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CHAPTER 1

Theory of Superconductivity

1.1 Introduction

In the preface to the book Superconductivity, edited by Parks,1 one of the
editors says: “During the preparation of this treatise one of the authors com-
mented that it would be the last nail in the coffin [of superconductivity].”
Some specialists in superconductivity told us that we would hardly be able
to find articles useful for our future investigations, except for Anderson’s
comments at the end of that book. Further, we learned that Anderson was
pessimistic about further advance of superconductivity; for example, high-
temperature or room-temperature superconductivity was most unlikely.
However, against his expectation, the discovery of high-temperature super-
conductivity, due to Bednorz and Müller,2 is astonishing. The traditional
Bardeen–Cooper–Schrieffer (BCS) theory3 has failed to explain the mecha-
nism of such superconductivity. Anderson5 proposed a new idea called the
resonating valence bond (RVB) theory or the t−J model (the term t implies
the transfer integral, and J the electron correlation). We have never known
his theory to be successful.

A comment by Feynman, found in his book Statistical Mechanics,4 says
that it will take almost 50 years for the problem of superconductivity to be
reduced to that of explaining the gap. Following the BCS theory, we will
explain the gap, and the theory is essentially correct, but we believe that
it needs to be made obviously correct. As it stands now, there are a few
seemingly loose ends to tie up.

The theory of superconductivity seems to be founded on the London pos-
tulate.7 Associated with the gauge transformation, the conserved current is

j = − i

2
(φ∗∇φ − φ∇φ∗) − e|φ|2A. (1.1)

1
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The current due to the first term is called the paramagnetic current; and that
due to the second, the diamagnetic current. In the superconducting state,
the first term on the right-hand side changes very slightly, and sometimes
the wave function is quite rigid, that only the diamagnetic current survives.
In this respect, the superconductor is the perfect diamagnetic substance.
The current is dominated by

j = −k2A, (1.2)

where k is a properly chosen positive constant. The Meissner effect is easily
derived from Ampére’s equation:

∇× B = j. (1.3)

Taking rotation gives

∇2B = k2B (1.4)

or

Bx = B0e
−kx. (1.5)

It is important to note that |φ|2 in Eq. (1.1) is very large, i.e. it is the classic
scale quantity, so that the magnetic field in Eq. (1.5) damps very rapidly.
This is the Meissner effect. On the book cover, we see the very spectacular
experiment demonstrating the Meissner effect — a permanent magnet hov-
ers above a superconducting plate. We know of similar phenomena — the
screening of the Coulomb interaction, or quark confinement.

The boson model of Cooper pairs is considerably successful. Equa-
tion (1.3) yields ∇2A = k2A, which is

∂µAµ = −k2Aµ (1.6)

in the covariant form, suggesting that a photon is massive, which is a fun-
damental aspect of superconductivity.8

An essentially similar treatment has been presented by Ginzburg and
Landau (GL).9 The superconducting state is the macroscopic state; in other
words, a thermodynamic phase. They characterized this phase by introduc-
ing the order parameter, Ψ. This looks like the Schrödinger function Ψ, and
then the primitive quantum theorists got confused, saying that behind the
Iron Curtain the quantum theory was different in features from that of the
Western countries.
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The theory is handled as the phase transition. The Lagrangian for the
superconducting state is postulated as

Fs = F0 + a|Ψ|2 +
1
2
b|Ψ|4 +

1
2m∗

∣∣∣∣
(
−i�∇ +

e∗A
c

)∣∣∣∣
2

+
h2

8π
, (1.7)

where ∗ indicates the quantities in question referred to the superconductor
(×2). Note that there are |Ψ|2 and |Ψ|4 terms in the potential parts. These
drive the system to spontaneous symmetry breaking and lead to a phase
transition for the suitable choice of constants a and b. This is now called
the Higgs mechanism.8 Certainly, the GL treatment is a few years ahead of
the Nambu–Goldstone suggestion.

The GL theory is known as the macroscopic quantum mechanism, and
in this sense, the big Ψ is sometimes amusingly called the cat’s Ψ.

A very instructive presentation of the macroscopic quantum theory is
found in The Feynman Lectures on Physics. Vol. III, Chap. 21. Various
topics there, such as the Josephson junction, are quite readable.

The microscopic theory was prepared by Bardeen, Cooper and
Schrieffer.3 However, as a preliminary discussion, we present the Bogoliubov
treatment. The superconductivity is a kind of many-electron problems. The
most general Hamiltonian should be

H =
∫

dxψ+(x)h(x)ψ(x) +
1
2

∫
dx dx′ψ+(x)ψ(x)v(x, x′)ψ+(x′)ψ(x′).

(1.8)

Since the algebra of electrons is the spinor, the terms other than the
above identically vanish. In other words, the three- or four-body interac-
tions are useless. First, we specify the spin indices, and next the plane-wave
representation for the spatial parts. Equation (1.8) is simply written as

H = εk(a+
k + ak) + vk,−ka

∗
ka

∗
−ka−kak. (1.9)

The simplification or the mean-field approximation for the two-body part is
twofold — say,

∆k,−kakαakα〈a+
−kβ

a+
−kβ

〉
∆′

k,−ka
+
kαa

+
kβ〈akαa−kβ〉 + c.c.

(1.10)

The latter looks curious, since such an expectation value, 〈akαa−kβ〉, vanishes
identically. Against this common sense, Bogoliubov put the Hamiltonian

H = εk(a+
k + ak) + ∆ka

∗
ka

∗
−k + ∆∗

ka−kak. (1.11)
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We understand that Bogoliubov presumed the Cooper pair, and provided
the effective Hamiltonian for pairs. His theory may be a shorthand treatment
of the BCS theory. This Hamiltonian is diagonalized by the so-called
Bogoliubov transformation which defines the quasiparticle responsible for
the superconductivity as(

γk↑
γ+
−k↓

)
=

(
uk −vk

vk uk

)(
ck↑
c+
−k↓

)
, (1.12)

with

u2
k − v2

k = 1. (1.13)

The spirit of the Bogoliubov transformation is to mix operators ck↑ and
c+
−k↓, which are different in spin. The quasiparticle yields the new ground

state, so that the particle pair or the hole pair arises near the chemical
potential. The stabilization energy thus obtained is called the gap energy
∆k.3,10

We now follow the BCS microscopic treatment. The Green function has
been effectively used by employing the Nambu spinor. This makes the uni-
fied treatment of normal and superconducting states possible. However,
the temperature Green function (Matsubara function) is used from the
beginning.

1.2 Spinors

We start with the general many-electron Hamiltonian not restricted to the
BCS Hamiltonian. The BCS state responsible for the superconducting state
is easily recognized from the formal description. The simplest method of the
quantum chemistry should be the Hückel theory. This consists of the single
energy matrix,

βrs =
∫

dxh(x)ρrs(x), (1.14)

where h(x) is the single-particle quantum-mechanical Hamiltonian, and the
electron density ρrs(x) is given by the product of the single-particle (atomic)
orbitals χr and χs. Note that this is the spinless theory.

We then extend the treatment into the spin space:

βrs =

(
β
↑↑
rs β

↑↓
rs

β
↓↑
rs β

↓↓
rs

)
. (1.15)
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Any 2 × 2 matrix is expanded in the Pauli spin matrices together with the
unit matrix:

σ0 =
(

1 0
0 1

)
, σ3 =

(
1 0
0 −1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i

i 0

)
.

(1.16)

However, we employ other combinations:

σ↑ =
1
2
(σ0 + σ3) =

(
1 0
0 0

)
,

σ↓ =
1
2
(σ0 − σ3) =

(
0 0
0 1

)
,

σ+ =
1
2
(σ1 + iσ2) =

(
0 1
1 0

)
,

σ− =
1
2i

(σ1 − iσ2) =
(

0 0
1 0

)
.

(1.17)

In Eq. (1.24), we then have

βrs = βµ
rsσ

µ,

βµ
rs = Tr(σµβrs),

(1.18)

in detail:

β↑rs = β↑↑rs β↓rs = β↓↓rs ,

β+
rs = β↓↑rs β−rs = β↑↓rs .

(1.19)

As to the Pauli matrices, the ordinary commutators are

[σi, σj ] = 2iεijkσ
k

[σ3, σ+] = 2σ+

[σ3, σ−] = −2σ−

[σ+, σ−] = σ3




, (1.20)

[σ↑, σ↓] = 0

[σ↑, σ+] = σ+

[σ↑, σ−] = −σ−
[σ↓, σ+] = −σ+

[σ↓, σ−] = σ−
[σ+, σ−] = σ3




, (1.21)
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and the anticommutators are

[σi, σj ]+ = 2iδij

[σ+, σ−]+ = 1

}
. (1.22)

We then express the matrix in Eq. (1.15) as

βrs = βµ
rsσ

µ,

βµ
rs = Tr(σµβrs),

(1.23)

in detail:

β↑rs = β↑↑rs β↓rs = β↓↓rs ,

β+
rs = β↓↑rs β−rs = β↑↓rs .

(1.24)

Here, if the quantum-mechanical Hamiltonian has the single-particle char-
acter without the external field causing a rotation in the spin space, the
off-diagonal elements are meaningless. The Hückel theory involves the spin
diagonal terms.

However, if we take the electron–electron interaction into account, even in
the mean-field approximation, the off-diagonal elements become meaningful
and responsible for the superconductivity. This is what we investigate here.

1.2.1 Spinor

The algebra representing electrons is the spinor. The Dirac relativistic (spe-
cial relativity) function describes this property well. However, the relativity
seems not so important for the present problem. We now concentrate on the
spinor character of the electron. The field operator has two components in
the spin space:

φ(x) =
(

φ↑(x)
φ+
↓ (x)

)
,

φ̄(x) = φ+(x)σ3 = (φ+
↑ (x) φ↓(x))

(
1 0
0 −1

)

= (φ+
↑ (x) −φ↓(x)). (1.25)

This is called the Nambu representation.11 The negative sign in front of φ↓
is seen in the Dirac conjugate φ+ → φ̄.

The field operators satisfy, of course, the anticommutators

[φα(x),φ+
β (s′)]+ = δα,βδ(x − x′), (1.26)
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where (α, β) = (↑, ↓) and x = (r, t). Then, for the spinors (1.25), the matrix
commutator holds:

[φ(x), φ̄(x′)]+ =
[(

φ↑(x)
φ+
↓ (x)

)
,
(
φ+
↑ (x′) −φ↓(x′)

)]
+

=

([
φ↑(x),φ+

↑ (x′)
]
+

[
φ↓(x′),φ↑(x)

]
+[

φ+
↓ (x),φ+

↑ (x′)
]
+

[
φ↓(x′),φ+

↓ (x)
]
+

)

=
(

δ(x − x′) 0
0 δ(x − x′)

)
. (1.27)

1.2.2 Noether theorem and Nambu–Goldstone theorem

We seek for the meaning of the Nambu spinor.12 Consider a global trans-
formation of fields with the constant Λ:

φα(x) → φα(x)eiΛ,

φ+
α (x) → φα(x)e−iΛ.

(1.28)

It is recognized that the Hamiltonian and the equation of motion are invari-
ant under this transformation. We can see that this transformation is a
rotation around the σ3 axis with Λ,

φ(x) → eiσ3Λφ(x), (1.29)

since

eiσ3Λ = cos(σ3Λ) + i sin(σ3Λ)

= 1 − (σ3Λ)2

2!
+

(σ3Λ)4

4!
+ · · · + i

(
1 − (σ3Λ)3

3!
+

(σ3Λ)5

5!
+ · · ·

)

= 1 − Λ2

2!
+

Λ4

4!
+ · · · + iσ3

(
1 − Λ3

3!
+

Λ5

5!
+ · · ·

)

= σ0 cos Λ + iσ3 sin Λ =
(

eiΛ 0
0 e−iΛ

)
.

Here, we discuss briefly the Noether theorem and the Nambu–Goldstone
theorem. The latter makes a profound investigation possible. If the
Lagrangian of the system in question is invariant under some transformation
which is just the present case, we have the continuity relation. Notice that
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the density and the current are, in terms of the Nambu spinor,
j0 = φ+(x)σ3φ(x),

j = −i
�

2m
(φ+(x)∇φ(x) + ∇φ+(x)φ(x)).

(1.30)

Then the continuity relation is
∂tj0(x) + ∇ · j = 0. (1.31)

If the system is static, the density must be conserved:
∂tj

0 = 0. (1.32)
Put

G =
∫

dxj0(x), (1.33)

and if it is found that
[G,Ψ′(x)] = Ψ(x), (1.34)

and the expectation value of Ψ(x) over the ground state does not vanish,
〈0|Ψ|0〉 �= 0, (1.35)

i.e. if the ground state satisfying the relation (1.33) does not vanish, we can
expect the appearance of a boson Ψ(x), whose mass is zero. This boson is
called a Goldstone boson, and the symmetry breaking takes place in the
system. This is what the Goldstone theorem insists on. The details are in
the standard book on the field theory.8

Now we apply this theorem to the superconductivity. The invariant
charge is

Q =
∫

d3xφ+
α (x)φα(x) =

∫
d3xφ+(x)σ3φ(x). (1.36)

In terms of the Nambu spinor, here σ3 is crucial. In the commutator (1.33),
we seek for the spin operators which do not commute with σ3 and find, say,
σ±. We then have the Goldstone commutator as∫

d3x′〈[φ+(x′)σ3φ(x′),φ+(x)σ±φ(x)]〉t=t′

=
∫

d3x(±2)〈0|φ+(x)σ±φ(x′)|0〉δ(r − r′). (1.37)

In detail,

φ+(x)σ+φ(x) =
(
φ+
↑ (x) φ↓(x)

)(0 1
0 0

)(
φ↑(x)

φ+
↓ (x)

)

= φ+
↑ (x)φ+

↓ (x), (1.38)

φ+(x)σ−φ(x) = φ↑(x)φ↓(x).
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Notice that here the same symbol φ is used for the ordinary field with spin
and the Nambu spinor. The above are nothing but the Cooper pairs, and
we now find the Goldstone bosons Ψ∗ and Ψ. In literature, it is noted that

〈0|φ+(x)σ±φ(x)|0〉 = ±∆±
g

�= 0, (1.39)

where ∆ and g are the gap and the coupling parameter, respectively. We
expect the estimate

∆+ ∼ ∆− = ∆

to be reasonable.
The Cooper pairs are now the Goldstone bosons. A comment about

the Goldstone boson or the massless elementary excitation with k = 0 is
required. Using Eq. (1.33), we write the Goldstone commutator (1.34) as∫

d3y[〈0|j0(y)|n〉〈n|φ′(x)|0〉
− 〈0|φ′(x)|n〉〈n|j0(y)|0〉]x0=y0 �= 0, (1.40)

where |n〉 is the intermediate state, and x0 = y0 implies that this is the
equal time commutator.

Since

j0(y) = e−ipyj0(0)eipy , (1.41)

it is seen that∫
d3y[〈0|J0(0)|n〉〈n|φ′(x)|0〉eipny

−〈0|φ′(x)|n〉〈n|J0(0)|0〉e−ipny]x0=y0 (p|n〉 = pn|n〉)
= δ(pn)[〈0|J0(0)|n〉〈n|φ′(0)|0〉eipn0y

−〈0|φ′(x)|n〉〈n|J0(0)|0〉e−ipn0y]x0=y0

= δ(pn)[〈0|J0(0)|n〉〈n|φ′(0)|0〉eiMny0

−〈0|φ′(0)|n〉〈n|J0(0)|0〉e−iMny0 ]x0=y0 �= 0. (1.42)

In order to obtain the first equality, spatial integration is carried out. Then,
considering pµ = (p,M), we retain the fourth component. In the last equa-
tion, when Mn �= 0, cancellations will arise for the summation over n. We
thus obtain, only for Mn = 0, the finite result

〈0|j0(0)|n〉〈n|φ′(0)|0〉 − 〈0|φ′(0)|n〉〈n|j0(0)|0〉
= Im 〈0|j0(0)|n〉〈n|φ′(x)|0〉, (1.43)
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which is met with the requirement (1.34). The excitation with Mn = 0 needs
no excitation energy, suggesting the Goldstone boson.

We further note that the mass-zero excitation is the imaginary quantity.
This suggests the current to be the phase current, as is seen in the Josephson
effect.

Before closing this preliminary discussion, we want to make a few
remarks. At the beginning, we mentioned London’s postulate that the super-
conducting state is characterized by a statement that the wave function is
rigid, so that the current is entirely the diamagnetic current due to only the
vector potential A. “Rigid” is not really rigid, but it is understood that the
spatial derivative is vanishing, or the current flows along the entirely flat
path, which is described in a textbook as the path going around the top of
a Mexican hat. Boldly speaking, the electron in the superconducting state
is massless. Also, we have pointed out that the vector potential A, which
leads to the Meissner effect, satisfies the covariant relation (1.6),

∂µAµ = −k2, (1.44)

so that a photon is massive in the superconductor.
In the following chapters, we develop a substantial microscopic explana-

tion of the above assertions.

1.3 Propagator

In the previous section, we have found that, as is seen in Eq. (1.41), the
superconducting state strongly concerns the gap function or the anomalous
Green function. We want to deal with the solid-state substances. However,
the infinite crystals described by the single band have already been fully
investigated in literature, and the recent investigations were carried out on
objects with multiband structure.13,14 The infinite system with many bands
is constructed from the unit cell, which is really a chemical molecule. The
atoms in this molecule give the band index of the real crystal. In this respect,
we first investigate the Green function of a unit cell. The Green function is
now shown in the site representation.

Corresponding to the spinors (1.24), we define the spinor in the site
representation as

ar =

(
ar↑
a+

r↓

)
, ār = (a+

r↑ −ar↓). (1.45)
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Due to this definition, it is unnecessary to insert σ3 in the matrix G, as is
seen in Schrieffer’s book.3 The commutator is

[ar, ās]+ =

(
[ar↑, a+

s↑]+ [as↓, ar↑]+
[a+

r↓, a
+
s↑]+ [as↓, a+

r↓]+

)
=

(
δrs 0

0 δrs

)
= δrs12×2. (1.46)

The matrix propagator is defined by

Grs(τ) = −〈〈ar(τ1), ās(τ2)〉〉

= −
(
〈〈ar↑(τ1), a+

s↑(τ2)〉〉−〈〈ar↑(τ1), as↓(τ2)〉〉
〈〈a+

r↓(τ1), a+
s↑(τ2)〉〉−〈〈a+

r↓(τ1), as↓(τ2)〉〉

)

= −〈θ(τ1 − τ2)ar(τ1)ās(τ2) + θ(τ2 − τ1)ās(τ2)ar(τ1)〉, (1.47)

where τ is the imaginary time, so that the propagator is the temperature
Green function or the Matsubara function. In what follows, we put

τ = τ1 − τ2, (1.48)

and the system depends on τ1 − τ2. If we want to obtain the gap function,
we consider

Tr(σ+Grs(τ)) = 〈〈a+
r↓(τ1), a+

s↑(τ2)〉〉, (1.49)

and the standard procedure will be followed.

1.3.1 Hamiltonian

Various Hamiltonians can be written by using the charge density matrix,

ρrs(x) =

(
ρr↑s↑(x) ρr↑s↓(x)

ρr↓s↑(x) ρr↓s↓(x)

)
= σµρµ

rs, (1.50)

where the basis orbitals are put to be real, so that we do not need the
conjugation procedure for field operators.

The Hückel Hamiltonian or the single-particle Hamiltonian has the struc-
ture

H0 = hµ
rsārσ

µar, (1.51)

where h includes the chemical potential and can be explicitly written as

hrs =
∫

ρrsh(x) =
∫

dxh(x)

(
ρr↑s↑(x) ρr↑s↓(x)

ρr↓s↑(x) ρr↓s↓(x)

)
= σµhµ

rs. (1.52)
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Hereafter, we use the summation convention that repeated indices imply
that the summation is carried out to facilitate manipulations. Other two-
particle Hamiltonians are given in a similar way. Noting that

vµυ
rs;tu =

∫
dx dx′ρµ

rs(x)v(x − x′)ρυ
tu(x′), (1.53)

we have17

Hdir =
1
2
(ārσ

aas)vab
rs;tu(ātσ

bau) (a, b =↑, ↓),

Hex = −1
2
(ārσ

aas)vaa
rs;ut(ātσ

aau) (a =↑, ↓),

Hsuper =
1
2
{(ārσ

+as)v+−
rs;tu(ātσ

−au)

+ (ārσ
−as)v−+

rs;tu(ātσ
+au)}.

(1.54)

For the direct interaction, the quantum-mechanical Hamiltonian is

Hdir =
∫

dx dx′χ∗
r↑(r)χs↑(r)(x)v(x − x′)χ∗

↓(x
′)χ∗

u↓(x
′).

For the field-theoretical Hamiltonian, the wave functions are replaced by
the creation–annihilation operators a+

r↑, ar↑, and so on. These are written
in the spinor notation; for example,

a+
r↑as↑ =

(
a+

r↑ ar↓
)(1

0

)(
1 0

)(as↑
a+

s↓

)

= a+
r

(
1 0
0 0

)
as = a+

r σ↑as.

Note that Hex is obtained by reversing indices (u ↔ t) in vrs;tu.

1.4 Noninteracting

“Noninteracting” implies that the Hamiltonian is bilinear with respect to
operators so that diagonalization is always possible. It should be instruc-
tive to begin with the single-particle case, since even if we manipulate the
complicated two-particle case, the procedures are almost the same when the
mean-field approximation is employed.

The energy for the Hamiltonian (1.52) is

E0 = Tr(ρ̂H0) = hrs〈āras〉, (1.55)

where ρ̂ is the statistical operator,

ρ̂ = eβ(H0−Ω), (1.56)
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with the normalization factor Ω. We now define the temperature Green
function, in which τ is the imaginary time, τ = it,15,16

Grs(τ) = −Trρ̂[(θ(τ1)ar(τ1)a+
s (τ2) − θ(−τ)a+

s (τ2)ar(τ1)]

= 〈〈ar(τ1)a+
s (τ2)〉〉, (1.57)

where

τ = τ1 − τ2, (1.58)

and it is assumed that the system is dependent only on the relative time τ.
Then we can write E0 in terms of the temperature Green function:

E0 = Tr[hrsGsr(τ = 0−)]. (1.59)

Note that hrs and Gsr are matrices.
The equation of motion (1.57) for the noninteracting Hamiltonian (1.51)

can be read as

∂τ1〈〈as(τ1)ār(τ2)〉〉
= δ(τ1 − τ2)〈[as(τ1), ār(τ2)]+〉 + 〈[as(τ1), ās′ar′hs′r′(τ1)]−, ār(τ2)〉
= δ(τ1 − τ2)δsr + 〈δss′hr′s′(τ1)ar′(τ1), ār(τ2)〉
= δ(τ1 − τ2)δsr + {hsr′}〈〈ar′(τ1), ār(τ2)〉〉. (1.60)

It can be solved using the Fourier transformation15

〈〈as(τ1)ār(τ2)〉〉 =
1
β

∑
n

eiωnτ〈〈asār;ωn〉〉, (1.61)

with

ωn =
(2n + 1)π

β
, (1.62)

where the odd number indicates that particles are fermions. Then Eq. (1.50)
becomes

(iωnδsr′ − hsr′)〈〈ar′ ār;ωn〉〉 = δsr. (1.63)

In this step, the matrix structure of the above should be carefully investi-
gated. Let us assume that the single-particle Hamiltonian is spin-diagonal:

hsr =

(
h↑

sr 0

0 h↓
sr

)
. (1.64)

It is preferable to introduce the flame diagonalizing each element:

h↑
sr = (〈s|i〉〈i|h|i〉|i〉〈ir〉)↑ = 〈s|i〉↑εi↑〈i|r〉↑. (1.65)
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Then we have

〈〈asār〉〉 =
1
β

∑
n

1
 (〈s|i〉〈i|r〉)↑

iωn−εi↑
0

0 (〈s|i〉〈i|r〉)↓
iωn−εi↓




=
1
β

∑
n




(〈s|i〉〈i|r〉)↑
iωn − εi↑

0

0
(〈s|i〉〈i|r〉)↓
iωn − εi↓




=

(
(〈s|i〉n(εi)〈i|r〉)↑ 0

0 (〈s|i〉n(εi)〈i|r〉)↓

)
, (1.66)

where

n(εi↑) =
1

1 + eεi↑/kBT
. (1.67)

Another sophisticated way starts from the decomposed Hamiltonian

H0 = ārσ
µhµ

rsas. (1.68)

The commutator is evaluated as

[as, ār′σ
µhµ

r′s′as′ ] = δsr′σ
0σµhµ

r′s′as′ = σµhµ
ss′as′ . (1.69)

The equation of motion

(iωnδss′ − σµhµ
ss′)〈〈as′ , ār;ωn〉〉 = σ0δsr. (1.70)

In the matrix notation,

(iωn − σµhµ)〈〈a,ā;ωn〉〉 = σ0

or

〈〈a, ā;ωn〉〉 =
σ0

iωn − σµhµ
. (1.71)

In the representation where h is diagonal,

〈r|h|s〉 = 〈r|i〉〈i|h|i〉〈i|s〉 = εi〈r|i〉〈i|s〉, (1.72)

the relation (1.71) becomes

〈〈a, ā;ωn〉〉 =
(|i〉〈i|)(iωn + σµε

µ
i )

(iωn − σµε
µ
i )(iωn + σµε

µ
i )

=
(|i〉〈i|)(iωn + σµε

µ
i )

(iωn)2 − (εµ
i )2

. (1.73)
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Now
iωn + σµε

µ
i

(iωn)2 − (εµ
i )2

=
iωn

(iωn)2 − (εµ
i )2

+
σµε

µ
i

(iωn)2 − (εµ
i )2

=
1
2

(
1

iωn − ε
µ
i

+
1

iωn + ε
µ
i

)
+

σµ

2

(
1

iωn − ε
µ
i

− 1
iωn + ε

µ
i

)

=
1
2

(
1

iωn + ε
µ
i

+
1

iωn + ε
µ
i

)
(summing ωn)

→ 1
2
(n(εµ

i ) + n(−ε
µ
i )) +

σµ

2
(n(εµ

i ) − n(−ε
µ
i )). (1.74)

We evaluate

G↑
rs = Trσ↑

{
〈r|i〉〈i|s〉σ

0

2
(n(εµ

i ) + n(−ε
µ
i )) +

σµ

2
(n(εµ

i ) − n(−ε
µ
i ))
}

= [〈r|i〉〈i|s〉]↑n(ε↑i ). (1.75)

We then have
1
β

∑
n

G↑
rs(0

−) =
1
β

∑
n

〈r|i〉〈i|s〉
iωn − ε

↑
i

= 〈r|i〉n(ε↑i )〈i|s〉. (1.76)

This relation holds for both ↑ and ↑, and we recover the result (1.66).
Along the way, we give the energy expression for Eq. (1.51):

E0 = Tr(hrsGsr)

= Tr

(
h↑

rs 0
0 h↓

rs

)(
〈s|i〉n(ε↑i )〈i|r〉 0

0 〈s|i〉n(ε↓i )〈i|r〉

)
. (1.77)

It may be needless to present another illustration:

E0 = Tr(hrsGsr) = Tr(σµhµ
rs)(σ

υGυ
sr). (1.78)

The result is meaningful if σµσυ = σ0, which leads to, in the present case,

σµ = συ = σ↑, or σµ = συ = σ↓.

Such manipulations will be used in the later investigation.

1.5 Interacting

In this chapter, the electron–electron interactions are taken into account,
and we will discuss how they lead to the superconducting state. The
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Hamiltonians given in Eq. (1.54) are

Hdir =
1
2
(ārσ

aas)vab
rs;tu(ātσ

bau) (a, b = ↑, ↓),

Hex = −1
2
(ārσ

aas)vaa
rs;ut(ātσ

aau) (a = ↑, ↓),

Hsup =
1
2
{(ārσ

+as)v+−
rs;tu(ātσ

−au) + (ārσ
−as)v−+

rs;tu(ātσ
+au)}.

These are written in the mean-field approximation. The estimate beyond
this approximation is not the case of the present consideration. We have

H0 = ha
rsārσ

aar (a = ↑, ↓),
Hdir = (ārσ

aas)vab
rs;tu〈ātσ

bau〉 = (ārσ
aas)Da:dir

rs (a, b = ↑, ↓),
Hex = −(ārσ

aas)vaa
rs;ut〈ātσ

bau〉 = (ārσ
aas)Da:ex

rs (a = ↑, ↓),
Hsup = (ārσ

+as)v+−
rs;ut〈ātσ

−au〉 + (ārσ
−as)v−+

rs;ut〈ātσ
+au〉

= (ārσ
+as)D

−:sup
rs + ārσ

−as)D
+:sup
rs ,

(1.79)

where

Da:dir
rs = vab

rs;tu〈ātσ
bau〉,

Da:ex
rs = −vab

rs;ut〈ātσ
bau〉δab, (1.80)

D+:sup
rs = v+−

rs;tu〈ātσ
−au〉,

where 〈· · ·〉 implies the ground-state average, which was actually obtained
with wave functions in the previous step during the self-consistent field
(SCF) calculations.

These Hamiltonians are classified into two kinds called modes — the
normal many-electron problem and that for the superconductivity:

H = Hnorm + Hsup, (1.81)

where
Hnorm = (ārσ

aas)(ha
rsδrs + Da:dir

rs + Da:ex
rs ),

Hsup = ārσ
±asD

∓:sup
rs .

(1.82)

The main difference between the two is that in the former we have the
single-particle Hamiltonian, and in the latter we do not. Various Drs are
complicated, but they are merely the c-numbers in this treatment. The
propagator in question in Eq. (1.57) is presented here again:

Grs(τ) = −Trρ̂
[
(θ(τ)ar(τ1)a+

s (τ2) − θ(−τ)a+
s (τ2)ar(τ1)

]
= 〈〈ar(τ1)a+

s (τ2)〉〉.
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The equation of motion can be read as

∂τ1〈〈as(τ1)ār(τ2)〉〉
= δ(τ1 − τ2)〈[as(τ1), ār(τ2)]+〉 + 〈[as(τ1), ās′ar′H

a
s′r′(τ1)]−, ār(τ2)〉

(a; norm, sup)

= δ(τ1 − τ2)δsr + Da
sr′σ

a〈〈ar′(τ1), ār(τ2)〉〉. (1.83)

Making the Fourier transformation with respect to τ = τ2 − τ2 gives

(iωn − Da
rs′σ

a)Gs′r = δsr (1.84)

or, in the matrix form,

G(ωn) =
1

iωn − Daσa
=

iωn + Daσa

(iωn)2 − (Da)2
. (1.85)

Note that Da consists of the single-electron part and the two-electron inter-
action term which involves another mate ρa

tu combined with the propagator
〈ātσ

aau〉:
Da(x) = ha(x) +

∫
dx′v(x − x′)ρb

tu(x′)σb〈ātat〉. (1.86)

However, the mean-field approximation makes this as if it were the single-
electron interaction. A few comments will be given about the matrix char-
acter of G. This is a big matrix with site indices, and each element is a 2×2
matrix in the spin space. The index a characterizes the mode of the mean-
field potential. All the modes are independent of each other and are individ-
ually diagonalized. We now introduce a flame, in which these are diagonal:

〈ia|Da|ia〉 = ηa
i . (1.87)

Look at the right-hand side of Eq. (1.85) and remember the Einstein con-
vention that repeated indices imply summation:

(Da)2 = (η↑)2 + (η↓)2 + (η+)2 + (η−)2 = (ηnorm)2 + (ηsup)2, (1.88)

where the second line is in a simple notation. Then we have

G(ωn) =
|ia〉(iωn + 〈ia|Da|ia〉σa)〈ia|

{iωn − (ηnorm
i + η

sup
i )}{iωn + (ηnorm

i + η
sup
i )} .

= |ia〉1
2

(
1

iωn − (ηnorm
i + η

sup
i )

+
1

iωn + (ηnorm
i + η

sup
i )

)
〈ia|

+ |ia〉 Da
iiσ

a

2(ηnorm
i + η

sup
i )

×
(

1
iωn − (ηnorm

i + η
sup
i )

− 1
iωn − (ηnorm

i + η
sup
i )

)
〈ia|. (1.89)
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Taking the (r, s) matrix elements and the mode c which is achieved by the
operation,

TrσcGrs = Gcrs, (1.90)

we select the terms on the right-hand side with the mode c satisfying

Trσcσa = 1. (1.91)

Otherwise, the Tr operation leads to the vanishing result.
Carrying out the summation over ωn, we get

Gc
rs(0

−) =
1
β

∑
n

Gc
rs(ωn)

=
1
β

∑
n

〈rc|ia〉1
2

(
1

iωn − (ηnorm
i + η

sup
i )

+
1

iωn + (ηnorm
i + η

sup
i )

)

×〈ia|sc〉 +
1
β

∑
n

〈rc|ia〉 Da
ii

2(ηnorm
i + η

sup
i )

×
(

1
iωn − (ηnorm

i + η
sup
i )

− 1
iωn + (ηnorm

i + η
sup
i )

)
〈ia|sc〉

= 〈rc|ia〉1
2
(n(ηnorm

i + η
sup
i ) + n(−ηnorm

i − η
sup
i ))〈ia|sc〉

+ 〈rc|ia〉 Da
ii

2(ηnorm
i + η

sup
i )

× (n(ηnorm
i + η

sup
i ) − n(−ηnorm

i − η
sup
i )) 〈ia|sc〉

=
1
2
δrs − 〈rc|ia〉 Da

ii

2(ηnorm
i + η

sup
i )

tanh
(

ηi

2kBT

)
〈ia|sc〉, (1.92)

where

n(ηa
i ) =

1
1 + eηa

i /kBT
(1.93)

and

n(η) + n(−η) = 1,

n(η) − n(−η) = −tanh
(

η

2kBT

)
.

In the estimation of matrix elements, the chemical potential which has been
disregarded up to now is taken into account. Namely, the Hamiltonian has
an additive term −µārar, which causes

ηa
i → ηa

i − µ < 0, while −ηa
i → −(ηa

i − µ) > 0.
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The mean-field potentials are carefully treated. In modes with ↑ and ↓,
we have the nonvanishing single-particle parts, h↑

rsδrs and h↓
rsδrs, which

are usually negative. However, for superconducting modes, h±
rs = 0, and

the chemical potential is lost for the same reason. The latter may be
closely related to the fact that the number of particles is not con-
served in a superconductor. These circumstances are crucial for the super-
conducting mode.

1.5.1 Unrestricted Hartree–Fock (HF)

Let us review the SCF procedure. We now discuss the ordinary many-
electron system. As an example, the propagator with the up spin,
Eq. (1.89), is

G↑
rs(0

−) =
1
2
〈r↑|s↑〉 − 〈r↑|ia〉 Da

ii

2(ηnorm
i + η

sup
i )

tanh
(

ηa
i

2kBT

)
〈ia|s↑〉,

(1.94)

where 〈r↑|s↑〉 is the overlap integral between the sites r and s and approxi-
mately vanishes, and

Da
ii = h↑

ii + v↑aii;tuGa
tu − v↑↑ii;tuG↑

tu.

(a :↑, ↓) (1.95)

Note that

tan h
(

ηa
i

2kBT

)
< 0, since ηa

i < 0. (1.96)

Look at the potential of the mode ↑:
D↑(x) = h↑(x) +

∫
dx′v(x − x′)ρb

tu(x′)σb〈ātat〉. (1.97)

In this case, there is h↑(x), whose matrix element should be negative, so
that even if the matrix elements of the second terms are positive, the (r, s)
matrix element of D↑(x) is probably negative. This is usually the case in
atoms, molecules and solids. In evaluating D↑(x), the propagators (wave
functions) of all other modes are required. In this respect, Eq. (1.94) is
the self-consistent relation between propagators. Usually, the self-consistent
relation between wave functions is given in a such a way that, at the begin-
ning, the total energy is given by the potentials given in terms of tentatively
approximated wave functions, and the new approximate wave functions in
the next step are obtained by optimizing the total energy. This procedure
is lacking in the present consideration.
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1.5.2 Gap equation for superconductivity

In the case of superconductivity, since σ+(σ−) is traceless, the first term of
Eq. (1.92) vanishes, and also h+ = 0. Now Eq. (1.92) can be read as

G+
rs(0

−) = −
{
〈r+|i+〉 v+−

ii;tu〈ātau〉−)
2(ηnorm

i + η
sup
i )

〈i+|s+〉
}

tanh
(

η+
i

2kBT

)

= −
{
〈r+|i+〉 v+−

ii;tuG−
tu

2(ηnorm
i + η

sup
i )

〈i+|s+〉
}

tanh
(

η+
i

2kBT

)
. (1.98)

This complicated equation gives the relation between G+
rs and G−

rs, both
referring to the superconductivity, and is called the gap equation. A few
points should be presented. While selecting the superconducting mode, we
used

Tr(σ+σ−) = Tr
(

0 1
0 0

)(
0 0
1 0

)
= Tr

(
1 0
0 0

)
= 1, (1.99)

so that

Tr(σ+v+aσa) = v+−
ii;tu. (1.100)

The relation (1.98) yields

−
{
〈r+|i+〉 v+−

ii;tu

2(ηnorm
i + η

sup
i )

〈i+|s+〉
}

> 0. (1.101)

As has been mentioned previously, we have no chemical potential in the
superconducting state, so that η+

i is positive, the same as v+−
ii;tu is. Therefore,

it is required that 〈r+|i+〉〈i+|s+〉 be negative so that Eq. (1.101) can hold.
This is really possible, as will be mentioned below. Thus, we are not at all
concerned with the electron–phonon coupling. Let us perform the successive
approximations as

〈r+|i+〉v+−
ii;tu〈i+|s+〉 tan h(η+

i /2kBT ) ≈
occ∑
i

〈r+|i+〉v+−
ii;tu〈i+|s+〉 (T → 0)

= qrsv
+−
ii;tu (<0). (1.102)

Here, v+−
ii;tu is the electron–electron interaction between two electron den-

sities and is certainly positive (repulsive). However, the bond order is not
necessarily so, but q14 < 0 in the following example. The last relation was
usually assumed at the beginning of the superconductivity theory.
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We thus obtain the condition for the superconducting state to appear; it
is purely electronic and is apart from the electron–phonon coupling mecha-
nism. Actually, for the chain molecule of four carbon atoms, called butadi-
ene, the matrix qrs(r, s) = 1 − 4 is

{qrs} =




1.000 0.894 0.000 −0.447
1.000 0.447 0.000

1.000 0.894
1.000


. (1.103)

We can clearly see that

v+−
11;14q14 < 0. (1.104)

1.6 Illustrative Example, Critical Temperature

The gap equation (1.98) is, in appearance, considerably different from the
usual one. We rewrite this equation in a form similar to the usual one. To
this end, we adopt, as an example, a polyacene high polymer. Benzene,
naphthalene, anthracene, etc. are a series of polyacene, shown in Fig 1.1.
Here, the unit cell which is the butadiene molecule is in the dotted rectangle
numbered by n. The interactions t1 and t2 are given for the corresponding
bonds.

1.6.1 Bond alternation

At the beginning, we discuss the bond alternation or the Peierls instability of
these molecules. The infinite chain of acetylene, the so-called polyacetylene,
has the bond alternation, i.e., the long and short bonds do not lose their
memories in the limit where an infinite chain has been formed. This is
popular with chemists,19 but physicists call it Peierls distortion.20 The bond
alternation causes the gap between the conduction and valence bands. It has

n n+1

t1

t2

unit cell

polyacene

Fig. 1.1 Polyacene.
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been said that this discontinuity prevents the superconducting phase from
arising. However, this is an old-fashioned assertion and now seems sceptical.

In the Hückel theory, the interaction matrix elements are put as t1 for
the shorter bond and t2 for the longer bond:

H0 = −t1(a+
2na1n + a+

1na2n) − t2(a+
1n+1a2n + a+

2nan+1), (1.105)
where we consider the neighboring unit cells numbered n and n + 1, and
each cell has two kinds of bonds. The transfer integrals are parametrized as

t1 = t − δ, t2 = t + δ

(
δ > 0,

δ

t
� 1

)
, (1.106)

and then the Hamiltonian is easily diagonalized as
εk = ±[t2(1 + cos k) + δ2(1 − cos k)]1/2, (1.107)

where + and − correspond to the conduction and valence bands, respec-
tively. We are interested in the features at the zone boundary, k = π:

εc
π = 2δ, εv

π = −2δ. (1.108)
Here, the superscripts c and v indicate the conduction and valence bands,
respectively. When δ �= 0, certainly we have the gap, and if δ = 0, the two
bands continuously join into a single band called the half-filled band.

Next, we turn to the polyacene, whose unit cell is the butadiene molecule.
In this case, we obtain four bands:

εc′
k =

1
2
[t3 + (t23 + 4|t̃k|2)1/2] = −εv

k,

εc
k =

1
2
[−t3 + (t23 + 4|t̃k|2)1/2] = −εv

k,

(1.109)

where
t̃k = t1 + t2e

ik. (1.110)
The usual pairing property in alternant hydrocarbons is also seen in this
case. Employing the parametrization (1.106) gives, at k = π,

εv
π =

1
2
[t3 + (t23 + 16δ2)1/2] ≈ 4t3

(
δ

t1

)2

. (1.111)

When δ = 0 (without bond alternation), we have

εv
k =

1
2
{t3 − [t23 + 8t2(1 + cos k)]1/2}. (1.112)

Consider single-particle states. If δ = 0 and k = π we have, from Eq. (1.110),
t̃ = 0, so that the amplitudes at sites 2 and 5 vanish. Therefore, when δ = 0,
we get at k = π

|ψv
k〉 =

1
2
(a+

1k − a+
4k)|0〉,

|ψc
k〉 =

1
2
(a+

1k + a+
4k)|0〉.

(1.113)
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It is seen that |ψv
k〉 is antisymmetric about the C2v symmetry axis, and |ψv

k〉
is symmetric. Thus, v and c bands are not continuous at k = π.

1.6.2 Deformation energy

For these systems, let us study whether the bond alternation is energetically
favorable or not. We assume that the energy gain due to the bond alternation
mainly contributes to the highest valence band energy, εv

k.
The case of polyacetylene. The energy gain ∆E is

∆E =
∫ 2π

0

dk

2π
(εv

k − εv
k(0)), (1.114)

where the second term refers to the case without bond alternation
(δ = 0). In Eq. (1.107), we shift the integration origin from 0 to π, then
approximate

cos k = cos(π + p) ≈ −1 +
p2

2
.

For small p, we obtain

∆E = −
∫ 2π

0

dk

2π

{√
(tp)2 + 4δ2 − tp

}

=
2t
π

(
δ

t

)2

ln
(

δ

πt

)
(<0). (1.115)

For polyacene, similar treatment of εv
k of Eq. (1.109) leads to

εv
k =

1
2


1 −

{
1 + 16

(
δ

t

)2

+ 4p2

[
1 −

(
δ

t

)2
]}1/2


, (1.116)

and then the deformation energy becomes

∆E = t

(
δ

t

)2(
π

4
− 2

π
ln 4π

)
≈ −0.83t

(
δ

t

)2

. (1.117)

The bond alternation looks favorable for both cases. However, when the
effect of the σ bond is taken into account, this almost cancels out the sta-
bilization energy of the π system in the case of polyacene. On the other
hand, this is not the case for polyacetylene due to the singular term in the
relation (1.117).

Therefore, in what follows, by concentrating on polyacene, we are free
from the bond alternation.
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1.6.3 Polyacene, gap equation, critical temperature

The unit cell of polyacene is a butadiene molecule composed of four 2pπ car-
bon atoms. The Hamiltonian in the tight-binding approximation is given as

H0 = t(a+
n1an2 + a+

n2an3 + a+
n4a

+
n3 + H.c.)

+ t(a+
n+1,1an2 + a+

n+1,4a
+
n3 + H.c.), (1.118)

where the second line connects the unit cells n and n + 1.21

The band structure of levels and the linear combination of atomic orbitals
(LCAO) coefficients U are

ε1(k) =
t

2
{1 + s(k)},

ε2(k) = − t

2
{1 − s(k)},

ε3(k) =
t

2
{1 − s(k)},

ε4(k) = − t

2
{1 + s(k)},

(1.119)

with

s(k) =
√

9 + 8 cos k, (1.120)

U =




N4 N3 N2 N1

−N4ε4/t̃k −N3ε3/t̃k −N2ε2/t̃k −N1ε1/t̃k
N4ε4/t̃k −N3ε3/t̃k N2ε2/t̃k −N1ε1/t̃k
−N4 N3 −N2 N1


, (1.121)

where, for example,

N2
1 =

|t̃k|2
2(|t̃k|2 + ε2

1)
,

1
t̃k

=
eik/2

2t cos(k/2)
. (1.122)

At this stage, we have completed, in principle, the usual many-electron
problem. The mean-field approximation makes the interaction problem a
one-particle problem even though the SCF treatment is required at each
step. In other words, from the viewpoint of the Hückel theory, the spin-
diagonal parts provide the answer. On the other hand, the spin-off diagonal
part, which means less in the case without electron–electron interactions, is
responsible for the superconductivity.

Up to the previous chapter, the problem had been investigated in the
site representation. That is to say, the system is considered to be composed
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of N sites. However, the real substance is formed from unit cells, so that the
system is a repetition of the unit cell. The usual band theory of polyacene
has thus been completed at this stage.

We turn to the onset of superconductivity. In this case, the single-particle
approach is almost meaningless, but the pair state — say, the wave function
of a Cooper pair — should be investigated. For this purpose, the Green
function of a Cooper pair is most preferable. The gap equation (1.98) is
nothing but the SCF equation for a Cooper pair.

The electronic structure of the single butadiene molecule referring to
k = 0 is suggestive. Let the total number of sites of high polymer polyacene
be N . The number of sites in the unit cell is four. Then N = 4n, with
the number of unit cells n. The numbers 1–4 are the band indices; then
we have the chemical potential between the 2n level and 3n level. The
Cooper pair should be the hole pair of the 2n level indicated by mode (−)
or the particle pair of the 3n level. The discussion is confined to these levels
in solid-state physics, even if the interaction with other bands is taken into
account.

The 2n and 2n + 1 levels are called highest occupied molecular
orbital (HOMO) and lowest unoccupied molecular orbital (LUMO). These
features and behaviors are not so far or qualitatively the same as those
for k = 0.

The electronic structure of a single butadiene molecule is suggestive. The
levels and the bond orders are (the unit = t)

ε1 −1.618
ε2 −0.618
ε3 0.618
ε4 1.618.

(1.123)

Here, ε1 and ε2 are occupied (valence) levels, while ε3 and ε4 are unoccupied
(conduction) ones. Let the probability amplitude, with which the electron
on level i is found at the site r, be 〈r|i〉, then the bond order qrs is defined
as (at the zero temperature)

qrs =
occ∑
i

〈r|i〉〈i|s〉, (1.124)

where the summation includes the spin state. In the determination of
the attractive electron–electron interaction, the bond order is of crucial
importance.
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The bond orders are

Site
1 1.000 0.894 0.000 −0.447
2 0.894 1.000 0.447 0.000
3 0.000 0.447 1.000 0.894
4 −0.447 0.000 0.894 1.000.

(1.125)

We indicate the negative value of q14. In solid-state physics, the discussion
is concentrated on the highest valence band or the lowest conduction band.
In the quantum-chemical language, the partial bond orders referring only
to level 2, qH

rs, which seem not so far from those with k, are listed as

Site
1 0.362 0.224 −0.224 −0.362
2 0.224 0.138 −0.138 −0.224
3 −0.224 −0.138 0.138 0.224
4 −0.362 −0.224 0.224 0.362.

(1.126)

We indicate the negative value of qH
14.

If we want to look at the band structure, such as qH
rs, it is multiplied by

the third column of Eq. (1.121).
Based on these results, we may perform successive approximations or

simplifications:

(1) The denominator of Eq. (1.98) is the sum of the ordinary Hartree–Fock
energy and that of the superconducting state, and the latter is

η
sup
i = −v+−

ii;tuG−
tu. (1.127)

The total energy is obtained by summing

ηi = ηnorm
i + η

sup
i (1.128)

with respect to the chemical potential.
(2) Each level with ηi has really a band structure and is then written as

ηi;k, by stressing the band structure by k with the band index i. Then
i is put to be the highest occupied level, and the integration over k is
carried out. The bond orders thus obtained are approximated by the
partial bond orders qH

rs.
(3) The electron–electron interaction, which is effectively negative due to

the chemical structure of species, can be simply written for g < 0:

g = qrsv
−+
rs;tu. (1.129)
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(4) The energy interval establishing the superconductivity in the BCS the-
ory is related to the electron–phonon interaction, �ωD (Debye fre-
quency). In the present theory, it is replaced by the band width nearly
equal to |g|.

(5) Assuming that

G+
s↑,r↓(0

−) = G+
t↑,u↓(0

−) (1.130)

in Eq. (1.98), we have

1 = gN(0)
∫ |g|

0

dξ

ξ + ηsup
tanh

(
ξ + ηsup

2kBT

)
, (1.131)

where ξ = ηnorm. The critical temperature TC is determined by the
condition that ηsup vanishes at this temperature. The integration in
Eq. (1.131) is carried out as usual. Approximating∫

d3k

(2π)3
= N(0)

∫
dξ

gives ∫ |g|

0

dξ

ξ
tanh

(
ξ

2kBT

)
=
∫ Z

0

dz

z
tanh z, z =

|g|
2kBT

= [ln z tanh z]Z0 −
∫ ∞

0
dz ln z sech2z, (1.132)

where the upper limit in the second integration is replaced by ∞, which
makes it integrable15:∫ ∞

0
dz ln z sec h2z = − ln

4eγ

π
; γ is the Euler constant.

A simple rearrangement of the result gives

kBTC =
2eγ

π
|g|e−1/N(0)g ∼ 1.13|g|e−/N(0)g. (1.133)

The result is entirely the same as the current one. However, since it is
probable that

|g|
kBT

∼ 100, (1.134)

the critical temperature is, at most, enhanced by this value, even though it
is considerably reduced by the factor e−1/N(0)g .

1.6.4 Conclusion

As has been presented, superconductivity is not a too-complicated phe-
nomenon. If we employ the spinor representation, superconductivity is
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described in parallel with the normal electronic processes. If we find, in
the copper oxide complex, the four-site unit as a butadiene molecule, it
might be the origin of the superconductivity of this material. We think that
it is not so difficult a problem for quantum chemists.

1.7 Linear Response Magnetic Resonance
in Normal and Superconducting Species;
Spin–lattice Relaxation Time

1.7.1 Introduction

The theory of linear response is one of the main topics in solid-state physics,
and its application to superconductivity is also a fundamental problem.
Perhaps the most important problem is the Meissner effect. However, we
are now interested in the magnetic resonance, whose main theme should
concern the relaxation time. Let us discuss the spin–lattice relaxation time
T1 in the nuclear magnetic resonance. An elegant theory has been provided
by Kubo and Tomita,22 and revised by us with the temperature Green
function.23

The spin–lattice relaxation time T1 increases remarkably in a supercon-
ductor just below the critical temperature. This is explained by the BCS
pairing theory and is said to be its brilliant triumph.3,24, 25 The external
perturbation acting on the electron is written as

H ′ = Bkσ,k′σ′c
+
kσ

ck′σ′ , (1.135)

where c+
kσ

, ckσ, etc. are the creation and annihilation operators of an electron
in the normal phase, and Bkσ,k′σ′ is the matrix element of the perturbation
operator between the ordinary one-electron states in the normal phase. The
problem is as follows: If we rewrite it in terms of operators of a quasiparticle
in the superconducting phase, what will arise?

The time reversal to the above, B−k′−σ′,−k−σ, has the same absolute
value, but the phase is the same or the reverse.

It is possible to classify as follows:

1±. The spin flip-flop does not arise:

Bkσ,k′σ(c+
kσck′σ ± c+

−k′−σ
c−k−σ).

2±. The spin flip-flop does arise:

Bkσ,k′−σ(c+
kσck′−σ ± c+

−k′σc−k−σ).
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As seen above, the theory implicitly assumes that the system is a perfect
crystal and is described by the single wave vector k. The positive and nega-
tive signs of k indicate waves propagating from the vertex or off the vertex.
Before entering into the discussion about the relaxation time of the magnetic
resonance, we briefly review the Bogoliubov theory.3,10, 15 The Bogoliubov
transformation defines a quasiparticle responsible for the superconductiv-
ity as (

γk↑
γ+
−k↓

)
=
(

uk −vk

vk uk

)(
ck↑
c+
−k↓

)
(1.136)

with

u2
k − v2

k = 1.

The spirit of the Bogoliubov transformation is to mix the operators ck↑ and
c+
−k↓, which are different in spin (as to the wave number, this mixing is not so

serious) and not mixed in the normal situation. The quasiparticle yields the
new ground state near the chemical potential. The stabilization energy thus
obtained is called the gap energy, ∆k. What we have done in Sec. 1.3 is a sub-
stantial understanding of this reason. However, if we want to make the ±k

distinction meaningful, it is natural to adopt the four-component spinor —
say, the extended Nambu spinor (perhaps spurious).26 For ordinary states,

c+
k =

(
c+
k↑ c−k↓ c−k↑ c+

k↓
)
, ck =




ck↑
c+
−k↓

c+
−k↑
ck↓


, (1.137)

and, for the superconducting state,

γ+
k =

(
γ+

k↑ γ−k↓ γ−k↑ γ+
k↓
)
, γk =




γk↑
γ+
−k↓

γ+
−k↑
γk↓


. (1.138)

These are connected with each other by the Bogoliubov transformation as

γk = Ukck, γ+
k = ckU

+
k , (1.139)

where

Uk =

(
uk 0

0 u+
k

)
, with uk =

(
uk vk

−vk u+
k

)
. (1.140)

Careful manipulation is instructive.
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Case 1+:

(c+
kσ

ck′σ + c+
−k′−σ

c−k−σ) = c+
k Σ3ck′ = γ+

k UkΣ
3U+

k′γk′ , (1.141)

where

Σ3 =
(

σ3

−σ3

)
. (1.142)

This is the 4 × 4 matrix manipulation; however, it is enough to note the
upper half of the result.
The upper half of Eq. (1.139) is

(c+
k↑ c−k↓)

(
1 0
0 −1

)(
ck′↑
c+
−k′↓

)

= (γ+
k↑ γ−k↓)

(
u v

−v u

)(
1 0
0 −1

)(
u′ −v′

v′ u′

)(
γk′↑
γ+
−k′↓

)

= (γ+
k↑ γ−k↓)

(
uu′ − vv′ −uv′ − vu′

−vu′ − uv′ vv′ − uu′

)(
γk′↑
γ+
−k′↓

)
, (1.143)

where u and v are the abbreviations of uk and vk, respectively, while u′ and
v′ are those of uk′ and vk′ .
Case 1−:∑

σ

(c+
kσck′σ − c+

−k′−σc−k−σ) = c+
k 1ck′ = γ+

k Uk1U+
k′γk′ . (1.144)

The upper half of the above is(
γ+

k↑ γ−k↓
)( uu′ + vv′ −uv′ + vu′

−vu′ + uv′ vv′ + uu′

)(
γk′↑
γ+
−k′↓

)
. (1.145)

As is shown clearly, the original term is transformed in the quasiparticle
representation into a combination of the scattering term with the diagonal
element in the uk matrix and the creation or annihilation of a pair with the
off-diagonal element of u. These matrix elements are called the coherent
factors.

Let us turn to the case where the spin flip-flop is allowed.
Case 2+:

c+
kσck′−σ + c+

−k′σc−k−σ = c+
k ΣJck′ = γ+

k UkΣ
JU+

k′γk′ (1.146)

with

ΣJ =




1
−1

−1
1


. (1.147)
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This relation connects the left half of γ+
k and the lower half of γk′ , by giving

Eq. (1.147) =
(
γ+

k↑ γ−k↓
)( uu′ + vv′ uv′ − vu′

−vu′ + uv′ −vv′ − uu′

)(
γ−k′↑
γ+

k′↓

)
. (1.148)

Case 2−:

c+
kσ

ck′−σ − c+
−k′σc−k−σ = c+

k Jck′ = γ+
k UkJU+

k′γk′ , (1.149)

with

J =




1
1

1
1


. (1.150)

This relation also connects the left half of γ+
k and the lower half of γk′ , and

we have

Eq. (1.150) = (γ+
k↑ γ−k↓)

(
uu′ − vv′ uv′ + vu′

−vu′ − uv′ −vv′ + uu′

)(
γ−k′↑
γ+

k′↓

)
. (1.151)

Note that, at present, the scattering terms are off-diagonal, and the cre-
ation and annihilation terms are diagonal.

By the use of the relations3,10, 15

u2
k =

1
2

(
1 +

εk

Ek

)
v2
k =

1
2

(
1 − εk

Ek

)
,

E2
k = ε2

k + �2
k

(1.152)

(�k is the gap energy), the coherent factors are expressed substantially as

1±: (uu′ ∓ vv′)2 =
1
2

(
1 +

εkεk′

EkEk′
∓ �k�k′

EkEk′

)
;

2±: (uv′ ∓ vu′)2 =
1
2

(
1 ∓ �k�k′

EkEk′

)
.

(1.153)

In case 1+, we have the ultrasonic attenuation, while the electromagnetic
interaction is in case 2+ and the magnetic resonances are in case 2−.

1.7.2 T1 in NMR

A detailed analysis of the spin–lattice relaxation time T1 in the nuclear
magnetic resonance will be presented in the next section. Here, the results
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are given briefly.

T1 ∼
∑
kk′

|Bkk′|2 1
2

(
1 +

�k�k′

EkEk′

)
nk(1 − nk′)δ(Ek − Ek′ − ω), (1.154)

where ω is the applied radio frequency. By converting the summation
(explicitly shown) to the integration, and further by using the relation of
state densities,

N(E) dE = N(ε) dε, then

N(E)
N(ε)

=
dε

dE
=




E

(E2 −�2)1/2
(E > �),

0 (E < �),
(1.155)

we rewrite Eq. (1.152) for ω � � as

T1 ∼ |B|2N2(0)
∫ ∞

	

1
2

(
1 +

�2

E(E + ω)

)

× E(E + ω)kBT (−∂n/∂E) dE

(E2 −�2)1/2[(E + ω)2 −�2]1/2
, (1.156)

where the coupling constant and the state density are replaced by their suit-
able averages. This integral is divergent. Therefore, T1 of a superconductor
is strongly enhanced just below the critical temperature. This phenomenon
was observed and explained by Slichter et al.24,25 This was said to be one of
the brilliant victories of the BCS theory. However, it has been found, in the
recent experiments on the high-temperature superconductors or the copper-
oxide superconductors, that the T1 enhancement is lost. This phenomenon is
considered deeply connected with the mechanism of the high-temperature
superconductivity of these species, and it attracted the interest of many
investigators.27,29 However, as far as we know, the theory of magnetic reso-
nance of a superconductor has been done almost entirely under the scheme
mentioned in this introduction. Then it will be preferable to develop the
theory of magnetic resonance in accordance with the sophisticated recent
theory of superconductivity.

1.7.3 Theory with Green’s function

Our idea is as follows: the algebra of electrons is related to their field oper-
ators. In the same way, we assume the field for nuclei. For example, the
creation operator for a nucleus a+

KM yields the nuclear motion with K and
M , which are spatial and spin quantum numbers, respectively. The energy
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spectrum of the propagator GKM(τ) = 〈〈aKM (τ)a+
KM 〉〉 gives the line shape

of the magnetic resonance.
The nuclear propagator GKM(τ) sees the electron sea, followed by the

electron excitation in the spin space. This gives the additional line width
of the nuclear magnetic resonance. The phenomenon looks like the vacuum
polarization in quantum electrodynamics. The self-energy part that has thus
arisen in the nuclear energy is the source of the line shape of the nuclear
magnetic resonance.23

The spin–lattice relaxation time of the nuclear spin Iz is given by the
imaginary part of the magnetic susceptibility χzz, which is equal to (χ+− +
χ−+)/2 in the spatially homogeneous system. Here, ± correspond to (Ix ±
iIy)/2, respectively. The ensemble average of a change, δ〈I+(t)〉, is given by
the linear response theory as

δ〈I+(t)〉 = i

∫ t

−∞
dt′Tr{ρG[Hex(t′), I+(t)]−}, (1.157)

where ρG is the grand canonical statistical operator. However, the chemical
potential is not given explicitly, unless otherwise stated. The rotating mag-
netic field causing the magnetic transition is, assuming a single mode for
simplicity,

Hex(t) = HR(I+(t)eiωt + I−(t)e−iωt). (1.158)

As has been said, the spin–lattice relaxation arises from the interaction
between the nuclear spin and the electron spin. In other words, the electron
spins play the role of a lattice system.

H ′ = �γgβBF (R, r)I · S, (1.159)

where F (R, r) is a function of spatial coordinates of the nucleus, R, and
that of the electron, r. The term γ is the gyromagnetic ratio of the nucleus,
and g and βB are the g factor and the Bohr magneton of the electron,
respectively.

Now the second quantization of the above is carried out. First of all, the
orthonormalized wave function describing the nuclear behavior, |ξK(R)M〉,
is introduced as

(HN + HM )|ξK(R)M〉 = (εK + M)|ξK(R),M〉
= εKM |ξK(R, )M〉, (1.160)

with

εKM = εK + M,
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where HN is the spatial part and HM is the Zeeman part. Then we have

Iα → 〈ξK(R)M |Iα|ξK ′(R)M ′〉a+
KMaK ′M ′

= 〈M |Iα|M ′〉a+
KMaK ′M ′δKK ′. (1.161)

A similar equation is given for electrons,

(HS + Hm)φk(r)|m〉 = (εk + m)|φk(r),m〉 = εkm|φk(r),m〉, (1.162)

where

εkm = εk + m,

so that

H ′ → hγgβB〈M |Iβ|M ′〉〈m|Sα|m′〉〈ξK(R)φk(r)|F (R, r)|ξK ′(R)φk′(r)〉
× (a+

KMaK ′M ′)(c+
kmck′m′). (1.163)

If the nuclear motion is assumed to be that of a harmonic oscillator, a+
KM

and aKM are the creation and annihilation operators of vibrational excita-
tions. When the nuclei carry noninteger spins, these are considered to obey
the Fermi statistics or satisfy the anticommutation relation

[a+
KM , aK ′M ′ ]+ = δKK ′δMM ′ . (1.164)

However, as will be seen in the following, this selection of the statistics is
not fatal for the theory. Needless to say, the operators for electrons satisfy
the anticommutation relations.

The change of I+ in Eq. (1.157) can be written, in the interaction rep-
resentation, as (we retain the I− term in Eq. (1.158))

δ〈I+(t)〉 = iγHR

∫ t

−∞
dt′e−iωt′

×Tr{ρG〈M − 1|I−|M〉〈M |I+|M − 1〉
× [a+

K,M−1(t
′)aK,M(t′), a+

K,M (t)aK,M−1(t)]−}

= −γHR

∫ t

−∞
dt′e−iωt′DK,M−1,M(t′ − t)

= −1
2
γHRe−iωt

∫ ∞

−∞
dse−iωs

∑
KM

DK,M−1,M(s)

= −1
2
γHRe−iωtDK,M−1,M(ω). (1.165)

From this result, the magnetic susceptibility of the present system is

χ+−(ω) = −γ

2
DK,M−1,M(ω). (1.166)
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In the course of derivation, the matrix elements of spin operators are put to
be equal to 1, and then the Tr operation is carried out. Here, DK,M−1,M(s)
is a retarded Green function,

DK,M−1,M(s) = −iθ(s)Tr{ρG[a+
KM−1(s)aKM(s), a+

KMaKM−1]−}, (1.167)

and DK,M−1,M(ω) is its Fourier transform. Now our problem is to estimate
this retarded function.

The retarded Green function is easily obtained by analytical continua-
tion from the Matsubara function (or the temperature Green function with
imaginary time τ) which is causal in τ,

DK,M−1,M(τ) = −Tr
{

ρGTτ
[
a+

K,M−1(τ)aK,M(τ)a+
K,MaK,M−1

]}
, (1.168)

for which the Feynman diagram analysis is available.15

1.7.4 Noninteracting

Here, we deal with the case without the spin–lattice interaction. It might
be trivial; however, it seems instructive for the later investigation. By the
use of the simplified notation, 〈· · ·〉 = Tr(ρG · · · ), the Green function in this
case is written as

D0
K,M−1,M(τ) = 〈Tτ[a+

KM−1(τ)aK,M (τ)a+
KMaKM−1]〉

= G0
KM(τ)G0

KM−1(−τ), (1.169)
where

G0
KM(τ) = −〈Tτ[aKM(τ)a+

KM ]〉, (1.170)
and the corresponding Fourier transform of Eq. (1.169) is

D0
K,M−1,M(ωn) =

1
β

∑
υn

G0
KM(υn)G0

KM−1(υn − ωn), (1.171)

where

G0
KM(υn) =

1
iυn − εKM

. (1.172)

Therefore,

D0
K,M−1,M(ωn) =

1
β

∑
υn

1
iυn − iωn − εKM−1

· 1
iυn − εKM

=
1
β

∑
υn

(
1

iυn − iωn − εKM−1
− 1

iυn − εKM

)
1

iωn + εKM−1 − εKM

= [n(εKM−1) − n(εKM)]
1

iωn − εKI
, (1.173)
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where

εKI = εKM − εKM−1,

and it is noted that ωn is even, and that it does not matter in
obtaining the particle number. The retarded Green function is obtained
simply by replacing iωn with ω+ iη (η is a positive infinitesimal). Thus, we
obtain

δ〈I+(t)〉 = e−iωtHR(n(εK−) − n(εK+))
1

ω − εKI + iη
, (1.174)

where the radio frequency stimulating the resonance is rewritten by ω0. The
magnetic susceptibility χ+− thus becomes

χ+−(ω) = γ(n(εK−) − n(εK+))
1

ω − εKI + iη
,

γ = e−iωtHR, (1.175)

whose imaginary part is

χ′′
+−(ω) = −πγ(n(εK−) − n(εK+))δ(ω − εKI). (1.176)

This gives the sharp δ function-type energy spectrum. We have no line width
or the relaxation time, and states are stationary.

1.7.5 Interacting; normal

In the interacting system, G0 in Eq. (1.169) has to be replaced by G, includ-
ing the interaction, which in the present case is the spin–spin interaction
between nuclei and electrons, as has been given in Eq. (1.157),

DKM−1,M (ωn) =
1
β

∑
υn

GKM (υn)GKM−1(υn − ωn), (1.177)

where, for instance,

GKM (υn) = [(G0
KM (υn))−1 − ΣKM (ω)]−1, (1.178)

ω being the interaction energy.
Our procedure is as follows. The two Green functions with the self-energy

part are evaluated. Combining them gives the retarded Green function D
for estimating the magnetic susceptibility.

The most important (divergent) self-energy part of this self-energy is due
to the ring diagram shown in Fig. 1.2. The problem is to examine how the
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Fig. 1.2 Self-energy part G(υn).

energy of the nucleus propagator (unequal-dashed line) is changed by the
ring diagram of the electron (full line). That is to say,

G(υn)−1 = G(υn)0 + Σ(ω),

Σ(ω) = −|K|2S(ρn)S(ρn + ω),
(1.179)

where S is the electron propagator, and the minus sign is due to the fermion
loop. The self-energy part includes the coupling terms, where

|K|2 = 〈M |I+|M − 1〉〈m − 1|S−|m〉|2

× |〈χK(R)φk(r)|F (R, r)|φk′(r)χK ′(R)〉|2, (1.180)

and the minus sign is due to a Fermion loop. The ring diagram is calculated
as follows:

Skm(ρn)Skm−1(ρn + ω)

=
∑
ρn

1
iρn − εkm

· 1
iρn + ω − εkm+1

=
∑
ρn

(
1

iρn − εkm
− 1

iρn + ω − εkm+1

)
1

ω − εkm+1 + εkm

= (n(εkm) − n(εkm+1))
1

ω − εkm+1 + εkm
. (1.181)

The lattice (electron) gets ω from a nucleus to lift the electron spin from m

to m+1, and at the other vertex, the inverse process occurs. This looks like
the radiation process in the photochemistry. We thus have the self-energy
part of GK;M−1,M ,

ΣK;M−1,M(υn) = |K|2(n(εkm) − n(εkm+1))
1

ω − εks
, (1.182)

where
εks = εkm+1 − εkm.
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Another propagator GK;M , has the self-energy part ΣK;M,M−1(υn). This
is built by replacing ρn + ω with ρn − ω in Eq. (1.181).

ΣK;M,M−1(υn) = |K|2(n(εkm) − n(εkm−1))
1

ω − εkm−1 + εkm

= |K|2(n(εkm) − n(εkm−1))
1

ω − εks
,

≈ |K|2(n(εkm+1) − n(εkm))
1

ω − εks
. (1.183)

We now turn to the evaluation of the propagator DK;M−1,M(τ):

DK;M−1,M(ωn)

=
1
β

∑
υn

GKM (υn)GKM−1(υn − ωn)

=
1
β

∑
υn

(iυn − εKM − ΣKM−)−1(iυn − iωn − εKM−1 − ΣK;M,M−1)−1

=
1
β

∑
υn

{
1

iυn − iωn − εKM−1 − ΣKM−1
− 1

iυn − εKM − ΣKM

}

×
{

1
iωn − εKM−1 − ΣKM−1 + εKM + ΣKM

}

= (N(εKM ) − N(εKM−1))
{

1
iωn − εKI + ΣKM − ΣKM−1

}
. (1.184)

Here,

εKI = εKM − εKM−1,

and the self-energy parts are disregarded in obtaining the particle density.
We can see that the additional terms in the denominator modify the line
shape.

If we put iωn → ω + iη, we can obtain the retarded Green function,
whose imaginary part gives the line shape:

D(ω) ∼
{

1
ω + iη − εKI + ΣKM − ΣKM−1

}

=
{

P
(

1
ω −−ΣKM−1εKI

)
− iπδ(ω − εKI + ΣKM − ΣKM−1)

}

=
i(Im)

(Re)2 + (Im)2
(at the resonance point). (1.185)

The line shape is now changed from the δ function type to the Lorentz type,
as expected.
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1.8 Interacting; Superconductor

1.8.1 The extended Nambu spinor

Now, we investigate how the line shape obtained above is further modified
in a superconductor. The electron propagators in the previous section are
replaced by those in a superconductor. They have already been studied in
Sec. 1.3 and are presented here in a new fashion adequate for the following
investigation. As has been done by BCS, let us consider the attractive two-
body potential g, which is assumed constant for simplicity, and further keep
in mind the Cooper pair. The Hamiltonian

Hel =
{

εkαc
+
kα

ckα +
1
2
gc+

kα
c+
−kβ

c−kβckα

}
, (1.186)

where εkα is the orbital energy, includes the Zeeman energy in the present
case.

Now we use the extended Nambu representation of Eq. (1.137),

ck =




ckα

c+
−kβ

c+
−kα

ckβ


, c+

k =
(
c+
kα

c−kβ c−kα c+
kβ

)
(1.187)

with the equal-time commutator:

[ck, c+
k′ ]+ = 1δkk′ . (1.188)

In these terms, the Hamiltonian is rewritten as

Hel = εkc+
k Σ3ck +

1
2
g(c+

k Σ+ck)(c+
k′Σ

−ck′), (1.189)

where εk is the diagonal matrix of εγ:

εk =




εkα

ε−kβ

ε−kα

εkβ


. (1.190)

Let us define

Σ3 =
(

σ3 0
0 −σ3

)
, Σ+ =

(
σ+ 0
0 −σ−

)
,

Σ− =
(

σ− 0
0 −σ+

)
, (1.191)
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with

σ3 =
(

1 0
0 −1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i

i 0

)
,

σ+ =
1
2
(σ1 + iσ2), σ− =

1
2
(σ1 − iσ2). (1.192)

As for the electron–electron interaction, only those for the Cooper pairs are
selected; namely, Σ+ selects a Cooper pair in the particle state, and Σ− in
the hole state.

1.8.2 Green’s function

Here, the discussions done in Sec. 1.4 are repeated briefly. The above
Hamiltonian is invariant under the scale transformation. Then we have a
current conservation, especially the charge conservation in the static state
(Noether’s theorem). If we have any quantity which does not commute
with this invariant charge, we can expect a phase transition (the Goldstone
theorem).

The charge proportional to

〈c+
kγ

ckγ〉 =
∑
k>0

〈c+
k Σ3ck〉 (1.193)

is invariant under the rotation about the Σ3 axis in the space spanned by
Σ3, Σ+ and Σ−. Observing that

[Σ3,Σ±] = ±2Σ± (1.194)

suggests the phase transitions along the Σ± directions.
If we define

c̄ = c+Σ3,

as has been done in Sec. 1.43, the discussions parallel to those there will be
possible in the following. However, this is not employed in this case.

The phase transition cannot be achieved by the perturbational approach,
but the effective Hamiltonian giving the phase transition should be included
at the beginning. For example, the modified Hamiltonian

H0 = c+
k (εkΣ

3 + ρΣ+ + ηΣ−)ck,

H int =
1
2
g
∑
kk′

{(c+
k Σ+ck) · (c+

k′Σ
−ck′) − c+

k (ρΣ+ + ηΣ−)ck},
(1.195)
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where ρ and η are the so-called gap energies which are assumed to be
independent of k for simplicity. Note that the Hamiltonian H0 is already
symmetry-broken. Here, we adopt a conventional method. In what follows,
H int is neglected, i.e. we start from the Green function due to the effec-
tive Hamiltonian and then take the interaction (1.158) into account. At this
stage, we may expect the result that will be obtained in such a manner that
the normal and superconducting states contribute additively.

The temperature Green function with the imaginary time τ is defined as

G0
kk′(τ) = −〈Tτ[ck(τ)c+

k′ ]〉, (1.196)

where 〈· · ·〉 = Tr{ρG · · · }. The equation of motion of G0
kk′ is

∂τG
0
kk′(τ) = −∂τ[θ(τ)〈ck(τ)c+

k′(0)〉 − θ(−τ)〈c+
k′(0)ck(τ)〉]

= δ(τ)〈[ck(τ), c+
k′(0)]+〉 + 〈Tτ[ck(τ),H0]−, c+

k (0)〉
= δkk′ + (εkΣ

3 + ρΣ+ + ηΣ−)G0
kk′ (1.197)

In the course of the above derivation, the commutator in Eq. (6.65) was
used.

We make the Fourier transformation,

G0
kk′(τ) =

1
β

∑
ωn

e−iωnτG0
kk′(ωn), (1.198)

where β = kBT and kB is the Boltzmann constant. Then the equation of
motion becomes

(iωn + εkΣ
3 + ρΣ+ + ηΣ−)G0

kk′(ωn) = δkk′. (1.199)

Namely,

G0
kk′(ωn) =

1
iωn − εkΣ

3 − ρΣ+ − ηΣ−

= δkk′

{
iωn + εkΣ

3 + ρΣ+ + ηΣ−

(iωn)2 − E2
k

}
, (1.200)

where

E2
k = ε2

k + ρη. (1.201)

1.8.3 Spin dynamics

The propagator in Eq. (1.200) is the 4 × 4 matrix. If we ignore ρ and η,
this is reduced to the normal propagator. We have already tried this
simple case.
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Now we assume the terms responsible for the superconductivity as a
perturbation. Namely (S is the electron propagator),

S(υn) =
iυn + εkΣ

3 + ρΣ+ + ηΣ−

(iυn)2 − E2
k

=
iυn + εkΣ

3

(iυn)2 + ε2
k

+
ρΣ+ + ηΣ−

(iυn)2 + ε2
k

+ · · · . (1.202)

It is helpful to separate this relation into components and to manipulate
each one individually. Noticing that

σ0 + σ3 = σ↑ + σ↓,

we have, for example by operating σ↑ followed by Tr,

S↑(υn) =
iυn + εkΣ

3 + ρΣ+ + ηΣ−

(iυn)2 − E2
k

=
1

iυn − εk↑
+

ρ + η

(iυn)2 + ε2
k

+ · · ·

=
1

iυn − εk↑
+

ρ + η

2εk↑

(
1

iυn − εk↑
− 1

iυn + εk↑

)
+ · · · (1.203)

In order to get the self-energy part of the nuclear propagator, we have
to evaluate

Σk;M−1,M(ω) = K2 1
β

∑
υn

S(υn)S(υn + ω). (1.204)

The first-order term has already been evaluated in Eq. (1.181). Then we
have to carry out the complicated manipulation due to the second term of
the last line in Eq. (1.203). However, the combinations other than those
satisfying the resonance condition ω ∼ εks [see Eq. (1.182)] should give a
small effect which is to be neglected.

We then consider that the procedures of the previous section need not
be repeated, and we are allowed to multiply the results there by the factor
(ρ + η)/2εk↑ as the perturbing correction or the superconducting effect.

1.8.4 Conclusion

If we review the present investigations from the viewpoints of the line shape
problem in the magnetic resonance, three cases are clearly distinguished.
In the noninteracting case, the line shape is written in terms of the delta
function. In the interacting case of the normal phase, it is presented by
the Lorentz-like function, and in the superconducting phase it is further
multiplied by a coherent factor; whereas the statistical factors referring to
the nuclear states never change throughout.
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For a superconductor, the present theory has almost nothing to give
more than the current one has done. However, the theory is not merely to
reproduce the experimental result, but to predict the mechanism hidden in
observations, in such a way that the manipulations reveal step by step the
working mechanism inside the matter. We might be satisfied with a slightly
deeper understanding of the superconductivity.

Among various opinions we give, as an example, Scalpino’s.29 He pointed
out three possibilities regarding the loss of the T1 enhancement in the copper
oxide superconductor:

(1) The d-wave single-particle density of states has logarithmic singularities,
rather than the square-root singularity for the s wave gap.

(2) The coherent factor for the quasiparticle scattering vanishes for k ∼
(π,π) for a dx2−y2 gap.

(3) The inelastic scattering acts to suppress the peak just as for an s wave.

Scalpino had the opinion that the theory of superconductivity is already
so well furnished that other fundamental ideas beyond the original BCS one
are almost needless, except for some smart equipment. As the phenomena
observed in the copper oxide superconductor are rather qualitative and fairly
clear-cut, the explanation for them must be simple. It is expected that a
quantum-chemical speculation could make this possible.

Let us address scalpino’s opinion. The divergent character of Eq. (1.154)
seems a merely mathematical problem. The difference between Eq. (1.185)
and that (which will be obtained) for the superconducting case is the coher-
ent factor, (1.203). In the case of a BCS superconductor, it holds that
Ek � ρ so that the enhancement of the spin–lattice relaxation time T1 is
observed due to this factor, which leads to the superconductivity. However,
in the case of a high-temperature superconductor, ρ,η ∼ Ek, as has been
seen in the previous chapter, we cannot observe the sharp onset of super-
conductivity. Then we miss the coherent effect.

There is presumably a simpler reason why the T1 enhancement is not
observed. In copper oxide, electrons responsible for superconductivity are
probably the d electrons; then we have the vanishing interaction term if
it is the Fermi contact term between a nucleus and an electron — say,
F (R, r) ∼ δ(R − r) in Eq. (1.159).

1.9 Ginzburg–Landau Theory from the BCS Hamiltonian

The macroscopic quantum theory of superconductivity has been given by
Ginzburg and Landau.9 This looks rather phenomenological; however, since
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a microscopic justification has been provided by Gorkov and others,16,30

it has a substantial foundation. We also reviewed the GL theory, in the
introduction of Sec. 1.4, from the viewpoint of Landau’s general theory of
phase transitions. It is crucial that the Lagrangian of the system is written
as the fourth-order function of the order parameter Ψ, which is the electron
field. If the coefficients of the second- and fourth-order terms are suitably
chosen, the new ground state shapes a champagne bottle, or a Mexican hat
is built. If electrons moves on this flat route around the top, the derivative
of the orbital vanishes or the kinetic energy vanishes, which implies that
the wave function is rigid. We may say that the electron mass is effectively
zero. We thus have the current only due to the vector potential, i.e. the
diamagnetic current. This causes the Meissner effect.

The GL theory is quite useful for applications, since the microscopic the-
ory by itself is too complicated for manipulating large-scale problems. If we
can solve the GL equation for a real problem under an appropriate bound-
ary condition, various information on this system can be obtained.10 The
macroscopic wave function or GL order parameter Ψ is related to the gap
function and is understood as the field of Cooper pairs. The parameters in
the GL equation are also written in the microscopic terms or by the exper-
imental values. In Ref. 28, the GL function Ψ is derived directly from the
BCS Hamiltonian, not via the gap function or the anomalous Green function
related to the gap function. The electron–electron interaction composed of
the four fermion operators is changed by the Hubbard–Stratonovitch trans-
formation to an auxiliary complex boson field φ, in which electrons behave
as if they were free. Using the path-integral method, we can carry out the
integration up to the quadratic terms of the electron operators. If we care-
fully analyze the resulting effective Lagrangian for the boson field, we will
find that this boson field, which is described by a complex function, suggests
a phase transition; the condensation arises in particles described by the real
part of the boson field, while particles in the imaginary (or phase) part turn
out to be massless Goldstone bosons. It is then clear that the boson field
is to be the GL order parameter. In the course of analysis, the concept of
supersymmetry is effectively used.

1.9.1 BCS theory

We assume the classical field of an electron is described by the Grassmann
algebra or the anticommuting c-number; namely, the creation and annihi-
lation operators a∗k and ak are treated as anticommuting c-numbers. The
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BCS Hamiltonian is written as

H = H0 + Hint,

H0 =
∑
kσ

εkσa
∗
kσakσ, (1.205)

Hint =
∑
kk′

−gk−k,−k′k′(a∗k↑a
∗
−k↓)(a−k′↓ak′↑), gk−k,k′−k′ > 0,

and

−gk−k,−k′k′ =
∫

dr1dr2 χ∗
k↑(r1)χ∗

−k↓(r2)v(r1, r2)χ−k′↓(r2)χk′↑(r1),

(1.206)
where v(r1, r2) is the effective coupling giving an attractive character for the
electron–electron interaction. Here, the summation convention that repeated
indices imply summation is used. This is helpful in facilitating the manipu-
lation. We would consider that the BCS Hamiltonian is an attractive inter-
action between Cooper pairs rather than an attractive interaction between
electrons, (Figs. 1.3 and 1.4). In the following, it is assumed that εkσ is
independent of spin and gk−k,k′−k′ is independent not only of spin but also,
finally, of k and k′.

Fig. 1.3 In the BCS model, superconductivity arises due to the attractive electron–
electron interaction which appears owing to the scattering by phonons.

Fig. 1.4 Excitation of the ground state of a Cooper pair demonstrates the presence of
the energy gap ∆, which is (very approximately) isotropic in the momentum space.
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Let us investigate the partition function

Z = Tre−β(H0+Hint). (1.207)

This is expressed by the use of the path-integral method.31,32 The spirit of
the Feynman path-integral is sometimes written as follows: the (imaginary)
time interval 0 → β is sliced into numerous pieces, each being labeled by τp.
Since each slice is made arbitrarily small, the quantum effect arising from the
commutation relation can be neglected, so that the operators are regarded as
c-numbers in each slice. Instead, this c-number function can take any value
even in the small time slice. Connecting these precise values from 0 → β, we
can draw all of the paths in this interval. If we count the effects from all of
these paths, the quantum-mechanical result of the subject can be obtained.
However, this statement seems rather misleading.

Feynman’s path-integral is the third method of quantization.33 We begin
with the classical treatment, and then if we apply the path-integral proce-
dure to it, the quantum effect is certainly taken into account. This cor-
responds to the conceptual development from the geometric optics to the
physical optics. The Bose system (in the quantum-mechanical sense) is writ-
ten by an ordinary c-number, but the Fermi system should be described by
a Grassmann number. Thus, we do not worry about the commutation rela-
tions of field operators and obtain

Z = Tr e−βĤ

= lim
N→∞

∫ N∏
p=1

da∗(τp) da(τp)exp
∑

p

[ε(ȧ∗(τp)a(τp) − H(τp)], ε =
β

N

=
∫

Da∗(τ)Da(τ) exp
∫ β

0
dτ{a∗kσ(τ)(−∂τ − εkσ)akσ(τ)

+ gk−k,−k′k′a∗k↑(τ)a
∗
−k↓(τ)a−k′↓(τ)ak′↑(τ)}, (1.208)

where

Da∗(τ)Da(τ) =
∞∏

p=1

da∗kσ(τp) dakσ(τp). (1.209)

1.9.2 Hubbard–Stratonovitch transformation

Difficulty lies in the quartic term of the electron–electron interaction. Let
us define

B∗
α = a∗k↑a

∗
−k↓, Bα′ = a−k′↓ak′↑ (1.210)
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so as to write, in each time slice,

gk−k,−k′k′a∗k↑a
∗
−k↓a−k′↓ak′↑ = gαα′B

∗
αBα′ . (1.211)

This is simplified by using the identity called the Hubbard–Stratonovitch
transformation.34 We introduce a complex boson field φ, since (Bα)∗ �= Bα:

1 =
∫ ∞

−∞
dφ∗ dφe−πφ∗φ =

∫ ∞

−∞
dφ∗ dφe−π(φ∗−i

√
g/πB∗)(φ+i

√
g/πB)

=
∫ ∞

−∞
dφ∗ dφe−πφ∗φ+i

√
gπ(B∗φ−Bφ∗)e−gB∗B ,

namely ∫ ∞

−∞
dφ∗ dφe−πφ∗φ+i

√
gπ(B∗φ−Bφ∗) = egB∗B, (1.212)

where we have the definition

dφ∗ dφ = d(Re φ) d(Im φ).a (1.213)

We cannot apply this identity for the quantum-mechanical partition func-
tion because of the noncommutativity of the operators involved, but now
we have no trouble since, in the present path-integral treatment, operators
turn out to be c-numbers. Then Eq. (1.208) becomes

Z =
∫ ∫

Da∗(τ)Da(τ) dφ∗(τ) dφ(τ)

× exp
∫ β

0
dτ{−a∗kσ(τ)�−1

kσ (τ)akσ(τ) − πφ∗
α(τ)φα′(τ)

+ i
√

πgk−k,α′a
∗
k↑(τ)a

∗
−k↓(τ)φα′(τ) − i

√
πgα,−k′k′a−k′↓(τ)ak′↑(τ)φ∗

α(τ)},
(1.214)

with

∆−1
kσ (τ) = −∂τ − εkσ.

The essential feature of this expression is that the operator appearing
in the exponent in Eq. (1.214) is quadratic only in ak and a∗k, so that the
evaluation with respect to the fermion variables is similar to the evaluation
for the noninteracting system, in which particles are moving in an effective
boson field φk. Equation (1.214) shows that, inside the exponent, Z is a
weighted average of the second and third terms over the field φα.

aActually, dφR dφI = 1
2i

dφ∗ dφ. The constants are adsorbed in the normalization factor.
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1.9.3 Fourier transform

The Fourier transformation with respect to τ is performed as

ak(τ) =
∑
ωn

eiωnτak(ωn), φα(τ) =
∑
υn

eiυnτφα(υn),

ωn =
(2n + 1)π

β
, υn =

2nπ

β
. (1.215)

Note that ωn refers to a fermion, and υn to a boson.
Using the above and the relation∫ β

0
dτei(ωn−ωm)τ = βδnm, (1.216)

we have

Z =
∫

Da∗(ωn)Da(ωn)Dφ∗(υn)Dφ(υn)

× exp
∑
ωnυn

{−βa∗kσ(ωn)�kσ(iωn)−1akσ(ωn) − βπφ∗
α(υn)φα′(υn)

+ i
√

πgk−k,α′a
∗
k↑(ωn + υn)a∗−k↓(ω)φα′(υn)

− i
√

πgα,−k′k′ak′↓(ωn)a−k′↑(ωn + υn)φ∗
α(υn)}, (1.217)

where �kσ(iωn) is Green’s function, given as

�kσ(iωn) =
1

iωn − εkσ

. (1.218)

We can observe the following in Eq. (1.217): the third line tells us that,
at the vertex indicated by the coupling gk−k,α′ , the boson field φα′ sinks,
and then the particle pair a∗k↑a

∗
−k↓ arises. The last line displays the reverse

phenomenon. Note the energy conservations at vertices.

1.9.4 Nambu spinor

At this stage, we would rather use a spinor notation due to Nambu11 that
is very useful for investigating the superconductivity:

ak =

(
ak↑
a∗−k↓

)
, a∗

k = (a∗k↑ a−k↓),

a−k =

(
a−k↓
a∗k↑

)
, a∗

−k = (a∗−k↓ ak↑). (1.219)
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It is instructive to manipulate the complicated last line in (1.217) in the
present language: it has a structure such that

φα′ a∗k↑a
∗
−k↓ − φ∗

α a−k′↓ak′↑ = φα′(a∗k↑ a−k↓)
(

1
0

)
(0 1)

(
ak↑
a∗−k↓

)

−φ∗
α(a

∗
−k′↓ ak′↑)

(
0
1

)
(1 0)

(
a−k′↓
a∗k′↑

)

= φα′ a∗
kσ

+ ak + φ∗
α a∗

−k′σ−a−k′.

The positive sign in the second term is due to the Grassmann character of
ak↑ and a−k↓. Also,

a∗kσεkakσ = a∗σ3
kεkak, (1.220)

since εk = ε−k.
In the above, the Pauli matrices and related ones are rewritten as

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0
0 −1

)
,

σ+ =
1
2
(σ1 + iσ2) =

(
0 1
0 0

)
, σ− =

1
2
(σ1 − iσ2) =

(
0 0
1 0

)
. (1.221)

Equation (1.217) is now written as

Z =
∫ ∫

Da∗DaDφ∗Dφ exp
∑
ωnυn

{−βπφ∗
α(υ)φα(υ)

+ βa∗
k(ωn)(iωn − εkσ

3)ak(ωn)

+ iβ
√

πgα,k′−k′φα(υn)a∗
k′(ωn + υn)σ+ak′(ωn)

+ iβ
√

πgα′,k−kφ
∗
α′(υn)a∗

−k(ωn)σ−a−k(ωn + υn)}. (1.222)

We can integrate with respect to fermion variables: note that31∫
dz∗ dze(z∗Az) = detA for a fermion,∫
dz∗ dze(z∗Az) = (det A)−1 for a boson. (1.223)

Using the upper one, we can immediately obtain

Z =
∫

Dφ∗Dφ exp
∑
υn

{
−βπφ∗

α(υ)φα(υ) + det
∥∥∥∑

ωn

β(iωn − εkσ
3)

+ iβ
√

πgα,k′−k′(φα(υn)σ+ + φ∗
α′(υn)σ−)

∥∥∥
}

, (1.224)
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where we have made use of a symmetry property, gα,k′−k′ = gα′,k−k, and
‖ · · · ‖ stands for a matrix. This can be also rewritten as

Z =
∫

Dφ∗Dφ exp−βW (φ), (1.225)

with the effective action for the boson field

W (φ) = π
∑
υn

φ∗
α(υn)φα(υn) − 1

β

∑
ωn

Tr log β

×
{

(iωn − εkσ
3) + i

∑
υn

√
uα,k(φα(υn)σ+ + φ∗

α(υn)σ−)

}
, (1.226)

where the relation log ·det = Tr · log and the simplified notation

uα,k = πgα,k′−k′ = πgα′,k−k (1.227)

have been used.
By employing the steepest descent method, we can obtain a particu-

lar φ, by optimizing W (φ), which will be denoted as φ̄. For example, by
differentiating W (φ) with respect to φ∗

δ (υn), we have

∂W (φ)
∂φ∗

δ

= πφα − 1
β

∑
ωn

Tr
i
√

uδ,kσ
−

(iωn − εkσ
3) + i

√
uα,k(φα(υn)σ+ + φ∗

α(υn)σ−)

= 0. (1.228)

We thus obtain

πφ̄δ(υn) =
1
β

∑
iωn

√
(uδ,kuα,k) · φ̄α

(iωn)2 − E2
k

, (1.229)

where

E2
k(υ) = ε2

k +
√

(uα,kuα′,k)φ̄∗
α(υn)φ̄α′(υn). (1.230)

Note that the field strength φ∗
α(υn)φα′(υn) has the dimension of energy.

In obtaining Eq. (1.229), we first rationalize the denominator, and then
the Tr operation on σ’s is carried out. The numerator that remains is the
coefficient of Tr σ+σ− = 1. A similar equation is obtained for φ∗. Equation
(1.229) corresponds to the gap equation.

Now we employ an approximation in the rest of this study where, as was
mentioned at the beginning, uα,k = u (a positive constant). Thus, to the
first approximation, φ is nearly constant:

π

u
=

1
β

∑
ωn

1
(iωn)2 − E2

k

. (1.231)
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Doing the frequency sum, we get
1
β

∑
ωn

1
iωn − x

= ±n(x), (1.232)

where n(x) is the Fermi or Bose function according to whether ωn is odd or
even, respectively, and we obtain (for fermions)

π

u
=

n(Ek) − n(−Ek)
2Ek

=
tan h(βEk/2)

2Ek
. (1.233)

From the above relation combined with Eq. (1.229), we can estimate φ̄,
which corresponds to the gap energy.

1.9.5 Critical temperature

It is straightforward to obtain the critical temperature, Tc, for the supercon-
ductivity from Eq. (1.233).15 Here, it is repeated for completeness. In the
limit T → Tc, the gap, or φα in the present case, disappears. The summation
over k is approximately replaced by the integration

2π
uN(0)

=
∫ ωD

0

dε

ε
tanh

ε

2kBTc
, (1.234)

where N(0) is the state density at the Fermi surface, and the cutoff param-
eter ωD is, in the case of the BCS theory, the Debye frequency of phonons
associated with the attractive interaction between electrons.

The integration in Eq. (1.241) proceeds as follows:∫ ωD

0

dε

ε
tanh

ε

2kBTc
=
∫ βCωD/2

0

dz

z
tanh z

(
z =

εβc

2

)

= log z tanh z]βcωD/2
0 −

∫ βcωD/2

0
dz log z sech2z

≈ log
βcωD

2
−
∫ ∞

0
dz log z sech2z

(
tanh

βcωD

2
≈ 1

)

= log
βcωD

2
+ log

4eγ

π
. (1.235)

Combined with (1.233), this yields

log
βcωD

2
=

2π
uN(0)

− log
4eγ

π
, (1.236)

where γ = 0.5772 is Euler’s constant. This relation will be used in the next
section. Simple rearrangements yield

Tc ≈ 1.13ωDe−2π/N(0)u. (1.237)
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1.9.6 Temperature dependence of φ

For the later investigation, we derive a temperature dependence of φα near
the critical temperature.16 Coming back to (1.231) and restoring the hidden
summation with respect to k, we can rewrite this as

2π
uN(0)

=
1
β

∑
ωn

∫ ωD

0
dε

1
(iωn)2 − (ε2 + u|φα|2) . (1.238)

Considering that |φα|2 � 1 near the critical temperature, we expand the
above as

2π
uN(0)

=
1
β

∑
ωn

∫ ωD

0
dε

{
1

(iωn)2 − ε2
+

u|φα|2
((iωn)2 − ε2)2

+
(u|φα|2))2

((iωn)2 − ε2)3
+ · · ·

}
. (1.239)

For the convergent integrals which are the second and third terms, the
integration limit is extended to infinity, and then we obtain (putting ε =
ω tan θ)

2π
uN(0)

=
∫ ωD

0

dε

ε
tanh

βε

2
+

1
β

π

4
u|φα|2

∑ 1
ω3

n

+
1
β

3π
16

(u|φα|2)2
∑ 1

ω5
n

+ · · · . (1.240)

The integration of the first term on the right-hand side, which is similar
to (1.235), has β instead of βc. Then, using (1.236), we have, in the lowest
approximation,

log
βc

β
=

1
β

π

4
u|φα|2

∑ 1
ω3

n

+ · · · . (1.241)

Using
∞∑
0

1
(2n + 1)p

=
2p − 1

2p
ζ(p) (1.242)

in (1.241), we have the temperature dependence of φα,

√
u|φα|2 = πkBTc

√
16

7ζ(3)

√
1 − T

Tc
, ζ(3) = 1.202, (1.243)

which is the same as that of the energy gap.15
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1.9.7 Dynamics of the boson field; symmetry breaking

The boson field φα(υn), which satisfies (1.227), is written as φ̄α, so that

φα(υn) = φ̄α + (φα − φ̄α) = φ̄α + Φα(υn). (1.244)

Now Φα(υn) becomes a physical or fluctuation component in solid-state
physics. Our aim is to find the effective Lagrangian or Hamiltonian for it.

In order to find the terms proportional to Φα(υn) in (1.244), we first
observe that

φα(υn)τ+ + φ∗
α(υn)τ− ≡ φα(υn) · τ = φ

(a)
α (υn)τ(a), a = 1, 2

= φ̄α(υn) · τ + Φα(υn) · τ. (1.245)

Expanding W (φ) in (1.226) in Φα(υn) and noticing that, upon the Tr oper-
ation, the odd terms with respect to τ will vanish. We have

W (φ∗,φ) = π
∑
υn

φ∗
αφα − 1

β

∑
ωn

Tr log β(iωn − ετ3 − i
√

u(φ̄α · τ)

− 1
β

∑
ωnυn

even∑
n

1
n

Tr [�(ωn)i
√

u(Φα(υn) · τ)]n, (1.246)

where

�k(ωn) =
iωn + εkτ

3 + i
√

u(φ̄α · τ)
(iωn)2 − E2

k

. (1.247)

Note that now the propagator includes the mean-field effect. What we are
interested in is the second line of Eq. (1.246).

The term with n = 2 is precisely written as
−1
2β

∑
ωnυn

Tr u�k(ωn)
(
Φ

(a)
α (υn)τ(a)

)
�k+α(ωn + υn)

(
Φ

∗(a′)
α (υn)τ(a′)

)

=
∑
υn

u|Φα(υn)|2Pα(υn), (1.248)

where careful manipulations about τ’s are required. Except for the explicit
ones combined with Φ’s, we have τ’s inside �’s. Let us call the terms with
a = a′ = 1 and a = a′ = 2 the direct interactions, and the terms with
a = 1, a′ = 2 and a = 2, a′ = 1 the cross interactions. We then have

Pα(υn) =
−2
β

∑
ωn

iωn(iωn + iυn) − εkεk+α + uφ̄∗ · φ̄
[(iωn)2 − E2

k][(iωn + iυn)2 − E2
k+α]

, (1.249)

where the first two terms in the numerator arise from the direct interaction
and the third from the cross interaction. Here, use has been made of the
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fact that Tr τ3τ+τ3τ− = −1. Employing (1.231), we can carry out a lengthy
but not difficult calculation of Pα(υn). Note that an even frequency υn has
nothing to do with obtaining the Fermi functions. The result is

Pα(υn) = −n(Ek)(1 − n(Ek+α))
Ek+α − Ek

(iυ)2 − (Ek+α − Ek)2

×
[
Ek+αEk − εk+αεk + u(φ̄∗ · φ̄)

Ek+αEk

]
. (1.250)

Here, we again note that, in the square brackets, the first two terms are
obtained from the direct interaction and the third term from the cross inter-
action.

It might be convenient, for the later investigation, to do the frequency
sum for Pα(υn):∑

υn

Ek+α − Ek

(iυn)2 − (Ek+α − Ek)2

= β
1
β

∑
υn

1
2

[
1

iυn − (Ek+α − Ek)
− 1

iυn + (Ek+α − Ek)

]

=
β

2
[−nB(Ek+α − Ek) + nB(−Ek+α + Ek)],

=
−β

2
cot h

[
β(Ek+α − Ek)

2

]
,

where nB is the Bose function, and use of Eq. (1.232) has been made for
the even frequency υn. Then Eq. (1.250) becomes∑

υn

Pγ(υn) = n(Eα)(1 − n(Eα+γ))
β

2
cot h

[
β(Eα+γ − Eα)

2

]

×
[
Eα+γEα − εα+γεα + u(φ̄∗ · φ)

Eα+γEα

]
. (1.251)

We then obtain the effective action for φ up to the second order in Φ, as
follows:

Wα(φ∗,φ) = π
∑
υn

φ∗
α(υn)φα(υn) − 1

β

∑
ωnυn

Tr

× log{−β(iωn − εkτ
3 −√

uφ̄α(υn) · τ)}

−n(Eα)(1 − n(Eα+γ))
∑
υn

Ek+α − Ek

(iυ)2 − (Ek+α − Ek)2

×
[
Ek+αEk − εk+αεk + u(φ̄∗ · φ̄)

Ek+αEk

]
. (1.252)
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1.9.8 Instability

In order to discuss the dynamics of Φα(υn), we must obtain an expression
for the action of Φα(υn) similar to that for aα(ωn) given in the exponent of
Eq. (1.208). Since we are interested in the energy region much lower than
that for the electronic excitation (Eα+γ − Eα), the denominator of Pα(υn)
in Eq. (1.250) is expanded as

1
(iυ)2 − (Ek+α − Ek)2

=
−1

(Ek+α − Ek)2

[
1 +

(iυn)2

(Ek+α − Ek)2
+ · · ·

]
.

(1.253)

Substituting this into Pα(υn) in Eq. (1.250) and taking up the terms of the
order of (iυ)2 in the above, we have

(iυn)2 + u(φ̄∗φ̄)
(Ek+α − Eγ)2

Ek+αEk
+ · · · . (1.254)

The second term is a small and complicated, but positive quantity. We thus
obtain the effective Lagrangian for Φ up to the second order of Φ∗Φ:

LB ∼ Φ∗(iυn)2Φ + ηΦ∗Φ + · · · , η > 0. (1.255)

In the above, iυn is replaced by ∂/∂τ in the future. At this stage, the details
of η are immaterial except that this is positive.

To put forward the problem, we need the term proportional to Φ∗Φ∗ΦΦ.
This is obtainable from the term with n = 4 in Eq. (1.246). Without any
detailed calculation, we may presume a positive quantity for this, noted
by Λ2. Then the total Lagrangian of the boson field becomes

LB ∼ Φ∗(iυn)2Φ + ηΦ∗Φ − Λ2Φ∗Φ∗ΦΦ. (1.256)

This looks like the Lagrangian that Ginzburg and Landau have used for
investigating the superconductivity. We thus expect a kind of phase transi-
tion. Let us optimize, with respect to Φ∗, the potential part of Eq. (1.256):

V = −ηΦ∗Φ + Λ2Φ∗Φ∗ΦΦ, (1.257)

∂V
∂Φ∗ = −ηΦ + 2Λ2Φ∗ΦΦ = (−η + 2Λ2Φ∗Φ)Φ = 0. (1.258)

If Φ = 0, nothing happens; while, in the case of Φ �= 0, it is possible that

Φ∗Φ =
η

2Λ2
≡ ā2. (1.259)

We now put

Φ = (ρ + ā)eiθ. (1.260)
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Namely, only the radial part is affected. This choice is allowed in the spirit
of the unitary gauge. If we insert this into (1.257), it follows that

V = Λ2[(ρ + ā)2 − ā2]2 − Λ2ā4 = Λ2[Φ∗Φ − ā2]2 − Λ2ā4. (1.261)

Observing the final result, we realize that the potential becomes mini-
mum at |Φ| = ā; namely, at this position apart from the origin, |Φ| = 0,
which corresponds to the HF state. The mass of the field Φ is given by
the coefficient of Φ∗Φ, which is 4Λ2ā2 for a particle of the ρ field, while
the term involving θ is completely lost. That is to say, the particle in the
θ field is massless, and it is called the Goldstone boson. This is due to the
occurrence of the infinite degeneracies along the direction perpendicular to
the ρ coordinate.

1.9.9 Supersymmetry

The total Lagrangian of the system is

Ltot = Le + LB + Lint, (1.262)

where

Le = a∗
i (iωn − εiτ

3)ai,

LB = −Φ̇∗Φ̇ − Λ2[Φ∗Φ − ā2]2, (1.263)

Lint = −i
√

u(Φa∗τ+a + Φ∗a∗τ−a).

In the above, the second line is obtained from Eqs. (1.256) and (1.261),
and then the third line from Eq. (1.245) supplied by necessary terms, and a
compact notation is used, and the immaterial constant terms are omitted.
The L in the above is, strictly speaking, the Lagrangian density, and the
action which we are interested in is the space–time integral of the Lagrangian
density, so that the partial integration with respect to τ (after the replace-
ment iυn → ∂τ) gives the first term with the minus sign. If we define the
momentum conjugate to Φ,

Π =
∂Ltot

∂Φ̇
= −Φ̇∗, Π∗ =

∂Ltot

∂Φ̇∗ = −Φ̇, (1.264)

the total Hamiltonian for the boson field is obtained as

Htot = Π∗Φ̇ + ΠΦ̇∗ − L
= Π∗Π + i

√
u(a∗Φτ+a + a∗Φ∗τ−a) + Λ2[Φ∗Φ − ā2]2. (1.265)
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The momenta, Π∗ and Π conjugate to Φ∗ and Φ respectively, have the
properties

[Π, f(Φ∗,Φ)]− =
∂

∂Φ
f(Φ∗,Φ), [Π∗, f(Φ∗,Φ)]− =

∂

∂Φ∗ f(Φ∗,Φ),

(1.266)

since we are now dealing with the classical operators in the framework of
the path-integral formalism.

Let us turn to a supersymmetric treatment.35–37 The fermionic composite
charge operators are defined as

Q∗ = Π∗a∗ − i
√

u(Φ∗Φ − ā2)a∗τ−,

Q = Πa + i
√

u(Φ∗Φ − ā2)τ+a.
(1.267)

First of all, we have to manipulate the commutator

[Q∗, Q]+ = [Π∗a∗ − i
√

u(Φ∗Φ − ā2)a∗τ−,Πa + i
√

u(Φ∗Φ − ā2)τ+a]+.

(1.268)

Straightforward calculations give

[Π∗a∗,Πa]+ = [Π∗a∗,a]+Π − a[Π,Π∗a∗]+

= Π∗[a∗,a]+Π − a[Π,Π∗]+a∗

= Π∗Π.

Here, for the Grassmann numbers, use has been made of the relation

[a∗,a]+ =
∂

∂a
a − a

∂

∂a
=

∂a
∂a

+ a
∂

∂a
− a

∂

∂a
= 1.

Further,

[Π∗a∗, i
√

u(Φ∗Φ − ā2)τ+a]+

= [Π∗a∗, i
√

u(Φ∗Φ − ā2)]−τ+a − i
√

u(Φ∗Φ − ā2)[τ+a,Π∗a∗]+

= [Π∗, i
√

u(Φ∗Φ − ā2)]−a∗τ+a − i
√

u(Φ∗Φ − ā2)τ−Π∗[a,a∗]+

= i
√

uΦa∗τ+a

and

[i
√

u(Φ∗Φ − ā2)a∗τ−,Πa]+

= [Πa, i
√

u(Φ∗Φ − ā2)]−a∗τ− − i
√

u(Φ∗Φ − ā2)[a∗τ−,Πa]+

= [Π, i
√

u(Φ∗Φ − ā2)]−aa∗τ− − i
√

u(Φ∗Φ − ā2)τ−Π[a∗,a]+

= i
√

uΦ∗aa∗τ−

= −i
√

uΦ∗a∗τ−a.



MODERN ASPECTS OF SUPERCONDUCTIVITY - Theory of Superconductivity
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7227.html

August 19, 2010 15:56 SPI-B948 9.75in x 6.5in b948-ch01

58 Modern Aspects of Superconductivity: Theory of Superconductivity

The final term must be symmetrized:

[a∗τ+, τ−a]+ → 1
2
{[a∗τ+, τ−a]+ + [a∗τ−, τ+a]+} (1.269)

=
1
2
{[(0, a∗), (0, a)]+ + [(b, 0), (b∗, 0)]+}

=
1
2

(
[b, b∗]+ 0

0 [a∗, a]+

)
(1.270)

=
1
2
1. (1.271)

In the second line, b and b∗, which are used in literature, are defined.
We thus obtain the fundamental relation in the supersymmetric quantum

mechanics,
H = [Q,Q∗]+, (1.272)

if we endow, to the constant Λ2 in (1.264), a specified value,
Λ2 = 2u, (1.273)

which is reasonable.37 However, as mentioned before, this had to be obtained
analytically from the term with n = 4 in Eq. (1.252). If it is assumed that
the present system is the case of supersymmetry, we can avoid this tedious
calculation.

The nilpotency of the charge operators,
Q2 = 0, (Q∗)2 = 0, (1.274)

is clearly preserved from a2 = 0 and (a∗)2 = 0. We have thus completed a
supersymmetric analysis.

1.9.10 Towards the Ginzburg–Landau equation

Now we can think about the GL equation. Since it concerns only the static
part of the condensed boson field, we keep the first and third terms of
Eq. (1.265). The first term is the kinetic part, while the last term is the
potential part:

HGL = Π∗Π − ηΦ∗Φ + Λ2(Φ∗Φ)2, (1.275)
with

η = u(φ̄∗φ̄)
(Ek+α − Eγ)2

Ek+αEk
.

As usual, the coefficients of Φ∗Φ and (Φ∗Φ)2 in the GL equation are a

and b, respectively. It is crucial that a is negative, which is given by −η

in the present consideration. The temperature dependence of η is found
through u(φ̄∗φ̄), as in Eq. (1.265). This is exactly the same as that obtained
by Gorkov.30



MODERN ASPECTS OF SUPERCONDUCTIVITY - Theory of Superconductivity
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7227.html

August 19, 2010 15:56 SPI-B948 9.75in x 6.5in b948-ch01

Theory of Superconductivity 59

1.9.11 Discussion

Some people seemed to be puzzled by the curious look of the GL equa-
tion when it was published: the superconductivity being a macroscopic,
thermodynamically stable phase — why is it predicted by a Schrödinger-
like wave function, to which the microscopic phenomena are subjected?
Several years later, the microscopic theory was established by BCS, and
soon Abrikosov had successfully correlated these two treatments. He made
clear that the GL function is deeply concerned with the gap function char-
acteristic of the superconductivity and is a wave function describing the
condensed Cooper pairs.

The superconducting state is certainly a stable thermodynamical state,
and a phase transition from the normal state to the superconducting state is
interpreted as a long-distance correlation between the Cooper pairs. Yang38

developed a unified treatment of the phase transition in terms of the density
matrix. According to his treatment, the onset of the superconductivity is
understood in such a way that the off-diagonal long-range order (ODLRO)
of the second-order density matrix has a nonvanishing value. This concept
is clearly related to London’s rigid function, the quasiboson condensation
being widely seen as a powerful model of superconductivity and the vari-
ational wave function tried by BCS.3 Recently, Dunne et al.39 applied the
concept of ODLRO to argue the high-temperature superconductivity in cop-
per oxide, where the attractive interaction between electrons is assumed to
have originated from Friedel oscillations in the screened potential.

However, the previous presentation of Abrikosov looks to be a detour;
a complicated and tedious procedure in which the condensed pair is char-
acterized by an anomalous temperature Green function which is difficult to
manipulate for beginners. Therefore, the direct way to reach the GL theory
from the BCS Hamiltonian should be preferable. What we have done in the
present investigation is the following: the auxiliary boson field driven by
the Hubbard–Stratonovitch transformation to eliminate the quartic term of
electron operators is just the GL function.

In conclusion, from the treatments used so far, the conditions which are
necessary for the occurrence of superconductivity are:

(1) The wave function which means the ground-state average of operators
of a Cooper pair must be complex or two-dimensional. If one of these
two degrees of freedom gets a new stable structure, the other degree of
freedom, whose direction is perpendicular to the former, offers the infi-
nite degeneracy. In the Nambu theory, the first refers to the σ1 direction,
and the second to σ2 in the fictitious spin space.
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(2) The electron–electron interaction should be attractive, otherwise the
negative coefficient of Φ∗Φ in Eq. (1.275) cannot be obtained. In the
present consideration, we have observed that this condition is estab-
lished in the effective electron–electron interaction of the system involv-
ing the multiband structure.

However, we will discuss a little more the normal state under the usual
condition. In the normal species, the coupling constant between electrons
is intrinsically positive. However, if we are interested in the exchange inter-
action, i.e. the so-called Fock term with negative coupling, this is met by
condition 2. This is a short range interaction, while the direct coupling is
so strong as to overwhelm the exchange interaction.

Let us turn to the behavior of the quartic electron operators. It is unex-
pected that these are grouped into the pair operators of particle–particle
and hole–hole, which do not conserve the particle number. Thus, it is nat-
ural to group them into a couple of particle–hole pairs. This choice makes
the auxiliary boson function real.

The Hamiltonian which satisfies the above two conditions, looking like
the BCS Hamiltonian, is the one with the dipole–dipole interaction. The
simplest case is that of the intermolecular interaction due to the induced
dipole–dipole interaction with a coupling constant −d:

Hd = −da∗rb
∗
rbsas, (1.276)

where, for example, a∗r and b∗r are the creation operators for a particle and a
hole, respectively. If the electron–electron interaction is screened sufficiently,
this may be another possibility for the superconductivity of a molecular
complex.




