CHAPTER 1

Complex Numbers

This opening chapter is to introduce the basic knowledge about the complex
numbers in three aspects and the interactions among them.

Sketch of the Content

Algebraic: The imaginary solution i = \/—1 of the equation t2 +1 = 0
creates the complex numbers z = x + iy which obey the same basic laws of
arithmetics as the reals do (Sec. 1.3). The main distinction between them
lies on the fact that the complexes cannot be ordered, but compensated by
the conjugate operation z — Z (Sec. 1.4.1). This enables us to interrelate
both by the operation |z|? = zZ and to introduce the inequalities among
various |z| (Secs. 1.4.1 and 1.4.2). An instant consequence is that every
polynomial with complex coefficients is always solvable; in particular, z™ —
1 = 0 has exactly n-distinct roots (Sec. 1.5).

Geometric: z = = + iy can be understood not only as a point or a vector
in the Euclidean plane R?, but also as a planar motion composed of one-
way stretch and rotation (Secs. 1.1, 1.2, and 1.4). It comes naturally that
z = z+iy can be represented as the point (z,y) in R? which is thus renamed
as the complez plane C, or in the polar form re? (r = |z|,0 = arg z) with
the origin 0 as pole and the positive z-axis as the polar axis. And then,
they can be used effectively to describe planar geometric objects or to
solve geometric problems (Secs. 1.4.3 and 1.4.4). Therefore, almost every
algebraic operation about complex numbers has its illuminative geometric
meaning.

Topological (point-set properties): Owing to |z|, |y| < |z| = Va2 +y2 <
|z] + |y| (2 = = + 4y), the limit concepts of real sequences and series and
their properties can be carried verbatim over to the complex ones except
the one appeared in (3) of (1.7.3), where arg z,, — arg zo needs to be treated
carefully. So do the concepts of open, closed, compact, and connected sets
for both R? and C (Sec. 1.8). The addition of the point at infinity co to C
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2 Chap. 1. Complexr Numbers

to obtain the extended complex plane C*, realized as the Riemann sphere
S in R?, seems more naturally for the need of the limit concept than the
algebraic operations (Secs. 1.6 and 1.9). The most importance of all is that
C is a complete metric space in which every Cauchy sequence is convergent
(Sec. 1.9).

1.1. How to Visualize Geometrically the Existence of the
So-Called Complex Numbers in Our Daily Life

As already well known, man creates

(1) the natural number system N for counting;

(2) the integer number system Z for the negative of a quantity;

(3) the rational number system Q for fractions of a whole quantity or for
measurement such as length, and

(4) the real number system R for measurement (see Appendix A).

These numbers are vivid in our daily life. Though we cannot see what
irrational numbers such as e and m would exactly look like, nowadays we
are able to approximate them as accurately as we want by rational numbers.

Numbers of the form a + bv/—1, where a, b € R, the so-called complex
numbers, appeared as early as 16th century when mathematicians tried to
solve quadratic equations.

Man imagines that there exists a “number” i satisfying 2 +1 = 0. This
i denotes v/—1. As a consequence, a quadratic equation az? +bx +¢c =0
with a, b, ¢ € R and b2 — 4ac < 0 would have two roots —tEviac—b% W.
They are not real but only imaginary. They seem so freaky because man
does not even know how to approximate them by known numbers from
the well-established number systems. It was C. Gauss and I. Argand who
interpreted the numbers a + bi (also denoted as a + ib) geometrically as the
point (a,b) on the plane and hence, laid a firm basis for the development
of the complex function theory. For historical account, see Ref. [47].

In what follows, we assume the readers are familiar with basic knowledge
about the Euclidean plane R2.

Fix the rectangular zy-coordinate system on the plane R2. The point
(x,y) can be considered as the position vector from (0,0) pointed to (x,y)
itself. See Fig. 1.1. Under this circumstance, vector operations are applied
to (x,y) as follows to form the two-dimensional real space R?:

(1) Addition
(@1,91) + (22, 92) = (x1 + 22,91 + ¥2)
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Sec. 1.1. How to Visualize Compler Numbers in Our Daily Life 3

EAY

Fig. 1.1

satisfying the following properties:

(i) (commutative) (z1,y1) + (z2,y2) = (z2,y2) + (x1,¥1);
(ii) (associative) ((w1,y1) + (22, ¥2)) + (z3,y3) = (1, 41) + (T2, y2) +
(23, 3));
(iii) (zero vector) (z,y) + (0,0) = (z,y);
(iv) (inverse vector) For each (x,y),

(2) Scalar multiplication
a(z,y) = (ax,ay), a€R

satisfying:

(i) Uz,y) = (2,9)-
(ii) (af)(z,y) = a(B(z,y)), a,B€R.
(3) Distributive law
(a+B)(z,y) = a(z,y) + B(r,y), «o,BER;
(1.1.1)
a((z1,y1) + (22,92)) = a1, y1) + (2, Y2)-

Owing to lack of product operation among vectors, conceptually it is
not enough to identify fully the imaginary number x + iy (also denoted
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4 Chap. 1. Complexr Numbers

alternatively as x 4 yi) with the point (x,y) or the vector it induces. The
point is that we have to define what the product

(z1,91) (72, y2)

means properly so that it still represents a number a 4 b: and satisfies nice
operational properties such as commutative and associative laws, etc.
Hence, we designate the notation
z = x + yi, where x,y € R and are not both equal to zero.

& (1) zis the point (z,y) or the vector (x,%) in R?, and
(2) z represents the one-way stretch along the z-axis with scale factor
r = y/2? + y? and then followed by a rotation with center at (0,0)
through an angle in the counterclockwise direction so that the z-axis
will coincide with the line generated by the

vector (x,y). (1.1.2)

Note that in condition 2, we can perform rotation first and one-way stretch
second. Both are commutative. See Fig. 1.2.
In particular,

i=(0,1) =0+ 13, (1.1.3)

represents the counterclockwise rotation of 90° of the point (1,0) or any
nonzero vector. Let i2 = i - i denote two such consecutive motions, etc.

-.:I'? *

I=x+If

(0,07 (1,07 (x,0

Fig. 1.2
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Sec. 1.1. How to Visualize Compler Numbers in Our Daily Life

(0,0 )

Then (see Fig. 1.3)

it =(1,0)=1+140 = 1.
Finally, we designate

0 =0+ i0,

(1.1.4)

(1.1.5)

where the two zeros 0 on the right are the zero number in R. Hence, it is

reasonable to define
z=24+1y=0=0+i02=0 and y=0.
Also, we define, for z #£ 0,
the modulus or absolute value |z| = /22 + y2 =r,
and

the principal argument Arg z = 6 shown in Fig. 1.2.

(1.1.6)

(1.1.7)

Let 21 = x1 + iy and z3 = x2 + ty2. We try to define the product z; 2o
properly. Knowing what z; means as in (1.1.2), we define, assuming z; # 0
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6 Chap. 1. Complexr Numbers

2123

Fig. 1.4

and z9 # 0,

z122 = the point obtained by one-way stretch along the vector z;
with scale factor |z3| and then followed by a counterclockwise
rotation through the principal argument Arg zs of zs. (1.1.8)
See Fig. 1.4.

To pinpoint the coordinate of 2129, let §; = Arg z; and 6 = Arg 25 for
simplicity. Then z;z5 has coordinate

|21| |22|(COS(91 + 92),sin(91 + 92)),

where
cos(f1 + 02) = cos by cos s — sin by sinfy = 2 R I 2,
lz1] 22| 2] |22
and
sin(fy + 02) = sin 0y cos b + cos b sinfy = noorn 2.
|21 |z2| 2] |22

Hence

2122 = (172 — Y12, T1Y2 + T2y1) = 172 — Y1y2 + i(v1y2 + T2y1).
(1.1.9)
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Sec. 1.1. How to Visualize Compler Numbers in Our Daily Life 7

Note that, in Fig. 1.4, the triangle with vertices at points 0, 1, and 2 is
similar to the triangle with vertices at 0, z2, and z122. Suppose the symbol
defined by (1.1.2) enjoys the operational properties such as commutative,
associative, and distributive laws which we are used to in the real number
system R, then (1.1.9) is nothing but the usual product as

2129 = (21 + Y1) (w2 + iy2)
= z122 + 21 (iy2) + (iy1) 22 + (iy1) (iy2)
= 129 + i21y2 + Y172 + PPy
= 1172 — Y1y2 + i(T1Y2 + T2y1),

by using (1.1.4).
In case either z; =0 or z3 = 0 or z; = 25 = 0, we just define

Z1292 =0. (1110)

We call the symbol defined in (1.1.2) a complex number. It is not only
a plane vector, but also carries with itself the composite motion of one-
way stretch and rotation, and hence, is a two-dimensional “number” which
cannot be approximated by any number we knew before. Mathematics based
on the complex numbers is, geometrically, the one about similarity in global
sense and is the one about conformality in local sense via limit processes.

Exercises A

(1) Let z = z 4+ 4y # 0. Try to use (1.1.2) and Fig. 1.2 to show that the
unique w satisfying zw =1 is
T — 1y
2 4+ y?
which is denoted as z =1 or %
(2) Try to locate the following complex numbers:
1—1
T4 3420
(3) Try to use (1.1.2) to show that the product operation satisfies

1 — 24; (3+24)(1 —19);

(i) the commutative law 2129 = 2921;
(ii) the associative law (2122)23 = 21(2223); and
(iii) the distributive law 21 (22 + 23) = 2122 + 2123.

(4) Let z1, 29, and 23 be three complex numbers, noncollinear when consid-
ered as points. Fix any zg and let w; = 2¢21, we = 2922, and w3z = 2p23.
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8 Chap. 1. Complexr Numbers

(a) Show that wi, ws, and w3 are noncollinear.
(b) Graph the triangles Az 2923 and Awjwsws. Compute their corre-
sponding angles and areas.

Exercises B

(1) Try to design a kind of chess game based on the idea shown in (1.1.2).

1.2. Complex Number and Its Geometric Representations
Section (1) The imaginary unit ¢

Suppose z is a real number. Then 22 > 0 and hence, 2 +1 > 1 > 0 holds.
Hence the equation t? + 1 = 0 does not have any solution in R.
By imagination, suppose there exists a “number”, denoted by

i=+v-1 (1.2.1)
satisfying that the “product” of ¢ with itself is —1, namely,
i2 = —1.

Then i? + 1 = 0 holds and i is a solution of 2 + 1 = 0. Another solution is
—i. We call 7 the imaginary unit.

Section (2) The complex number

We do formal “addition” and “multiplication” of two real numbers x, y and
i into the symbol, denoted as

z=z+iy or x-+yi, (1.2.2)
and is called a complex number formed with
the real part Re z = «,
and
the imaginary part Imz = y. (1.2.3)

For example, 1 + 0i, 0 + 2i, V2 + %i, etc. are complex numbers.
A complex number z = x 4 iy with its Imz = y = 0 is specifically
denoted as

410 ==z, (1.2.4)

and is considered as real number in many occasions. For example,
—140:=—-1.
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Sec. 1.2. Complex Number and Its Geometric Representations 9

A complex number z = x + iy with its Re z = x = 0 is denoted as
0+ iy =iy, (1.2.5)

and is called a pure imaginary. For example, 0+ 2¢ = 2i. Hence, a complex
number x + iy is said to be imaginary if y # 0.
In particular, only the zero complex number

0=0i =0+ 0¢, (1.2.6)
is both real and pure imaginary.

Section (3) As a point in the Euclidean plane R?

Fix a rectangular zy-coordinate system in the plane. We designate the point
(z,y) as the complex number z = x + iy and vice versa. This sets up a one-
to-one and onto correspondence between complex numbers and points in
the plane which is thus called a complex plane. In particular, real numbers x
are in one-to-one and onto correspondence with points in the z-axis, hence
called the real azis; pure imaginaries iy and the points y in the y-axis are
in one-to-one and onto correspondence and hence the y-axis is called the
imaginary azis. See Fig. 1.5.

Henceforth, no distinction will be made between the set of all complex
numbers

C={z+iy|lz,y e R} (1.2.7)

and the complex plane, also denoted as C.

________________________ (%)

]

Fig. 1.5
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10 Chap. 1. Complex Numbers

Section (4) As a plane vector pointed from (0, 0) to (z,y)

z = x + 1y can also be considered as a plane vector pointed from (0,0)
toward the point (x,y). In this case, z and y are orthogonal projections of
the vector on the real and imaginary axes, respectively. See Fig. 1.5.

The length r of the vector, denoted as

|z =r =vVax?+y?, (1.2.8)

is called the modulus or the absolute value of the complex number z. Note
that |z2| >0, and |2| =0« 2 =0.
In the case z = z + iy # 0, we call the angle, denoted as

arg z, (1.2.9)

between the vector z and the positive direction of the real axis an argument
of z. Usually, we define

argz > 0 if arg z is obtained by counterclockwise rotation
and
argz < 0 if obtained by clockwise rotation. (1.2.10)

Figure 1.6 shows that arg z is multiple-valued. In the case z = 0, argz
is not defined.
We summarize the above as

The multiple-valuedness of argz (z # 0). The value of argz that lies on
—m <8 <7 (or0 <80 < 2n) is called the principal values of argz or the
principal argument of z and is denoted as

Arg 2.
(anticlockwise) . (clockwise) -
(positive
real axis)
5 q\ (positive real axis)
0
Fig. 1.6
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Sec. 1.2. Complex Number and Its Geometric Representations 11

Then
argz = Argz+2nm, n=0,+1,£2,.... (1.2.11)
The argument arg z is the main trouble-maker in generating multiple-valued
functions in complex analysis. For a detailed treatment, see Sec. 2.7.1.
We illustrate an

Example 1. For each of the following z, compute |z|, Arg z and arg z.

(1) z € R and z # 0;

)
(2) iy, y € R and y # 0;
(3) —1—14
(4) -1+ %

Solution. (1) If z > 0, |z| = z, Argz = 0 and argz = 2nm, n € Z; if
x<0,|z] =—x, Argx = 7 and argz = 7 + 2n7, n € Z;

(2) If y > 0, |iy| =y, Arg(iy) = 7, and arg(iy) = 5 + 2n7m, n € Z; if
y <0, Arg(iy) = — 7%, and arg(iy) = — 5 + 2n7, n € Z;

(3) |2| = V2, Argz = =37, and argz = —2F + 2nm, n € Z;

4) |z| =1, Argz = %’T, and argz = %’T +2nm, n € Z.

Section (5) Trigonometric or polar representation

Consider the origin (0,0) as the pole and the positive z-axis as the polar
axis in a polar coordinate system. Then, the modulus |z| and the argument
arg z of a complex number z are, respectively, the polar radius r and polar
angle 6 of the vector z in the polar coordinate system (see Fig. 1.5):

r = Rez =rcosb,
y=Imz =rsinf,
and then,
z=ux+iy=r(cosf +isinf), wherer=+/22+ 12 and § = tan~" %
(1.2.12)

which is called the trigonometric or polar form of z. For simplicity, we
introduce the Euler’s formula

e = cosh +isinf, 6cR, (1.2.13)

which is to be justified in Sec. 2.6.1. Then (1.2.12) can be rewritten as the
concise form re?.
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12 Chap. 1. Complex Numbers

Remark (The relation between Argz and tan—?! %) Suppose —7 <

Argz <7 and —% < Arctan £ < Z, the principle value of tan™! £,

Then

Arctan E, z in the first or the fourth quadrant,
x
Argz = ¢ Arctan Yy + 7, z in the second quadrant,
x

Arctan y_ m, z in the third quadrant.
x

If 0 < Argz < 27, then the above relations should be replaced, respec-
tively, by

Arctan g, z in the first quadrant,
x

Argz = { Arctan J 4+,  zin the second or the third quadrant,
x

Arctan 2 + 27, 2z in the fourth quadrant.
x

Recall that tan™! 4 = Arctan ¥ + nm, n € Z. O

Section (6) Some applications

Let 21,29 € C. When we view both z; and z, as vectors, the sum z; + 2o
is defined as the addition of the vectors z; and z9; on the other hand,
21 — 22 = 21 + (—22) as the difference of the vector z; from the vector z.
See Fig. 1.7.

In case 21 # 0 and z3 # 0, the polar forms

zr = |zk|(cos Oy + isinby), k=1,2 (1.2.14)

2 +t2,

Fig. 1.7
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Sec. 1.2. Complex Number and Its Geometric Representations 13

Fig. 1.8

enable us to define the product of z; and z5 as
2122 = |21]|22|(cos(01 + 62) + isin(01 + 62)). (1.2.15)

This is what we did in (1.1.9). Figure 1.8 shows the geometric meaning
behind this definition. The triangle with vertices at 0, 1, and z; is similar
to the triangle with vertices at 0, zo, and z125. Rotate z through the angle
01 and then truncate a vector of length |z1||22|. This resulting vector will
be z1z2.
Similarly, the division of z; by 25 is defined as
22 _ 2l o(8 — 01) + i sin(6s — 01)). (1.2.15)'
Z1 |Z1|
Figure 1.9 indicates its geometric interpretation.
We summarize the above as

The moduli and arguments of product and division of two complex numbers.

(1) |z122| = |21] |22,
2| _ |zl (21 # 0).
z1 |21|

(2) Suppose z1 # 0 and z2 # 0. Then

arg z1zo = arg z1 + arg za,

(1.2.16)

22

arg — = arg 2o — arg z1.
21
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14 Chap. 1. Complex Numbers

Fig. 1.9

It is understood that the last two relations should be interpreted by
any one of the following statements:

(i) consider both sides as sets of arguments and then treat both sides
as identical of sets;
(ii) preassign any one value to each of argz; and argzo, then there
exists a value of arg z; 29 (or arg ;—f) so that both sides are equal;
(iii) argz122 (or arg 22) is considered as the set of the sums (or differ-
ences) of all possible values of arg z; and arg zs.

Two numerical examples are provided to illustrate the points made in

the last paragraph.

Example 2. Let z; = 14++/3i and 2o = 1 —i. Compute Arg 2129, arg z1 22,
Arg i—;, and arg i—;

Solution. z12p = (1+v/3)+ (—=1+V3)i and 2 = £[(1—/3)+ (1 +V3)i]
(see (1.1.9)).

Then, compute arg z1 z2, etc., directly.
On the other hand, Argz) = %, argz; = § + 2n7m, n € Z, and Argz; =
—1,argza = — 3 +2mm, m € Z. Then,

Argz129 = Argz; + Argzo = — —

argzizg = argzy + argze =
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Sec. 1.3. Complex Number System (Field) C 15

7
Argﬁ:Argzl—Argzgz—ﬂ,
z9 12
T T
argz—;:argzl—argzg E+2( )7r:5+2q7r q€Z.

Example 3. Compute (5—i)*(1+4) and then, prove the Machin formula

™ 1 1
1= 4 Arctan 5 Arctan 239"

Solution. (5—4)*(1+ i) = (476 — 4804)(1 + i) = 4(239 — 7). Since
1
Arg(5 —i)* = —4 Arctan 5

Arg(1414) = —,

1
Arg(239 — i) = —Arctan —
rg(239 — i) retan 5o,

1 = 1
5 1.2.1 —4A -4+ —-=-A —
= (by using ( 5)) rctan z + 1 rc tan 539"

The result follows. This trigonometric identity can be used to compute
approximate values of .

Exercises A

(1) Locate the following complex numbers as points in the complex plane.
(a) =3 ++/2i. (b) £1+i. (c) V3+6i. (d) (—=2+ 3i)*
(e) (1+20)3—1i)% (f) (3 41— (5 —1)>

(2) Write each of the following z in its polar form and compute |z|, Arg z,
arg z:
T4i;1—i; —1—id; =144 1+ 3i; =1 +3i; V3 —i; 24+ V3 +14.

(3) Choose any two complex numbers z; and 2z out of these in Exercise (1).
Compute: |21 29], |2 | Arg 2120, arg z129; Arg , arg 2

(4) (a) Compute (2 + z)(3 +1) and prove that T Arc tan + Arctan 1
(b) Show that Z = 3 Arctan § + Arctan o + Arctan o=

1.3. Complex Number System (Field) C
Repeat (1.2.7) and denote

C={z+iy|z,y € R},
the set of all complex numbers. We try to endow C with suitable operations
of addition and multiplication (see (1.2.15)) so that C becomes formally a
number system and hence, a field.
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16 Chap. 1. Complex Numbers

Let 21 = 1 + ty1 and 25 = x2 + iy2. Define

equality: z1 = 29 & x1 =22 and Y1 = ys;
addition: z1 + zo = (x1 + x2) + i(y1 + y2), called the sum of z; and zo;
multiplication: z129 = (x122 — y1y2) + i(T1Y2 + T2y1),

called the product of z; and zs. (1.3.1)
The complex field C

(1) Addition has the following properties:

(i) (commutative) z1 + zo = 22 + 21;
(ii) (associative) (z1 + 22) + 23 = 21 + (22 + 23);
(iii) (zero element) there exists a unique element 0 = 0 +i0 € C so
that 2+ 0=z, z € C;
(iv) (inverse element) for each z = x + iy, there corresponds a unique
element

—z=—(z+iy) = -z +i(-y)
so that
z+(—2z)=0.
(2) Multiplication has the following properties:

(i) (commutative) z12z9 = 2221;

(ii) (associative) (z122)z3 = 21(2223);

(iii) (unit element) there exists a unique element 1 = 1 4 40 so that
lz=2,2€C;

(iv) (inverse element) for each nonzero element z = x + iy € C, there
exists a unique element denoted as

1 1 T — 1y

z = - = =

2 wHiy x4 y2

so that
zz = 1.
(3) Addition and multiplication satisfy
(distributive law) z1(z2 + 23) = 2122 + 2123. (1.3.2)

As a whole, C with two such operations is called the complex field; while
properties (1) 1 and 2, (2) 1 and 2, and (3) together say that C indeed is
a number system.
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Sec. 1.3. Complex Number System (Field) C 17

Remark 1 (The real field R as a subfield of C). The subset
R={z+i0|z € R},

has all the properties listed in (1.3.2) for its elements and hence, is called
a subfield of C. Since the correspondence

xeR—>x+iOeﬁ,

is one-to-one and onto, and preserves all the operations concerned, we iden-
tify R with R (see Section (3) in Sec. 1.2). Under this circumstance, the
real number system (field)

RCC, (1.3.3)
holds as a subfield of C. O

Remark 2 (C is not an ordered field). Recall that R is an ordered
field with respect to the operation “< (less than)” (refer to Appendix A).

Now, suppose C was an ordered field. Since ¢ # 0, so either ¢ > 0 or
7 < 0 holds. Both imply that

i?=-1>0,
= (Multiply both sides by —1 > 0)1 > 0; while

(Add both sides by 1 > 0) 0 > 1, which is a contradiction.

When computing with complex numbers, one often needs the circular
operational properties of i: i' =i, i2 = —1, i3 = —4, and ¢* = 1. In general,

Z-4n+1 — Z Z-4n+2 — _1 Z4n+3 —

, , —i, i =1 neZ

We give three examples.

Example 1. Write each of the following complex numbers z in the form

T+ 1y.

(1) (2+i.)2 2) U=l (3) (L) + (1), neZ. (4) (1+4)"—
3-2i) - (IFi)5+1° J :

(1—i)", neZ
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Solution. (1)

2+1
3—2¢

Chap. 1. Complex Numbers

4 7.
:—+—Z

3.
13"

. 2
2414 1 .

(3
_(2+’)<E+ 13 13

(2)
(1—4)° =1°4+5-1*- (=) +10-1* - (=i)* + 10 1% - (—4)?
+5- 1 (=i)* + (=4)°
=1-5i—10+10i +5—i= —4(1 — 1)
and
(1+14)° = —4(1 +14).
Or,
(1-i)?=-2i=(1—-i)*=—-4=(1-14)°=—-4(1—1).
Hence,
(1—4)° -1 —4(1—d)—1
(1+i)5+1  —4(1+di)+1
(3) and (4), by (2), for m =0,1,2,...
(1= = (1 =)™ (1 —4) = (=4)™(1 - i);
(1 =)+ = —2(—4)™3;
(1 =)+ = —2(—4)™(1 +i);
(1 _ i)4m+4 _ (_4)m+1’

and

(1 + i)4m+4 _ (_4)m+1'
The final results follow easily.
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Sec. 1.3. Complex Number System (Field) C 19

Example 2. Let

wz%(—l—f—\/gi).

(1) Show that w? + w+1 =0 and w? = 1;
(2) Evaluate (a + bw + cw?)(a + bw? + cw) and (a + b)(a + bw)(a + bw?).

Solution. (1) By direct computation,

1
N
swl+w+1=0.
Also,
1 1 4
3 2 ; :
w W w 2( V3i 2 +V/3i 1
Or,
W= w=(w-1lw=-w-w=1.

(2) By using (1), direct computation shows that
(a4 bw + cw?)(a + bw? + cw)
=a® + 0%+ 2 + ab(w? + w) + be(w* + w?) + ca(w?® +w)
=a?+b%+c? —ab—be— ca,
and
(a+b)(a+bw)(a+bw?) = a®+b* +a?b(w? +w+1)+ab* (W +w+1) = a® +b3.

By the way, how can one factorize a®> — ab + b over the complex field
C? Just treat a? — ab + b = 0 as a quadratic equation in a, and then its
solutions are

= —bw or —bw?

RERGETCE 1:|:\/§ib
B 2 2

Hence a? — ab + b* = (a + bw)(a + bw?). See Exercise B(2).

a

Example 3. Solve the following equations, namely, try to find z = z + iy
so that

(1) (square root) 22 = —6 + \/5i;
(2) (cube root) 2% = 1.
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Solution. (1) 22 = 22 — y? + 22yi. Hence

22 = —6 + V/5i,
s -y’ =—-6 and 2xy:\/5,

= (7 497 = (2 )+ Qay)? = 41,
= (take the positive square root) 2% + y? = V/41.

Solving this last equation with 2% — y? = —6, we get

e (o vE) e (oD

=>x::|:1/%<—6+\/ﬁ> and y:i,/%(m\/ﬁ).

In appearance, we would get four solutions. Owing to the restrained condi-
tion that xy > 0, we have only two solutions left, namely,

z:j:<\/% (—6+\/H>+i\/% (6+\/H)>.

(2) 23 = 2% — 3zy® +i(32%y — y3). Then

22=1
=23 -3y =1 and 32%y—y° = y(3x2 — y2) =0.

In case y = 0, then 2> = 1 and we choose the only real root x = 1. If

322 —y? = 0, then 23 — 3zy? = 23 — 923 = —82% = 1 and we choose
z = —3% and hence, y?> = 322 = 2 which, in turn, results in y = i§.

Therefore, 23 = 1 has solutions z = 1, w and w? where w = %(—1 + /3.
Exercises A

(1) Express each of the following complex numbers z in the form z = x4y,
where z,y € R, and then compute |z| and arg z.

(a) (44 30)(4+2)3—i)(1—1i). (b) (\/5—1’)6.

i (142i)2 — (1 —1i)3 (i +1)°
(c) (i—1)(i-2)(i-3) (d) Br 2P - @rip (e) T
a+ bi (a+bi)2  (a—bi)?
(f) —— wbER. () TR ERRTERE a,b € R.
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(2) Find the real and the imaginary parts of the following complex numbers

z =+ 1y.
@ =L m L (©f @ neN
z+1° 22’ ' ’ '

(3) Let w = 1(—1+ v/3i). Compute:
(a) 1—-w)(1-w)1 -whH(1-w®). (b) (1 -w+w)1+w-—w?).
(¢) (aw? + bw)(aw + bw?). (d) (a+ bw + cw?)? + (a + bw? + cw)?.
(4) Let z = x + 14y, x,y € R. Solve the following equations.

(a) 2 =—i. (b) Z2:%<1_\/§i>' (¢) =° = 11—2

() 22+ (647i)+V2+5i=0. (f)22—(3+2i)z+ (1+3i)=0.

(d) z* = —1.

Exercises B

(1) Suppose a, b € R. Show that, in the complex field C,

N JatveTe
2
- _ /a2 T b2
a+bi= +(sgnb)\/%i L ifa£0b£0
+a, if a>0,b=0,
+v/—ai, ifa<0,b=0,
wheresgnb:%:lifb>0,:—1ifb<0andthesquarerootofa

positive real number is chosen to be positive.
(2) Suppose a,b,c € C, and a # 0. Show that

9 b\®  dac—b?
az"+bz+c=alz+—| +—
2a da
b+ Vb2 — 4dac b — Vb2 — 4ac
=a z—|—T Z+T

where /b2 — 4ac is as in Exercise (1). Note that, as long as b? — 4ac #
0, vb% — 4ac always have two values with positive and negative sign,
respectively, and /b2 — 4ac could be any one of them in the above
expression. So the quadratic equation az? + bz + ¢ = 0 has exactly two
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solutions

L —b+ Vb2 — dac
o 2a ’

as in the real case.
Let w = %(—1 4 1/3i). Suppose a,b, ¢ € C. Show that

(a) a®> —b® = (a — b)(a® 4+ ab+ b?) = (a — b)(a — bw)(a — bw?).
(b) a® + b3+ —3abc = (a+ b+ c)(a® +b* + ¢ — ab — be — ca)
=(a+b+c)(a+bw+ cw?)(a+ bw? + cw).

For simplicity, let e’ = cos a +isin for real « (see (1.2.13)). Suppose
a # 0. Show that the cubic equation 23 = a always has three distinct
solutions

lal5e'5,  Ja|3e'Sw, |a|3e'Sw?,

where § = Arga and w = (—1+/3i). Try to find solutions of 2" = a.
Suppose a, b € C. Show that z® — 3abz + (a® + b3) = 0 has solutions

—(a+b), —(aw+bw?), —(aw®+ bw),

where w = £(—1 + v/3i).
(Cardano formula for cubic equations) Given a cubic equation
3 2 _
224+ a9z” + a1z + ag =0,

with complex coefficients. Substitute z = w — Las into the equation to

3
obtain

w® +pw+q=0.

(a) By comparing to the cubic equation in Exercise (5), let p = —3ab
and ¢ = a® + b3. Show that a® and b? are roots of the quadratic
equation

1
t2— gt — —p3=0.
qt = 5=p

By Exercise (2), we may suppose that
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(b) Choose a and b as suitable cubic roots of

s q ¢ 2/ q ¢ P
z LI d /L8
2TVt M NV T
respectively, subject to the constrained condition ab = —%p. Then,

according to Exercise (5), w®+pw+¢ = 0 has roots —(a-+b), —(aw+
bw?), —(aw?4bw). Therefore, the original equation has roots —% —
(a+b),—% — (aw?® + bw), and —% — (aw + bw?).
(c) Solve 23 +322 — 32— 14 = 0.
(7) Suppose z = x + iy is not a negative real number and z # 0. Show that
there exists a unique w, Rew > 0, so that w? = z.

Exercises C

(1) In (1.1.1), replace the real scalars a, 8 by complex numbers «, § and
then, we can view R? as one-dimensional complex vector space over the
field C. We denote this vector space by C itself.

(a) Show that any linear transformation T': C — C is of the form
T(z)=az, z€C

where a is a complex scalar. Let « = a + bi and z = = + y.
Then T(z) can be rewritten as the vector form T, (z,y) =
(ax — by, bx+ ay) or as the matrix form, with respect to the natural
basis for R?,

T =) % L)

which is a special kind of linear transformations on R2.
(b) Conversely, given a linear transformation on R? as

T =@w|l L] abeder

Let 2 = (x y) = x + dy. Suppose this T turns out to be a linear
transformation T, (2) = az on C. Then

T(z) = (z y) [CCL Z} =az foralzeC

a b

= (Let z=1.) (10) [c d

}:(ab):a-lzaora:a—f—bi;
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(Let = = i) (0 1) [‘c‘ Z} —(cd) = ai

ora=—i(c+di)=d—ic
=>a=a+bi=d—c or a=d and b= —c.
Hence, T should be of the form

T(x,y) = (zy) [_ab Z =T,(z), where a=a+ bi.

(a) and (b) suggest that the following peculiar set of matrices

SO(2,R) = { _ “b 2]

a,bER}7

is worthy being emphasized.
(¢) Under the operations of matrix addition and multiplication, show
that 3\5(2, R) is a field (namely, having properties listed in (1.3.2)).
(d) Show that the mapping & : 3\5(2, R) — C defined by

o([5 o])=ernn

is a field isomorphism (namely, ® is one-to-one, onto and preserves
operations of addition and multiplication).

Therefore, one can treat

[_ab Z] :r[ cos sm&], where r = /a2 + b2 and tanezg

—sinf cosf

as a complex number, especially in its polar form re? (see (1.2.14)).
Since the expression on the right side represents, geometrically, a stretch
of vectors followed by a rotation through the angle 6 (for details, refer
to Ref. [56], Vol. 2), a complex number is a two-dimensional number,
taking care of both stretch and rotation at one time by its very nature.
See the end of Sec. 1.1.

(2) Fix a point (o, 8), with 8 # 0, in R2. Then (z,y) = (v — F(1,0) +

4(a, B) always holds. Define: On R?,

equality: (z1,91) = (v2,y2) © =1 = 22 and y1 = yo;
real number: (z1,0);

addition: (z1,y1) + (72,%2) = (1 + 22,y1 + y2), and
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multiplication:

F ()2 () B 0,

Let 6(1) denote R? with these two operations.
(a) Show that g(z) is a field.
(b) Show that C(%) is field isomorphic to C.

Hence, conceptually we can view a(z) as a complex field with i = («, )
acting as the imaginary unit.

(3) Let
1 2
a=l; 2|
9 10 . .
Show that A% + I, = O where I, = 01 and O is the zero matrix.

Can we construct a field F with A as the imaginary unit so that F is
field isomorphic to C? If affirmative, try it (see Sec. 2.7.8 in Ref. [56],
Vol. 1).

1.4. Algebraic Operations and Their Geometric
Interpretations (Applications)

The section is divided into four subsections.

Section 1.4.1 introduces conjugate complex numbers, a unique operation
particularly owned by the complex number system C.

Section 1.4.2 discusses the relations among real and complex
inequalities.

Section 1.4.3 uses examples to show how complex numbers can be
adopted to solve planar geometrical problems.

Finally, the important concept of symmetric points with respect to a
circle or a line will be discussed in Sec. 1.4.4.

1.4.1. Conjugate complex numbers

The symmetric point of a complex number z = = + yi with respect to the
real axis, denoted as

zZ=uz—1y, (14.1.1)
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yi ¢

X
—vi —
Y Z

Fig. 1.10

is called the (complex) conjugate of z. See Fig. 1.10. Note that
z =2« zisreal ie, Im z=0. (14.1.2)

This indicates that the conjugate operation z — Z is a two-dimensional
operation, particularly owned by C but not by R. Also,

2z =|z]* >0, (1.4.1.3)

shows that how a complex number z and its conjugate zZ can be so related,
via multiplication, to produce a nonnegative real number |z|?, whose posi-
tive square root |z| is just the absolute value of itself and can be considered
as the length of the vector z or the distance of the point z to 0. This com-
pensates somewhat the fact that C is no more an ordered field.

It is easy to prove the following

Operational properties.

1 ﬁz:%(z—i—é), Imz = %(z — 2).
2) (2) = z (in short, z = 2).

3 1 X290 =21+ 2, Z129 = Z120, (%) = ;—;(22750)
4) [z] = |2],Argz = —Argz(—7 < Argz < ).
5) |2]|? = 2z > 0, |2| = V2% (positive square root as a real number).

6) 21 = 20 & 21| = |22|, Argzi = Argzs & Z1 = Zo. (1.4.1.4)

N

(1)
(2)
3)
(4)
(5)
(6)

Readers are urged to give these relations their geometric interpretations.
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In what follows, we discuss two important applications of the relation
27 = |2|%
It provides an easy way to compute the multiplicative inverse of a
nonzero complex number. Suppose z = x + iy # 0. Then
1 z T — 1y
—=— = 1.4.1.5
z |22 2?2+ 2 ( )

Figure 1.11 also shows that

1 (1) 1
z— == =) ==
G) Z (i) \ Z z

where (i) is called the symmetric motion or reflection with respect to the
unit circle |z| = 1, while (ii) the one with respect to the real axis. Therefore,

== 1.4.1.6
w=-, (1.4.1.6)

as a mapping from z to %, is the composite of two such reflections.
In computation involving absolute values of complex numbers, the rela-
tion |z|? = 2% plays an essential role. For example,

|21 £ 2)? = (21 £ 2)(B1 £ 22) = 2121 £ (2152 + Z122) + 2270,
= |21+ 2|* = |21]? £ 2Re(2122) + |22|* (1.4.1.7)
Hence, it follows immediately that
|21 + 22| + |21 — 22|® = 2(|21]? + |22]?), (14.1.8)

which reflects the fact that the sum of the square of two diagonals of a
parallelogram is equal to the sum of the square of its four sides (see Fig. 1.7).

Fig. 1.11
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In (1.4.1.7), let 21 = a1b1 and z9 = agbs. Then

|a1b1 + a2b2|2 = |a1b1|2 + |a2b2|2 + 2Re albla_gg
= (la1|* + [a2*)(|b1]* + [b2]*)
— (la1|*[b2]* — 2Re arboazby + |as|*[b1]%)

= la1by + azbo|?® = (la1[* + [a2]?)(|b1]? + [b2|*) — a1b2 — agbi|*.
(1.4.1.9)

This is a special case of the Lagrange identity (see Exercise A(11)).

Exercises A

(1) Prove (1.4.1.4) in detail and interpret them geometrically.

(2) For each of the following complex numbers z, compute Re z, Im z, |z|,
Argz and Z.

142i | 2—i i N3 (v3+4)°

() 725+ 5 O moraee (O (V)7 () 5 5w

(3) Let w = %. Compute Re w, Imw, |w|, and w.

(4) Let z = cosf + isind or suppose |z| = 1 and z + 2 = 2cos6. Show
that

2"+ zi” =2cosnf and 2" — zi” = 2sinnb, n € Z.

(5) Let (1 —/3i)" = 2, + iy, where z,,,y, € R forn =1,2,3,....
(a) Show that Z,Yn_1 — Tn_1Yn = 4"~ - /3.

(b) Compute T, Tn—1 + YnYn-1 ="

(6) Suppose |z1] = A|za|, A > 0, show that |z; — A222| = A z1 — 22|. Con-
versely, if |21 — A223] = M|z1 — 22| for A > 0 and A\ # 1, then |z1]| = A|z3|
holds.

(7) (a) Show that, for z # 0,

1
|z|:1®z:;©z:% for some ¢ # 0.

(b) Suppose |z| =1 but z # —1. Show that there exists a unique real
number ¢ so that z = % Try to express t in terms of z.

(c) Hence, the set {z € C||z| = 1 butz # —1} can be put in one-to-one
correspondence onto the real axis. Try to deduce the polar form

of a complex number.
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(8) Prove the following identities.
(a) |Z1(1+|Z2|2)—Z2(1+|21|2)| = |21 —Z2|2|1—2152|2—(Z152—51Z2)2.
(b) [14 2122* +[21 — 22[* = (1 + [z1]*) (1 + |22[*).
(€) [1 =212 — |21 — 2o = (1 — |z1[*) (1 — |22*).
(9) Suppose a,b,z € C.
(a) Show that

zZ—a
1—az

=1&al=1 or |z|]=1.

Discuss what happens if |a| = |z| = 1.
(b) Suppose |z| = 1. Show that ’%‘ = 1 where |a|> — |b]? #£ 0.
(10) Use (1.4.1.8) to show that

‘a+\/a2—b2‘+‘a—\/a2—b2‘:|a+b|+|a—b|,

and hence, deduce that

1
|21] + |22] = '§(z1 +29) + V7122

1
+ '5(2’1 + ZQ) — /%1722

(11) For aj,b; € C for 1 < j <n, prove the Lagrange identity

2

n n n _ _
> oaby =D el Do = DD lagbe — arbyl*.
j=1 j=1 j=1

1<j<k<n

Exercises B

(1) Suppose zp is a zero of a polynomial p(z) = anz™ + ap_12" "1+ +
a1z + ag with real coefficients, i.e., p(z9) = 0. Show that Zj is also a zero
of p(z), i.e., p(Zp) = 0. In this case, zg and Z are called the conjugate
roots of p(z) = 0.

(2) Given a quadratic equation 2% 4+ az + b = 0 with complex coefficients
a and b. Determine the necessary and sufficient conditions so that the
equation has

(i) coincident roots;
(ii) at least one real root; and
(iii) two conjugate complex roots,

respectively.
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(3) Find a necessary condition so that the equation 2% + (a + ib)z? + (c +
id)z + 1 = 0, where a, b, ¢, and d are real numbers, has at least one
real root.

(4) Find necessary and sufficient conditions so that the polynomial z3 +
pz + q = 0, where p,q € R, has

(i) three distinct real roots,
(ii) one real root and two conjugate complex roots, and
(iii) three real roots with two of them coincident,

respectively.

1.4.2. Inequalities

To each complex number z, there correspond three numbers Re z, Im z, and
|z| whose absolute values constitute the three side lengths of a right triangle
(see Fig. 1.5). Hence, it follows immediately the inequalities

|Re z|, |Im 2|
[Rez| + [Imz| ¢ <[z] < |Rez|+ [Imz|. (1.4.2.1)
V2

These are the most important elementary inequalities involving real and
complex numbers. And above all, they connect the real and complex limit
processes together (see Sec. 1.7).
By using (1.4.1.7) and (1.4.2.1),
|21 + 22|? = |21]* + |22]* + 2 Re(2122)
< a1l + [22)? + 2021 22] = (|21] + [22])°
= |21 + 22| < |21| + |22|, which is called a triangle inequality
(see Fig. 1.7). (14.2.2)
Equality in (1.4.2.2) holds if and only if |21 22| = Re(z122), and hence

|21 + 22| = |21] + |22| © 2122 > 0 Argz) = Arg 2o & ? >0 if 20 #0.
2

(1.4.2.2)
Similarly, we have another triangle inequality
[z1] = [22] | < |21 + 22
and
the equality “=" holds & 2172, < 0 < i—; <0 if 29 #0. (1.4.2.3)
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This can also be proved by observing, via (1.4.2.2), that |z1| = |(21 +
z9) — 22| < |21+ 22|+ |—22| = |21+ 22| + |22, with equality holds if and only
if (Z1 —|—Z2)(—22) = —2Z129 — |22|2 > 0or 2123 < 0; and |22| < |21 +22| + |21|
with equality if and only if Z125 < 0.

We illustrate three examples.

Example 1 (Cauchy—Schwarz inequality). Let a;,b; € C for 1 < j <
n. Then

n

> oaibi| < | D las)? > bl (1.4.2.4)
j=1

Jj=1 Jj=1

with equality if and only if, as long as a; # 0,b; # 0,2£,1 < j < n, are all

) b )
equal.

Proof. This follows immediately by using Lagrange identity (see Exer-
cise A(11) of Sec. 1.4.1). A direct proof is as follows. We may suppose that
Z;'l:1 |bj|2 # 0.

For any complex number A, (1.4.1.7) shows that

Z|aj_)‘b_j|2:Z|aj|2+|)\| Z|b |2—2Re/\Zaj
Jj=1 j=1
iavlzﬂt S IbsP y e tabs |
j=1 ! j=1 ’ Z;L:l|b.]|2
n 2
‘E:jzlajbﬂ

-5 =20
Zj:l |bj|2

When choosing A = E] ! ﬁ; "2, the left side will get the minimum value

S ash|
Z|a3|2 W >0,

with equality if and only if 37 Ja; — Ap;[* = 0 & Z = X for
l<j<n |

In general, there does not exist a constant M > 0 so that |21 — 29| <
M| |z1] — |22| | holds for any 21, zo € C. But, we do have
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Fig. 1.12

Example 2. Fix §,0 < < 7. Denoted by Ds the shaded part in Fig. 1.12.
Show that

[1— 2] 2
< o
1—|z| ~ coséd
The part of the disc inside the angle ZABC' is called a Stolz domain. Con-
versely, if |11:é} is bounded when |z| < 1, then z should lie in some Dj for
0<6< 3.

z € Ds.

Proof. Take any z € D;s and let 1 — z = r(cosf + isinf), where 0] < J.
Then cosf > cosd and r = |1 — z| < cosd. Therefore,

1—z _r(+]z) _ r(1+z[)
T—|z|  1—1]22 1—(1-2rcos+r2)
147 2 2
~ 2cosf —r ~ 2cosd —cosd  cosd
Conversely,
[1— 2| 1+ |z cos @ 1
= = -(1 C—
1—1z] 2cosf—r 2cosf—r (1+Il) cosf
If |2| < 1 and |2] is close to 1, both 52250 and 1+ |z| are bounded. Hence
‘f:lzl is bounded < —L— is bounded,
:>|9|§5<g for some § > 0. O

Example 3. Show that

|z = 1] < [l2] = 1] + |z[|Arg 2],
and interpret its geometric meaning.
CLASSICAL COMPLEX ANALYSIS - A Geometric Approach (Volume 1)

© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7222.html



Sec. 1.4.2. Inequalities

Fig. 1.13

Proof. In Fig. 1.13, the triangle with vertices 1, |z| and z shows that

|z — 1] <||z| = 1| + |z — |z| |- But the secant |z — |z|| is not larger than the
circular arc connecting |z| to z whose length is equal to |z||Arg z|.

For an analytic proof, let z = |z|(cos@ + isinf), 8 = Arg z. Then

|z = 1] = |(z = [2]) + (|| = D)| < |z = |2| | + [ 2] = 1] < [2][(cosf + isin0)
0
=1+ ||z = 1| = |2| 2sin§‘ + 12| = 1]

0 0
<|lz] = 1] + |z 6] (using sin 5' < % here) .

O
Exercises A

(1) Show that

|21+ -+ 20| < 2|+ |22 4o + 2l

with equality if and only if, as long as z;z;, # 0, then Z- > 0 holds.
(2) Suppose |zi] < 1, Ay >0for 1 <k <n.If \y+---4+ )\, =1, show that

[A1z1 4+ -+ Apzn| < 1.

Try to give a geometric interpretation if n = 2 or 3. How about for
general n?
(3) (a) Show that

z—a
1—az

<l&a <1,z <1 or |a|>1,|z>1.

© World Scientific Publishing Co. Pte. Ltd.
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34 Chap. 1. Complex Numbers

(b) Find the necessary and sufficient condition so that |#=%| = 1 or >1.
(4) Suppose |a| < 1,]b] < 1. Show that
ol ol _|a=b|_ lal+p _,
1—la||b] — |1—ab| — 1+]a||b] —

Try to figure out when equalities hold.
(5) Suppose 21 + z2 = 1. Show that 1 < |z1] + |22| and, in case 2129 # 0,
equality holds if and only if both z; and 25 are positive real numbers.
(6) Suppose Rea > 0 and Re(va? — 1) > 0 (see Exercise B(1) of Sec. 1.3).

(a) Show that Re{ava? —1} > 0.
(b) Show that |a + va? — 1| > 1 with equality if and only if a is real
and 0 <a<1.

(7) Consider the equation 2% — 2az + 1 = 0.

(a) In case a is real and —1 < a < 1, show that the roots z of the
equation satisfy |z| = 1.

(b) Otherwise, the equation has one root z; satisfying |z1| < 1 and
another root z, satisfying |zo| > 1.

(8) Prove the following special case of Minkowski inequality

n 2 n 2 n

Dlaj+bP ] < Do lalP |+ [ DIl

j=1 j=1 j=1

=

with equality if and only if %7 1 < j <n, are equal.
J

Exercises B

(1) Show that the roots z of the equation az? + bz + ¢ = 0, where ac # 0,
satisfy

]
o] + v/l ||

(2) Suppose 0 < ap, < ap_1 < -+ <ay <ap. If |2] < 1, show that

< 1oy < 1P VT

lal

2™ 4 ap_12"" 1+ -+ a1z + ag # 0.
(3) (a) (Young inequality) Suppose p > 0,q > 0, and p + ¢ = 1. Show that
|a|?|b]* < plal +qlb], a,beC
with equality if and only if |a| = [b].
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(b) (Hélder inequality) Suppose p > 1,q > 1, and % + % = 1. Then

1
n n p n

D labsl < [ D laslP > Iyl

j=1 j=1 j=1

When does equality hold?
(¢) (Minkowski inequality) Suppose p > 1, then

B =

1 1
n P n P n

Slaj+blP | < (Dol + | Dbl

j=1 j=1 j=1

When does equality hold?

1.4.3. Applications in (planar) Euclidean geometry

In this section, we try to use algebraic operational properties of complex
numbers and their geometric meanings introduced so far to realize how
complex numbers can be used to handle geometric problems.

Section (1) Lines, angles, triangles, circles, and domains deter-
mined by them, etc.

Let z = z 4+ 1y, where z,y € R.
A line in the plane R? has the equation
axr + Py +v =0, wherea,8,7v€R

= (by (1) in (1.4.1.4)) %(z—i—é) - %(z—é)—i—wzo
or
o — Bi o+ Bi_ _
5 z+ 5 Z+~v=0.

We list this result as part of the following

Complex equations of a line.

(1) az+aZ+b=0,whereac Cand a #0, b € R.
(2) The line passing two distinct points z; and 2o has the following
expressions:

(i) 2 = z1 + t(z2 — z1),t € R (passing the point z; with direction
2o — z1 and real parameter t). Note that the line segment z1z3 is
z2=21+t(ze0 —21),0<t < 1.
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Z—-Z Z—-Z
1 L 2o

23— &1 23— &1

-4 2350

Fig. 1.14

(i) Im 2=2L = 0.

Zo—2z21
z z 1
(iii) z1 zZ1 1[=0.
z9 73 1
See Fig. 1.14.

If walking along the line in the direction zo — 21, then:

left open half plane : {z € C|Im FTA 0} ,

Z9 — 21
simply denoted as Im ! > 0;
22 — 21
right open half plane : Im A < 0;
Z9 — 21
left closed half plane : Im A >0
zZ9 — 21

(including the boundary line Im FTA 0) ;
22 — 21

S ) (1.4.3.1)
Z9 — 21

right closed half plane : Im

In particular, the real axis Im z = 0, pointed to right, separates C into

(open) upper half plane : Imz > 0 and

(open) lower half plane : Imz < 0; (1.4.3.2)
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Sec. 1.4.8. Applications in (planar) Euclidean geometry 37

while the imaginary axis Re z = 0, pointed upward, separates C into
(open) right half plane: Rez >0 and
(open) left half plane : Rez < 0. (1.4.3.3)

Also we have

The relative positions of two lines (segments). Let z = z1 + t(z2 — z1) and
z = 24 + t(z5 — 2{) be two lines. Then, they are

’
. . . / 7 / . . z1—21
(i) 001nc1dent < 21—z and 25 — 21 are real multiples of 2o — 21, Le., Jl—
/
and 2 zi are real;
(ii) parallel & zh — 24 is a real multiple of zo — 21, i.e., Z 2 is real;

(iii) parallel and having the same direction < z — 21 is a positive real
1

> 0;
1

multiple of zo — 21, i.e., Z

(iv) intersecting at a point < Im 2 C a1 zl # 0.

The angle from the line z = 2] —|—t(z§—z1) to the line z = z1+t(z9—21) is

Z9 — 21
Arg -
22 T2
See Fig. 1.15. Hence, they are
(v)
g2 — 21
perpendicular < Re =— = 0. (1.4.3.4)

25— 21

Proofs are left to the readers as Exercise A(3).

3
9

-4 Zam A

\

23

\ zgl_zll
Fig. 1.15
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38 Chap. 1. Complex Numbers

Suppose 21, 22, and z3 are not collinear. Then, the consecutive segments
Z1232, 2223, and Z3z1 form the sides of a triangle Az1z923 with 21, 29, and z3
as vertices. The ordering z; — z9 — z3 is said to determine an orientation
of the triangle, usually called positive if counterclockwise and negative if
clockwise.

Some facts about a triangle

(1) Az1zazs and Az|zhz4, having the same orientation, are similar if and
only if (see Fig. 1.16)

/
z1 oz 1
/ / 1
Z3 — 21 Zq — Z
=2 " or |z 2z, 1|=0.
zZ9 — 21 Zo — 27 ’
z3 2y 1

If having opposite orientation, then they are similar if and only if (see
Fig. 1.17)

z1 2z 1
/ !
zZ3 — 21 Zoq — Z —
= f’ } or |z 2, 1|=0.
Z9 — 21 2o — 21 -
zg zh 1
g3 1
1
4
Iy 3 gy 23
Fig. 1.16
I
f
2
1 1
L3 23 L3 23
Fig. 1.17
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Sec. 1.4.8. Applications in (planar) Euclidean geometry
(2) Az1za23 has area
— 1 . . .
Im— = §Im(2122+2223+2321)

1
§Im(zl —23)(zZ3—73) = §|23 — 29|

if the triangle is positively oriented; or,

21z

=+ 3 z2 Z2 1 )
4 _
zZ3 Z3 1
where + is to be chosen so that the area is nonnegative. (1.4.3.5)

The details are left as Exercise A(4).
In two real variables x and y, a circle has the equation

a@+ )+ Bz +yy+5=0

1 .

= (Let x:§(z + %) and y= — %(z — %). Note that 2z = |z|* = 22 +y2.>
_ B o ~ _

azz—i—g(z—l—z)—g(z—z)—i—é—o, or

1 1
azzZ + §(ﬁ—i’y)z—|— §(ﬁ—|—i7)2—|—5 =0.

We summarize the above as

The complex equations of a circle. A circle has the equation

alz> +bz+bz2+c=0, a,ccR, and beC.
(1) If a =0 and b # 0, it degenerates into a line bz + bz + ¢ = 0.
(2) In case a # 0;

(i) [b]* < ac: an imaginary circle;
(i) [b]* = ac: a point circle —&;
(iii) [b|? > ac: a real circle

|z — 20| =7

v/ |b|2—ac

] or, in polar form,

with center zo = —g and radius r =
z =29+ r(cosf +isinh) = 2z +re?, 0<6<2r.
See Fig. 1.18.
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40 Chap. 1. Complex Numbers

i +rei?

Fig. 1.18

Walking along the circle, we usually call the circle positive-oriented if coun-
terclockwise and negative-oriented if clockwise. The circle separates the
plane C into

open disk : |z — 29| < 1,

closed disk : |z — 29| <7 (including the circle |z — 2| = r itself),
outside of the closed disk : |z — 29| > r and

outside of the open disk : |z — 29| > r (including |z — zo| = ). (1.4.3.6)

Section (2) Some illustrative examples

Example 1. A triangle Azj2523 is an equilateral triangle if and only if

2 2 2
2] + 25 + 25 — 2122 — 2223 — 2321 = 0.

Proof. The necessity: See Fig. 1.19. Then

23 — 21 21 — 22 22 — 23

= : (*1)

Z2 — 21 z3 — 22 %1 — 23
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2

23 ]

Fig. 1.19

After cross multiplication of the first equality, we have
(23 — 21)(23 — 22) = (22 — 21)(21 — 22) = —(21 — 22)°
= zf + zg + zg — 2129 — 2923 — 2321 = 0.

The sufficiency: Reversing the above process, we will recapture (x1) and
hence, Az 2523 is equilateral. Or we can do this as follows. The given iden-
tity can be rewritten as

(221 — 22)2 + (22 — 23)2 + (23 — 21)2 =0.

Now
(Zl — Zg) =+ (222 — 23) + (23 — Zl) =0
= (221 — 22)2 + (222 — 23)2 + 2(21 — 22)(22 — 23)
=[—(z —21)]" = (23 — 21)°
= (Substitute (z; — 22)? + (22 — 23)*
= —(23 — 2’1)2-)(21 — 22)(22 — 23) = (23 — Zl)2
Z3 — 21 o Z9 — 23
Z9 — 21 o 21—23.
And so on. O
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42 Chap. 1. Complex Numbers

Example 2. Given four distinct points z1, 22, 23, and z4 in the complex
plane C. Show that the identity

(21 — 22) (23 — z4) + (21 — 23) (24 — 22) + (21 — 24)(22 — 23) = 0,
and hence, deduce the inequality
|21 — 22| |23 — 24| + |22 — 23] |21 — 24] > |(23 — 21) (22 — 22)|,

with equality if and only if z1, 29, 23, and 24, in this ordering, lie on a circle
or on a line. This is the classical Ptolemy theorem. See Fig. 1.20(a) and (c).

Proof. The identity can be rewritten as

(22— 21) (24 — 23) tl= (24 — 22)(23 — 21) (42)

(22 — 21)(22 — 23) (23 — 22)(2a — 21)’

which we simply denoted as —A + 1 = B, where

_ (22— 21)(24 — 23)
A= (24 — 21)(22 — 23)

and
(22 — 22) (23 — 21)

B = G —a)

The necessity: Suppose these four points lie on a circle as shown in
Fig. 1.20(a) or on a line as shown in Fig. 1.20(c). Set

Z9 — 21
91 = AI‘g y
24 — 21
Z4 — 23
92 = AI‘g y
22 — 23
24 — 22
93 = AI‘g y
23 — 22
and
23 — 21
0, = Arg .
24 — 21
Then,

ArgA=0,+0=—7 or m,
ArgB=05+60,=0
= Arg(—A) =0.
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24

Z4

)]

Fig. 1.20

Hence —A > 0 and B > 0. (*2) means —A + 1 = B which is equivalent to
|-A|+1=|B|, ie., |21—22| |23 — 24| +|22— 23| |21 — 24| = [(z3—21)| |(z4— 22)]|
holds.

The sufficiency: Reverse the above process. The identity is equivalent
to |[-A|+ 1 = |B|. When comparing to (*2), namely, —A + 1 = B, we have
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—A > 0 and hence B > 0. These mean that Arg A = 6; + 0y = —7 and
Arg B = 05 + 04 = 0. Therefore, 21, 22, 23, and z4 lie on a circle. O

Remark. Suppose we disregard the ordering of appearance of 21, 22, 23, and
z4 on a circle or on a line. Then, in addition to Figs. 1.20(a) and 1.20(c), we
also have to consider the cases shown in Figs. 1.20(b)-1.20(e). In all cases,
the ratio of ratios

21 — 23 k124

Z2—Z3.22—Z4

will be a real number; as a matter of fact, it is positive if z3 and z4 does
not separate z1 and zo, and it is negative if z3 and z4 separate z; and zs.

Example 3. Let a and b be two distinct points in C.

(1) The set of points z satisfying

zZ—a

represents
(i) the point circle a, if A = 0;
(ii) the point circle b, if A = oo;
(iii) the perpendicular bisector of the segment ab, if A = 1, and
(iv) in case 0 < A < oo and A # 1, the circle

_ Aa =]
C=a

_a—)\zb
1— )2

See Fig. 1.21: If A varies from 0 to oo, the family of circles varies from the
point a, via circles with centers lying on the line ab, called Apollonius
circles, to the pointe b.
(2) The set of the points z satisfying
z—a

Arg =0, —-7wm<6<n~m
z—>b

represents

(i) the segment ab, if § = m;
(ii) the two outward rays eminating from a and b along the line con-
necting a and b, if 6 = 0, and
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0<A<)

(A>1)

Fig. 1.21

(ili) in case —7 < 6 < m and 6 # 0, the circle |z — (afb — Q‘ia’f@iﬂ =

‘az;bl|csce|.
See Fig. 1.22: If 0 varies from —m to 7, the family of circles are coazial
circles with the segment ab as the coaxis.
(3) Any one of the circles in (1) is orthogonal to any one of the circles
in (2). They together form the so-called Steiner’s circles.

Proofs are left as Exercise A(5). For further discussions concerned, see
Sec. 1.4.4. |

Example 4. Describe the plane curve
|22 —a®l =\ where a > 0 is a constant and 0 < \ < oo.

Try to find out the point set of z satisfying |22 — a?| < X (0 < X < o).

Solution. |22 — a?| = X has the following rectangular equation and polar
equation

(@ —a)* +37)[(z + a)® +9°] = X%, where 2 =z +1y;

(r? +a?)? = X2 + 4a®r? cos®H, where z = re®?,
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Fig. 1.22

A>a

Fig. 1.23

respectively. It is a Cassini oval if X > a, a Bernoulli lemniscate if
A = a, a Cassini oval of two branches if 0 < A < a, and the point
set {a,—a} if A = 0. See Fig. 1.23. What is the point set defined by

|22 —a?| < A\? O
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Example 5. Let w = 2% — 3z. Try to describe the following point sets:
(1) Rew=0, i.e., either Rew > 0,= 0 or <0.
(2) Tm w=0.
Solution. Let z = z + iy and w = u + 7v. Then
u+iv = (z +iy)® — 3(x +iy) = (2® — 3wy? — 32) +i(32%y — y> — 3y)
= u =% —3xy® — 3z = z(2® — 3y* — 3),
v=—y> +3z%y — 3y = y(32% —y* - 3).
Then
u=Rew =0« z=0or z? — 3y> = 3 (a hyperbola);
u=Rew>0<z>0and 2?2 —3y?> >3 orz <0 and 22 — 3y® < 3;
u=Rew<0&z>0and 2> —3y> <3 or z <0 and 2° — 33> > 3.
Similarly,
>0« y>0and 322 —y? >3 ory<0and 32?2 —y? <3,
v=Imw<{ =0« y=0or 322 —y% = 3 (a hyperbola),
<0< y>0and 322 —y?<3o0ry<0and3z2—1y?> 3.
See Fig. 1.24.

Exercises A

(1) Do the following problems.

(a) Prove that the direction vector of a line @z + aZ+b = 0 is orthog-
onal to a.

(b) Two points z1 and z9, considered as vectors, are orthogonal if and
only if z1Z3 + Z122 = 0.

(¢) Three points 21, 29, and z3 are collinear if and only if, there exist
real scalars t1,to, and t3, not all equal to zero, so that

t121 +tazg +t323 =0 and ¢t +tx+1t3=0.
(d) Suppose z1 + 22 + 23 = 212923 holds. Show that z1, 29, and z3
cannot lie on the same side of the real axis.

(2) Prove (1.4.3.1) in detail.
(3) Prove (1.4.3.4) in detail.
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(4)
()
(6)

(7)

Chap. 1. Complex Numbers

é‘:d_;xz -3y’=3

Fig. 1.24

Prove (1.4.3.5) in detail.

Prove Example 3 in detail.

(a) Find the other two vertices of a square with two known vertices
a1 and as.

(b) Find the fourth vertex of a parallelogram with three known ver-
tices a1, as, and as.

Fix any three noncollinear points a1, a2, and as in the plane C. Show

that any point z in C can be expressed uniquely as

z =1t1a1 + teas + tzas, t1+to+1t3=1.

Usually, we call (t1,t2,t3) the barycentric coordinate of z with respect
to the affine basis {a1,as,as} for the plane. Show that a point z lies
in the interior of the triangle Aajasas if and only if it has barycentric
coordinate (1, ta,t3) where t1 > 0,2 > 0,t3 > 0, and ¢1 +to + 13 = 1.
In particular, show that

1
g(al + a2 + ag),

is the barycenter of Aajasas.

Any three vertices of the four vertices of a quadrilateral form a trian-
gle. Suppose the locations of the barycenters of such four triangles are
known, try to find the quadrilateral.

CLASSICAL COMPLEX ANALYSIS - A Geometric Approach (Volume 1)
© World Scientific Publishing Co. Pte. Ltd.

http://www.worldscibooks.com/mathematics/7222.html



9)
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(15)
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Construct Aajagal, Aazaza) and Aagaial outward the triangle
Aajasas so that these three triangles are similar and have the same
orientation. Show that both Aajabal and Aajazas have the same
barycenter.

Show that Aajasasz is an isosceles triangle with vertex ag if and only
if there exists a positive number k so that

az — a1 a3 — a2

: = k.
a2 —ap aip —az

Suppose |zx] = 1, 1 < k < 4. Show that 21, 29, 23, and z4 form a
rectangle if and only if z; + 29 + 23 + 24 = 0.

Suppose |a1| = |az| = |ag| = 1. Show that Aajasas is an equilateral
triangle, inscribed to the unit circle, if and only if a; + as + a3 = 0.
(a) Show that three distinct points 21, 22, and z3 are collinear if and

only if

21 — 23

Im =0.

22 — 23

(b) Show that four distinct points 21, 22, 23, and z4 are collinear or lie
on a circle if and only if

21 — 23 22 — 24
Im(—— - —— ) =0.
22 T 23 21 — 24
Four distinct lines a1b1, a2bs, asbs, and as by meet at a point zg, where

a1, as,as,aq and by, ba, bs, by are collinear, respectively. See Fig. 1.25.
Show that

ay—az az—az by —bs by —b3

ay—ay ag—ag by —by by — by

Show that the equation of the circle passing three noncollinear points
21,22, and z3 is

22 2z z 1

|21|2 z1 z1 1 —0

|22|2 29 ZzZo 1 o

|253|2 z3 Zz3 1
Determine the center and the radius. What happens if 21, 22, and z3
are collinear?
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Fig. 1.25

(16) Suppose 21 # 0,1 and 0, 21, 22 are not collinear. Show that the center
and the radius of the circle passing z;, 2o and z7 ! are

|21 — 2| [1 — Z120]

1 2\ _ 1 2
21 ( +|Zz\_) Z_z( tlal) g ]l
21292 — 2179 ‘Z1Z2 — 2122‘

respectively. Prove that Z3~! also lies on the circle.
(17) Fix a > 0.

(a) Denote by T' the circle passing +a and with the center bi, where
b € R. Show that a point z lies inside, on, or outside I' if and

only if
|z]> =20 Im 2z < a®, =a® or >ad?
respectively.
2
(b) For any point z with Im z # 0. Show that —a, a, z, and % lie on
a circle.
2
(c) If a circle passes through —a, z(Im z # 0) and “%-, then it should
pass a.

d) Let I" be as in (a). Show that z lies inside I" < a’ lies outside I'.
( E
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(18) Describe the following point sets or curves and try to graph them.

(a) @« <Rez < 8, where o, 8 € R.

|z +al + |z — a] 22X, where A > 0 and |a] < A.
||z +a| — |z — a|| 22X\ where A > 0 and |a| < \.
Re 2249 >0

z—1

)
)
)
) T
) i
(g) (aZ +az)? 2 2(bz + bz) 4 ¢, where ¢ is real.
)
i)
)
) |z|<2and0<Argz<§.
(1) 0 <Arg(z—1) <7 and 2 <Rez <3.

)
z so that Azab and Aza’b’ both have the same orientation and
are similar.

Exercises B

(1)

Suppose z1, ..., 2z, are distinct nonzero points and they all lie on the
same side of a line passing 0.

(a) Show that %, 1 < k < n, all lie on the same side of a certain line

passing 0.
(b) 214+ 2n #0and & +---+ = # 0 hold.
This indicates that, as long as 21 +--- 4+ z, = 0 and z1, ..., 2, do not
lie on the same line, then any line passing 0 will separate the points
Z1,...,%n, 1.e., some lie on one side of the line while others on the
other side.
Let z1,...,2, be distinct points in C. Denote the conver closure
spanned by z1,...,2, as

Con(z1,...,2n)

n
> Nzl =0for 1<j<nand A4+ A, =1y,
j=1

with 21, ..., 2, as vertices. It is a conver set, namely, the line segment

connecting any two of its points lies entirely in the set. In case A\; > 0
forl<j<mnand \;+---+X\, =1, then Z?Zl Ajzj is called an interior
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point of Con(z1, ..., 2,). If 21, ..., 2, are collinear, then Con(z1, ..., z,)
is the smallest line segment containing z1, ..., 2.
(a) Suppose z1,..., 2, are not collinear. Then any line passing an inte-
rior point of Con(z1,. .., z,) will separate z1,..., zn.

(b) If Z?:l ﬁ = 0 holds, then z should lie on the set Con(z1, ..., 2y).

1.4.4. Steiner circles and symmetric points with respect
to a circle (or line)

We try to give another proof of the fact that an Apollonius circle Cy :
=2 = A (0 < XA < o0) and a coaxial circle Cy : Arg Z=¢ =0 (—7 < 6 < 7)
will intersect orthogonally (refer to Example 3 in Sec. 1.4.3). And hence,
we introduce how two points are said to be symmetric with respect to a
circle (or line).
In Fig. 1.26, fix any point zy on a Cs circle and draw the tangent to the
circle at zg so that it intersects the extended line ab at a point p. Now,

[20—al _ lp—al _|p— 2
20 =0 |p—=2l [|p—bl

Apzoa ~ Apbzy (similar) =

Note that zg lies on a Cy circle, namely,

zZ—a

z—b

zZ0—a

Zo—b

Fig. 1.26
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Hence,

lp—al |p—z| |p—a|_A2’

= = = a constant.
lp—=20  |p—0l lp — 0|

This means that, as long as a point zg lying on a C} circle: [=¢| = A, then
the tangent to the Cy circle: Arg Z=¢ = 6 = Arg zg:z will always intersect

the line ab at a fized point p. Moreover,

lp— 20> =|p—allp—bl,

shows that |p — 2o is also a constant. And we prove that such a C; circle
has its center at p and radius |p — zp|, and is orthogonal to any possible Cy
circle.

We formally summarize the above as

Symmetric or reflection points with respect to a circle (or a line). Fix a
circle C with center z¢ (including the degenerated case, a line L) and two
points z, z* € C. Then, the following are equivalent:

(1) z and z* are situated on the same half line from zp, namely ﬁ > 0,
and |z — 2o |2* — 20| = r2.

(2) Any circle (or line) passing through z and z* will intersect the fixed
circle C (or line L) orthogonally.

(3) Any circle (or line) passing z and intersecting C' orthogonally will also
pass the point z*.

In such a case, we called z and z* symmetric with respect to C' (or L), or
reflection points of C' (or L). In fact:

(a) If C has equation |z — 29| = r, then z and z* are symmetric w.r.t. C' if
and only if

2

¥ =29+ —.

Z— Z

= L = 2 where

T r r

In this case, the circle C' can be expressed as ‘ CC:zZ*

z = z,+r1e"% and 2* = z,+7r2¢". If C has equation azZ+bz+bz+c = 0,
then

az*z+bz*+bz+c=0.
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(b) If L has equation az + az + b = 0, then z and z* are symmetric w.r.t.
L if and only if

azZ+az" +b=0;
if L has equation z = a + bt(|b| = 1, t € R), then
2* =a+b%(z—a);

if L is the line passing two distinct points a; and as, then

1
2= [(a2 — a1)Z + a1z — @ray] . (1.4.4.1)

ag — ay

See Fig. 1.27

Note that z lies inside C' < z* lies outside C'; z lies on C' < z* lies on
C and z = z* holds. In case of a line L, z and z* lie on different sides of L.

By the way, we obtain partial results of the following

Steiner’s circles. Fix two distinct points a and b in the plane C. Then,

Apollonius circles Cf : ‘Z _Z =), 0<A<o0o and
P
z—a

Coaxial circles Cy : Arg = 0, —-m<O<m,

together form the so-called Steiner’s circles: a and b are called the limit
point of C; circles, while the line segment ab the coazis of Cy circles. See
Fig. 1.28.

They own the following basic properties:

(1) Except the limit points a and b, any point in C lies on exactly one C;
circle and only one Cs circle.

Fig. 1.27
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Fig. 1.28

(2) Every (4 circle is orthogonal to every Cy circle.

(3) A reflection or symmetric motion (z — z*) with respect to a C; circle
maps every Cy circle onto itself, and maps a Cp circle onto another
C1 circle. A reflection or symmetric motion with respect to a Csy circle
maps every C circle onto itself, and maps a Cs circle onto another Cs
circle. See Exercise A(7).

(4) The limit points a and b are symmetric with respect to every Cj circle,
but not to any other circles. (1.4.4.2)

As a matter of fact, (1.4.4.1) and (1.4.4.2) are easy consequences of the con-

formality of the bilinear transformations w = Z=2¢ and w = Z=3, respec-

0
tively. (See Sec. 2.5.4; in particular, Examples 1 and 2 there.)

Exercises A

(1) Prove (a) and (b) in (1.4.4.1) in detail.

(2) Prove (1.4.4.2). See also Exercise (7) below.

(3) Suppose a circle C; intersects another circle Cs orthogonally and a line
passing the center of C; will intersect Co at two points a and b. Show
that a and b are symmetric with respect to Cj.
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(4) (a) Show that a point z symmetric with respect to both |z — a;| =7
and |z — ag| = ro satisfies

r%(z —ay)"t - r%(z —ag) "t =ay — ay.

(b) Show that a point z symmetric with respect to both a circle
|z — a| = r and a line passing a; and ay satisfies

1

a+r(z—a)"' = (az — al)_l[(dz —a1)z + Graz — a1az)].

(5) Try to use Exercise (4) to do the following problems.

(a) Find out all the circles orthogonal to both |2| =1 and |z — 1| = 1.
(b) Find out all the circles orthogonal to both |z| = 1 and the line
T =2

(6) Discuss the following families of curves and graph them.

(a) Rel =y and ImL = ), are they orthogonal to each other?
(b) Re 22 = )\ and Imz = Ao, are they orthogonal to each other?

(7) (Refer to (3) in (1.4.4.2))

(
(a) Suppose z and z* are symmetric with respect to a C; circle: |Z=¢| =
)\0 (O S )\0 S OO) Then

(b) Suppose z and z* are symmetric with respect to a Cy circle. Then,

z¥—a

z*¥—b

z—a
z—0b

*

=X (0< A< )

¥ —a z—a
— = — —T < ).
Argz b 9©Argz 5 0 ( <46 )

(8) Consider the graph of the circle |z| = 1 under the translation z — 1+ z.
Show that, if |z| = 1 and z # —1, then 2 Arg(1 + z) = Arg z.
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1.5. De Moivre Formula and nth Roots of Complex
Numbers

In (1.2.15), let 21 = 23 = z, then
2% = |2|?(cos 20 + isin26), 0 = arg z;
in (1.2.15)', let z9 = 1 and z; = z, then
271 = |2]7Y(cos(—0) +isin(—h)), 6 =argz.
Based on these two identities, we get inductively the following
2" =7r"(cos nf +isin nd), r=|z|, O=argz

=re™ =0, £1, £2,... . (1.5.1)
In case |z| = r = 1, we have the
De Moivre formula.

(cos@+isinh)™ = cos nf +isin nf, n==+0,+1,+2,...,
or,
(e?)n = ein?, (1.5.2)

One of the main advantages of this formula is that it provides an easy
way to compute the nth roots of a complex number, while the other one
is that, via binomial expansion, we can express both cosnf and sinnf as
polynomials in cos and sin 6 (see Exercise B(2)—(4)).

Let n be a fixed positive integer and z € C. Then, the nth roots of z,
denoted as

zn o or {/z, (1.5.3)
are defined as any complex numbers w such that w™ = z.
If z = 0, designate zw =0.
Now, suppose z # 0. In w" = z, let
z=re", r=]lz|, and 6= Argz;
w=pe®, p=|w/, and ¢=argw
= (By (1.5.1)) p"e'™? = re®
=p"=r and np=0+2kr, k=0, £1,+2, ...
1 1 oy
= p=rn =|z|» (as a positive real number),
0+ 2k 1
o= LT L Avgs g 2km), k=0,+1,42,....

n n
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Hence, the roots of w™ = z are

wy = |2|Fer AI82+2km) b 4 49

)

In case k < 0 or k > n, wy, = w,, & k = pn + m for some integer p and
0 <m < n-—1.Hence, w"™ = z has only n distinct roots wg for 0 < k <n—1.
We summarize the above as

nth roots (n > 2) of a nonzero complex number.

(1) The nth roots of the unit 1. Let

2 .. 2w i2m
W=C08S— +185lIn— =¢€ " .
n n

Then w™ = 1 and nth roots of 1 are

which form vertices of a regular n-gon inscribed in the unit circle. See
Fig. 1.29 (for n = 6).
(2) The nth roots of z # 0. Let 6 = Argz. Then, the nth roots of z are

G = |Z|%€%(0+2kﬂ)

=(wk, k=0,1,2,...,n—1,
Co is wusually called the principal wvalue of /z. Note that

Cos Cow, + .., Cow™ ™! form vertices of a regular n-gon inscribed in the
circle with center at 0 and radius |z|. (1.5.4)

A complex number (, such as w, satisfying (" = 1 but {("™ # 1 for any
1 <m < n-—1,is called a primitive nth root of 1. If ( is a primitive nth

Fig. 1.29
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root of 1, then 1,¢,¢?,...,¢" ! will be all the nth roots of 1. ¢ = w* is a
primitive nth root if and only if 1 < k < n—1 and k is relatively prime to n.

Equation (1.5.3) can be extended as follows. Let n and m be integers
so that n > 0 is relatively prime with |m|. Then, we define

(z2)™, m >0,
zn = 1 (1.5.5)
7), m<0 and z#0.

By using (1.5.4), we have

m m m(0+2kmw)
™ o n

zn =|z|me , 0=Argz, k£=0,1,2,....,n—1. (1.5.6)
Note that, within this formula, |z|% = 3/]z[™ = (%/]z])™ is chosen to be

a positive number. For further discussion, see Exercise A(10).
We give four examples.
Example 1. Solve 26 — 223 42 =0.
Solution. 26 — 223+ 1= -1= (23— 1)2 = —1 = €™ Hence
22—1= e%(““k”), k=0,1.
IncasekzO:z3—1:e%“i:iéz?’:l—i—i:\/ﬁe%’”‘. Hence
2] = 2ée%(i”+2l”), 1=0,1,2

PV <¢6+\/§+if—¢§>;

= zp = 26eT 1 1

oy = 2k 3™ ok <_L+ZL).
1 \/§ \/5 )

s oar o1 [ —VE+HV2 VE+HV2
2o = 26e12™ =26 1 —1 1 .

. . J g
Incase k=1:22—1=—i=23=1—14=+/2e" 7™, Hence
1oi( 1
ss = 28es(CETAT) 1 9
= 23 =Z9, 24=23 and z5=7Z.

See Fig. 1.30.

Example 2. Compute (1) [(1+1)2]3, [(1+1)%]2;
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2y
4
2y
33
s
2
Fig. 1.30

(2) [(1 +4)2]%, [(1+4)2]2, and compare them.
Solution. (1) 141 = v/2e3™. So

(1+i)2 = 28es(Bmd2hm) o 1,
= [a+i)iP =2teslimro) gk —o,1,
namely, zg = 2%6%7”‘, z1 = —21 es™i,
On the other hand, (14 )3 = 2(—1+4) = 2v/2e3™ and [(1 +4)3]> has
two values zg and z7.

(2) By (1),
[(1+4)2]2 = 23/ (Gme2m) - — 0,1,

and we get only one value v/2e3™ = 1 +i. While, (1+4)2 = 2i = 2¢2™ and
hence

[(1+1)2)2 =28es(am+2m)  — 1,
namely, +(1 + 7), which has one more value than [(1 + i)%]Q.

Remark. Suppose fi(z) and fa2(z) are two multi-valued functions. If, for
each z in their common domain of definitions, the set of values of fi(z) is
equal to the set of values of f2(z), then we designate f1(z) = f2(z), otherwise
f1(2) # fa(2). According to this convention, [(1 +4)2]® = [(1 +4)3]z while
[(14)2]% # [(1+1)%)2. For general setting, see Exercises A(9) and (10).
Also, refer to (1.2.16).
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27

Example 3. Let n > 2 be an integer and w,, = e » . Show that

(1) w”m+k—wkmEZandk—01 Ln—1;

(2)@”’“ ok k=0,1,. l,and

(3) 1+wp+w2+-+w! ! =0 (for geometric meaning, see Fig. 1.29)

Proof. (1) and (2) are obvious. (3) Note that w, # 1. Now
wpr—1= (wp— Dl +wy+-+w)=0
:>1—|—wn—|—~~-—|—w2_1 =0.

Or,let p = 1+w, + -+ w? L Then pw, = w, + w2+ +wl ! 4+
W' = 14w, + - +wlt = p. Hence p(w, — 1) = 0 and it follows

n

that p = 0. O

Example 4. Factorize the polynomial
PR R .

over the integer, the real and the complex number systems, respectively.

Analysis: The original polynomial can be rewritten as (z3)* + (23)3 +
(3)? + 2 + 1. Recall the formula a® — 1 = (a — 1)(a* + a3 + a® + a' +1).
Hence

x5 —1

3 —1

and try to factor the left side. Or, observe that 12 = 5 x 24+ 2, 9 =
5x 144, 6=5x1+41.If we choose w as a primitive 5th root of 1, then

=z +2% +a% + 2% +1

W+ WS P+ 1 =w% 2 + WPt F WS+ Wi 1
:w2+w4+w+w3+1:0,
which means the original polynomial has a factor 2* 4+ 2% + 22 + z + 1.

. 2km ; .
Solution. In C, 2z — 1 = 0 has roots e 13 %, 0 < k < 14; while the roots
corresponding to k = 0, 5, 10 are roots of z3 — 1 = 0. Hence,
14
2km ;
124 09 4 064 8401 = H (r—eT5 ).
k =
k+#0,5
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By use of Example 3(2), e (1R — =% fork =0,1,2,. ., 7. Hence,
for such &,

. .y 2k
(x — e%l)(x - e_%l) =2% - <2cos 1—;) x4+ 1.
Therefore, in R,

7
2
12 9 6 3 2
+2%+a2%+2° +1= ] —(2cos == )z +1
X i X X |:.’L' (COS5>$ :|

InZ

5 5\3 5 10 4 .5

12 9. & 3 =1 (2°)—=1 2°—-1 2%+z°+1
1: = = .

+z +x +z+ 31 31 P R

=@ +2°+2° +2+1)

x (28 —2" 4 2° —xt a3 -2+ 1),

where the two factor polynomials in the right cannot be factored any more
over Z (why?). Or, according to the Analysis above, divide 2'? + 2° 4 2° +
23 4+ 1 by 2% + 23 + 22 + 2 + 1 via long division.

Exercises A

(1) Try to set z = cosf + i¢sinf in identities such as 1 + 2z 4 --- 4+ 2™ =

1?_";1, z # 1, to prove the following identities.
() 1+ Y7 coskf = L+ 320020 g < g < o,
2
n8 gip (n+1)
(b) >y sinkd = %7@29, 0<0<2m.
2
(c) Dhy cos(2k —1)0 = 323{’5, 0<6<m.
(d) S sin(2k —1)§ =210 0 <9<

Solve the following equations.

(@) 22 +2 = 0. (b) 22 =422 +3 =0. (¢) 2°+2z+1 = 0.
(d) 28+ 24+ 1=0.

(3) Solve z"~1 = z. .

(4) Compute (‘/7§ + %z) " and 3.

(5) Show that all the roots of (z +1)° 4+ 2% = 0 lie on the line Rez = —1.

(2)
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(6) Show that 6425 = (2 — 1)% has four complex roots, where two of
them lie on the imaginary axis, and the other two lie on the first and
the fourth quadrant. Also, show that all the roots lie on the circle
(x+5)" +v2=(3)"

(7) (a) Show that the real part of {/z + {/Z, where z = re® is

0+ 2k
Q{L/Fcos%, 0<k<n-1.

(b) Write out the real part of ¥/—1 +1i + v/—1 — i.

(8) Let z1, z2, and z3 be the three roots of 23 — 3pz? + 3¢z — r = 0. Show
that the barycenter of Aziz023 is p and, if Azjz923 is an equilateral
triangle, then p? = q.

(9) Compute the following pairs of complex numbers and compare them.
(a) [(1+14)3]% [(i+14)%]3.

oL . 1
(b) [(1+4)5]% [(1+4)°]5.
(10) Let n and m be integers, where n is positive.

(a) Show that z% = (z%)™ has Gy distinct values, where z # 0

and (n, |m|) denotes the greatest common divisor of n and |m]|.
(b) Show that (z#)™ = (2™)n < (n,|m|) = 1.

(11) If n > 2, show that

n—1

n—1
2k 2k
E cos—wzo and E Sin—ﬂzo.
n n
k=0 k=0

(12) Show that

k=1

(13) In Fig. 1.29, fix any vertex of the regular n-gon. Show that the product
of the distances from that vertex to the other (n — 1) vertices is the
constant n.

(14) Let k be an integer and 0 < k <n —1. Set w = e,

(a) The smallest positive integer p satisfying w? = 1 is called the order
of w. Find the order of w.
(b) For each positive integer I, show that

n, if n divides lk

1 1 2l . Un—1) _
tw AWt 0, if otherwise
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(15) Let w be a primitive nth root of 1. Compute the following values.

(a) 1—w' +w? — - 4 (=1)" 1w D! where [ is an integer but not
a multiple of n.

(b) 1+ 2w+ 3w+ +nw™ L.

(€) w+2w? 4+ 3w+ -+ (n— w1

(d) 1+ 4w+ 9w? + -+ +n2wn L.

(16) Let w be a primitive nth root of 1 and f(2) = ag + a1z + - - - + ax2.
Show that

%{f(z) + f(wz) + f(sz) “+ -4 f(wn—lz)}

=ag+ anz" + agnz?" + -+ arp 2"

where An is the largest multiple of n, not larger than k.
(17) (a) Suppose w is a primitive 5th root of 1. Show that

(x+y+ 2)(z 4+ wy + wh2)(z + Wiy + wd2) (@ + WPy + wz)
x (z+why +w2) = 2° + y° + 2° — 5adyz + 5xy?2?

(b) Use (a) to solve 2° — 5az® + 5a%x + (a® + 1) = 0.
(18) Prove the following factorizations, where a > 0.

22— g2m — (22 _ o?) ;n;ll (xz — 2ax cos ’f_’f + az)
Pt — g2t = (z —a) [T, (3’2 — 2az cos 35,77 +a )

)
)
(c) z*™ +a?™" = HZL:_O1 (x — 2ax cos —(2’”1) + 2)
)
)

x2mHl 4 g2mHl = (1 4 q) Z":_Ol (x — 2ax cos (2’”1)” +a )

2m m.,.m 2m __ m—1 _ 19+2k7r 2
T 2a™x™ cosf + a*™ =[], (:1: 2ax cos =28 +a).

Exercises B

(1) Factorize the following polynomials over Z, R, and C, respectively:

(a) ® +a* + 1.

(b) 27+ 2%+ 2% 4+ 222 + 1.

(c) 28 + a8 +a2* + 22 + 1.

(d) a+ (a+b)z+ (a+2b)a? + (a+ 3b)z> + 3ba? + 2ba® + bab.

CLASSICAL COMPLEX ANALYSIS - A Geometric Approach (Volume 1)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7222.html
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(2) By expanding (cosx +isinz)™ binomially and comparing the real and
the imaginary parts of both sides, show that
2]
cosme = Z (—1)*C cos™ =) g sin?*
k=0

2
sinmaz = E (-1)*om 4 cos(M=2k=1) g gin(2k+1) o
k=0

where [%] denotes the largest integer not larger than 3, etc.
(3) (a) If m is an even integer and z € R, show that

m

1 sin® x
cosme = H e acTsE e
fratie} sin® 5=

. 5 . 2

sin mx . sin” x

——— = msinx H 1= —7-

CcosT sin® L
k=1 m

(b) If m is an odd integer and = € R, show that

m—1
2 2
cosmx 1 sin” x
cos T sin2 @Gk=1)m |7
k=1 m
m—1
. . sin® x
sinmx = msinz Il 1— ——
2 km
sin® =&
k=1 m

Note. These identities can be used to derive the infinite product expres-
sions for cosz and sin x:

o0 Z‘2 o0 Jj2
_ 1— C o — 1— — ).
cos U( (H%W), sinz xH< W)

(4) Let z = re®. Then 2™ + 27" = 2cosnf and 2" — z~" = 2isinnf. Show
that:

(a) If n is an odd integer,

n—1

cos" 0 = =1 C cos(n — 2k)0,
k=0
.n 1 n_1 = k1 e
sin™ 0 = =T (-1)= (=1)*C} sin(n — 2k)0.
k=0
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66 Chap. 1. Complex Numbers

(b) If n is an even integer,

n—2

cos™ f = 3T Z C} cos(n — 2k)0 + 270%7
k=0

M)

n—

N|

1 n

1
sin” 0 = - (-1)* (=1)*CP cos(n — 2k)0 + 5 C-

£
I
<

(5) (a) If 0 < 0 < 5, show that
sin(2m + 1)0 = sin®™ 1 P, (cot? §)

where P, (z) = Y1, (-1)*C3 am k.
(b) Show that

o, km m(2m — 1)
Z cot = .
= 2m + 1 3

1.6. Spherical Representations of Complex Numbers:
Riemann Sphere and Extended Complex Plane

In the Euclidean space R3, consider the unit sphere
S:x?taritai=1

with N = (0,0, 1) as the north pole. Designate the x1zs-plane as the com-
plex plane which intersects with S along the equator.

Pick any point z in C. The line connecting z to N intersects S at a
unique point @, where @ # N, and vice versa. Note that |z| < 1 & @
is in the lower hemisphere, |z| > 1 < @ is in the upper hemisphere, and
|z| = 1< Q lies on the equator. See Fig. 1.31.

This sets up a one-to-one and onto correspondence

2:QeS\{N} - d(Q)=2€C, (1.6.1)

between S (except N) and C, called the stereographic projection from S
onto C with N as center in which z is called the projective point of @ in C
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&

A =i0,01)

C:xx — Pl

Fig. 1.31

and @ the spherical image or representation of z on S. In this sense, S is
particularly called the Riemann sphere.

Section (1) The infinite point co

No point in C corresponds to the north pole N of the Riemann
sphere S.
Observe that

|z| (the distance of z from 0) — 400
< Q€S — N, ie., the distance |Q — N| — 0.

Hence, it is natural to imagine that there exists a unique point, specifically
denoted as

o0, (1.6.2)

beyond any disk |z] < R (no matter how large R is), corresponding to the
north pole. We call oo the infinite point or the point at infinity of the finite
complex plane C and

C* = CU {oo}, (1.6.3)

the extended complex plane. Hence, points in C*are in one-to-one and onto
correspondence with points in S. Sometimes, we denote

C by |z| < 00, and C* by |z| < 400, (1.6.4)
where +o0 is the positive infinity, in the extended real number system.
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68 Chap. 1. Complex Numbers

Remark (The geometric properties and algebraic operational
properties of oco). Rotate the sphere S with zj-axis as axis through
180°. Then the upper and the lower hemispheres are interchanged so that
(x1,22,23) into (x1,—x2,—x3), and N = (0,0,1) into the south pole
(0,0, —1) and conversely. Note that ®(0,0, —1) = 0. This motion is equiv-
alent to the reflection z — % of the plane C (see Fig. 1.11 and (1.6.7))),
which interchanges 0 < |z| < 1 and 1 < |z] < 0o, and 0 and oo at the same
time. Hence, we designate

1 1

g= and — =0,
" X, (1.6.5)
0= (aeCanda=#0) and 5:0 (a € C).

Note that the inverse mapping ®~! : C — S\{N} does not preserve oper-
ations of addition and multiplication. On the other hand, oo is the only
point in C* which has the infinite distance +00 to the origin 0. Hence, it
seems reasonable to define:

atoco=00+a=00, acC;
a—o00o=00—a=00, a€¢cC; (1.6.6)

a-co=00-a=00, a€C and a#0.

, 2, 2 00% and 1 cannot be defined definitely,

especially from the viewpoint of the limit processes (see Exercise A(3) of
Sec. 1.7).

In short, the infinite point oo is sometimes like a certain kind of math-
ematical concept rather than an ordinary complex number. Its appearance

Yet arg oo, oo+ oo, 0-00

seems to be more natural in the eyes of the limit concept such as com-
pleteness (see Sec. 1.9). The study of co and its neighborhood (|z| > R)
is usually transformed to the study of the origin 0 and its neighborhood
(|z| < %) via the reflection z — % It is from the geometric and the point-
set aspects (Sec. 1.9), but not from the algebraic one, that we view C* as
the Riemann sphere S. O

Section (2) The analytic expression of the stereographic
projection ®

In Fig. 1.31, let Q = (z1,22,23) € S and z = (,y,0) = = + iy. Recall that
the north pole N = (0,0,1). Then
z, @, and N are collinear.
$1—0_$2—0_$3—1
r—0 y—0 0—1
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S a1 =AM, o=y and x3=1— X for some scalar \

=i +ai+ai =N +y)+(1-N) =1
2

A=
14|22

Summarizing, we have

79611 + mz, (21,22, 23) € S\{N}, namely, x3 #1

— 23

P(xy,29,23) = ,
(w1, @2,5) 0, (x1,22,23) € S and x3 = 1, namely,

(.’L']_, x2, .’IJ3) = (07 07 ]-)

and

z+z z—z |22 —1
—1 211 i(l22 T2t ) 2€C
a1y = J BT WP+ ) 2P+

(0,0,1), z = oo.

(1.6.7)

Note that ®~1 : C* — S is the inverse of & : § — C*.

Section (3) The spherical distance on C*

“||77

cannot be adopted as the distance on C* since each finite complex
number z € C has the same +oo distance to oo, namely, |z — co| = +00.

Now, for any two points z; and z on C*, we define the distance between
them as

d(z1,22) = @7 (21) — @' (22)]

= {(z1 —y1)® + (z2 —2)* + (z3 —y3)*} 7,

=

where ®71(z1) = (21, 22, 23) and ®~1(22) = (y1,%2,¥3), and it is called the
spherical (chord) distance of z1 and z5. In fact, it is the length of the chord
connecting the points ®~1(z;) and ®71(2).
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70 Chap. 1. Complex Numbers

Since 2% + 23 + 22 =y +y3 +y3 = 1, via (1.6.7), it is easy to see that

2|Zl —222|
VA +[aP) A+ [222)
2 )
Y z1 € Cand z9 =
Vv1+ |2§1|2

satisfying the following properties: for z1, z2, 23 € C*

21,29 € (j7

d(Zl,ZQ) = (168)

(1) d(z1,22) >0 and =0< z; and 2.
(2) d(Zh 22) = d(ZQ, Zl).
(3) d(Zh 23) S d(zl,Zz) + d(ZQ,Z?,).

Hence, d(,) defines a metric on C* and, endowed with d(, ), C* becomes a
metric space (refer to Exercise B(1) of Sec. 1.8). Note that d(0,00) = 2.

Section (4) Circle-preserving under ®

The plane ayz1 + asz2 + azrs = ag, where ag,a1,az,a3 € R and a? +
a% + a2 = 1, in space R?® has a nonempty intersection with the interior
22+ 22 +22 < 1of S, if and only if the distance from (0, 0, 0) to the plane
is not greater than 1, namely, |ag| < 1. Hence, the circle on the sphere S
has the equation

a1, + asxe + azwz = ag, where a3 +a3+a3 =1 and |ag| <1,
2?2+ a3+ 23 =1.
In particular, it is

(1) a great circle (a circle whose center is at (0,0,0)) < ag = 0;
(2) a circle passing the north pole N = (0,0,1) < a3 = ag; and
(3) a circle passing the south pole (0,0, —1) < a3 = —ag.

A great circle passing both the north and the south poles is called a merid-
ian, and called the principal meridian if it lies on the x3zi-plane.
Via (1.6.7), ® transforms a circle on S into a circle on C*:

(ao — a3)|z|2 + (a1 - ia2)2 + (a1 + ia2)2 +aop+asz = 0. (169)

Since |a1 + iaz|? = a3 + a3 > (ag — asz)(ap + az) = ag — a3, (2) in (1.4.3.6)
guarantees that it is either a point circle or a real circle.
A reverse process says that, a circle or line on C* is mapped, via ®~1,

onto a circle on the sphere S.

CLASSICAL COMPLEX ANALYSIS - A Geometric Approach (Volume 1)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7222.html




Sec. 1.6. Spherical Representations of Complex Numbers 71

We summarize the above as

Clircle-preserving of the stereographic projection.

(1) The stereographic projection ® maps circles on the Riemann sphere S
onto circles or lines on the extended complex plane C*, and conversely.
(2) In particular, a circle on S passes through the north pole N & its
stereographic image on C* is a line. (1.6.10)

Hence, any line in the plane C should pass through the infinite point oo,
and every open half-plane (see (1.4.3.1)) does not contain the point oo,
which is merely a boundary point (see (1.8.6)). ® also preserves angles (see
Exercises B(1)).

Exercises A

(1) Prove (1.6.7) in detail.

(2) Prove (1.6.8) in detail.

(3) Let Q1 and Q2 be two points on the sphere S, and P, = 2z and Py = 29
are their stereographic images under ®, respectively. See Fig. 1.32.

(a) Show that, as lengths of segments in R?,
NP;=(1+]z%)% and NQ, =2(1+|z*) ">

for j =1,2.
(b) Show that ANQ, Q> is similar to ANP; P,. Then, give a geometric
proof of (1.6.8).

Fig. 1.32
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Chap. 1. Complex Numbers

Construct the stereographic projection of the sphere x? + x3 +
(x5 — %)2 = 1, with its center at the north pole N = (0,0,1) and
the coordinate plane x3 = 0 as the complex plane. Recapture (1.6.7)—
(1.6.10) in this case.

Introduce the spherical coordinate

T1] = COS@cCosY, xy = CcoSysiny,
. ™ 0
T3 = sinp, —§<<p§§, —r<Yp <7
in the sphere S: x% + 23 + 23 = 1, where ¢ represents the latitude and
1 the longitude of a point (x1, x2, x3) on S.

(a) Show that a point P = (p,1) on S has its image, under the
stereographic projection, on C the point

z = (cos® + isin) tan (% + g) .

(b) Use (a) to prove (1.6.7).

Show that the spherical images, under ® !, of z and %, on the sphere
S are symmetric with respect to the zjzs-plane.
Pinpoint the spherical images, under ®~!, of the following points:

2, —Z2, —z_l, z_l, zZ, —Z, —2_1, z7!
and compute their coordinates.
Find the coordinates of the vertices of the following figures under ®:

(a) A cube inscribed to the sphere S, with sides parallel to the
coordinate axis.
(b) A regular tetrahedron inscribed to S.

(a) Determine the center and the radius of the circle on S whose
projection, under ®, has the equation |z — zg| = 7.

(b) Show that the circle on S in (a) is a great circle < 72 = 1+ |2o|2.

Find the spherical image of the ray Arg z = 6 (constant) under ®~1.

Exercises B

(1)

Angle-preserving of the stereographic projection (calculus is needed). A
continuous mapping v : (—1,1) — S is said to define a curve on S. The
point set y((—1,1)) is usually called a curve on S and is still denoted
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by ~. Let
V() = (21(t), 22(1), 23(t)), @1(t)* +22(t)* +23(t)* =1, —1 <t < 1.

In case 2(t) = 4 3;(t) for j = 1,2,3 do not equal to zero simultane-

ously, then ~ is said to have tangent at t (or (t)) with direction

V() = (1 (t), 25(t), 25()).
Under ®, the projective image of ~,

X1 (t) + iJ?Q (t)

7 : (=1, 1) —» C* defined by ®(y(t)) = 1—as(t)

= z(t) +iy(t),

thus defines a curve on C. In short, we denote ¥ = F((—1,1)). See
Fig. 1.33.

(a) Show that |4/(t)] # 0 < |3'(t)| # 0. In particular, show that

1
F'(t) = ——='(t
70 = T )
or, in differential form,
1 2d
dr = ds or ds= o
1— x5 1422

where dr = \/dx2 + dy? denotes the arc length element on C,

while ds = \/dz? + da% + dz3 the one on S. Try to explain the
factor ﬁ geometrically.

/y» ; 7'y ‘

Ly — - 7ie) = D)

-1 t 1

TPy
Fig. 1.33
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74 Chap. 1. Complex Numbers

If two curves ;1 and 5 on S pass the same point  and both
have the tangents at @, then the angle 8 between ~; and v at @
is defined to be the angle formed by these tangents at . Under
®, suppose @ is mapped onto the point P, and ~; and 7, are
mapped onto the curves 77 = ®o~y; and 73 = ® oy passing P. By
(a), 71 and 73 have tangents at P and the angle 8’ between them
is defined to be the one between their respective tangents at P.
See Fig. 1.34.

In case Q = N, the north pole, then P = oo, the infinite point.
Vla the reﬂectlon z— ;7 ~1, and 73 are mapped onto two curves

'yl and 73 ’}/2 passing 0. Then, the angle 6’ between 41 and 73 ’}/2 at 0 is
defined to be the angle ' between 77 and 75 at oo. See Fig. 1.35.
(b) Show that 8 =6'.

Fig. 1.34

Fig. 1.35
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As a conclusion, this means that the stereographic projection ® preserves

angles between curves lying on the Riemann sphere S. It is a kind of

conformal mapping.

(2) (a) Let 21 and 29 be the projective points of two points 1 and Qs

on S, respectively. Show that )7 and @2 are antipodal points
& 21725 = —1.

(b) Rotate the sphere S with the diameter (1Q2 as the axis and
through the angle 6. Suppose a point () on S is then mapped into
a point " on S and its projective point z into w. See Fig. 1.36.

Suppose ®(Q1) = 2o and ®(Q2) = —z, '. Explain why both

d(z,20) = d(w,z9) and d(z, —261) = d(w, —251)

hold. Then, try to show that ®(Q) = z and ®(Q’) = w are related

as
w — 2o T Z— 20
1+%w_e 1+ %52
or,
_az—b
_52—1—6'

Try to express a and b in terms of 29 and 6. Is |a|? + [b|? # 0 true?

(3) (continued from Exercise (2)) Let z; and z2 be two points in C. Denote
Q; = @7 !(zj) € S for j = 1,2. Suppose @ and Q2 are not antipodal
points, namely, z1Z3 # —1. Construct a great circle C' passing ()1 and

Fig. 1.36
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Fig. 1.37

Q2 so that @)1 and @2 divide C into two arcs. Let
p(z1, z2) = the length of the smaller arc, Q1Q2

called the spherical surface distance of z; and z,. See Fig. 1.37.

(a) Use d(z1,22) = 2sin $p(21,22) to prove that

2Arctan @, z1,22 € C,
|1 + Z2Z1|
p(z1,22) = )
2Arctan ﬁ, z1 € C and z9 = 0.
21

Note that 0 < p(z1, 22) <7, and p(z1, 22) =7 < 2123 = —1.
(b) Show that, for 21, 29, 23 € C*,
(1) p(z1, 22) > 0 with equality < 21 = 29;
(i) p(21,22) = p(22,21);
(iil) p(z1,22) < p(z1,23) + p(zs,22), with equality < the spherical
images ®71(21), ®!(22) and ®~!(z3), in this ordering, lie on a
great circle.

1.7. Complex Sequences

We will give a concise introduction to complex sequences without regard to
details similar to real sequences.

A sequence {z,}52; of complex numbers, simply denoted as z,, n > 1
or just z,, is said to converge to a limit (point) zo € C as n — oo and is
denoted as

lim z, =2 or limz,=2 or z,— 2o, (1.7.1)

n—oo
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if for any € > 0, there exists a positive integer N = N(g) so that |z, — 20| <
¢ as long as n > N. A complex sequence z, € C is said to diverge to oo or
converge to oo in C* as n — oo and is denoted as

lim z, =00 or limz,=00 or z,— 00, (1.7.2)
n—oo

if for any R > 0, there exists a positive integer N = N(R) so that |z,| > R,
n>N.

If a sequence z, € C does not converge to any point zg € C or diverge
to oo, then z, is called divergent.

A convergent sequence z, has a unique limit and is bounded, i.e., there
exists M > 0 so that |z,| < M for n > 1.

Also, a convergent sequence z,, is Cauchy, i.e., for any € > 0, there exists
a positive integer N = N(¢) so that for all m, n > N, |z, — 2,| < € always
holds. By use of (1.4.2.1), namely,

[Rezy, — Rezyn|, [Imz, —Imz,| < |zm — 20| < |Rezm — Rezy)
+ [Im 2, — Im 2,,|

and the completeness of the real R (see Appendix A), it follows easily that
every Cauchy sequence does converge (to a point) in C. Hence, the complex
field C is complete as a metric space endowed with the metric || (refer to
(1) in (1.9.3)).

Now, here comes

The necessary and sufficient conditions for convergent sequence. Let z, € C
and zy € C. Then

(1) limy— oo 2n = 20;
< (2) lim,—oo Rez, = Rezp and lim,— o Im 2, = Im zp;
< (3) In case zg # 0, lim,, oo |2n| = |20] and lim,,_. arg z, = arg zo.

Note: The last means that, for any preassigned value @ of argzg, a value
pn of argz,, n > 1, can be chosen so that

lim ¢, = po (1.7.3)

n—oo

holds.

Proof. (1) < (2) is an easy consequence of (1.4.2.1).

By using polar forms of z,, (3) = (1) follows immediately. For (1) = (3),
lim |z,| = |20| follows from the inequality ||z,| — |20]] < |2n — 20| What
remains is to prove that arg z,, — arg zo.
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Let us start from a concrete example Set z, = —1 40" ) . Then zn
zop = —1. Since Arg z,, = m—Arc tan 5= and Arg 2on11 = —7T+Arc tan 57— 2n+1
Arg 2z, does not converge and nelther does arg z,. Choose pg = 7 + 2mgm
(mg is a fixed integer), a value of arg(—1). Then, we choose

Arg 2o, + 2mom, if n =2m,

n = Arg zoi1 + 2 + 2mom, if n=2m+ 1.

See Fig. 1.38. Under this circumstance ¢, — ¢p.
In the general case, since zg # 0, 0o, then for all sufficiently small € > 0,
the open disk |z — 22| < |20| sine does not contain 0. See Fig. 1.39.

ZZm = —1 + 2—
m

Argz, . +27

-1 L .
=2 (positive real axis)
0
Argz,,,.
i
Zymn =7 Tl
Fig. 1.38

¢

’

4
|zO|sinS‘.J
1
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By assumption z,, — 2, there exists ng so that |z, — 20| < |z0|sine,n >
ng. In case 0 < Argzg < m and ¢o = Arg 2o + 2moem (mg fixed): Choose
Arg z, + 2mgm, if 0 < Argz, <m,
= Arg z, + 27 4+ 2mom, if —w < Argz, <O.
Then |p, — po| < e if n > ng. In case —m < Argzp < 0 and ¢y = Arg zo +
2mgom: Choose
Argz, —m+2mgm, if 0 <Argz, <m,
= Arg z, + 2mgm, if —m < Argz, <O0.

Then |p, — po| < € if n > ng. Hence, ¢, — ¢o. O

We list the following

operational properties of convergent sequences.

(1) Let 2, € C -z €Cand 2z, e C— 2z, € C

(1) zn £ 2], — 20 + 2{;
(ii) zn2l, — 202y;
(iii) If 2}, # 0 and 2, # 0,2 — z—z

(2) Some exceptional cases (see (1.6.5) and (1.6.6)):

(i) 2n = 20 € C, 2/, = 00 = 2z, + 2], — o0
(i) zn — 20 € C and 29 # 0,2/, — 00 = 2,2/, — o0;
(iii) 2, — 20 € C* and 29 # 0,2, — 0 = 2+ — o0;

zn — 20 € C, z;L—>o<TJL=>Z—7—>O. (1.7.4)
Proofs are left as Exercise A(1).
We illustrate two examples.
Example 1. Prove that, if z = = + iy,
nlL»Irolo (1 + %)n = e"(cosy + isiny) (djf.)ez. (1.7.5)

Proof. Since lim,, o (1+ Z) = 1, for any 1 > ¢ > 0, there exists ng so
that n > ng implies that |Arg(1 4 £)| < € always holds.
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80 Chap. 1. Complex Numbers

For simplicity, let z, = (1 + %)n Then

T\ 2 27%
|2n| = {(14——) +y_2]
n n
= (by using L’Hospital’s rule on n)
2

L sy %

n

lim log|z,| = lim — - G =1
= lim |z,]| =€".
n—oo
On the other hand, if n > ng,
4 Arctan 6
Argz, = nArctan —*— — yasn — oo [ recall that lim —— =1 .
1+2 =0 0
Hence,
. Z\" . i A ; ..
lim (1 + —> = lim |z,|e"*®% = ¢e"e¥ = e®(cosy +isiny). O
n— oo n n—oo

Example 2. Prove that, if z = x + iy # 0,

lim n({/z—1) =log|z| + i(Arg z + 2kn) (d:f)logz,k: =0,+1,+2,....
(1.7.6)

i(042km)
n

Proof. {/z = |z|we
fixed k,

,0 = Argz and k = 0,£1,4+2,.... For any

0+ 2km

Yz —1=|z|" cos

0+ 2km gL
————— — 1+14|z|" sin
n

1 2
= Ren({z—1)=n <|z|? cosM - 1) and
n

0 + 2k
Imn({/z — 1) = n|z|* sin L 28T

. a_
From the known result lim, .o “— 1

L’Hospital’s rule,

=loga (o € R and a > 0) or by using

1 1 0+ 2k
lim Ren({/z—1) = lim {T(|z|}1 -1+ T|z|% (COSu _1)}
n—oo n—oo = = n

= log|z| + 0 = log |z| (real logarithm of |z|),
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while
1 sin &42km
lim Imn({/z—1) = lim [z|" - (0 + 2k7) - —prgpa—
=0+ 2km = Arg z + 2km.
The result follows from (1.7.3). |

Let ng, k > 1, be a sequence of positive integers satisfying 1 < n; <
ng < -+ <nk < --- and limg_,o ng = 00. Then the sequence z,,,k > 1, is
called a subsequence of the sequence z,,n > 1.

A bounded sequence, such as z,, = i", is not necessarily convergent. But
we do have

two basic facts about sequences.

(1) A sequence z, converges to a point zg < all the subsequence zy, .k > 1,
of z, converge to the same point zg.

(2) (Completeness of C) Any bounded sequence has a convergent subse-
quence (converging to some point in C). (1.7.7)

For (2), refer to Sec. 1.9. Proofs are left as Exercise A(2).
A point z € C* is called a limit point of a complex sequence z,, if there
exists a subsequence z,, of z, which converges to z.

Example 3. Show that every point on the unit circle |z| = 1 is a limit
point of the sequence

Zp =€", n=0+1,+2,....

Proof. Let o be any irrational number. It is well known from elementary
real analysis that the set {n +ma|n,m = 0,=£1,...} is dense in R (refer
to Section (5) in Sec. 1.8), namely, for each x € R, there exists a sequence
xg (x) # xy, if k # 1) from the set converging to x.

In our case, choose a = 27. By Example 1, e* = e*(cosy + isiny) is a
continuous function of x and y. Let xp = ni + 2mgm, k > 1 and zp — .
Then er = ™ — € as k — oo. O

Exercises A

(1) Prove (1.7.4) in detail.
(2) Prove (1.7.7) in detail.
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82 Chap. 1. Complex Numbers

(3) Try to use complex sequences to explain why we cannot define each
of the following expressions as a definite value:
oo—l—oo,oo—oo,O-oo,Q,g,ooo,loo.
0" o0
(4) Try to use z, = i"n to explain that z, — oo does not necessarily
imply that

[Re zp| — +o00 and  |[Imz,| — +o0.

(5) Show that it is only if zg = 0 or oo that lim,_, |2,]| = |20| would
imply lim,, o 2, = 20.

(6) Suppose z, — zo # 0. Let ¢, be any value of arg z, satisfying the
condition that |¢m, — ¢n| < w for m,n > N (a positive integer). Show
that ¢, converges.

(7) Suppose z, — zo # 0 and z is not a negative real number. Show that

Arg z, — Arg 2.

(8) For each of the following sequences, find its limit if it converges; oth-
erwise, find the set of all its limit points.

1
(a) z, = Yn+inr™([r] <1). (b) z, = - + (=1)™"™.
n nmw 1" zZ\ " ne

- P W e (142) |

(c) 2 n—|—1C0S2+n (d) 2 +n +n—|—1
n log n! !

(e) z, =n™V" + V3. (f) zn = oin + ;—nz
(2) zn = e™%(# is an irrational number which is not of the form

kmk=0,+1,42,..),n=0,+1,+2, ...
(9) Suppose z, — 2o € C and w, — wy € C.
(a) Prove that
21t 2o+ -+ 2p

lim = 2p.
n—oo n

What happens if zg = co?
(b) Prove that
. 2 Wy + 20Wp—1 + -+ 2w
nh—{& " = ZoWop.
What happens if zg € C and wy = o0?
(¢) Suppose A1 > 0,..., A, > 0 and lim,oc(A1 + -+ + Ay) = o0.
Show that

Lo MzitHAeze o+ Az
lim =
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(10) Suppose a complex sequence z,, satisfying lim,, o (2, — 2n—2) = 0.
(a) Show that

lim 2 f#n=l _ 0.
n—oo n
Is the converse true?
(b) Show that
lim 2% =0
n—oo N

Is the converse true?
(11) In elementary real analysis, we learned the following limit processes:
(a) lim,ooma™ =0 (a € R and |a| < 1).
(b) lim, . Ya=1 (a € R and a > 0).
(¢) limy,— ‘:l—T =0 (e € R and a > 0).
(d) limy,— Z—i =0 (a € Rand a > 1,k a fixed integer).
Try to prove these statements by the e—N process. In case a is replaced
by a fixed suitable complex number z, where in (d), z is supposed that
|z| > 1, do the following questions.
(i) Use the € — N process to prove that these statements are still
valid. Be careful that, in (b), {/z is a multiple-valued function.
(ii) Use (1.7.3) to prove them again. Then, try to compare it to the
method in 1.
(12) If |znt1 — 2zn] < AMzn — 2n—1|,m > 1, where 0 < A < 1 is a constant,
then z, converges.

Exercises B

Let z, € C,n>1and S, = 2z1+29+ - +2z,,n>1.Iflim, ..o S, =5 € C,
then the complex series

oo
Zzn=z1+z2+~-~+zn+~- or Zzn

n=1

is said to converge to the sum S and is denoted as

izn =S5 or Zzn =S. (1.7.8)
n=1

Otherwise, we call Y z,, a divergent series. If > |z, | converges (in this case,
> zn is necessarily convergent), we call > z,, absolutely convergent; if Y |z,
diverges but > z, converges, we call > z, conditionally convergent.
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Do the following problems.

(1) Basic criteria for convergence

Z Zp converges.
= Z Re z, and Z Im z,, converge.

< (Cauchy condition) For any € > 0, there exists an integer
N = N(g) > 0 so that
|Zn41 + -+ 4 2n4p| < e foralln > N and all p > 1.
= lim z, =0.

(2) Basic properties
a) For any integer N > 1, Y °° 2, and Y °° 2, converge or diverge
n=1 n=N
together.
(b) >z =5=> (az,) =aS,a € C.
(¢) If Y 2z, = S, then for any sequence of integers 0 < ky < k2 < -+- <
kp < kpy1 <---,
(z1+ - Fzp)F(2r 1+ A 2r)+ (1 F 2R )T =S,
@ If>z,=Sand Y w, =5 = (zntw,) =5+5".
(e) If both >z, = S and Y w, = 5" absolutely, then Y 7 (21w, +
29Wn—1 + + -+ zpwy) =SS’ absolutely.
3) Some criteria for convergence
3) g

(a) (comparison test) Suppose z, # 0,w, # 0,n > 1. If

0 < lim 2l < Emll o o

then both Y |z,| and > |wy,| converge or diverge together.
(b) (ratio test) Suppose z, # 0,n > 1.

— | fn+1
lim | ——

<1l= Z |zn| converges;

n

. Zn+1
lim |22+

>1= Z |2y| diverges.

n

(c) (root test)

lim {/|z,| < 1 = Z |z | converges;
lim {/|zn| > 1= Z |z | diverges.
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(d) (Abel test) Suppose Y |zn — znt1| and > w, converges, then
> zpw, converges.

(e) (Dirichlet test) Let A, > Apt1 > 0 for n > 1 and lim, o Ay, = 0.
If the partial sum S,, = 21 + -+ z,,n > 1, of >_ 2, is a bounded
sequence, namely, sup,~q |21 + -+ + 2zp| < 00, then Y \,z, con-
verges. -

(f) (Leibniz test) Let A, > A\py1 > 0 for n > 1 and lim, 00 A, = 0,
then Y >° | (—=1)" "1\, converges.

o0

(Absolute convergence) > -, z, = S absolutely < For any per-
mutation o: N — N (a one-to-one and onto mapping), the series
Yool Za(n) = S absolutely.

(Conditional convergence) Suppose > -~ z, converges conditionally
and S € C* is any fixed point, then there exists a permutation
0:N — Nso that Y7 | 2z, = S.

Test if the following series are convergent or divergent. In case of con-
vergence, does it converge absolutely or conditionally?

s 1 > nmw nmw
(a) P Erwelt (b) — +isin— ).
* nz:%(l—f—z)” ;}(‘30‘54 sin 7 )
= 1 nr .. nmw = (L4
© S — (cos ™ 1isin ™). @ S Y
¢ ;(14—1)" (cos TR 4) ;z(uz)nw
x 3440\ < /34 4i\"
(e) i, (f) i,
)2 () ()

Suppose Y7, |z,,| converges. Show that > 7, |2,,|? converges. Is the
converse true?

Suppose |Arg z,| < a < §,n > 1. If )~ 2, converges, show that ) |z,
converges, t0o.

Recall that C* with the spherical chord distance d(, ) is a metric space
(see (1.6.8) and Exercise B(1) of Sec. 1.8). Define:

a sequence z, € C* converges to a point zg € C* & d(zp, 20) — 0

as n — OQ.

Show that this definition includes (1.7.1) and (1.7.2) as special cases,
and conversely, if we use the spherical chord distance in (1.7.1) and
(1.7.2), then they can be combined into the definition above.
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86 Chap. 1. Complex Numbers

1.8. Elementary Point Sets

We will give a concise introduction to these point sets in C and C*, barely
needed in our discussion of elementary complex analysis, without going into
details.

Section (1) e-neighborhood

Fix a point a € C. For € > 0, define
e-neighborhood of a : the open disk |z—a| < ¢, simply denoted as D, (a);

deleted e-neighborhood of a:0 < |z —a| < e. (1.8.1)

For R > 0, define
R-neighborhood of oo : R < |z| < 400, simply denoted as Dpr(00);

deleted R-neighborhood of oo : R < |z| < oc. (1.8.2)

Refer to (1.4.3.6) and Fig. 1.18.

Section (2) Open set

A nonempty subset O of C (or C*) is called open if O contains an
e-neighborhood D, (a) of each point a belonging to O itself.

In particular, e-neighborhood and deleted e-neighborhood of a point are
open sets. C (or C*) itself is open. We designate empty set as an open set.
Note that R < |z| < 400 is open both in C and C*, yet R < |2| < 400 is
not a subset of C but is an open set in C*.

The intersection of finitely many open sets is open, while the union of
arbitrarily many open sets is open.

We usually call an open set an open neighborhood of each of its points
and a set a neighborhood of a point if the set contains an open neighborhood
of that point.

Section (3) Limit (or accumulation or cluster) point of a set

We have the following

Characteristic properties of a limit point. Let A C C be a nonempty set and
zo be a point in C*. Then:

(1) Any neighborhood of zy contains a point of A, other than zq itself.
< (2) Any neighborhood of zy contains infinitely many points of A.
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< (3) There exists a sequence z, € A, z, # z9,n > 1, so that z, — 2.
< (4) There exists a sequence z, € Az, # zm if n # m, so that
Zn — 20

Note: If z9 € C, one might impose that |z1 — z0| > |22 — 20| > -+ >
|zn, — 20| > -+ — 0; if 29 = 00, then |z1| < |z2] < -+ < |zp| <+ + — +00.

Such a point zq is called a limit (or accumulation or cluster) point of A.
(1.8.3)

Proofs are left as Exercise A(1). Note that a limit point of a set A may
not be in the set.

Empty set or finite set does not have limit point.

If a point set {z,|n > 1} has a limit point zg, then the sequence z,,n > 1,
has a subsequence z,, — zp, i.e., 20 is a limit point of the sequence
(Sec. 1.7). But, the converse is not true, in general. For example, the
sequence z, = i"",n > 1, has four limit points +1 and =+i, yet as a point
set, {znln > 1} = {1, —1,4, —i} does not have any limit point.

An infinite set in C, for example {n-i"|n > 1}, does not necessarily
have a limit point in C itself; but definitely has at least one limit point in
C* (why?). Anyway, a bounded infinite subset of C, i.e., a set containing in
a circle, has at least one limit point in C (compare to (2) in (1.7.7) and see
(3) in (1.9.3)).

The set of all limit points of a set A is called the derived set of A and
denoted as A’.

The set A = AU A’ is called the closure of A. A point zy € A if and
only if for D.(z9) N A # ¢ for € > 0, or equivalently, if and only if there
exists a sequence z, € A — zg. The closure of the open disk |z — zo| < r is
the closed disk |z — 2| < 7.

Section (4) Closed set, compact set, etc.

Suppose A C C. Define A as

a closed set < A’ C A;
an isolated set & A# ¢ and A'NA=¢; (1.83)
a dense set by itself & A C A’, and o

a perfect set <& A= A'.
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88 Chap. 1. Complex Numbers

A is obviously a closed set. Point in A — A’ is called an isolated point
of A. The set of all isolated points of a set is a countable set. Recall that a
set is called countable if there exists a one-to-one and onto correspondence
between the set and {1,2,...,n} for some positive integer n or the set N of
natural numbers; otherwise, it is called uncountable. Countable sets which
are not finite and uncountable sets are called infinite sets.

We designate the empty set as a closed set (recall that it is also an
open set). C itself is a closed set. A closed disk and a closed half-plane (see
(1.4.3.1)) are basic closed sets.

The union of finitely many closed sets and the intersection of arbitrarily
many closed sets are closed sets.

Indeed, we have

Characteristic properties of a closed set. Let A C C. Then:

(1) A is a closed set, i.e., A C A.
< (2) If a sequence z, € A — zg, then it is necessary that zg € A.
& (3) If the distance from zp to A

dist(zp, 4) = znel,fax |20 — 2|

is equal to zero, then zy € A.

< (4) A is the intersection of all these closed sets containing A as a subset.
& (5) A=A
< (6) The complementary set A~ = C — A is an open set. (1.8.5)

Proofs are left as Exercise A(2).
A set is called bounded if it is contained in a disk |z| < R; otherwise, it is
unbounded. A bounded closed set is called compact (for details, see (1.9.4)).

Section (5) Dense set

Let A and B be two sets in C. If A C B holds, we say that B is dense in
A; in case A = C, namely, B = C, we call B a dense set in C.

Even B is dense in A, it is possible that A N B = ¢, the empty set. For
instance, let A = {z € C| at least one of Rez and Imz is an irrational
number}and B = {z € C| both Rez and Im z are rational numbers}, then
both A and B are dense in C; also B is dense in A4, i.e., A C B = C yet
ANB=¢.

On the contrary, B is called a nowhere dense set if its complement
B~ =C — B is dense in C.

Section (6) Interior, boundary, and exterior of a set

Let A C C and zg € C. Define zg as
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an interior point of A < there exists an € > 0 so that D.(z9) C A4;
a boundary point of A < for any e > 0, Dc(29) N A # ¢ and D (20)N

A~ = ¢ hold, and

an exterior point of A < there exists an € > 0 so that D.(z0) N A = ¢.
ezned. (1.8.6)

The whole plane C is divided into the union of the following pairwise dis-
joint sets:

the interior of A : AY or Int A = {interior points of A};

the boundary of A : A or Bdry A= {boundary points of A};

the exterior of A: A" or Ext A = {exterior points of A}. (1.8.7)

They enjoy the following properties:

(A~) = (A%)™; (1.8.8)

dA=AN(A~) =A— A" = 9A™.

Section (7) Connected set, domain

Let A C C. If there exists two nonempty subsets A; and As of A so that
A=A UA,, A_lﬂAngl ﬁA_2:¢, (189)

then we call A; and As separate the set A and A is called a disconnected
set; otherwise, A is called a connected set.

Remark (A closer look at (1.8.9)). Let B; = A — A;,j =1,2.
BothBl#annng;é(ﬁ: A10A2:¢=>AQQAT:>AOA2:AQQ
AQAT =A—-A =B = B; # ¢. Similarly, By # ¢.
BiNBy;=¢:Incase zp € By N By = zy € A but z géA_jforj: 1,2=
zp € A1 N Ay, contradicting to A1 N Ay = ¢.
Both By and Bs are open sets in A (or relatively open in A): This means
that there exist open sets O; and O in C so that

Bi=AN0Oy, By=AnNOs.
Just take O; = C — A for j =1,2.
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90 Chap. 1. Complex Numbers

Note that A = By U Bs.
Both By and By are closed sets in A (or relatively closed in A): This
means that there exist closed sets £ and Es in C so that

Bi=ANE), By=AnNFE,.

Since By = A— By = A—(ANO3) = A— 02 = ANO5’, choose Fy = 05 =
C — Og; similarly, take Ey = O7", where O and O; are as above. O
Hence, we can rephrase

The definition of a connected set.

(1) Let AC C. Then

(a) A is a connected set (see (1.8.9)).
< (b) A cannot be separated by two nonempty relatively open (or
closed) subsets of A itself. Namely, there do not exist open sets
Bi1 and By in A so that

A=DB1UBy,Bi #¢,Bo#¢ and ByNBy=¢.

< (¢) If a set B is both open and closed in A, then either B = ¢ or
B=A.

(2) Therefore, an open (or closed) set A in C is connected if and only if A
cannot be separated by two open (or closed) sets in C. (1.8.10)

By a curve in the complex plane C, we mean a continuous mapping
z = z(t) = z(t) + iy(t) : [0,1] — C where z(t) and y(t) are continuous
real-valued function on the closed interval [0, 1] of the real line. If a curve is
composed of finitely many line segments, connecting end-to-end, it is called
a polygonal curve (for details, see Sec. 2.4).

It is well known that the only connected sets in R are intervals. While,
in C, we have the basic concept of a

Domain. Let Q) C C be a nonempty open set. Then:

(1) Q is connected.
< (2) Any two points of Q can be joined by a curve lying entirely in .
This curve can be chosen to be a polygonal curve with its composed
segments all parallel to the azes.

We call a nonempty open connected subset Q2 of C a domain. The closure
Q of a domain Q in C is called a closed domain in C. (1.8.11)
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degenerated ring domain
(deleted open disk) ring domain angular domain strip domain

Fig. 1.40

Commonly used domains in complex analysis are as follows:

open disk: |z —a] <r; R < |2| < o0.

deleted open disk: 0 < |z —a| < 7; R < |z| < o0.

open half-plane: Im 2% > 0 or < 0.

ring domain: 0 < r; < |z — a| < 7o or (degenerated) 0 < |z —a| < 7.

angular domain: oo < Arg(z —a) < .

strip domain: {Im #5* < 0} N {Im *5%2 > 0}, where Arga; — 7 <
Argas < Argas.

Of course, C itself is a domain. See Fig. 1.40.

Proof of (1.8.11). (1) = (2): Fix a point a € Q. Let
B = {z€ Q| There exists a curve in § connecting a to z.}

Try to show that B is both open and closed in €2, and B # ¢, and hence
B = Q. This will prove the validity of (2), by (2) in (1.8.10).

Pick any point zy € B. Since 2 is open, there exists a > 0 so that the
open disk Dj(zp) C Q. Now, any point in Ds(z9) can be joined to zo by a
radial segment or by a polygonal curve composed of two line segments, each
parallel to the real or the imaginary axis. See Fig. 1.41. Hence Ds(z9) C B
and B is open.

As a consequence, a € B and B # ¢.

Take any point zg € Q — B. There exists a § > 0 so that Ds(z9) C Q.
Then, any point in Ds(zg) cannot be joined by a curve in A to a, otherwise
20 can, t00, a contradiction. Hence, Ds(z9) C Q\B and hence, Q\ B is open
in Q which, in turn, implies that B is closed in €.

(2) = (1) (We do not have to presume that € is open.) In case ) is not
connected, then there exist nonempty open sets O; and Oz in ) so that
01N03 = ¢ and 2 = O1 U0, hold. By assumption, there exists a polygonal

CLASSICAL COMPLEX ANALYSIS - A Geometric Approach (Volume 1)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7222.html




92 Chap. 1. Complex Numbers

Dy(z,)

T
—l)

Fig. 1.42

curve in ) connecting a fixed point a; € O; to a fixed point as € Os. One
end point of a composed line segment will be in Oy, while the other end
point will be in O5. Hence, we may suppose that a; and as are end points

of a single line segment. See Fig. 1.42.

Now, the segment @raz can be expressed as (1 —t)a;+taz, 0 <t < 1. Let

B = {t € [0,1”(1 — t)a1 + tas € 01}, and

By = {t € [0,1”(1 — t)a1 + tas € OQ}
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Then By # ¢, By # ¢ and B; N By = ¢. By and By are both open in [0, 1]
and [0, 1] = B; U B, contradicting to the connectedness of [0, 1]. Hence (1)
holds. O

Section (8) Component of a set

Let A C C be a nonempty set.
The largest connected subset of A, i.e., a connected subset of A which is
not contained in any other connected subset of A, is called a component of A.
For a € A, let

C'(a) = the union of all connected subsets of A which contain a.

Since {a} is connected, then C(a) # ¢.

C(a) is connected: If not, there exist open sets O; and Oz in C(a) so
that C'(a) = O1 U Oz where O1 # ¢, O2 # ¢ and O1 N Oz = ¢. Suppose
a € 0. Pick b € O,. Since b € C(a), there exists a connected subset B of
A that contains b. Now, B C C(a) implies that B = (01 N B) U (02 N B),
contradicting to the connectedness of B.

C(a) is a closed set in A: Tt is known that C(a) is connected (see
Exercise A(4)). Then C(a) = AN C(a) shows that C(a) is relatively closed
in A.

C(a) = C(b) or C(a) NC(b) = ¢: If 29 € C(a) N C(b), by definition,
C(a) € C(zp) holds and, in particular, a € C(zp) which, in turns, implies
that C(zp) € C(a). Hence C(a) = C(zp). Similarly, C(b) = C(z¢). Thus,
C(a) = C(b) holds.

Such a C(a) is called the component containing a.

We summarize the above as

The components of a planar set.

(1) Every nonempty set in C can be expressed as the disjoint union of
components; each component is closed in the set.

(2) Every nonempty open set in C can be expressed as the disjoint
union of countably many components; each component is an open set
in C. (1.8.12)

Note that (1.8.10), the arguments about components of a set and (1.8.12)
are still valid in C*.

A domain © in C is called simply connected or n-connected (n > 2) if
its complement C* — ) in C* has only one component or n components as
subsets of C*, respectively.

We illustrate two examples.
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94 Chap. 1. Complex Numbers

Example 1. Let
B ={z € C | both Re z and Im z are rational numbers}.
Explanation. Let A=C — B. Then ANB = ¢, but A= B =C.

B is a countable set, while A is not. A and B are not bounded sets, nor
are they closed and hence are not compact.

The interior A° = B? = ¢, yet 04 = 0B = C.

B is not a connected set, while A is (why?). m|
Example 2. Let

A={z|]z] <1} U{z|1 < |2| < r and Argz is rational.}
Explanation. A is neither open nor closed. A is not connected.

A’ = A, both are |z| < r.

AVis|z| < 1; 0Ais 1 < |z| <7; A is |z| > r. A has countably infinitely
many components: |z| < 1 and the line segments Argz = rational, with
1 < |z|] < r. Note that 1 < |z] < r is not a component of A. O

Section (9) Point sets in C*

In the extended complex plane C*, we adopt the spherical chord distance
d(,) (see (1.6.8)) and use the ball with z as center and € > 0 as radius:

B.(z0) = {z € C*|d(z,20) < €}, (1.8.13)

to replace D.(zp) and Dg(o0) as indicated in (1.8.1) and (1.8.2). We can
define various point sets in C* exactly like the ways we did so far in C
and obtain the same properties. Hereafter, we will feel free to use them if
needed.

Caution: The following three facts should be noted.

(1) If 21 and 25 are any two points in |z| < R, then

2
eyl
This indicates that, in a compact subset of C, the limit process using
(C, |I) will be coincident with the limit process using (C*, d(,)).

(2) Special attention should be paid to the difference when an unbounded
set is viewed as a subset of C or of C*. For example, open (closed) sets
in C are still open (closed) in C*, and vice versa, if one disregards the
point at infinity oo.

Z2| S d(Zl,ZQ) S 2|21 — Z2|.
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Iy ‘

Fig. 1.43

The vertical strip 0 < Re z < r has two boundary components Re z =
0 and Rez = r when viewed as a subset of C, yet it has only one
boundary component {Rez = 0} U {oo} U {Rez = r} when viewed as
a subset of C*. Hence, it is a simply connected domain. See Fig. 1.43.
What is the boundary of |z| > R, when considered as a subset of C or
C*?
(3) (C,|) is a complete metric space but is not compact (see (1.9.4)),
while (C*,d(,)) is both complete and compact. See Exercise B(1) and
Sec. 1.9.

Exercises A

(1) Prove (1.8.3) in detail.
(2) Prove (1.8.5) in detail.
(3) Prove (1.8.8) in detail, plus the following:
(a) A—0A=A°.
(b) If AN B = ¢, then 9(AU B) = AU JB.
(c) (A" C A, ie., the derived set A’ of a set A is closed.
(4) Suppose A is a connected set and A C E C A. Show that E is also
connected.
(5) Find the limit points of each of the following sets.

(a) {1+ 25" n=1}.

(b) {L +Li|m,n==1+2,...}.

(¢) {&+Li|m,n==+1,+2,...5p,¢=0,41,£2,.. }.
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96 Chap. 1. Complex Numbers

(@) {(£+1H)™ +i|mn=12,3,...}.
(e) {(14+ 1) (cos™E +isinZL)|n=1,2,3,...}. Consider the cases
that « is rational and irrational, respectively.
(6) Show that the union of two domains is a domain if and only if their
intersection is nonempty.
(7) (a) Suppose A and B are disjoint connected subsets of a set F and C
is a connected subset of AUB. Show that either C C Aor C C B.
(b) Suppose A and B are connected sets so that AN B # ¢, then
AU B is connected.
(8) Find a domain € so that 92 # 9.
(9) Let

A={z€C|Rez=0and |Imz| <1}, and
1

B = C dlI =—— 7.

{26 [Rez >0 and Im 2 sin(Rez)}

Is AU B connected?
(10) Let

1
A:{z6C|O§Rez§landImz:OorImz:E,nzl}.

Find the components of A. Are they closed? Are they open in A? Show
that A is not locally connected.

Note: A point set A in C is called locally connected if every neighbor-
hood of each point a in A contains another connected neighborhood
of a.

(11) Let

A:{z|Imz>0}—{%+it

n==+1,+2..;0<t< 1}.
Find 0A. Is A a domain? Simply connected?

Exercises B

(1) Let X be a nonempty set. Suppose, for each pair z1, xz2 of elements
in X, it is associated with a nonnegative number d(z1,z2) (could be
+00), satisfying:

(x1,22) > 0 and = 0 & x1 = xo;

(x1,22) = d(x2,21); and

d(z1,29) < d(x1,x3) + d(xs3, x2), 21, T2, 23 € X;

1. d
2.d
3.
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then, we call X, endowed with the metric d(,), a metric space and X is
denoted as (X,d(,)) or simply as X. Elements in X are called points.
For example,

(C, 1), (C*, d(, ) (see (1.6.8)) and (C*, p(. )
(see Exercise B(3) of Sec. 1.6)
are such examples. The set, for 6 > 0 and =z € X,
Bs(z) = {y € X|d(y,z) < 6}

is called an open sphere with center x and radius §. Try to use this
Bs(z) to define all point sets introduced in the text for X and derive
their possible properties.

(2) Let T be a nonempty set. Let 7 be a family of subsets of T, satisfying:

(i) Tertand ¢ €T

(ii) any finite intersection of sets in 7 is still in 7; and
(iii) any arbitrary union of sets in 7 is still in 7;
then, we say 7 defines a topology on T and call (T,7) or simply T a
topological space. Elements in 7 are called open sets. If, for any two
distinct points « and y in 7', there exist two open sets O(z) and O(y)
satisfying

z€0(x),y €O(y) and O(z)NO(y) = ¢,

then, call T a Hausdorff space. Try to use open sets to define all possible
point sets for an abstract topological space or a Hausdorff space. Try
to derive their possible properties and compare to Exercise (1).

Note. For planar point sets, refer to Ref. [65]; for general topology, refer
to Ref. [27].

1.9. Completeness of the Complex Field C

Here, we try to extend the completeness of the real field R (see Appendix A)
to the complex field C.

Let A C C. Suppose F is a family of open sets in C satisfying the
property that the union of sets in F covers A, i.e.,

Ac o, (1.9.1)
OeF

then we call F an open covering of A. A subfamily of F is called a subcov-
ering if the union of open sets from the subfamily still covers A, and it is
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98 Chap. 1. Complex Numbers

called a finite (or countable) subcovering if the number of open sets in the
subfamily is finite (or countable).
The diameter of a set A in C is defined as

diam A= sup |z — 22| (1.9.2)
21,22 cA
Obviously, A is bounded if and only if diam A < +o0.
Here comes the main result (refer to Appendix A).

The completeness of the complex field C. In C, any one of the following
statement holds and they are equivalent.

(1) Every Cauchy sequence in C converges (see Sec. 1.7).
(2) (Cantor’s nested sets theorem) Let A, be a sequence of closed sets in
C satisfying

(i) 44242224, 24,112+, and
(ii) diam A, — 0,

then there exists a unique point zop € C so that NS ; A, = {20}.

(3) (Bolzano—Weierstrass) Any bounded infinite set in C has at least one
limit point (see (1.8.3)).

(4) (Bolzano—Weierstrass) Any bounded complex sequence has a convergent
subsequence (see (2) in (1.7.7)).

(5) (Heine—Borel) Suppose A C C is a bounded closed set, i.e., a compact
set. Then, any open covering F of A has a finite subconvering, i.e.,
there exist finitely many open sets O1,...,0, in F so that

AclJo;. (1.9.3)
j=1

Proof. We show (1) holds and then, prove that (1)—(5) are equivalent.

The wvalidity of (1): Let z,,n > 1, be a Cauchy sequence. By inequality
(1.4.2.1), both Rez, and Imz,,n > 1, are real Cauchy sequences. Com-
pleteness of the real field R (see Appendix A) implies that Rez, — 29 € R
and Im z,, — yo € R. Let zp = z¢ + iyo. Then same inequality implies that
zZn — 29 € C.

(1) = (2): Take any fixed point z, € A,,n > 1. In case m > n, by
A, D A, it follows that z,, z,, € A,,. Hence,

|z — 2m| < diam A, — 0 asn — oo.
Therefore, z,,n > 1, is Cauchy. By (1), z, — 2o € C.
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Sec. 1.9. Completeness of the Complex Field C 99

Fix any n > 1. Then z,, € A, if m > n. Recall that A,, is a closed set.
Hence, z, — 20 € A, for n > 1 and 29 € NS, A,,.

In case there exists a point z{, € NS, A,,. Then, zg, z{, € A, for n > 1.
Hence

|z0 — 25| < diam A, — 0 asn — oo

implies that z{ = zp. This proves that N°2; A,, = {z0}.

(2) = (3): Suppose A C C is a bounded infinite set.

We may suppose that A is contained in a rectangle Ry. See Fig. 1.44.
Divide R; into four equal parts. Then, at least one of these smaller rectan-
gles, denoted as Ro, contains infinitely many points of A. Then,

(1) R1 2 Ry;
(2) diam Ry = 1 diam Ry; and
(3) Rz N A is an infinite set.

Again, divide Ry into four equal parts and pick up such a subrectangle Rs3
so that

(1) R2 2 Rs;
(2) diam R3 = 1 diam R»; and
(3) RsN A is an infinite set.

Continue this process to R3. Then, by induction, there exists a sequence
Ry, Ry, ..., Ry, ... of closed rectangles satisfying

(1) Ri DRy D DRy, DRypq1 D+
(2) diamRn:%diamRn,l :~-~:2%1diamR1 — 0 as n — oo; and
(3) R, N A is an infinite set, n > 1.

By 1 and 2, there exists a point zgp € C so that NS2; R,, = {#0}.

R

Vil

Fig. 1.44
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100 Chap. 1. Complex Numbers

For any ¢ > 0, since diam R,, — 0, then R,, C D.(2¢) for all sufficiently
large n. Now, R,NA C D.(z9)NA holds. So, by 3, D-(29) contains infinitely
many points of A. Therefore, z( is a limit point of A.

(3) = (4): Given a bounded sequence z,,n > 1. Consider the bounded
set A= {z,|n>1}.

In case A is a finite set: Then, there exists a sequence of positive integers

ny <ng <---<nk<--- sothat limg_,oo g = +00 and 2z, = 2, =+ =
Zn, = -+, denoted by zg this common number. Then the subsequence
Zn, — 20-

In case A is an infinite set: Then, the result follows from (3) and (1.8.3).

(4) = (1): Suppose zn,n > 1, is Cauchy.

Zn,m > 1, is then a bounded sequence: There exists a positive integer
ng so that |z, — z,| < 1 if m > n > ngy. Hence,

|2n| < max{|z1], ..., |Zno—1l; |2ne| + 1}, n>1.

By assumption, there exists a subsequence z,, — 2o € C.

To prove the original sequence z, — zo: For any € > 0, there exists a
positive integer ko such that |z,, — zo| < € if & > kg. On the other hand,
there exists a positive integer N such that |z, — z,,| < € if m,n > N. Since
limg_, o0 nx = +00, there exists a ky so that ny > N if k > ky. Finally, for
n > N, we may choose k > max{ko, k1 } and then n; > N holds; in this case,

|2n — 20| < |2n — Zny | + |20, — 20| <e+e = 2e.

Hence z,, — zg.

(2) = (5): Let F be an open covering of the compact set A.

Suppose A is contained in a rectangle R;. If (5) is false, then the same
process as indicated in the proof of (2) = (3) shows that there exists a
sequence Ry, Ra, ..., Ry,... of rectangles satisfying

(1) Ri 2Ry 2---2 R, 2 ---;
(2) diam R,, = 57—t diam Ry — 0 as n — oo, and
(3) R, N A cannot be covered by finitely many open sets in F,n > 1.

By assumption, (), R, = {20} holds.

Since A is closed, zp € A. Hence, there exists an open set O € F so
that zp € O; and, in turn, there exists an € > 0 so that D.(z9) C O. Now,
lim,,_, o, diam R,, = 0 implies that

R, C D.(zp) C O for all sufficiently large n = R, N A C O,
contradicting to 3. Thus, (5) follows.
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(5) = (1): Let z,,n > 1, be Cauchy. Note that the set A = {z,|n > 1}
is bounded (see (4) = (1)).

If A has a limit point zp, then A has a sequence z,, — 2o (see (1.8.3)).
This zp,,k > 1, is a subsequence of z,,n > 1 and z, — 2o (see (4) = (1)).
If A is a finite set, then z, converges (see (3) = (4) and (4) = (1)).

In case A is an infinite set without a limit point: Then A’ = ¢ C A
and A is then closed. Hence, A is a closed bounded set without a limit
point. For any z, € A, there exists an open neighborhood O,, of z,, so that
ANO, is a finite set. Now, F = {O,|n > 1} is an open covering of A. By
assumption, only finitely many sets in F, say O,,,..., Oy, , are enough to
cover A, namely,

A

N
e}

n1U"'UOnk

= A (ANO,,)

|
at

j=1

= A is a finite set.

This is a contradiction. Hence, this case cannot happen. O

Owing to its importance, we list

The characteristic properties of a compact set. Let A C C. Then

(1) A is closed and bounded.
< (2) Any infinite subset (or sequence) of A has at least one limit point in
A (or a subsequence converging to a point in A).
< (3) Any open covering of A has a finite subcovering.
< (4) A is a totally bounded closed set.

Note: A set A is totally bounded if for any € > 0, there exist finitely many
points z1,...,z, in A so that A C Uiy D.(z;).

Such a point set A is called compact. (1.9.4)

In C, a set is bounded if and only if it is totally bounded. Yet in a general
metric space, a totally bounded set is bounded but not conversely (see
Exercise B(1)).

Sketch of proof. From (1.9.3), it is easy to see that (1) = (2) = (3) and
(4) = ().

(3) = (4): Fix € > 0, then the open disks D.(z),z € A, form an open
covering of A. Hence A is totally bounded.
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102 Chap. 1. Complex Numbers

— (A): Suppose A is not closed. Then, pick a point zg € A — A. Now

ED LIS

D (z0)
n=1
_ . _ 1
= {20}, where D1 (2g) is the closed disk |z — 29| < —, n>1.
n n
N 1
U Di(z0)~, where Di(2)~ is |z — 20| >—, n>1.
n n n
Hence, there exists a positive integer ngy so that
no
U 1(20)” = D1 (20)”
= AND.i (2)=¢
no
contradicting to the fact that zg is a limit point of A. O

Remark. (1.9.3) and (1.9.4) show that (C,||) is a noncompact, complete
metric space.

Since any infinite set in C* has at least one limit point in itself, (C*, d(,))
is a compact, complete metric space, where d(,) is the spherical chord dis-
tance defined in (1.6.8). By Exercise B(3) of Sec. 1.6, (C*,p(,)) is also a
compact, complete metric space.

The adjoining of a point co to C makes (C*,d(,)) a compact space. We
usually call C* a one-point compactification of C (refer to Section (9) in
Sec. 1.8). O

Exercises A

(1) Let A,,n > 1, be a sequence of compact sets in C satisfying 4; D
Ay D --- D A, D ---. Show that N2, A, # ¢. What happens if each
A, is merely a closed set? In case each A, is a compact connected set,
then so is NS, A,,. Prove this.
(2) (a) Suppose A C C is compact. Show that there exist two points z1, 22
in A so that

diam A = |21 — 22|
(b) The distance between two sets A and B in C is defined as
dist(A,B) = inf |z — 29|

21€A,22€B
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If B = {z0}, denote d(A, B) = dist(z0, 4) (see (3) in (1.8.5)). If
both A and B are compact and AN B = ¢, show that there exist
a point z; € A and a point 2o € B so that

dist(A, B) = |21 — 22| > 0.

Show that this fact is still valid if A is compact and B is closed and
AN B = ¢. What happens if both A and B are just closed sets?

Exercises B

Here, it is supposed that readers are familiar with basic knowledge about
metric space (X, d). See Exercise B(1) of Sec. 1.8, for instance. A sequence
ZTn,n > 1, in X is called Cauchy if d(xy,xm) — 0 as m,n — oo. If every
Cauchy sequence in X converges to a point in X, then X is called a complete
metric space. A subset A of X is called a complete subspace if (A,d) is
complete as a metric space; in this case, A is a closed subset of X. Any
closed subset of a complete metric space is a complete subspace.
Do the following problems.

(1) Let A be a subset of a metric space (X, d). Show that
(a) (2) in (1.9.4).
< (b) (3) in (1.9.4).
< (¢) (i) Ais a complete subspace and
(ii) A is totally bounded (see (4) in (1.9.4)).
= (d) A is closed and bounded.

Such a set A satisfying (a) or (b) or (c) is called a compact set.
(2) Extend Exercise A(2) to general metric space (X, d).
(3) In a metric space (X, d), show that

(a) X has a countable dense subset.
< (b) X has a countable family of open sets {O,,}52,, so that for every
nonempty open set O in X and each point z € O, there exists
an n so that x € O,, C O.
< (c¢) Any open covering of X has a countable subcovering.

We call such a space X a separable space. Show that both C and C*
are separable.

(4) (Baire category theorem) Suppose A,,n > 1, is a sequence of closed sets
in a complete metric space (X, d) such that X = U2, A4,, holds. Show
that, there exists at least one A,, with nonempty interior, i.e., AY # ¢.
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