all of the six 4 : -

surfaces of the cube. The intersection :

curves are divided into two kinds: One D-.I _____ i b

kind lies on the three surfaces including £ * 4 j / '
1 E |

vertex A respectively, that is AA,B,B,
ABCD, and AA,D,D; while the other lies on the three surfaces not
including A, that is CC,D,D, A,B;C,D, and BB,C,C.

On surface AA,B,;B, the intersection curve is arc EF

which lies on a circle with A as the center. Since AE = 2*/_
AA; = 1, so ZAAE = % In the same way /BAF = —g—

Therefore /EAF = =, That means the length of arc EF is

6
% . % = ‘gm There are three arcs of this category.

On surface BB,C,C, the intersection curve is arc FG which

lies on a circle centred at B. The radius e:quals‘%3 and /FBG =

So the length of FG is ‘/E % = gn. There are also three

2
arcs of this category.
In summary, the total length of all intersection curves is

V3 V3 _ _ 5/3=
3X91r+3><6;r:— z -

@» Let {a,} be an arithmetic progression with common
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difference d (d # 0) and {b,} be a geometric progression
with common ratio g, where ¢ is a positive rational

_ . at +aj +aji.
number less than 1. Ifa, =d, b, =d and—b1 8, is

a positive integer, then ¢ equals
Solution As

a +a3 +a: ai+(a; +d)? 4+ (a; +2d)°

by +b; +b; by +b1q +b1q°

1+qg+4q°

is a positive integer, we get 1 +q +¢*> = :?1—4 Then

—— 2,14 o __ 1 56 —3m
g =—g gty > TN

Since ¢ is a positive rational number less than 1, we have 1 <

18 -3, 1.6 5<m<13, and 20 —m
m 4m

number. We can verify that only m = 8 meets the required.

is the square of a rational

That means g = %

; _ sin{mz) —cos(xnx) +2 1. B
€D Given f(z) = = for4€x€4,

the minimum of f(z) is

Solution By rewritting f(x), we have

»./fsin(ru: —-it*)+2

flx) =

x

Define g(z) = ﬁsin(n:r = —:I—) » where
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N

% S ol = % Then g(x) =0, and g (x) is monotone increasing

n[l AJ nd monot decreasin n[é é}
on| 7 o |»a onotone decreasing o 2 4

Further, the graph of y = g (x) is symmetric about x = % ,
5 1 3 . % 5
i.e. for anyx, € [Ts I} there exists , € [E ’ I:I such that

g(x,) = g(xy). Then

_glx) +2 _ glzp) +2 >g(.rg) +2

vy Ve,

On the other hand, f (x) is monotone decreasing on

f(.I'1) zf(Iz).

[3 é]. Therefore f(z) = f(i) - TJET That means the

4’ 4 4
minimum value of f(z) on [%; %:I is %

@%» Four letters, two “a”s and two “b”s, are filled into 16
cells of a matrix as shown in figure. It is required that

each cell contains at most one letter, and

each row or column cannot contain the

same letters. Then there are

different ways that the matrix can be

filled. (A numerical answer is needed. )

] 4
Solution It is easy to see that there arc(Q)- § =72 different

“_»
a

ways to put two s into the matrix such that each row and

each column contains at most one “a”

. Similarly, there are also
4
(2) « P3 =72 different ways for two “46”s to do the same thing.

By the multiplicative principle we get 72° ways. Among them
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we exclude 72 cases in which two “b”s occupy the same cells as

16
the two “a”s do, and exclude( g )- P} =16 X 72 cases in which

[ ]

one “a” shares the same cell with a “6”. Therefore there are
72> —72 —16 X 72 = 3960 different ways that meet the

requirement.

Part I Word Problems (Questions 13 to 15, each carries 20
marks. )

1
= e e ==
€ Leta, tE=| W F 1= Prove thata,., <a, forn =2.

Proof As

1 1 1 1
_ —+— .
Eln+1—F) n—i—l(k n—l—i—k)

n 1
we gCt a, 1 kE_-i: b hen for n 2 we have

%(an _an-H) = % T

> 0.

That means a,+, <<a,.

@L» Suppose line / through point (0, 1) and curve C:y = = +
%(I > () intersect at two different points M and N.

Find the locus of the intersection points of two tangent

lines of curve C at M and N respectively.
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Solution Denote the coordinates of M and N as (z,, y,) and
(x,, y2) respectively. Denote the tangent lines of C at M and
N by I, and I, respectively, with their intersection point being
P(z,, y,). Suppose the slope ratio of line / is k. Then we can
write the equation of / asy = kx + 1.

Eliminating y from

y e 1 +;7

y =kxr +1,

wegetr—i—% =kx +1,1i.e. (¢ —Dzx?* +z —1 =0. By the

assumption, we know that the equation has two distinctive real

roots, x; and x,, on (0, +o=). Thenk # 1, and

A=1+4k —1) >0, @

Ty +Ig=ﬁ>[}' ®

I|I2=L>0 @
T T

From the above we get % e Sy

We find the derivative of y = = +% asy =1 —%. Then
I Ii% and y’| =, =1 —xl%. Therefore, the equation
of line /, is

y =y =1 —ﬁ)(x —z1)
1
or
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After simplification, we get
2
@

1
=(1-5)z+=,
Y ( I% ® ol

In the same way, we get the equation of /5,

. 2
of (1 I%)x + ®
By @ —®, we get
i =2
(JJ% I%)Ip +.2‘,'1 Xa 9
Since =, # x>, we have
_ 2x1x, @

x = .
£ vl +.I2

Substituting @ and @ into ®, we obtainz, = 2.

By @ + @&, we obtain

1 1 1 1
= J— ”_’+_,, 1 =,
25, = (2 (x% Ii))x,,, +2(x1 +12) @
where
i+i =Il+12 =
Iy ] I1X2
B S s} tai _ Lzp tap)® — 2wy
2
=(11+Iz) 2 =% —1.
I x; T2

Substituting it into @, we have 2y, = (3 —2k)x, + 2. Since
x, =2, theny, =4 —2k. As—% <k <1,weget2 <y, <—g—.

Therefore, the locus of point P is the segment between (2, 2)
and (2, 2.5) (not including the endpoints).
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€5 Suppose f(x +2n) = f(z) for any = € R. Prove: there
are f;(x)( =1, 2, 3, 4) such that
1) f.(z) G =1, 2, 3, 4) is an even function, and
filx +m) = fi(x) for any x € R;
(2) f(zx) = f1i(x) + fo(x)cosx + f3(x)sinx + fy(x)sin2x
for anyx € R.

FaE)+12) _ ) —f—=2)
2 -

Proof letg(x) = ,andh(x) = 5

Then f(x) = g(x) +h(x), g(x) is an even function, h(x) is
an odd function, and g(x +2n) = g(x), h(x +2n) =h(2) for
anyz € R.

Define
Fila) _8W@) -l—g(x +'n:)!
g(-l-)_g(x+“)s -_zékﬁ"i_ﬂs
P 2cos x 2
0, x =kn ‘+‘%9
h(z) —h(x +7) Ty
f3(x) = 2sin x ’ i
09 P :kffr
h(x) +hiz +7) kx
P By | CT Q!
I —
' 0 T —kx
L] 2 ]

where k is an arbitrary integer. It is easy to check that f;(z)
GG =1, 2, 3, 4) satisfy (1).
Next we prove that f(x) + f,(xz)cos x = g(x) for any

x € R, When x ?ﬁkn—k%, it is obviously true. Whenx = kx +

T
o We have
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g(2) +g & +mn)
2 L]

f1(x) + f2(x)cos z = fi(z) =
and

gz +m = g(kn+F) = g(kn +3F — 20k + Dr)

:g(—kn—%)zg(kw—l-%):g(r).

The proof is complete.
Further we prove that f;(z)sinz + fy(z)sin2x = h (x) for

anyx € R, Whenx ;é'%“. it is obviously true. Whenx = kx, we
have
h(z) =h(kn) =h(kn —2kn) =h(—kx) =—h(kn).
That means h(x) = h(kx) = 0. In this case,
fi(x)sinz + fy(x)sin2zx = 0.
Therefore h(x) = fi(x)sinx + f4(x)sin2x,

Whenx = kxn + 2 , we have

hz +m) = h(kx+2F) = h(kn +3F 20k +1)x)
=h(—kx—T)=—h(kx+Z)=—h(a.

So

h(zx) —h(x +xn)

> = h(x).

fi(zx)sinx =

Furthermore, f,(x)sin2x = 0. Therefore
h(x) = fa(x)sinz + fi(x)sin 2z,

This completes the proof.
In conclusion, f;(x) (i =1, 2, 3, 4) satisfy (2).



