CHAPTER 1

Theory of Superconductivity

1.1 Introduction

In the preface to the book Superconductivity, edited by Parks,' one of the
editors says: “During the preparation of this treatise one of the authors com-
mented that it would be the last nail in the coffin [of superconductivity].”
Some specialists in superconductivity told us that we would hardly be able
to find articles useful for our future investigations, except for Anderson’s
comments at the end of that book. Further, we learned that Anderson was
pessimistic about further advance of superconductivity; for example, high-
temperature or room-temperature superconductivity was most unlikely.
However, against his expectation, the discovery of high-temperature super-
conductivity, due to Bednorz and Miiller,? is astonishing. The traditional
Bardeen—Cooper-Schrieffer (BCS) theory?® has failed to explain the mecha-
nism of such superconductivity. Anderson® proposed a new idea called the
resonating valence bond (RVB) theory or the t —J model (the term ¢ implies
the transfer integral, and J the electron correlation). We have never known
his theory to be successful.

A comment by Feynman, found in his book Statistical Mechanics,* says
that it will take almost 50 years for the problem of superconductivity to be
reduced to that of explaining the gap. Following the BCS theory, we will
explain the gap, and the theory is essentially correct, but we believe that
it needs to be made obviously correct. As it stands now, there are a few
seemingly loose ends to tie up.

The theory of superconductivity seems to be founded on the London pos-
tulate.” Associated with the gauge transformation, the conserved current is

j=—5(6"V6 - oV4") — clo]’A. (L1)
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2 Modern Aspects of Superconductivity: Theory of Superconductivity

The current due to the first term is called the paramagnetic current; and that
due to the second, the diamagnetic current. In the superconducting state,
the first term on the right-hand side changes very slightly, and sometimes
the wave function is quite rigid, that only the diamagnetic current survives.
In this respect, the superconductor is the perfect diamagnetic substance.
The current is dominated by

j=—k2A, (1.2)

where k is a properly chosen positive constant. The Meissner effect is easily
derived from Ampére’s equation:

VxB=j. (1.3)
Taking rotation gives
V’B = i’B (1.4)
or
B, = Bpe **. (1.5)

It is important to note that |¢|? in Eq. (1.1) is very large, i.e. it is the classic
scale quantity, so that the magnetic field in Eq. (1.5) damps very rapidly.
This is the Meissner effect. On the book cover, we see the very spectacular
experiment demonstrating the Meissner effect — a permanent magnet hov-
ers above a superconducting plate. We know of similar phenomena — the
screening of the Coulomb interaction, or quark confinement.

The boson model of Cooper pairs is considerably successful. Equa-
tion (1.3) yields V2A = k2A, which is

MA, = —k*A, (1.6)

in the covariant form, suggesting that a photon is massive, which is a fun-
damental aspect of superconductivity.®

An essentially similar treatment has been presented by Ginzburg and
Landau (GL).? The superconducting state is the macroscopic state; in other
words, a thermodynamic phase. They characterized this phase by introduc-
ing the order parameter, W. This looks like the Schrédinger function ¥, and
then the primitive quantum theorists got confused, saying that behind the
Iron Curtain the quantum theory was different in features from that of the
Western countries.
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Theory of Superconductivity 3

superconducting state is postulated as

The theory is handled as the phase transition. The Lagrangian for the
2 2
h

+—, (1.7)

, e*A
2m* <_Zhv+ c > 87

where * indicates the quantities in question referred to the superconductor
(x2). Note that there are |¥|? and |W|* terms in the potential parts. These
drive the system to spontaneous symmetry breaking and lead to a phase
transition for the suitable choice of constants a and b. This is now called
the Higgs mechanism.® Certainly, the GL treatment is a few years ahead of
the Nambu—Goldstone suggestion.

The GL theory is known as the macroscopic quantum mechanism, and

1
Fy = Fy +a|¥|* + 55\‘144 +

in this sense, the big W is sometimes amusingly called the cat’s W.

A very instructive presentation of the macroscopic quantum theory is
found in The Feynman Lectures on Physics. Vol. 111, Chap. 21. Various
topics there, such as the Josephson junction, are quite readable.

The microscopic theory was prepared by Bardeen, Cooper and
Schrieffer.? However, as a preliminary discussion, we present the Bogoliubov
treatment. The superconductivity is a kind of many-electron problems. The
most general Hamiltonian should be

1
H = / Ay (@)h(2) (@) + 5 / d da (2 (@)oo, 2 )W (2 V().
(1.8)
Since the algebra of electrons is the spinor, the terms other than the
above identically vanish. In other words, the three- or four-body interac-

tions are useless. First, we specify the spin indices, and next the plane-wave
representation for the spatial parts. Equation (1.8) is simply written as

H = ¢(a + ax) + vp—paja’ pa_pay. (1.9)

The simplification or the mean-field approximation for the two-body part is
twofold — say,
Ak,—kakuak(x<ai_kﬁai_kﬁ> (1 10)
Ag’_kaﬁuagﬁ(akaa_kﬁ) +c.c. '
The latter looks curious, since such an expectation value, (axqa—gp), vanishes
identically. Against this common sense, Bogoliubov put the Hamiltonian

H = ¢(a +ax) + Apaja’ ), + Afa_jay. (1.11)
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4 Modern Aspects of Superconductivity: Theory of Superconductivity

We understand that Bogoliubov presumed the Cooper pair, and provided
the effective Hamiltonian for pairs. His theory may be a shorthand treatment
of the BCS theory. This Hamiltonian is diagonalized by the so-called
Bogoliubov transformation which defines the quasiparticle responsible for
the superconductivity as

YE1 U  —Ug Ck1
I = n , (1.12)
Y k| Vg Uk € k|

up —vi = 1. (1.13)

with

The spirit of the Bogoliubov transformation is to mix operators c; and
cJ_rk L which are different in spin. The quasiparticle yields the new ground
state, so that the particle pair or the hole pair arises near the chemical
potential. The stabilization energy thus obtained is called the gap energy
A3 10

We now follow the BCS microscopic treatment. The Green function has
been effectively used by employing the Nambu spinor. This makes the uni-
fied treatment of normal and superconducting states possible. However,
the temperature Green function (Matsubara function) is used from the
beginning.

1.2 Spinors

We start with the general many-electron Hamiltonian not restricted to the
BCS Hamiltonian. The BCS state responsible for the superconducting state
is easily recognized from the formal description. The simplest method of the
quantum chemistry should be the Hiickel theory. This consists of the single
energy matrix,

Brs = /d:r:h(:l:)prs(x), (1.14)

where h(z) is the single-particle quantum-mechanical Hamiltonian, and the
electron density p,s(x) is given by the product of the single-particle (atomic)
orbitals ¥, and ¥s. Note that this is the spinless theory.

We then extend the treatment into the spin space:

1ol
Brs =1 11 .11 ] (1.15)
rs rs
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Theory of Superconductivity 5

Any 2 x 2 matrix is expanded in the Pauli spin matrices together with the
unit matrix:

10 10 0 1 0 —i
0 _ 3 _ 1 _ 2 _
A O B O A (I A )

(1.16)
However, we employ other combinations:
1 1 0
T t(s0 . 3y
o 2(0 +0°) (O O)’
1 0 0
L 20 _ 3y
ot = 2(0 0”) (0 1),
(1.17)
ot = —(c! +i0?) = 01
2 1 0/
0 0
— sl a2y
=50 i) <1 0>
In Eq. (1.24), we then have
Brs = Bqlfso-ll’
(1.18)
rs = Tr(c"Brs),
in detail:
Bls =Bl Brs =Br, L19)
B =Bl Bro =B
As to the Pauli matrices, the ordinary commutators are
[0?,07] = 2i€;;,0
3 5+ = 99+
0°,0"7| =20
| 3 _] ) (1.20)
[0°,07] = —20
[6t,07] =03
[GTaci] =0 )
o, 0%] = o*
[6,67] = —o—
: 1.21
o, 0t = o 2
[o!,07] =0—
[ct,07] =03
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6 Modern Aspects of Superconductivity: Theory of Superconductivity

and the anticommutators are

Ly wa

We then express the matrix in Eq. (1.15) as
Brs = B;fsol‘«’

Brs = Tr(c"Brs),

(1.23)

in detail:

Bls =Bl Bl = Bri

Bl =Bl B =B/
Here, if the quantum-mechanical Hamiltonian has the single-particle char-
acter without the external field causing a rotation in the spin space, the
off-diagonal elements are meaningless. The Hiickel theory involves the spin

diagonal terms.
However, if we take the electron—electron interaction into account, even in

(1.24)

the mean-field approximation, the off-diagonal elements become meaningful
and responsible for the superconductivity. This is what we investigate here.

1.2.1 Spinor

The algebra representing electrons is the spinor. The Dirac relativistic (spe-
cial relativity) function describes this property well. However, the relativity
seems not so important for the present problem. We now concentrate on the
spinor character of the electron. The field operator has two components in
the spin space:

- (40

oa) =" (@0’ = (07 @) w@)(y )

= (¢F (x) —b(x)). (1.25)
This is called the Nambu representation.!’ The negative sign in front of ¢ L
is seen in the Dirac conjugate ¢ — o.
The field operators satisfy, of course, the anticommutators

[$a(2), bg (s)]4 = dopd(x — 2'), (1.26)
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Theory of Superconductivity 7

where (a,8) = (7, ]) and = = (r,t). Then, for the spinors (1.25), the matrix
commutator holds:

_ (8(”3 —2) 0 ,)>. (1.27)

1.2.2 Noether theorem and Nambu—Goldstone theorem

We seek for the meaning of the Nambu spinor.'? Consider a global trans-
formation of fields with the constant A:

do(z) — d)a(x)ema
01 &) — dula)e 2

It is recognized that the Hamiltonian and the equation of motion are invari-
ant under this transformation. We can see that this transformation is a
rotation around the o3 axis with A,

o(x) — M o(x), (1.29)

since

oM = cos(0®A) + i sin(cA)

@) (@) (1 @A (@A)
=1- o + m +-o4el 1 - 3 + 5] +
AZ Af 3 A% AP

0 . 3 . 6“\ 0
=0 cosA +i0°sin A = 0 =it

Here, we discuss briefly the Noether theorem and the Nambu—Goldstone
theorem. The latter makes a profound investigation possible. If the
Lagrangian of the system in question is invariant under some transformation
which is just the present case, we have the continuity relation. Notice that
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8 Modern Aspects of Superconductivity: Theory of Superconductivity

the density and the current are, in terms of the Nambu spinor,
i = ot (@)oo (x),
A (1.30)

j= —is (01 () V() + Vo (2)0(x)).
Then the continuity relation is
Ojo(z) +V-j=0. (1.31)
If the system is static, the density must be conserved:
2% = 0. (1.32)

Put
G = /dxjo(x), (1.33)

and if it is found that

(G, W ()] = W(), (1.34)
and the expectation value of W(x) over the ground state does not vanish,
(0[wlo) # 0, (1.35)

i.e. if the ground state satisfying the relation (1.33) does not vanish, we can
expect the appearance of a boson W(x), whose mass is zero. This boson is
called a Goldstone boson, and the symmetry breaking takes place in the
system. This is what the Goldstone theorem insists on. The details are in
the standard book on the field theory.®

Now we apply this theorem to the superconductivity. The invariant
charge is

Q= /d?’a:d)j(x)d)a(a:) = /d3a:d)+(a:)o3d)(a:). (1.36)

In terms of the Nambu spinor, here 63 is crucial. In the commutator (1.33),

we seek for the spin operators which do not commute with o3 and find, say,
oF. We then have the Goldstone commutator as

/ 0 ([ (@)o%0(a), 0 ()0 6(a)] s

= /d?’a:(iz)<0|¢+(a;)oi¢(x’)|o>a(r—r’). (1.37)
In detail,
T(x)oTo(x) = (o7 (= T 01 41(2)
0" (@)atolo) = (072) 010) () O>(¢f(z)>
= o (2)] (2), (1.38)

o (2)0” o (x) = o1 () ().
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Theory of Superconductivity 9

Notice that here the same symbol ¢ is used for the ordinary field with spin
and the Nambu spinor. The above are nothing but the Cooper pairs, and
we now find the Goldstone bosons W* and W. In literature, it is noted that

<m¢+cwci¢@»m>=:t%f~¢o, (1.39)

where A and ¢ are the gap and the coupling parameter, respectively. We
expect the estimate
Ay ~A_=A

to be reasonable.

The Cooper pairs are now the Goldstone bosons. A comment about
the Goldstone boson or the massless elementary excitation with £ = 0 is
required. Using Eq. (1.33), we write the Goldstone commutator (1.34) as

/fmmm@wmma@m>

— (018 (2)[n)(nljo (¥)|0)] o=y, # O, (1.40)
where |n) is the intermediate state, and xy = yo implies that this is the
equal time commutator.

Since

jo(y) = e~ "o (0)e’?, (1.41)
it is seen that

/ B y[(0]J0(0)n) (n|6 (2)[0) P

— (01 (2)|n) (n]Jo (0)|0)e ™ P"Y]sy=yy  (pIn) = Puln))
= 3(pn)[(0]Jo(0)|n) (|9’ (0)[0) ¥
— (01 () |n) (n]Jo (0)|0)e ™ Pm0¥] 4y,
= 3(pn)[(0]Jo(0)[n) (n|¢' (0)[0) e 'm0
— (019 (0)[n)(n| Jo (0)[0)e~ b0 ]y # 0. (1.42)

In order to obtain the first equality, spatial integration is carried out. Then,
considering p* = (p, M), we retain the fourth component. In the last equa-
tion, when M,, # 0, cancellations will arise for the summation over n. We
thus obtain, only for M,, = 0, the finite result

(0130(0)[n) {n|¢’(0)]0) — (0[¢' (0)[n2) (o (0)[0)
= Im (0[50 (0)[n){n|¢’ (2)[0), (1.43)
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10  Modern Aspects of Superconductivity: Theory of Superconductivity

which is met with the requirement (1.34). The excitation with M,, = 0 needs
no excitation energy, suggesting the Goldstone boson.

We further note that the mass-zero excitation is the imaginary quantity.
This suggests the current to be the phase current, as is seen in the Josephson
effect.

Before closing this preliminary discussion, we want to make a few
remarks. At the beginning, we mentioned London’s postulate that the super-
conducting state is characterized by a statement that the wave function is
rigid, so that the current is entirely the diamagnetic current due to only the
vector potential A. “Rigid” is not really rigid, but it is understood that the
spatial derivative is vanishing, or the current flows along the entirely flat
path, which is described in a textbook as the path going around the top of
a Mexican hat. Boldly speaking, the electron in the superconducting state
is massless. Also, we have pointed out that the vector potential A, which
leads to the Meissner effect, satisfies the covariant relation (1.6),

oA, = —k2, (1.44)

so that a photon is massive in the superconductor.
In the following chapters, we develop a substantial microscopic explana-
tion of the above assertions.

1.3 Propagator

In the previous section, we have found that, as is seen in Eq. (1.41), the
superconducting state strongly concerns the gap function or the anomalous
Green function. We want to deal with the solid-state substances. However,
the infinite crystals described by the single band have already been fully
investigated in literature, and the recent investigations were carried out on
objects with multiband structure.'® 14 The infinite system with many bands
is constructed from the unit cell, which is really a chemical molecule. The
atoms in this molecule give the band index of the real crystal. In this respect,
we first investigate the Green function of a unit cell. The Green function is
now shown in the site representation.

Corresponding to the spinors (1.24), we define the spinor in the site
representation as

ar
m:<T> a, = (4 —a). (1.45)

+
arl
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Theory of Superconductivity 11

Due to this definition, it is unnecessary to insert o3 in the matrix G, as is
seen in Schrieffer’s book.?> The commutator is

_ [ar ,(I:]+ [as y A ]—i— 8rs 0
[araas]+ = _J _J ! _,_T = = drsloxo. (1.46)
[ari’ a’sT]"‘ [a5l7 a’rl]'i‘ 0 drs

The matrix propagator is defined by

G.s(t) = —((ay(t1),as(12)))

:_(<<am(11) aji(t2))) — <<am( )asi(12)>>>
(e (1), a; (12))) = {{a| (12), a5y (2)))

= —(0(t1 — ©2)ar(t1)as(12) + 0(12 — t)as(t2)ar(11)), (1.47)

where t is the imaginary time, so that the propagator is the temperature
Green function or the Matsubara function. In what follows, we put

T="1 — 1o, (1.48)

and the system depends on 11 — 19. If we want to obtain the gap function,
we consider

Tr(0% Gra (1)) = ((af, (1), 0 (12))), (1.49)

and the standard procedure will be followed.

1.3.1 Hamzltonian

Various Hamiltonians can be written by using the charge density matrix,

. prTsT(x) Pris] (l‘) — oMot
prs(x) - (prisT (x) Orlsl (l’)) = 0" Prs, (150)

where the basis orbitals are put to be real, so that we do not need the
conjugation procedure for field operators.

The Hiickel Hamiltonian or the single-particle Hamiltonian has the struc-
ture

H® = h*.a,c"a,, (1.51)
where h includes the chemical potential and can be explicitly written as

hos = / orsh(z) = / dzh(z) <"’"TST($> pTTSl($)> — o"Rk. (1.52)

Pr]sT (.’L‘) Prls]| (l‘)
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12 Modern Aspects of Superconductivity: Theory of Superconductivity

Hereafter, we use the summation convention that repeated indices imply
that the summation is carried out to facilitate manipulations. Other two-
particle Hamiltonians are given in a similar way. Noting that

Wt = [ doda'oly el — )b (o), (1.53)
we have!”
HY = L @,0%,)0,, (a0%,) (a,b=1,1)
- 2 T s )Urs;tu @80 Ay a, _Tal«a
1 _
B - et et @l

1., o
HSuper — 5{(r:lrcfrr:ls)v;;;w(aw ay,)

+ (érc_as)v;;u(étcr*au)}.

For the direct interaction, the quantum-mechanical Hamiltonian is

Fydic _ /da: 'Y () st () (2)v(z — &)X (@)X, (&)

For the field-theoretical Hamiltonian, the wave functions are replaced by
the creation—annihilation operators a:rT, ar, and so on. These are written
in the spinor notation; for example,

1 s
G;FT%T = (aj} am) <0) (1 O) <Z:{)

1 0
:aj<0 O) a, = a, oa,.

Note that H® is obtained by reversing indices (u < t) in vyg:s.

1.4 Noninteracting

“Noninteracting” implies that the Hamiltonian is bilinear with respect to
operators so that diagonalization is always possible. It should be instruc-
tive to begin with the single-particle case, since even if we manipulate the
complicated two-particle case, the procedures are almost the same when the
mean-field approximation is employed.

The energy for the Hamiltonian (1.52) is

E° = Tr(pHY) = h,s(a,a,), (1.55)
where p is the statistical operator,
p = P2, (1.56)
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Theory of Superconductivity 13

with the normalization factor Q. We now define the temperature Green
function, in which t is the imaginary time, t = it,516
Grs(1) = =Trp[(8(t1)ar(t1)a] (t2) — 6(—1)af (12)a,(11)]
= ((ay(u)ay (1)), (1.57)

where
T=11 — 1o, (1.58)

and it is assumed that the system is dependent only on the relative time t.
Then we can write E° in terms of the temperature Green function:

E® = Tr[h,sGr(t = 07)]. (1.59)

Note that h,s and G, are matrices.
The equation of motion (1.57) for the noninteracting Hamiltonian (1.51)
can be read as

Or, ((as(t1)ar(t2)))
= 8(t1 — w2)([as(t1), ar(t2)]+) + ([as(t1), v ar by (11)] -, 81 (T2))
= 8(11 — 1) + Bssrhpe (T1)ar (1), 8r(12))
=8(t1 — 12)8 + {hs }{{ar (11), 8r (12)))- (1.60)

It can be solved using the Fourier transformation!®
1 .
((as(t1)ar(t2))) = Ezemnt«asér;wn»a (1.61)
n

with
o, = 7(2”;; DLY (1.62)

where the odd number indicates that particles are fermions. Then Eq. (1.50)
becomes

(i0ndsp — hger) (@ 8y; ) = Br (1.63)

In this step, the matrix structure of the above should be carefully investi-
gated. Let us assume that the single-particle Hamiltonian is spin-diagonal:

Rl 0
hy = o) (1.64)

It is preferable to introduce the flame diagonalizing each element:

hl, = ((sli)(ilhli)i)(ir) " = (sli) e (ilr) T (1.65)
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14 Modern Aspects of Superconductivity: Theory of Superconductivity

Then we have

_ _ 1 1
((asa,)) = EZ Usli)(ilr)T

n

imn—e” 0
0 (sl Glr))*

iwn_eil

({sli) (ilr))

_ 1 Z 10y — €1 0
B < 0 ({s]a) (alr))*
iwn — €
_ <<<s|z>n<ei><ur>ﬁ o ) 66)
0 ({sla)n(e;){ilr))t
where
nle) = — (1.67)

Another sophisticated way starts from the decomposed Hamiltonian
H® = a,6"h* a,. (1.68)
The commutator is evaluated as
[as, a2, 0" ay] = 850" R, Jay = "W ay. (1.69)
The equation of motion
(08,50 — *h,) (B, 8y 1)) = 0%, (1.70)
In the matrix notation,
(i — " h) (2,85 0,)) = o
or
o0
((a,a;0p)) = ——TY (1.71)
In the representation where h is diagonal,
(r|hls) = (rlo)(ilhli) (ils) = ei(rli)(ils), (1.72)
the relation (1.71) becomes
(1) {i]) (ioon + o)

803 0n)) = G — o) (iaom T o)

_ ()¢ (iwn + o*ef)
(iwn)? — (€])?

(1.73)
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Now

iwy, + ot'e) iy, N otel

(iwon)? = (&)?  (iwn)? = ()?  (ioon)? = (€)?

1 L Lo 1 1
- 2\, — € do, € 2 \iw, — €' iw, + €

1 1 1 .

=3 <iwn T + - E;L) (summing wy,)
1 n n ot n n

= () +n(=e) + - (n(e) = n(—e)). (1.74)

We evaluate
oY ok
61, = Tuol {{rl) il - (el + (=) + G n(e) = (e |
= [(r[i)(i]s)]"n(e]). (1.75)

We then have

5 >oahon) = e S i )

10, — eg

This relation holds for both T and T, and we recover the result (1.66).
Along the way, we give the energy expression for Eq. (1.51):

E° = Tr(h,sGsr)
_ (s 00 ({slim(e])ilr) 0
‘T(o hi5>< o <s|z'>n<é><z'\r>>' o

)

It may be needless to present another illustration:
Y = Tr(hryGor) = Tr(0" bl )(6° G, (1.78)
The result is meaningful if o*o¥ = ¢°, which leads to, in the present case,
ot =o"=0l, or o"*=0o"=0

Such manipulations will be used in the later investigation.

1.5 Interacting

In this chapter, the electron—electron interactions are taken into account,
and we will discuss how they lead to the superconducting state. The
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16 Modern Aspects of Superconductivity: Theory of Superconductivity

Hamiltonians given in Eq. (1.54) are
1 -
Hr = §(arcaa3)v,‘fg;tu(atobau) (a,b=1,1),

1
H®™ = 2(aro ag)vee

| o N
s — 5{(a,qGJraLs)v:fsm(atc a,) + (a0 as)vrsﬁu(athrau)}.

rs;ut (atcaau) (a =T, l)?

These are written in the mean-field approximation. The estimate beyond
this approximation is not the case of the present consideration. We have

0= hnga.ota, (o =1,1),
HY" = (a,0%,) v, (awba,) = (a,0%a,) DEYT (a,b=1, ),
H® = —(a,0%,)v% ut(atcbau> = (a,0%,)D%*  (a=1,1), (1.79)
H™™ = (a,0"a,)v, (807 a,) + (8,07 a,)v, 1, (a0t ay,)

= (a,0tay)Dr™ + 8,07 a,) D™,

where
Dyt = vy, (aoay),
Dy = vri’ ut(arobay)8ap, (1.80)
DS = ot (810 ay),

where (---) implies the ground-state average, which was actually obtained
with wave functions in the previous step during the self-consistent field
(SCF) calculations.

These Hamiltonians are classified into two kinds called modes — the
normal many-electron problem and that for the superconductivity:
H = H""™ 4 H"P (1.81)
where

Jgnorm _ (ércaas)(ha 8 + Dg;dir + D?;ex)’
H" = 3,.06%a,D,;"".

The main difference between the two is that in the former we have the
single-particle Hamiltonian, and in the latter we do not. Various D, are
complicated, but they are merely the c-numbers in this treatment. The
propagator in question in Eq. (1.57) is presented here again:

Grs(1) = —Trp[(0(v)ar(t1)a] (12) — 6(—T)a] (t2)ar(11)]
= ((ar(m1)af (12)))-

(1.82)
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The equation of motion can be read as

O, ((as(t1)ar(t2)))
= 8(t1 — 2)([as(t1), & (t2)]+) + ([as(v1), aya Hy,o (11)]-, 8, (12))

(a;norm, sup)

=3(11 — ©2)dsr + Dy 0" ((ay (1), ar(12))). (1.83)
Making the Fourier transformation with respect to t = 19 — 19 gives
(iwp, — Dy o) Gy = By (1.84)
or, in the matrix form,
1 ; Da a
Glon) = - - (ot 0 (1.85)

iw, — D% (iw,)? — (D*)2’
Note that D® consists of the single-electron part and the two-electron inter-
action term which involves another mate pf,, combined with the propagator
(ao%ay,):

D%(z) = h*(z) + /da:’v(a: — )b, (z')o%(agas). (1.86)

However, the mean-field approximation makes this as if it were the single-
electron interaction. A few comments will be given about the matrix char-
acter of G. This is a big matrix with site indices, and each element is a 2 x 2
matrix in the spin space. The index a characterizes the mode of the mean-
field potential. All the modes are independent of each other and are individ-
ually diagonalized. We now introduce a flame, in which these are diagonal:

(1*|D*|i%) = n$. (1.87)
Look at the right-hand side of Eq. (1.85) and remember the Einstein con-
vention that repeated indices imply summation:
(D2 =m)?+ )2+ ")+ () = "™ + (©")%, (1.88)
where the second line is in a simple notation. Then we have
1) (iowp + (] D[i")0®) (7|

sup

{iwn — (2™ 4 05"P) Hio, + (nFo™ +n")}

| .a> 1 < 1 + 1 > <-a|
=11")=| - - ?
2 \iwy, — (P +5") iy, + (P 40 )
Dfo?
2(n?orm +niup)

+ i)

X < L - 1 )(“\ (1.89)
7. .
i n (n?orm niup) i n (n?orm nﬁup)

)
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18  Modern Aspects of Superconductivity: Theory of Superconductivity

Taking the (r, s) matrix elements and the mode ¢ which is achieved by the
operation,

Tro“G,s = G°rs, (1.90)
we select the terms on the right-hand side with the mode ¢ satisfying
Tro%* = 1. (1.91)

Otherwise, the Tr operation leads to the vanishing result.
Carrying out the summation over w,, we get

Gis(o_) =3 ZGrs 0*)71

1 1
= “li + -
B Z ‘ < (n?orm + niup) iw, + (nnorm + nSUP))
1 D¢
x (i) + 5 D _(rfli®)
p 21 g

1 1 a| ,C
X iwn _ (nnorm + nsup) - i(x)n + (nnorm + T_ISup) <Z |S >
4 i
a1 .
= <7“C|’La> ( (n?orm + njup) + n( n?orm njup))<2a|56>

2
DS
2(nnorm+nsuP)
i
X (™ + 3 ) = n(=no =) (i)

1 . Dy, N: .
e S ey tanh a|59), 1.92

(el

where
1
1+ eni/kBT

n(ng) = (1.93)

and

n(n) +n(-n) =1,

n(m) — n(—n) = —tanh<2k’]‘3T).

In the estimation of matrix elements, the chemical potential which has been

disregarded up to now is taken into account. Namely, the Hamiltonian has
an additive term —pa,a,, which causes

a

n; — i —p <0, while —nf — —(nf —pn) > 0.
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The mean-field potentials are carefully treated. In modes with T and |,
we have the nonvanishing single-particle parts, hlsé‘)rs and his&ns, which
are usually negative. However, for superconducting modes, hﬁ:(), and
the chemical potential is lost for the same reason. The latter may be
closely related to the fact that the number of particles is not con-
served in a superconductor. These circumstances are crucial for the super-
conducting mode.

1.5.1 Unrestricted Hartree—Fock (HF)

Let us review the SCF procedure. We now discuss the ordinary many-
electron system. As an example, the propagator with the up spin,
Eq. (1.89), is

1 Dg ne
1 (0-) = 2irT1sTy — (1130 i b et
Gra(07) = s} = (1) 3o ey o <2kBT) (i]s"),
(1.94)

where (r!|s!) is the overlap integral between the sites r and s and approxi-
mately vanishes, and

Dj; = h;+v-m L G;L.

itstu " tu w5tu
(a:T,1) (1.95)
Note that
ng S
tanh <2kBT) < 0, since nf < 0. (1.96)
Look at the potential of the mode T:
D'(z) = hl(z) + /da:'v(x — )b, (2')o%(asas). (1.97)

In this case, there is h' (), whose matrix element should be negative, so
that even if the matrix elements of the second terms are positive, the (r, s)
matrix element of D'(z) is probably negative. This is usually the case in
atoms, molecules and solids. In evaluating D'(z), the propagators (wave
functions) of all other modes are required. In this respect, Eq. (1.94) is
the self-consistent relation between propagators. Usually, the self-consistent
relation between wave functions is given in a such a way that, at the begin-
ning, the total energy is given by the potentials given in terms of tentatively
approximated wave functions, and the new approximate wave functions in
the next step are obtained by optimizing the total energy. This procedure
is lacking in the present consideration.
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1.5.2 Gap equation for superconductivity

In the case of superconductivity, since o (07) is traceless, the first term of
Eq. (1.92) vanishes, and also h™ = 0. Now Eq. (1.92) can be read as

’U+tu Atay . g
_ {<r+|i+>2("nor<mt+ >su2)) <z+ls+>} tanh (22;T>

== (rtt) Vit Gra (i*|s*) b tanh ) (1.98)
2o + ;") 2kpT

This complicated equation gives the relation between G, and G, both
referring to the superconductivity, and is called the gap equation. A few
points should be presented. While selecting the superconducting mode, we

GL(07)

used
Tr(oto™) = ﬁ<8 (1)> <(1) 8) = T&"<(1) 8) =1, (1.99)
so that
Tr(oT 0" %%) = v, (1.100)
The relation (1.98) yields
Ciey Vi
—{(7’ |i >2(n?orm+n5up)<z |s )} > 0. (1.101)
As has been mentioned previously, we have no chemical potential in the
superconducting state, so that ;" ; is positive, the same as v;“ 1, 1s. Therefore,

it is required that (r+|i+)(i*|sT) be negative so that Eq. (1.101) can hold.
This is really possible, as will be mentioned below. Thus, we are not at all
concerned with the electron—phonon coupling. Let us perform the successive
approximations as
occ
(i o (|57 tan h(ny /2ksT) & S (i o, (F1s7) (T —0)
7

= @rs¥y,  (<0). (1.102)

Here, vj; 1, 18 the electron—electron interaction between two electron den-
sities and is certainly positive (repulsive). However, the bond order is not
necessarily so, but qi4 < 0 in the following example. The last relation was

usually assumed at the beginning of the superconductivity theory.
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We thus obtain the condition for the superconducting state to appear; it
is purely electronic and is apart from the electron—phonon coupling mecha-
nism. Actually, for the chain molecule of four carbon atoms, called butadi-
ene, the matrix ¢,s(r,s) =1 —41is

1.000 0.894 0.000 —0.447

_ 1.000 0.447  0.000
lars} = 1.000  0.894
1.000

(1.103)

We can clearly see that
v aq1a < 0. (1.104)

1.6 Illustrative Example, Critical Temperature

The gap equation (1.98) is, in appearance, considerably different from the
usual one. We rewrite this equation in a form similar to the usual one. To
this end, we adopt, as an example, a polyacene high polymer. Benzene,
naphthalene, anthracene, etc. are a series of polyacene, shown in Fig 1.1.
Here, the unit cell which is the butadiene molecule is in the dotted rectangle
numbered by n. The interactions ¢; and 9 are given for the corresponding
bonds.

1.6.1 Bond alternation

At the beginning, we discuss the bond alternation or the Peierls instability of
these molecules. The infinite chain of acetylene, the so-called polyacetylene,
has the bond alternation, i.e., the long and short bonds do not lose their
memories in the limit where an infinite chain has been formed. This is
popular with chemists,'® but physicists call it Peierls distortion.?® The bond
alternation causes the gap between the conduction and valence bands. It has

polyacene

unit cell

Fig. 1.1 Polyacene.

MODERN ASPECTS OF SUPERCONDUCTIVITY - Theory of Superconductivity
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7227.html
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been said that this discontinuity prevents the superconducting phase from

arising. However, this is an old-fashioned assertion and now seems sceptical.

In the Hiickel theory, the interaction matrix elements are put as t; for
the shorter bond and ¢y for the longer bond:

HY = —t1(ag, a1 + afya2,) — ta(af, a2 + af,ans1),  (1.105)

where we consider the neighboring unit cells numbered n and n + 1, and

each cell has two kinds of bonds. The transfer integrals are parametrized as

d
t1r=1t—38, to=t+3d <8>0’E<<1>’ (1.106)

and then the Hamiltonian is easily diagonalized as
ex = £[t2(1 + cos k) + 8%(1 — cos k)]V/2, (1.107)
where + and — correspond to the conduction and valence bands, respec-
tively. We are interested in the features at the zone boundary, k = m:
€ =28, € =-28. (1.108)
Here, the superscripts ¢ and v indicate the conduction and valence bands,
respectively. When 3 # 0, certainly we have the gap, and if § = 0, the two
bands continuously join into a single band called the half-filled band.
Next, we turn to the polyacene, whose unit cell is the butadiene molecule.
In this case, we obtain four bands:
& = slts + (B + 4RV = .

2 (1.109)

5[ts + (8 + 4l )% = —¢f,

N —

€k
where
tp = t1 + tae'®. (1.110)
The usual pairing property in alternant hydrocarbons is also seen in this
case. Employing the parametrization (1.106) gives, at k = T,

1 5\’
€ =5l + (15 + 168%)1/2] ~ 4ty <t—> . (1.111)
1
When § = 0 (without bond alternation), we have
1
eh = 5{ts — (1 +8°(1 + cos k)]'/2}. (1.112)

Consider single-particle states. If § = 0 and & = 1 we have, from Eq. (1.110),
t = 0, so that the amplitudes at sites 2 and 5 vanish. Therefore, when § = 0,
we get at k=1

1
[Wk) = §(aii_k - aik)\()%

) (1.113)
i) = 5(@_}@ + GZ&;)\O%
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It is seen that |}) is antisymmetric about the Cy, symmetry axis, and |{})
is symmetric. Thus, v and ¢ bands are not continuous at k = .

1.6.2 Deformation energy

For these systems, let us study whether the bond alternation is energetically
favorable or not. We assume that the energy gain due to the bond alternation
mainly contributes to the highest valence band energy, 7.

The case of polyacetylene. The energy gain AFE is

AE = /h ke _ e o)), (1.114)

where the second term refers to the case without bond alternation
(3=0). In Eq. (1.107), we shift the integration origin from 0 to w, then
approximate
2
cosk =cos(m+p)~—1+ %

For small p, we obtain

AE:_/Z“%{W_@}
0

27

_ %(%)2 ln<%> (<0). (1.115)

For polyacene, similar treatment of €] of Eq. (1.109) leads to

1 5\ 2 SHAEE
6 =3 1—{1+16<E) + 4p? 1_<Z)” , (1.116)

and then the deformation energy becomes

S\2/n 2 52
AE=t(2) (= = ZIndn )~ —083t( -] . (1.117)
t 4 b1 t

The bond alternation looks favorable for both cases. However, when the
effect of the ¢ bond is taken into account, this almost cancels out the sta-
bilization energy of the w system in the case of polyacene. On the other
hand, this is not the case for polyacetylene due to the singular term in the
relation (1.117).

Therefore, in what follows, by concentrating on polyacene, we are free
from the bond alternation.
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1.6.3 Polyacene, gap equation, critical temperature

The unit cell of polyacene is a butadiene molecule composed of four 2p7 car-
bon atoms. The Hamiltonian in the tight-binding approximation is given as

HO = t(aj{lanz + a&ang + aj;la:;g + H.c.)
+t(af g a2 +agy 40ty + He), (1.118)

where the second line connects the unit cells n and n + 1.2
The band structure of levels and the linear combination of atomic orbitals
(LCAO) coefficients U are

Q1) = 5{1+ ()},
(k) = =3 {1 - ()},
. (1.119)

(k) = 3{1 - s(h)},

(k) = —{1+s(k)},
with
s(k) = V94 8cos k, (1.120)

N4 N3 NQ Nl
—Nyeq/tr, —Nze3/tp, —Naea/ti, —Niei/ty

U= : Y A k(1121
Nyey/ty  —Nzez/ty,  Naea/ty,  —Niey/ty, ( )
—N4 N3 —N2 Nl
where, for example,
712 1 ik/2
2(tp? +€2) & 2tcos(k/2)

At this stage, we have completed, in principle, the usual many-electron
problem. The mean-field approximation makes the interaction problem a
one-particle problem even though the SCF treatment is required at each
step. In other words, from the viewpoint of the Hiickel theory, the spin-
diagonal parts provide the answer. On the other hand, the spin-off diagonal
part, which means less in the case without electron—electron interactions, is
responsible for the superconductivity.

Up to the previous chapter, the problem had been investigated in the
site representation. That is to say, the system is considered to be composed
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of N sites. However, the real substance is formed from unit cells, so that the
system is a repetition of the unit cell. The usual band theory of polyacene
has thus been completed at this stage.

We turn to the onset of superconductivity. In this case, the single-particle
approach is almost meaningless, but the pair state — say, the wave function
of a Cooper pair — should be investigated. For this purpose, the Green
function of a Cooper pair is most preferable. The gap equation (1.98) is
nothing but the SCF equation for a Cooper pair.

The electronic structure of the single butadiene molecule referring to
k = 0 is suggestive. Let the total number of sites of high polymer polyacene
be N. The number of sites in the unit cell is four. Then N = 4n, with
the number of unit cells n. The numbers 1-4 are the band indices; then
we have the chemical potential between the 2n level and 3n level. The
Cooper pair should be the hole pair of the 2n level indicated by mode (—)
or the particle pair of the 3n level. The discussion is confined to these levels
in solid-state physics, even if the interaction with other bands is taken into
account.

The 2n and 2n + 1 levels are called highest occupied molecular
orbital (HOMO) and lowest unoccupied molecular orbital (LUMO). These
features and behaviors are not so far or qualitatively the same as those
for k= 0.

The electronic structure of a single butadiene molecule is suggestive. The
levels and the bond orders are (the unit = t)

€1 —1.618
€2|—0.618
e3| 0.618 (1.123)
eq| 1.618.

Here, €; and € are occupied (valence) levels, while €3 and €4 are unoccupied
(conduction) ones. Let the probability amplitude, with which the electron
on level i is found at the site r, be (r|i), then the bond order ¢, is defined
as (at the zero temperature)

occ

ars = 3 (rlidils), (1.124)

(2
where the summation includes the spin state. In the determination of
the attractive electron—electron interaction, the bond order is of crucial
importance.
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The bond orders are

Site‘
1 1.000 0.894 0.000 —0.447
2 | 0.894 1.000 0.447 0.000 (1.125)

3 | 0.000 0.447 1.000 0.894
4 |—0.447 0.000 0.894 1.000.

We indicate the negative value of g14. In solid-state physics, the discussion
is concentrated on the highest valence band or the lowest conduction band.
In the quantum-chemical language, the partial bond orders referring only
to level 2, g1, which seem not so far from those with k, are listed as

Site‘
1 0.362 0.224 —0.224 —0.362
2 | 0.224 0.138 —0.138 —0.224 (1.126)

3 |-0.224 —0.138 0.138 0.224
4 |-0.362 —0.224 0.224 0.362.

We indicate the negative value of ¢f}.

If we want to look at the band structure, such as qﬁs, it is multiplied by
the third column of Eq. (1.121).

Based on these results, we may perform successive approximations or
simplifications:

(1) The denominator of Eq. (1.98) is the sum of the ordinary Hartree—Fock
energy and that of the superconducting state, and the latter is
0" = —vf G (1.127)
The total energy is obtained by summing

i =" (1.128)

)

with respect to the chemical potential.

(2) Each level with n; has really a band structure and is then written as
Ni:k, by stressing the band structure by k& with the band index 7. Then
1 is put to be the highest occupied level, and the integration over k is
carried out. The bond orders thus obtained are approximated by the
partial bond orders ¢/I.

(3) The electron—electron interaction, which is effectively negative due to
the chemical structure of species, can be simply written for g < 0:

9= QrsUrgiy- (1.129)
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(4) The energy interval establishing the superconductivity in the BCS the-
ory is related to the electron—phonon interaction, hwp (Debye fre-
quency). In the present theory, it is replaced by the band width nearly
equal to |g|.

(5) Assuming that

Gy, (07) =G, (07) (1.130)
in Eq. (1.98), we have

ol g £ 4 PP
1= gN(0 tanh : 1.131
a0 [ e (S (1.131)

where £§ = n"°"™. The critical temperature Ty is determined by the
condition that n®'P vanishes at this temperature. The integration in
Eq. (1.131) is carried out as usual. Approximating

91 dg g Z dz 9]
/0 g o0 <2kBT> /0 L S EE T

o0
= [In z tanh 2]Z —/ dzInz sech®z,  (1.132)
0

where the upper limit in the second integration is replaced by oo, which
makes it integrable!®:

o0 9 4eY
/ dzInz sech®z = —In ?; y is the Euler constant.
0
A simple rearrangement of the result gives
2¢Y
kpTo = %|g\e_l/N(0)9 ~ 1.13|gle=/N O3, (1.133)

The result is entirely the same as the current one. However, since it is
probable that
ol
kpT
the critical temperature is, at most, enhanced by this value, even though it
is considerably reduced by the factor e /N9

100, (1.134)

1.6.4 Conclusion

As has been presented, superconductivity is not a too-complicated phe-
nomenon. If we employ the spinor representation, superconductivity is
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described in parallel with the normal electronic processes. If we find, in
the copper oxide complex, the four-site unit as a butadiene molecule, it
might be the origin of the superconductivity of this material. We think that
it is not so difficult a problem for quantum chemists.

1.7 Linear Response Magnetic Resonance
in Normal and Superconducting Species;
Spin—lattice Relaxation Time

1.7.1 Introduction

The theory of linear response is one of the main topics in solid-state physics,
and its application to superconductivity is also a fundamental problem.
Perhaps the most important problem is the Meissner effect. However, we
are now interested in the magnetic resonance, whose main theme should
concern the relaxation time. Let us discuss the spin-lattice relaxation time
T7 in the nuclear magnetic resonance. An elegant theory has been provided
by Kubo and Tomita,?? and revised by us with the temperature Green
function.??

The spin—lattice relaxation time T} increases remarkably in a supercon-
ductor just below the critical temperature. This is explained by the BCS
pairing theory and is said to be its brilliant triumph.? 2425 The external

perturbation acting on the electron is written as
H/ = Bkc’klglcz_gck/c/, (1135)

where cgo, Crs, €tc. are the creation and annihilation operators of an electron
in the normal phase, and By, i/or is the matrix element of the perturbation
operator between the ordinary one-electron states in the normal phase. The
problem is as follows: If we rewrite it in terms of operators of a quasiparticle
in the superconducting phase, what will arise?

The time reversal to the above, B_j/_s _j_s, has the same absolute
value, but the phase is the same or the reverse.

It is possible to classify as follows:

14. The spin flip-flop does not arise:
Bkc,k’q(cz_gck’c + Ci_kl_cc—k—c)-
241. The spin flip-flop does arise:

+ +
Bkc,k’—c (Ckcck’—o + C_klcc—k—o)-

MODERN ASPECTS OF SUPERCONDUCTIVITY - Theory of Superconductivity
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7227.html




Theory of Superconductivity 29

As seen above, the theory implicitly assumes that the system is a perfect
crystal and is described by the single wave vector k. The positive and nega-
tive signs of k indicate waves propagating from the vertex or off the vertex.
Before entering into the discussion about the relaxation time of the magnetic
resonance, we briefly review the Bogoliubov theory.?1%1® The Bogoliubov
transformation defines a quasiparticle responsible for the superconductiv-

ity as
Yi—kzi UV Uf; Ci—kl '
with
u% — v,% = 1.

The spirit of the Bogoliubov transformation is to mix the operators ¢y and
cJ_rk L which are different in spin (as to the wave number, this mixing is not so
serious) and not mixed in the normal situation. The quasiparticle yields the
new ground state near the chemical potential. The stabilization energy thus
obtained is called the gap energy, Ax. What we have done in Sec. 1.3 is a sub-
stantial understanding of this reason. However, if we want to make the +k
distinction meaningful, it is natural to adopt the four-component spinor —
say, the extended Nambu spinor (perhaps spurious).?® For ordinary states,

Ck1
c+k
CZ— = (C;T C—k| C—k1 c;:l)a Cr = _T_ ! ) (1137)
[
Ck:i
and, for the superconducting state,
Ykt
yT
vy = (v;ﬁ Yokl Y-kt YL), ve=| " (1.138)
Y_ gt
YEk|
These are connected with each other by the Bogoliubov transformation as
vi = Ukcr, v = Uy, (1.139)
where
u 0 U v
U= (" ), withw=( © %) (1.140)
0 u —Up U

Careful manipulation is instructive.
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Case 1;:
(c:(jckrc, + Ci’k,_oc_k_o) = CZ' e = y:Uk E?’U;Zyk/, (1.141)

w3 = ("3 _03>. (1.142)

This is the 4 x 4 matrix manipulation; however, it is enough to note the
upper half of the result.

The upper half of Eq. (1.139) is

1 0 C'1
e )( )
f 0 -1 Ctk’l
oy u v\ (1 0\ /v —v Y&/t
a (YkT y_kl) <—’U u> <O _]‘> <U/ u’ Ytkll

un — v —uv — vu’> (Vk'T

where

—vu — uv’ v’ — ud

- i, y_,ﬁ)< ) (1.143)

where u and v are the abbreviations of uy and vy, respectively, while v/ and
v’ are those of uy and vy .

Case 1_:
Z(cggck/(, — ci’k,_gc_k_o) = cﬁlck/ = yZ’UklUfyk/. (1.144)

o

The upper half of the above is

!/ / / /
+ uu +vv —uv' + vu VO

_ : 1.145

(ym v kl) <—vu’ +uw v+ uu’) <Vtk’1 ( )

As is shown clearly, the original term is transformed in the quasiparticle
representation into a combination of the scattering term with the diagonal
element in the u; matrix and the creation or annihilation of a pair with the
off-diagonal element of u. These matrix elements are called the coherent

factors.
Let us turn to the case where the spin flip-flop is allowed.

+
Y_ k)

Case 2:

cz'cck/_c + ci’k,gc_k_o = cz'chk/ = yZ’UkE‘]Utykl (1.146)

with

(1.147)
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This relation connects the left half of yZ and the lower half of yy/, by giving

! / / !
+ vv uv’ — vu Y—k'1
Eq. (1.14 :<+ _) uu . (114
q. ( 7) Yer V—-kl —ou +ur  —vv — VZ’i ( 8)
Case 2_:
czcck/_(, — cfk,,oc_k_(, = cg.]ck/ = ygUkJU'ﬁykl, (1.149)

with

J= : (1.150)

This relation also connects the left half of y;: and the lower half of v/, and
we have

/ ! / /

_ +ou' \ [ Y-k"1
Eq. (1.150) = (v, vy_ v . - (Ll
a- (1.150) = (v v-k1) <_W/_w/ AN (1450

Note that, at present, the scattering terms are off-diagonal, and the cre-
ation and annihilation terms are diagonal.
By the use of the relations? 10:15

1 € 1 €

2 k 2 k

up == 1+ V= = 1——),

£ 2 ( Ek) g 2( Ej, (1.152)

El = + A}
(A is the gap energy), the coherent factors are expressed substantially as
1 €LEL Akﬁ.k/
1y "Fu)? =<1 ;
+ (ud Fov') 2( 5B T BBy )

AkAk’
EkEk’ .

(1.153)

1
2. (w' Fou')? = 5 (1 T

In case 14, we have the ultrasonic attenuation, while the electromagnetic
interaction is in case 24 and the magnetic resonances are in case 2_.

1.7.2 T; in NMR

A detailed analysis of the spin—lattice relaxation time 77 in the nuclear
magnetic resonance will be presented in the next section. Here, the results
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are given briefly.

1 NV
Y |B,€,€,\25 (1 + ﬁ) n(1 — np)S(Ey — By — ), (1.154)
kk'

where o is the applied radio frequency. By converting the summation
(explicitly shown) to the integration, and further by using the relation of
state densities,

N(E)dE = N(e€)de, then

E
N(E) _de _ ) (g2 _p2)i2 (&> 4), (1.155)

N(e) dE
© 0 (B <)),
we rewrite Eq. (1.152) for o < A as

T~ BN [ 75 (14 5 )
E(E + w)kpT(—0n/0E) dE
X (EQ o AZ)I/Q[(E + (.0)2 . A2]1/27

where the coupling constant and the state density are replaced by their suit-

(1.156)

able averages. This integral is divergent. Therefore, T7 of a superconductor
is strongly enhanced just below the critical temperature. This phenomenon
was observed and explained by Slichter et al.2%2® This was said to be one of
the brilliant victories of the BCS theory. However, it has been found, in the
recent experiments on the high-temperature superconductors or the copper-
oxide superconductors, that the T} enhancement is lost. This phenomenon is
considered deeply connected with the mechanism of the high-temperature
superconductivity of these species, and it attracted the interest of many
investigators.2”2? However, as far as we know, the theory of magnetic reso-
nance of a superconductor has been done almost entirely under the scheme
mentioned in this introduction. Then it will be preferable to develop the
theory of magnetic resonance in accordance with the sophisticated recent
theory of superconductivity.

1.7.3 Theory with Green’s function

Our idea is as follows: the algebra of electrons is related to their field oper-
ators. In the same way, we assume the field for nuclei. For example, the
creation operator for a nucleus a}r{ a Yields the nuclear motion with K and
M, which are spatial and spin quantum numbers, respectively. The energy
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spectrum of the propagator G ar(t) = ((axa(t)as,,)) gives the line shape
of the magnetic resonance.

The nuclear propagator Gxps(t) sees the electron sea, followed by the
electron excitation in the spin space. This gives the additional line width
of the nuclear magnetic resonance. The phenomenon looks like the vacuum
polarization in quantum electrodynamics. The self-energy part that has thus
arisen in the nuclear energy is the source of the line shape of the nuclear
magnetic resonance.?

The spin—lattice relaxation time of the nuclear spin I? is given by the
imaginary part of the magnetic susceptibility ¥ .., which is equal to (x4+— +
¥X—+)/2 in the spatially homogeneous system. Here, + correspond to (I* £
ilY)/2, respectively. The ensemble average of a change, (I (t)), is given by
the linear response theory as

t

SUIT(t)) =i / dt' Te{pg[H™(t'), I (t)]-}, (1.157)

— o0
where pg is the grand canonical statistical operator. However, the chemical
potential is not given explicitly, unless otherwise stated. The rotating mag-
netic field causing the magnetic transition is, assuming a single mode for
simplicity,

H®™(t) = Hr(I" (t)ei‘”t + 1 (t)e_i‘”t). (1.158)
As has been said, the spin-lattice relaxation arises from the interaction

between the nuclear spin and the electron spin. In other words, the electron
spins play the role of a lattice system.

H' = hygBpF(R,m)I-S, (1.159)

where F(R,r) is a function of spatial coordinates of the nucleus, R, and
that of the electron, r. The term vy is the gyromagnetic ratio of the nucleus,
and g and Pp are the g factor and the Bohr magneton of the electron,
respectively.

Now the second quantization of the above is carried out. First of all, the
orthonormalized wave function describing the nuclear behavior, |&x (R)M),
is introduced as

(Hy + Hu)gx (R)M) = (ex + M)[Ex (R), M)
= exmlEx (R, )M), (1.160)
with

exm =€k + M,
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where Hp is the spatial part and Hps is the Zeeman part. Then we have
I* — (g (R)M|I* &g/ (R)M"Ya} yjarc
= (M|I*|M")a}jaxmdrk:. (1.161)

A similar equation is given for electrons,

(Hs + H)br () m) = (€ +m)|01(r).m) = €om | (r),m),  (1.162)
where

€km = € + M,
so that
H' — hygBp(MIP|M")(m|S*|m") (g (R) bk (r)|F (R, ) [E rcr (R) by (7))

X (af; pp@rcrnsr) (G Chm)- (1.163)
If the nuclear motion is assumed to be that of a harmonic oscillator, a} M
and ag s are the creation and annihilation operators of vibrational excita-
tions. When the nuclei carry noninteger spins, these are considered to obey
the Fermi statistics or satisfy the anticommutation relation

[k axar]+ = S kS (1.164)
However, as will be seen in the following, this selection of the statistics is
not fatal for the theory. Needless to say, the operators for electrons satisfy
the anticommutation relations.
The change of I in Eq. (1.157) can be written, in the interaction rep-
resentation, as (we retain the I~ term in Eq. (1.158))

t
S(IT(t)) =iyHg / dt'e=

x Tr{pg (M — 1[I~ |M)(M|IT|M — 1)

X [a}7M_1(t’)aK,M(t’), a}M(t)aK,M_l(t)]_}

t
= —yHR/ dt' et DK,M—I,M(t/ — t)
—o0

1 ot [°° ;
- _§VHR€_ZM / dse™"* Y D n-1,0(s)
—o0 KM

1 .
= _§VHR@_MtDK,M—1,M(C0)- (1.165)
From this result, the magnetic susceptibility of the present system is

X+—(0) = _%DK,M—LM(CO)- (1.166)
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In the course of derivation, the matrix elements of spin operators are put to
be equal to 1, and then the Tr operation is carried out. Here, Dg pr—1,a1(8)
is a retarded Green function,

D vi—1,m(s) = —i0(s)Tr{pclasers 1 (8)arn(s), afrjarnr—1]-}, (1.167)

and Dk p—1,m(w) is its Fourier transform. Now our problem is to estimate
this retarded function.

The retarded Green function is easily obtained by analytical continua-
tion from the Matsubara function (or the temperature Green function with
imaginary time t) which is causal in T,

Dg.m-1,m(1) = —Tr {pGTT [GE,M_l(t)aK,M(T)a},MaK,M—l} } , (1.168)

for which the Feynman diagram analysis is available.®

1.7.4 Noninteracting

Here, we deal with the case without the spin—lattice interaction. It might
be trivial; however, it seems instructive for the later investigation. By the
use of the simplified notation, (---) = Tr(pg - - - ), the Green function in this
case is written as

D?{,M—LM(T) = <Tt[a;_<M—1(T)GK,M(T)G};'MGKM—lb

= Gren (V)G a1 (=), (1.169)
where
Ghenr () = —(Ttfarnm(t)ak ), (1.170)
and the corresponding Fourier transform of Eq. (1.169) is
DKM 1 (wn) = ZQKM (Vn)G% a1 (Vn — @p), (1.171)
where
1
0
= — 1.172
G (vn) O — €x1I ( )
Therefore,
1 1 1
DO _ ()] = — - - .=
- 2(w e e
—i0p —€KM-1  Up — €KM ) 1O + €EKM—1 — €KM
1
= -1)— E 1.173
lernr) = nlexm)lz———, (1.173)
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where

€KI = €KM — €KM—1,

and it is noted that w, is even, and that it does not matter in
obtaining the particle number. The retarded Green function is obtained
simply by replacing iw, with o +in (n is a positive infinitesimal). Thus, we
obtain

1

3(IT (1)) = e ™ Hp(n(ex—) — lex+)) S =T

(1.174)

where the radio frequency stimulating the resonance is rewritten by w?. The
magnetic susceptibility x4_ thus becomes

1
o —€exr+in’

y=e "'Hp, (1.175)

Xt (@) = y(n(eg-) —n(exy))

whose imaginary part is
(o) = —my(n(ex—) — nlex+))d(w — €xr). (1.176)

This gives the sharp 8 function-type energy spectrum. We have no line width
or the relaxation time, and states are stationary.

1.7.5 Interacting; normal

In the interacting system, G° in Eq. (1.169) has to be replaced by G, includ-
ing the interaction, which in the present case is the spin—spin interaction
between nuclei and electrons, as has been given in Eq. (1.157),

Drnm—1,m(wn) = % > Grm(vn)Grn—1(vn — o), (1.177)

where, for instance,

Grm(vn) = [(gg{M(Un))_l - ZKM((”)]_la (1.178)

 being the interaction energy.

Our procedure is as follows. The two Green functions with the self-energy
part are evaluated. Combining them gives the retarded Green function D
for estimating the magnetic susceptibility.

The most important (divergent) self-energy part of this self-energy is due
to the ring diagram shown in Fig. 1.2. The problem is to examine how the
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Fig. 1.2 Self-energy part G(v,).

energy of the nucleus propagator (unequal-dashed line) is changed by the
ring diagram of the electron (full line). That is to say,

g(Un)_l = g(Un)O + Z(w),
Z(w) = _‘K|2S(pn)8(pn + ‘»0)7

where S is the electron propagator, and the minus sign is due to the fermion
loop. The self-energy part includes the coupling terms, where

K[> = (M|IT|M —1)(m — 1|~ |m)|?
X | (ki (R)bw () [F (R, 7)o (r) x 7 (R)) (1.180)

and the minus sign is due to a Fermion loop. The ring diagram is calculated
as follows:

Sk;m(pn)Sk;m—l(pn + )

(1.179)

1
B Z 1Pn — €km ipn+w_ekm+1
_ Z( 1 > 1
—€km  ipn +w— €rmtl /) © — €gmi1 + €m
(n(etom) — (€kms1)) ! (1.181)
= (Nn(€ — nle . .
km km—+1 ® — €hmr1 n €

The lattice (electron) gets  from a nucleus to lift the electron spin from m
to m+ 1, and at the other vertex, the inverse process occurs. This looks like
the radiation process in the photochemistry. We thus have the self-energy
part of Gr.pr—1,m,

1

Sroar-1.0(Vn) = [K P (n(€m) — (€km-+1)) P~ (1.182)

where
€ks = €km+1 — €km-
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Another propagator Gg.ar, has the self-energy part Xg.arar—1(vy,). This
is built by replacing p,, + ® with p,, — » in Eq. (1.181).

1
B2 (00) = [KP(nletn) = nletn1)) o
1
= K2 m) — m— 5
K n(etm) = netn-1) 5
1
~ K (e 1) — 7€) —— (1.183)
W — €kg

We now turn to the evaluation of the propagator Dg.pr—1 a(7):

Dr.vi—1,m (0n,)

— % Z Grm(Vn)Grm—1(Vn — op)

1 L B
=3 D (ivn — exnr — Zar-) (i — dwn — €xrr1 — ZraM-1)
Un,

1 Z{ 1 1 }
B4~ vy —ion —€xm—1 — Txm—1 1Vn — €kM — XKM

1
X § =
{an —€KM—1— XKM—1+€xm + XkM }

= (N(exm) — N(eKM_l)){iwn Ep— ElKM S } (1.184)

Here,
€KT = €KM — €KM—1,
and the self-energy parts are disregarded in obtaining the particle density.
We can see that the additional terms in the denominator modify the line
shape.
If we put iw, — o + in, we can obtain the retarded Green function,
whose imaginary part gives the line shape:

w ~
o+ —€x;+ XM — BKM-1

1
:{P< )—in&(w—él([-i-EKM—ZKM_l)}
®— —XKM_1€KT

(1
= ﬁ (at the resonance point). (1.185)
e)” + (Im

The line shape is now changed from the 8 function type to the Lorentz type,
as expected.
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1.8 Interacting; Superconductor
1.8.1 The extended Nambu spinor

Now, we investigate how the line shape obtained above is further modified
in a superconductor. The electron propagators in the previous section are
replaced by those in a superconductor. They have already been studied in
Sec. 1.3 and are presented here in a new fashion adequate for the following
investigation. As has been done by BCS, let us consider the attractive two-
body potential g, which is assumed constant for simplicity, and further keep
in mind the Cooper pair. The Hamiltonian

1
H, = {ekacgacka + igc,jacfkﬁc_kﬁcka}, (1.186)

where €4 is the orbital energy, includes the Zeeman energy in the present
case.
Now we use the extended Nambu representation of Eq. (1.137),

Ci = —_i-kﬁ , CZ_ = (Cz—a C_kp C—ka C;ﬁ) (1.187)

with the equal-time commutator:
[ck, €]+ = Lo (1.188)
In these terms, the Hamiltonian is rewritten as
1 _
Hy = e Dicp + 59(02 Zteg) (e 2 ep), (1.189)
where €, is the diagonal matrix of €,:

€k

€ = kb . (1.190)

Let us define

P (00_ _?,+>7 (1.191)
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10 0 1 0 —i
3 _ 1 _ 2 _
o) =) =00)

1
o = 5(01 +i0?), o = (o —ic?). (1.192)

As for the electron—electron interaction, only those for the Cooper pairs are

with

selected; namely, =T selects a Cooper pair in the particle state, and ¥~ in
the hole state.

1.8.2 Green’s function

Here, the discussions done in Sec. 1.4 are repeated briefly. The above
Hamiltonian is invariant under the scale transformation. Then we have a
current conservation, especially the charge conservation in the static state
(Noether’s theorem). If we have any quantity which does not commute
with this invariant charge, we can expect a phase transition (the Goldstone
theorem).

The charge proportional to

(- cry) = Y (e ZPex) (1.193)
k>0

is invariant under the rotation about the X3 axis in the space spanned by
¥3, £F and X~. Observing that

(23, 2%] = £25* (1.194)
suggests the phase transitions along the ¥F directions.
If we define
c=c" 23,

as has been done in Sec. 1.43, the discussions parallel to those there will be
possible in the following. However, this is not employed in this case.

The phase transition cannot be achieved by the perturbational approach,
but the effective Hamiltonian giving the phase transition should be included
at the beginning. For example, the modified Hamiltonian

H° = ¢ (,2° + pXT + 27 )cy,

N . . (1.195)
o™ = QZ{ pETer) - (e ew) — ¢ (pZF +nE7)ex ),
Kk
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where p and n are the so-called gap energies which are assumed to be
independent of k for simplicity. Note that the Hamiltonian H° is already
symmetry-broken. Here, we adopt a conventional method. In what follows,
H™ is neglected, i.e. we start from the Green function due to the effec-
tive Hamiltonian and then take the interaction (1.158) into account. At this
stage, we may expect the result that will be obtained in such a manner that
the normal and superconducting states contribute additively.

The temperature Green function with the imaginary time t is defined as

G (1) = —(Tx[e(v)cih)), (1.196)
where (---) = Tr{pg - - }. The equation of motion of GY,, is
0:Gi (1) = —0:[0(t) {ex (1)e (0)) — B(—)(ci (0)ek (v))]
= 3(t)([ex(0), ¢ (0))4) + (Telex(v), H°)-, ¢ (0))
=S + (2% + pZT +1Z7)GY (1.197)

In the course of the above derivation, the commutator in Eq. (6.65) was
used.
We make the Fourier transformation,

1 —iw
GO () = EZ@ "TGY (wn), (1.198)

where B = kT and kp is the Boltzmann constant. Then the equation of
motion becomes

(iwn + €2 + pZT + NZ7)GY (0n) = Sppr. (1.199)
Namely,
1
GO / —
i (On) o, — €23 — pZt — X~
i, + X% 4+ pZT +nE™
= 814 , 1.200
O -
where
E} =€ +on. (1.201)

1.8.3 Spin dynamics

The propagator in Eq. (1.200) is the 4 x 4 matrix. If we ignore p and n,
this is reduced to the normal propagator. We have already tried this
simple case.

MODERN ASPECTS OF SUPERCONDUCTIVITY - Theory of Superconductivity
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7227.html




42 Modern Aspects of Superconductivity: Theory of Superconductivity

Now we assume the terms responsible for the superconductivity as a
perturbation. Namely (S is the electron propagator),
iUp + €, X3 + pET + 2T
(ivp)? — E2
Uy, + €22 pZT +nET
(ivn)? 4+ €  (ivp)? + €

It is helpful to separate this relation into components and to manipulate

S(un) =

each one individually. Noticing that
o’ +o3 =0l +ol,
we have, for example by operating o' followed by Tr,

iV + T3+ pZt 2 1 p+m

(Vn) (ivn)? — E2 iV, — € (vp)2+ €
1 1 1
= - +p+n<. —- >+ (1.203)
1VUp — €t 2¢1 \tuy — €t Uy F €t

In order to get the self-energy part of the nuclear propagator, we have
to evaluate

1
Srarm () = K22 ZS Un)S (U + ). (1.204)

The first-order term has already been evaluated in Eq. (1.181). Then we
have to carry out the complicated manipulation due to the second term of
the last line in Eq. (1.203). However, the combinations other than those
satisfying the resonance condition w ~ €5 [see Eq. (1.182)] should give a
small effect which is to be neglected.

We then consider that the procedures of the previous section need not
be repeated, and we are allowed to multiply the results there by the factor
(p+M)/2€x; as the perturbing correction or the superconducting effect.

1.8.4 Conclusion

If we review the present investigations from the viewpoints of the line shape
problem in the magnetic resonance, three cases are clearly distinguished.
In the noninteracting case, the line shape is written in terms of the delta
function. In the interacting case of the normal phase, it is presented by
the Lorentz-like function, and in the superconducting phase it is further
multiplied by a coherent factor; whereas the statistical factors referring to
the nuclear states never change throughout.
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For a superconductor, the present theory has almost nothing to give
more than the current one has done. However, the theory is not merely to
reproduce the experimental result, but to predict the mechanism hidden in
observations, in such a way that the manipulations reveal step by step the
working mechanism inside the matter. We might be satisfied with a slightly
deeper understanding of the superconductivity.

Among various opinions we give, as an example, Scalpino’s.?? He pointed
out three possibilities regarding the loss of the 77 enhancement in the copper
oxide superconductor:

(1) The d-wave single-particle density of states has logarithmic singularities,
rather than the square-root singularity for the s wave gap.

(2) The coherent factor for the quasiparticle scattering vanishes for k ~
(m,m) for a dy2_,2 gap.

(3) The inelastic scattering acts to suppress the peak just as for an s wave.

Scalpino had the opinion that the theory of superconductivity is already
so well furnished that other fundamental ideas beyond the original BCS one
are almost needless, except for some smart equipment. As the phenomena
observed in the copper oxide superconductor are rather qualitative and fairly
clear-cut, the explanation for them must be simple. It is expected that a
quantum-chemical speculation could make this possible.

Let us address scalpino’s opinion. The divergent character of Eq. (1.154)
seems a merely mathematical problem. The difference between Eq. (1.185)
and that (which will be obtained) for the superconducting case is the coher-
ent factor, (1.203). In the case of a BCS superconductor, it holds that
Ej. > p so that the enhancement of the spin—lattice relaxation time T} is
observed due to this factor, which leads to the superconductivity. However,
in the case of a high-temperature superconductor, p,n ~ Ej, as has been
seen in the previous chapter, we cannot observe the sharp onset of super-
conductivity. Then we miss the coherent effect.

There is presumably a simpler reason why the 77 enhancement is not
observed. In copper oxide, electrons responsible for superconductivity are
probably the d electrons; then we have the vanishing interaction term if
it is the Fermi contact term between a nucleus and an electron — say,
F(R,7) ~3(R—r)in Eq. (1.159).

1.9 Ginzburg—Landau Theory from the BCS Hamiltonian

The macroscopic quantum theory of superconductivity has been given by
Ginzburg and Landau.? This looks rather phenomenological; however, since
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a microscopic justification has been provided by Gorkov and others,!6:30

it has a substantial foundation. We also reviewed the GL theory, in the
introduction of Sec. 1.4, from the viewpoint of Landau’s general theory of
phase transitions. It is crucial that the Lagrangian of the system is written
as the fourth-order function of the order parameter W, which is the electron
field. If the coefficients of the second- and fourth-order terms are suitably
chosen, the new ground state shapes a champagne bottle, or a Mexican hat
is built. If electrons moves on this flat route around the top, the derivative
of the orbital vanishes or the kinetic energy vanishes, which implies that
the wave function is rigid. We may say that the electron mass is effectively
zero. We thus have the current only due to the vector potential, i.e. the
diamagnetic current. This causes the Meissner effect.

The GL theory is quite useful for applications, since the microscopic the-
ory by itself is too complicated for manipulating large-scale problems. If we
can solve the GL equation for a real problem under an appropriate bound-
ary condition, various information on this system can be obtained.'® The
macroscopic wave function or GL order parameter W is related to the gap
function and is understood as the field of Cooper pairs. The parameters in
the GL equation are also written in the microscopic terms or by the exper-
imental values. In Ref. 28, the GL function W is derived directly from the
BCS Hamiltonian, not via the gap function or the anomalous Green function
related to the gap function. The electron—electron interaction composed of
the four fermion operators is changed by the Hubbard—Stratonovitch trans-
formation to an auxiliary complex boson field ¢, in which electrons behave
as if they were free. Using the path-integral method, we can carry out the
integration up to the quadratic terms of the electron operators. If we care-
fully analyze the resulting effective Lagrangian for the boson field, we will
find that this boson field, which is described by a complex function, suggests
a phase transition; the condensation arises in particles described by the real
part of the boson field, while particles in the imaginary (or phase) part turn
out to be massless Goldstone bosons. It is then clear that the boson field
is to be the GL order parameter. In the course of analysis, the concept of
supersymmetry is effectively used.

1.9.1 BCS theory

We assume the classical field of an electron is described by the Grassmann
algebra or the anticommuting c-number; namely, the creation and annihi-
lation operators a; and aj, are treated as anticommuting c-numbers. The
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BCS Hamiltonian is written as

H = Hy + Hiy,

Hy =) €kololho, (1.205)
ko

Hipe = Z —Gk—k,— ki (agraZp )@ priarry);  Gr—rp—kr > 0,
k!

and

—Gk—k,—k'k = /dr1dl‘2 Xkt (T1) X gy (r2)v(re, v2) X —pr ) (r2) X k1 (1),

(1.206)
where v(ry, rg) is the effective coupling giving an attractive character for the
electron—electron interaction. Here, the summation convention that repeated
indices imply summation is used. This is helpful in facilitating the manipu-
lation. We would consider that the BCS Hamiltonian is an attractive inter-
action between Cooper pairs rather than an attractive interaction between
electrons, (Figs. 1.3 and 1.4). In the following, it is assumed that €y, is

independent of spin and gy_, '—# is independent not only of spin but also,
finally, of k and &'.

Fig. 1.3 In the BCS model, superconductivity arises due to the attractive electron—
electron interaction which appears owing to the scattering by phonons.

|<y

A
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Fig. 1.4 Excitation of the ground state of a Cooper pair demonstrates the presence of
the energy gap A, which is (very approximately) isotropic in the momentum space.
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46  Modern Aspects of Superconductivity: Theory of Superconductivity

Let us investigate the partition function
Z = Tre PHo+Hint), (1.207)

This is expressed by the use of the path-integral method.?3? The spirit of
the Feynman path-integral is sometimes written as follows: the (imaginary)
time interval 0 — B is sliced into numerous pieces, each being labeled by t,,.
Since each slice is made arbitrarily small, the quantum effect arising from the
commutation relation can be neglected, so that the operators are regarded as
c-numbers in each slice. Instead, this c-number function can take any value
even in the small time slice. Connecting these precise values from 0 — £, we
can draw all of the paths in this interval. If we count the effects from all of
these paths, the quantum-mechanical result of the subject can be obtained.
However, this statement seems rather misleading.

Feynman’s path-integral is the third method of quantization.??> We begin
with the classical treatment, and then if we apply the path-integral proce-
dure to it, the quantum effect is certainly taken into account. This cor-
responds to the conceptual development from the geometric optics to the
physical optics. The Bose system (in the quantum-mechanical sense) is writ-
ten by an ordinary c-number, but the Fermi system should be described by
a Grassmann number. Thus, we do not worry about the commutation rela-
tions of field operators and obtain

Z=Tre Bl
s B
= J&PM/H da*(tp) da(ty,)exp Z[e(a*(r,,)a(r,,) —H(tp)], €= N
p=1 P
p
— [ Pa @Pam) e [ de{ay()(=0: = eso)aa(s)
+ Gk, g (V)@ (Ta—p (Dawr (V) (1.208)
where
Da*(1)Da(t) = [ [ dak,(1p) dae(tp). (1.209)
p=1

1.9.2 Hubbard—-Stratonovitch transformation
Difficulty lies in the quartic term of the electron—electron interaction. Let
us define

B&k = G’ZTG’*—kl? Bot’ = Q_f/ | Ak (1210)
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so as to write, in each time slice,
gk_k,_k/k/azTa*_kla_k/lam = gm/B&kBa/. (1.211)

This is simplified by using the identity called the Hubbard—Stratonovitch
transformation.>* We introduce a complex boson field ¢, since (By)* # By:

1:/ " g dpe 0 = / " d* dpe O —IV/aTRE" ) @+in/aTE)

- / " 4" dpe 0 OHVIR(B 0-B6) 98" B,
—00

namely

)

/ ) dp* dpe— 0" 4FiVIR(B"9=Be") _ 9B"B (1.212)

—0o0

where we have the definition
d¢* dp = d(Re ¢) d(Im ¢).* (1.213)

We cannot apply this identity for the quantum-mechanical partition func-
tion because of the noncommutativity of the operators involved, but now
we have no trouble since, in the present path-integral treatment, operators
turn out to be c-numbers. Then Eq. (1.208) becomes

7= / Da*(v)Da(x) do* (x) do(x)

B
X exp /0 dt{—ay (D AF (R)are () — 7% (V)bw (2)

+ i/ TGk A (T)aZ g (V) o (T) = iy/T o,k a—pr | (T)arr1 (T)do ()},
(1.214)

with
A_l(t) = —0; — €.

(o)

The essential feature of this expression is that the operator appearing
in the exponent in Eq. (1.214) is quadratic only in aj and af, so that the
evaluation with respect to the fermion variables is similar to the evaluation
for the noninteracting system, in which particles are moving in an effective
boson field ¢5. Equation (1.214) shows that, inside the exponent, Z is a
weighted average of the second and third terms over the field ¢g.

*Actually, do¥ dp? = %d(b* dd. The constants are adsorbed in the normalization factor.
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48 Modern Aspects of Superconductivity: Theory of Superconductivity

1.9.3 Fourier transform

The Fourier transformation with respect to t is performed as

ap(1) =D e ag(wn),  da(t) =D €M Ty (vn),

On = w Uy = Q”T” (1.215)

Note that w,, refers to a fermion, and v,, to a boson.
Using the above and the relation

B
/ dre'n=em)t = gy, (1.216)
0
we have

Z:/Dﬁ@mﬁm@MDW@@DMW)
X exp Z {—Bajo(0n) Ako (i00n) ™ ko (wn) — B (V) dor (Vi)

WnVUn

+ i\/ ngk—k,a’aZT(wn + Un)aik:i (w)(')ot’ (Un)
— 1y /nga,_k/k/ak/l(con)a_kq(wn + Un)(l);(vn)}, (1.217)
where Ak (iwy,) is Green’s function, given as
1
YAy ¢) =\ 1.218
ko(i00n) o — € ( )

We can observe the following in Eq. (1.217): the third line tells us that,
at the vertex indicated by the coupling gi— o, the boson field ¢y sinks,
and then the particle pair azTa*_k ! arises. The last line displays the reverse
phenomenon. Note the energy conservations at vertices.

1.9.4 Nambu spinor

At this stage, we would rather use a spinor notation due to Nambu!! that
is very useful for investigating the superconductivity:

akT
ak:(* ) ag = (ag;  a—p),

a—k * *
a_p = ( . i), a’, = (alg akp). (1.219)
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It is instructive to manipulate the complicated last line in (1.217) in the
present language: it has a structure such that

* % * * 1 a
b agraly) — by a—ppary = o (agy  a—ky) <0> (0 1)( o >

*

*( % 0 a_g/|
_d)a(a—k"i ak/T)<1) (1 0)( GZ/T )

= ¢y ajo’ ap + ¢k a* o a .
The positive sign in the second term is due to the Grassmann character of
art and a_. Also,

a} €paps = a*ore,ay, (1.220)

since €, = €_y,.
In the above, the Pauli matrices and related ones are rewritten as

0 1 0 —i 10
1 _ 2 _ 3 _
(o) =00 e )

1 0 1 1 00
S B A —_ Ll a2y
o —2( +zo)—<0 0>, o —2(0 zc)-(l ())' (1.221)

Equation (1.217) is now written as

2= [ [ paDabyDoexp Y- {~prog )t (v)

+ Baj (wn) (io, — €,6°)ag(wy,)
+ Z'B\/ T[got,k’—k’(bot (Un)aZ’ (‘Dn + Un)0+ak’ (‘Dn)
+iB/T0o -k ba (Vn)a" p(wn)o~a g (w, +vp)}. (1.222)

We can integrate with respect to fermion variables: note that3!

/dz* dze*"4%) = det A for a fermion,

/dz* dze® %) = (det A)™ for a boson. (1.223)

Using the upper one, we can immediately obtain

Z= / Do Dexpy {—Bncb;‘l(v)%(v) + det|| " Bliwn — exo”)
Un Wn
i /TG (a(Un)o™ + &% (U)o™) H } (1.224)
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50 Modern Aspects of Superconductivity: Theory of Superconductivity

where we have made use of a symmetry property, gy i = go’ k—k, and
|-+ || stands for a matrix. This can be also rewritten as

= / D* D exp PV @) (1.225)
with the effective action for the boson field

W(6) == 3 63(vn)da(va) — 5 3 Trlogh

X {(mn —€0°) 41 Z Vak(Pa(vn)ot + ¢;(un)o—)}, (1.226)

where the relation log - det = Tr - log and the simplified notation

Ugk = NGk —k' = TGo’ k—k (1.227)
have been used.
By employing the steepest descent method, we can obtain a particu-
lar ¢, by optimizing W (¢), which will be denoted as ¢. For example, by
differentiating W (¢) with respect to ¢ (v, ), we have

6W(¢) B _l 7 US’kO’_
R D I e BTN i C W Ve ey
—0 (1.228)

We thus obtain

Z \/ Us kuakz d)a (1.229)

nd)S Un =

E}(v) = € + 1/ (o tter 1) 85 (Un) b (Un). (1.230)

Note that the field strength ¢7(v,)ds (V) has the dimension of energy.
In obtaining Eq. (1.229), we first rationalize the denominator, and then
the Tr operation on o’s is carried out. The numerator that remains is the
coefficient of Tr 670~ = 1. A similar equation is obtained for ¢*. Equation
(1.229) corresponds to the gap equation.

Now we employ an approximation in the rest of this study where, as was
mentioned at the beginning, uq 1 = u (a positive constant). Thus, to the

where

first approximation, ¢ is nearly constant:

1 1
Ty (1.231)
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Doing the frequency sum, we get
1 1
- § S , 1.232
B iy —x n(e) ( )

where n(z) is the Fermi or Bose function according to whether w,, is odd or
even, respectively, and we obtain (for fermions)
T n(Ek) — n(—Ek) i tan h(BEk/2)
u 2F;, - 28,
From the above relation combined with Eq. (1.229), we can estimate o,
which corresponds to the gap energy.

(1.233)

1.9.5 Critical temperature

It is straightforward to obtain the critical temperature, T, for the supercon-
ductivity from Eq. (1.233).1% Here, it is repeated for completeness. In the
limit T" — T, the gap, or ¢, in the present case, disappears. The summation
over k is approximately replaced by the integration
27 “D de €

uN () = /0 ?tanh T (1.234)
where N (0) is the state density at the Fermi surface, and the cutoff param-
eter wp is, in the case of the BCS theory, the Debye frequency of phonons
associated with the attractive interaction between electrons.

The integration in Eq. (1.241) proceeds as follows:

“D de € Boop/2 g, €Be
/0 . tan ST /0 _tanh 2 <z 5 )

Bew /2 Bc‘l)D/2
= log z tanh z]*""’* — / dzlog = sech?z
0

~ log Bewp — / dzlog = sech?z <tanh BC;)D o~ 1)
0

2
c 4e¥
— log PP 4 1og (1.235)
2 T
Combined with (1.233), this yields
Bewp 2 4eY
1 = — log — 1.2
08— aN@©) 8 (1.236)

where y = 0.5772 is Euler’s constant. This relation will be used in the next
section. Simple rearrangements yield

T. ~ 1.13wpe 2/N O, (1.237)
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52 Modern Aspects of Superconductivity: Theory of Superconductivity

1.9.6 Temperature dependence of ¢

For the later investigation, we derive a temperature dependence of ¢, near
the critical temperature.'® Coming back to (1.231) and restoring the hidden
summation with respect to k, we can rewrite this as

1
UN 0 BZ/ de o (@ T (1.238)

Considering that |¢y|> < 1 near the critical temperature, we expand the
above as

1 “p 1 u“ba‘g
- EZ/O de{ i0)? — & (w,)? — @)

U 0‘2 2
+%+} (1.239)

For the convergent integrals which are the second and third terms, the
integration limit is extended to infinity, and then we obtain (putting € =
o tan 6)

2n [P de Be
R SN B
137w 99 1
+§E(wu>§ A (1.240)

The integration of the first term on the right-hand side, which is similar
o (1.235), has B instead of B.. Then, using (1.236), we have, in the lowest
approximation,

Be _1m 625~ L
log 5 = B4u\d)a| ng e (1.241)
Using
> _ -1
EO: 2n 1 5 5(P) (1.242)

n (1.241), we have the temperature dependence of ¢,

Vulde]2 = nkpTey | %,/1 - % £(3) = 1.202, (1.243)

which is the same as that of the energy gap.®
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1.9.7 Dynamics of the boson field; symmetry breaking
The boson field ¢y(v,,), which satisfies (1.227), is written as ¢y, so that
(l)ot(Un) = (T)ot + ((l)ot - (T)Ol) = (T)Ol + CDO((Un)- (1244)

Now ®4(v,) becomes a physical or fluctuation component in solid-state
physics. Our aim is to find the effective Lagrangian or Hamiltonian for it.

In order to find the terms proportional to ®,(v,) in (1.244), we first
observe that

$a(0n) T + 05(0) T = dal(vy) - T =0 (v)1@, a=1,2
= bu(Vn) - T+ De(vy) - T (1.245)

Expanding W (¢) in (1.226) in ®,(v,) and noticing that, upon the Tr oper-
ation, the odd terms with respect to t will vanish. We have

W, ¢)=m Z Oado — % ZTr log B(iw, — etd — ivVu(dy - T)

even

_% > %TT [A(on)ivu(Pu(vn) - T)]", (1.246)

WnVn N
where

Aplony) = o, + e{ct?’ + i/ g - ‘E)'

(iwn)? — E2

Note that now the propagator includes the mean-field effect. What we are
interested in is the second line of Eq. (1.246).
The term with n = 2 is precisely written as

;—é Z Tr ulg(wn) <q>&a)(vn)t(“)> Appsa(0n + p) <q>:(a’)(vn)1(a’))

®nVUn

= u|®g(vy)[* Pa(vn), (1.248)

Un

(1.247)

where careful manipulations about t’s are required. Except for the explicit
ones combined with ®’s, we have t’s inside A\’s. Let us call the terms with
a =a =1and a = a = 2 the direct interactions, and the terms with
a=1, d =2 and a =2, a’ =1 the cross interactions. We then have

_2 . n . n . n _ 7* . 1
Pu(vy) = =2 Z [zoa (twn + iVy) — €€prq + ud* - d

B (iwn)? — EZ][(iwn, + 1v,)? — E2

, (1.249)
k+a]
where the first two terms in the numerator arise from the direct interaction

and the third from the cross interaction. Here, use has been made of the
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54 Modern Aspects of Superconductivity: Theory of Superconductivity

fact that Tr t3t+t31~ = —1. Employing (1.231), we can carry out a lengthy
but not difficult calculation of P,(v,). Note that an even frequency v,, has

nothing to do with obtaining the Fermi functions. The result is

Eiiq — By
Py(v =N Ek 1—n Ek

OL( TL) ( )( ( -‘rO())( ) (Ek+a_Ek)

" [Ek+uEk — €pra€h + u(d* - 9)
EyoaEr

Here, we again note that, in the square brackets, the first two terms are

. (1.250)

obtained from the direct interaction and the third term from the cross inter-
action.

It might be convenient, for the later investigation, to do the frequency
sum for Py (vy,):

Z Ey o — Eg
o (10n)? = (Bgpo — E)?

1 1
B Z |:1Un Ek—i—(x - Ek) Wy, + (Ek—i-(x - Ek)

=3 [—nB(Egta — Ex) + np(—Eigo + Ei)],
—B B(Er+a — Ek)
= 7(}0‘5 h [#} ,

where np is the Bose function, and use of Eq. (1.232) has been made for
the even frequency v,,. Then Eq. (1.250) becomes

7 Py(un) = n(E)(1 - n(Eaer))gcoth[

B(Ea+y2 - Ea):|

(1.251)

» [Ea—H/Ea — €u+y€a + U(d_)* : d))]
EotyEqy
We then obtain the effective action for ¢ up to the second order in @, as
follows:

Wu(*, ¢) —nZ%umavn - ZTr

‘DnUn

x log{—B(iw, — Ektg - \/Ed)(x(vn) 1)}

Eo..— F
~E) B ) D G (- B
ErioEr — €ipo€r + u(¢* - d)
x [ B ] . (1.252)
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1.9.8 Instability

In order to discuss the dynamics of ®4(v,), we must obtain an expression
for the action of ®4(vy,) similar to that for ay(w,) given in the exponent of
Eq. (1.208). Since we are interested in the energy region much lower than
that for the electronic excitation (Eq4y, — Ey), the denominator of FPy(vy,)
in Eq. (1.250) is expanded as

1 -1 (v, )?

(iv)?2 — (Bkta — Ex)?  (Ekga — Ex)? (Ekto — Er)?

(1.253)

Substituting this into Py(v,) in Eq. (1.250) and taking up the terms of the
order of (iv)? in the above, we have

(Ek—i-a B EV)2
Eitoa Bk

The second term is a small and complicated, but positive quantity. We thus
obtain the effective Lagrangian for ® up to the second order of ®*®d:

(ivn)® + u(¢*9) T (1.254)

Lp ~ & (iv,)*® +nd* D +---, n>0. (1.255)

In the above, iv, is replaced by 0/07 in the future. At this stage, the details
of n are immaterial except that this is positive.

To put forward the problem, we need the term proportional to ®*®*dd.
This is obtainable from the term with n = 4 in Eq. (1.246). Without any
detailed calculation, we may presume a positive quantity for this, noted
by A2. Then the total Lagrangian of the boson field becomes

Lp ~ O*(10,)*® + N0 D — AP D DD, (1.256)
This looks like the Lagrangian that Ginzburg and Landau have used for

investigating the superconductivity. We thus expect a kind of phase transi-
tion. Let us optimize, with respect to ®*, the potential part of Eq. (1.256):

V=000 + A2P* D DD, (1.257)
0
8;3)* = N+ 2A%P*PD = (—n + 2A%D*D)D = 0. (1.258)
If ® = 0, nothing happens; while, in the case of ® # 0, it is possible that
* _ n _ 2
We now put
® = (p+a)e”. (1.260)
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Namely, only the radial part is affected. This choice is allowed in the spirit
of the unitary gauge. If we insert this into (1.257), it follows that

V=A2[(p+a)?—a%? — A%t = A2[0*d —a?? — A%t (1.261)

Observing the final result, we realize that the potential becomes mini-
mum at |®| = a; namely, at this position apart from the origin, |®| = 0,
which corresponds to the HF state. The mass of the field ® is given by
the coefficient of ®*®, which is 4A2a? for a particle of the p field, while
the term involving 6 is completely lost. That is to say, the particle in the
0 field is massless, and it is called the Goldstone boson. This is due to the
occurrence of the infinite degeneracies along the direction perpendicular to
the p coordinate.

1.9.9 Supersymmetry

The total Lagrangian of the system is
Liot = Lo + LB + Ling, (1.262)
where
L. =a(io, — eit3)ai,

Lp=—d*d — A} [d*D —a?)? (1.263)

Lint = —ivu(Pa*tta+ d*a*t a).
In the above, the second line is obtained from Egs. (1.256) and (1.261),
and then the third line from Eq. (1.245) supplied by necessary terms, and a
compact notation is used, and the immaterial constant terms are omitted.
The L in the above is, strictly speaking, the Lagrangian density, and the
action which we are interested in is the space—time integral of the Lagrangian
density, so that the partial integration with respect to t (after the replace-

ment iv, — 0;) gives the first term with the minus sign. If we define the
momentum conjugate to @,

= 81"‘?0‘5 H* _ 8£‘t0t
0P 0d*

the total Hamiltonian for the boson field is obtained as

= —d*, = (1.264)

Hior = IT*® + [MO* — L
= IT*I1 + iv/u(a*®tha+ a*®*t"a) + A2[®* D —a?]?.  (1.265)
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The momenta, IT* and IT conjugate to ®* and & respectively, have the
properties
B 0
[T, f(@", ®)]- =

P

(@7, @), [IT7, f(P%, @) = 5 f(P7, D),

(1.266)

since we are now dealing with the classical operators in the framework of

ook

the path-integral formalism.
Let us turn to a supersymmetric treatment.?> 37 The fermionic composite
charge operators are defined as

Q* = IM*a* — i /u(d*® — a?)a*t,
Q = Ma + i/u(d*® — a®)tTa.
First of all, we have to manipulate the commutator

[Q%, Q)+ = [IT*a* — iv/u(®*® — a’)a*t™, Ma + iv/u(®*® — a*)tral,.

(1.267)

(1.268)
Straightforward calculations give
[[T*a*, IMa]; = [[T*a*,a] 1 — a[Il, [T*a*|;
= IT"[a*, a] T —a[ll,[T"];a
= IT*I1.

Here, for the Grassmann numbers, use has been made of the relation
[a*, a] ——a—aﬁ—@—l—ai—ai—l
T 9a da Oa Oa da
Further,
[T*a*,iv/u(®*® — a?)tTal,
= [[T*a*,iv/u(®*® — a?)]_tta — iy/u(®*® — a?)[tta, [T*a*]
[IT*,iv/u(®*® — a?)]_a*tta — iy/u(®*® — a®)t I1*[a,a*] ;.

ivuda*tTa

and
[ivu(®*® — a®)a*t, a],
= [Ma, ivu(®*® — a?)]_a*t™ —iy/u(d*® — a®)[a*t ™, [a]
= [I1,iv/u(®*® — @?)]_aa*t™ —iy/u(d*® — a®)t I[a*,al,
=ivud*aa™t”
= —iv/ud*a*t"a.
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The final term must be symmetrized:

*_+

[a*t +

1
, T aly — 5{[a*t+,t_a]+ +[a*t,t"al;+} (1.269)

= 10,0, 0,0 + [(,0), 7, 0)1 )

(b 0
:5( ' [a*,a]+> (1.270)
:%1. (1.271)

In the second line, b and b*, which are used in literature, are defined.
We thus obtain the fundamental relation in the supersymmetric quantum
mechanics,

H=[Q,Q]+, (1.272)
if we endow, to the constant A% in (1.264), a specified value,
A% =2u, (1.273)

which is reasonable.?” However, as mentioned before, this had to be obtained
analytically from the term with n = 4 in Eq. (1.252). If it is assumed that
the present system is the case of supersymmetry, we can avoid this tedious
calculation.
The nilpotency of the charge operators,

Q*=0, (Q)*=0, (1.274)
is clearly preserved from a? = 0 and (a*)? = 0. We have thus completed a
supersymmetric analysis.

1.9.10 Towards the Ginzburg—Landau equation

Now we can think about the GL equation. Since it concerns only the static
part of the condensed boson field, we keep the first and third terms of
Eq. (1.265). The first term is the kinetic part, while the last term is the
potential part:

Har = IT*IT — n®*® + A?(d* D)2, (1.275)
with )
o\ (Brta — Ey)
= U _—
n=u($") Frrabr

As usual, the coefficients of ®*® and (®*®)? in the GL equation are a
and b, respectively. It is crucial that a is negative, which is given by —n
in the present consideration. The temperature dependence of n is found
through u(¢*), as in Eq. (1.265). This is exactly the same as that obtained
by Gorkov.3°
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1.9.11 Dsiscussion

Some people seemed to be puzzled by the curious look of the GL equa-
tion when it was published: the superconductivity being a macroscopic,
thermodynamically stable phase — why is it predicted by a Schrédinger-
like wave function, to which the microscopic phenomena are subjected?
Several years later, the microscopic theory was established by BCS, and
soon Abrikosov had successfully correlated these two treatments. He made
clear that the GL function is deeply concerned with the gap function char-
acteristic of the superconductivity and is a wave function describing the
condensed Cooper pairs.

The superconducting state is certainly a stable thermodynamical state,
and a phase transition from the normal state to the superconducting state is
interpreted as a long-distance correlation between the Cooper pairs. Yang3?
developed a unified treatment of the phase transition in terms of the density
matrix. According to his treatment, the onset of the superconductivity is
understood in such a way that the off-diagonal long-range order (ODLRO)
of the second-order density matrix has a nonvanishing value. This concept
is clearly related to London’s rigid function, the quasiboson condensation
being widely seen as a powerful model of superconductivity and the vari-
ational wave function tried by BCS.? Recently, Dunne et al.?® applied the
concept of ODLRO to argue the high-temperature superconductivity in cop-
per oxide, where the attractive interaction between electrons is assumed to
have originated from Friedel oscillations in the screened potential.

However, the previous presentation of Abrikosov looks to be a detour;
a complicated and tedious procedure in which the condensed pair is char-
acterized by an anomalous temperature Green function which is difficult to
manipulate for beginners. Therefore, the direct way to reach the GL theory
from the BCS Hamiltonian should be preferable. What we have done in the
present investigation is the following: the auxiliary boson field driven by
the Hubbard—Stratonovitch transformation to eliminate the quartic term of
electron operators is just the GL function.

In conclusion, from the treatments used so far, the conditions which are
necessary for the occurrence of superconductivity are:

(1) The wave function which means the ground-state average of operators
of a Cooper pair must be complex or two-dimensional. If one of these
two degrees of freedom gets a new stable structure, the other degree of
freedom, whose direction is perpendicular to the former, offers the infi-
nite degeneracy. In the Nambu theory, the first refers to the o' direction,
and the second to o2 in the fictitious spin space.
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(2) The electron—electron interaction should be attractive, otherwise the
negative coefficient of ®*® in Eq. (1.275) cannot be obtained. In the
present consideration, we have observed that this condition is estab-
lished in the effective electron—electron interaction of the system involv-
ing the multiband structure.

However, we will discuss a little more the normal state under the usual
condition. In the normal species, the coupling constant between electrons
is intrinsically positive. However, if we are interested in the exchange inter-
action, i.e. the so-called Fock term with negative coupling, this is met by
condition 2. This is a short range interaction, while the direct coupling is
so strong as to overwhelm the exchange interaction.

Let us turn to the behavior of the quartic electron operators. It is unex-
pected that these are grouped into the pair operators of particle-particle
and hole-hole, which do not conserve the particle number. Thus, it is nat-
ural to group them into a couple of particle-hole pairs. This choice makes
the auxiliary boson function real.

The Hamiltonian which satisfies the above two conditions, looking like
the BCS Hamiltonian, is the one with the dipole—dipole interaction. The
simplest case is that of the intermolecular interaction due to the induced
dipole—dipole interaction with a coupling constant —d:

H; = —da;brbsas, (1.276)

where, for example, o) and b} are the creation operators for a particle and a
hole, respectively. If the electron—electron interaction is screened sufficiently,
this may be another possibility for the superconductivity of a molecular
complex.
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