Chapter 1

Perturbative quantum field theory
and Feynman diagrams

This first chapter gives a very brief and informal introduction to pertur-
bative quantum field theory. We start with a simple finite dimensional
example, which is aimed at illustrating the main ideas in a context fa-
miliar to most readers, where the more serious difficulties of the infinite
dimensional setting are not present, but one can already see the logic be-
hind the perturbative expansion as well as the roles of Feynman graphs.
We then briefly describe the infinite dimensional setting, in the case of a
scalar field theory, and the corresponding Feynman rules. We also include a
brief discussion of dimensional regularization (DimReg) of divergent Feyn-
man integrals, a subject to which we return later in the book from a more
geometric perspective. We include here also a brief discussion of some com-
binatorial properties of Feynman graphs, which we need in later chapters.
We state the renormalization problem, which we discuss in more detail in
a later chapter, in the setting of the Connes—Kreimer approach. There are
many very good books on quantum field theory. The subject is very rich
and can be approached from many different perspectives. For the material
we are going to cover in this text, the reader may wish to consult [Bjorken
and Drell (1964)], [Bjorken and Drell (1965)], [Itzykson and Zuber (2006)],
[LeBellac (1991)], [Nakanishi (1971)]. A lively and very readable introduc-
tion, by which the beginning part of this chapter is inspired, can be found
in the recent book [Zee (2003)].

1.1 A calculus exercise in Feynman integrals

To understand the role of Feynman graphs in perturbative quantum field
theory, it is useful to first see how graphs arise in the more familiar setting
of finite dimensional integrals, as a convenient way of parameterizing the
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2 Feynman Motives

terms in the integration by parts of polynomials with respect to a Gaussian
measure. It all starts with the simplest Gaussian integral

, 1/2
e 3 g = 2n , (1.1)
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for @ > 0, which follows from the usual polar coordinates calculation
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Similarly, the Gaussian integral with source term is given by
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This also follows easily from (1.1), by completing the square
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and then changing coordinates in the integral to y = x — % In this one-

dimensional setting a first example of computation of an expectation value

2

can be given in the form

 Jpa®e 3 de (20— 1)1 (1.3)
- Je em30dy an .

where (2n—1)!! = (2n—1)-(2n—3) ---5-3-1. One obtains (1.3) inductively
from (1.1) by repeatedly applying the operator —2% to (1.1). It is worth
pointing out that the factor (2n—1)!! has a combinatorial meaning, namely

(z")

it counts all the different ways of connecting in pairs the 2n linear terms x
in the monomial 22" = z - ---z in the integral (1.3). In physics one refers
to such pairings as Wick contractions. As we discuss below, the analog of
the Gaussian integrals in the infinite dimensional setting of quantum field
theory will be the free field case, where only the quadratic terms are present
in the Lagrangian. The one-dimensional analog of Lagrangians that include
interaction terms will be integrals of the form

Z(J) :/Re*%“””f)*“ da, (1.4)

where P(z) is a polynomial in z of degree deg P > 3. The main idea in such
cases, which we’ll see applied similarly to the infinite dimensional case, is to
treat the additional term P(x) as a perturbation of the original Gaussian
integral and expand it out in Taylor series, reducing the problem in this
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Perturbative quantum field theory and Feynman diagrams 3

way to a series of terms, each given by the integral of a polynomial under
a Gaussian measure. Namely, one writes

2= [ (i P(rf!)n> R (15)

n=0

The perturbative expansion of the integral (1.4) is defined to be the series

=1
Z—'/P(w) e T gy (1.6)
ne0 n Jr

Notice then that, for a monomial ¥, the integral above satisfies

k
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Using (1.2), this gives

1/2 k
/xk eféax2+Jz dr = 21 i eg_
R a dJ

Thus, in the case where the polynomial P(x) consists of a single term
A g
= —xk7
k!
one can rewrite each term in the perturbative expansion using (1.7), so that

one obtains
o0 n
> l/ (ixk> e 30 T g —
| |
0 n. R k
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n=0

P(z)

Thus, the perturbative expansion can be written in the form

- (%) o (3 () ) oo () 0o

Two examples of this kind that will reappear frequently in the infinite

dimensional version are the cubic case with P(z) = %x3 and the quartic

case with P(z) = % 2*.

To see then how the combinatorics of graphs can be used as a convenient
device to label the terms of different order in A and J in the perturbative
series of Z(J), first observe that the term of order A* and J” in Z(J) is

produced by the combination of the term of order « in the Taylor expansion
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4 Feynman Motives

of the exponential exp(7;(-4)¥) and the term of order 8 + ka in J in the
Taylor expansion of the other exponential exp(%) in (1.8). All the resulting
terms will be of a similar form, consisting of a combinatorial factor given by
a ratio of two products of factorials, a power of J, a power of A and a power
of 2a in the denominator. The graphs are introduced as a visual way to
keep track of the power counting in these terms, which are associated to the
vertices and the internal and external edges of the graph. The combinatorial
factor can then also be described in terms of symmetries of the graphs.

Here, as in general in perturbative quantum field theory, one thinks of
graphs as being constructed out of a set of vertices and a set of half edges.
Each half edge has an end that is connected to a vertex and another end
that may pair to another half edge or remain unpaired. An internal edge
of the graph consists of a pair of half edges, hence it is an edge in the
usual graph theoretic sense, connecting two vertices. An external edge is
an unpaired half edge attached to a vertex of the graph. The graphs we
consider will not necessarily be connected. It is sometimes convenient to
adopt the convention that a graph (or connected component of a graph)
consisting of a single line should be thought of as consisting of an internal
and two external edges.

The way one assigns graphs to monomials of the form AZ{ ® s by the

following rules.

e To each factor of A one associates a vertex of valence equal to the
degree of the given monomial P(z) = %xk This means a total of
« vertices, each with k half edges attached.

e To each factor J one associates an external edge.

e The power of a~! is then determined by the resulting number of

internal edges obtained by pairing all the half edges to form a graph.

Notice that the procedure described here produces not one but a finite
collection of graphs associated to a given monomial ’\Z—,{ﬁ, depending on all
the different possible pairings between the half edges. This collection of
graphs can in turn be subdivided into isomorphism types, each occurring
with a given multiplicity, which corresponds to the number of different
pairings that produce equivalent graphs. These combinatorial factors are
the symmetry factors of graphs. To see more precisely how these factors
can be computed, we can introduce the analog, in this 1-dimensional toy

model, of the Green functions in quantum field theory. The function Z(J)
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Perturbative quantum field theory and Feynman diagrams 5

of (1.4) can be thought of as a generating function for the Green functions

o N
Z(J)=> %/R”TN e 30 HP@) g — 7. Z JNGy, (1.9)
=0 °

N=0
where Z = [, e~ 392" +P(@) gz and the Green functions are

[ 2 e 3aa”+P(@) gy
_ Jr N
Gy =

RE zae?+P(x) gy

(1.10)

Upon expanding out the interaction term exp(P(z)), with P(z) = 22" and
formally exchanging the sum with the integral, one obtains

zN Awk " 1aaz?
Yoo (k')"n'e 20 da

Azk)n _Lag?
D one Of((k‘)"n‘ 247" dx

Gn =

(1.11)

Using (1.9), we then see that one way of computing the coefficient of a term
in AZ{ in the asymptotic expansion of Z(J) is to count all the pairings

(the Wick contractions) that occur in the integration

/ aNakre=30e” gy (1.12)
R

As we have seen in (1.3), these are (N + kn — 1)!! for even N + kn, with the
odd ones vanishing by symmetry. Taking into account the other coefficients
that appear in (1.9) and (1.11), one obtains the factor
(N + kn —1)!!
Nin! (kKh»

The meaning of this factor in terms of symmetries of graphs can be ex-
plained, by identifying (N + kn — 1)!! with the number of all the possible
pairings of half edges, from which one factors out N! permutations of the
external edges, k! permutations of the half edges attached to each valence
k vertex and n! permutations of the n valence k vertices along with their
star of half edges, leaving all the different pairings of half edges. These then
correspond to the sum over all the possible topologically distinct graphs ob-

tained via these pairings, each divided by its own symmetry factor. Thus,
in terms of graphs, the terms of the asymptotic series in the numerator of
(1.10) become of the form
AV (D) J# B0 (T)
Z #Aut(T') a#Ein (D)

I'egraphs

(1.13)

Notice also how, when computing the terms of the asymptotic series using
either the Taylor series of the exponentials of (1.8) or by first using the
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6 Feynman Motives

expansion in Green functions and then the terms (1.12), one is implicitly
using the combinatorial identity

Passing from the 1-dimensional case to a finite dimensional case in many
variables is notationally more complicated but conceptually very similar.
One replaces an integral of the form

(2m)N/? lra-tgt

We 5 (114)

/ e_%ItA””JFJIdxl coedxy =
RN

where the positive real number a > 0 of the 1-dimensional case is now
replaced by an N x N real matrix A with A® = A and positive eigenvalues.
The real number J is here an N-vector, with Jx the inner product. The
form of (1.14) is obtained by diagonalizing the matrix and reducing it back
to the 1-dimensional case. One can again compute the asymptotic series
for the integral

—1nt .
/ e~ 2% Aa:—&-P(ac)—&-dexl cday,
RN

where the interaction term here will be a polynomial in the coordinates
x; of =, such as P(x) = %(Zf\il z}). One can use the same method of
labeling the terms in the asymptotic series by graphs, where now instead
of attaching a factor a~! to the internal edges one finds factors (A71);; for
edges corresponding to a Wick contraction pairing an x; and an x;.

The conceptually more difficult step is to adapt this computational pro-
cedure for finite dimensional integral to a recipe that is used to make sense

of “analogous” computations of functional integrals in quantum field theory.

1.2 From Lagrangian to effective action

In the case of a scalar field theory, one replaces the expression %x2 + P(x)
of the one-dimensional toy model we saw in the previous section with a
non-linear functional, the Lagrangian density, defined on a configuration
space of classical fields. Here we give only a very brief account of the basics
of perturbative quantum field theory. A more detailed presentation, aimed
at giving a self-contained introduction to mathematicians, can be found in
the book [Connes and Marcolli (2008)].
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Perturbative quantum field theory and Feynman diagrams 7

In the scalar case the classical fields are (smooth) functions on a space-
time manifold, say ¢ € C>*(RP,R), and the Lagrangian density is given by
an expression of the form

1 9 m? 9
£(6) = 5(06)* = -6* ~ (o), (1.15)
where (0¢)? = ¢"*0,¢0,¢ for gh” the Lorentzian metric of signature
(1,-1,—1,...,—1) on R? and a summation over repeated indices under-

stood. The interaction term P(¢) in the Lagrangian is a polynomial in
the field ¢ of degree degP > 3. Thus, when one talks about a scalar field
theory one means the choice of the data of the Lagrangian density and the
spacetime dimension D. We can assume for simplicity that P(¢) = %qbk .
We will give explicit examples using the special case of the ¢? theory in
dimension D = 6: while this is not a physically significant example because
of the unstable equilibrium point of the potential at ¢ = 0, it is both suffi-
ciently simple and sufficiently generic with respect to the renormalization
properties (e.g. non-superrenormalizable), unlike the more physical ¢* in
dimension D =4 .
To the Lagrangian density one associates a classical action functional

Sc(¢)= [ L($)d . (1.16)

RD
The subscript L here stands for the Lorentzian signature of the metric and
we’ll drop it when we pass to the Euclidean version. This classical action
is written as the sum of two terms Sr(¢) = Sfree,r.(®) + Sint..(¢), where
the free field part is

Stree,r(¢) = /

RD

2

(50007 - 5-6%) a®

and the interaction part is given by

Sint,L(9) = —/ P(¢)dPz.

RD
The probability amplitude associated to the classical action is the expression

iS5 (1.17)
where /i = h/27 is Planck’s constant. In the following we follow the conven-
tion of taking units where A = 1 so that we do not have to write explicitly
the powers of A in the terms of the expansions. An observable of a scalar
field theory is a functional on the configuration space of the classical fields,
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8 Feynman Motives

which we write as O(¢). The expectation value of an observable is defined
to be the functional integral

etSL ()
o) =L . L1g)

where the integration is supposed to take place on the configuration space

of all classical fields. In particular, one has the N-point Green functions,
defined here as

1) - dlxn) etSL(@)
GN7L(x1>~--;$N) — f¢( l)fef;(ll(f;/v))p[qs] D[¢]’ (119)

for which the generating function is given again by a functional integral
with source term

[ e pig, (1.20)

where J is a linear functional (a distribution) on the space of classical
fields and (J, ¢) = J(¢) is the pairing of the space of ﬁelds and its dual. If
J = J(x) is itself a smooth function then (J,¢) = [p J( r)dP .

Although the notation of (1.18) and (1 19) is suggestlve of what the
computation of expectation values should be, there are in fact formidable
obstacles in trying to make rigorous sense of the functional integral involved.
Despite the successes of constructive quantum field theory in several im-
portant cases, in general the integral is ill-defined mathematically. This is,
in itself, not an obstacle to doing quantum field theory, as long as one re-
gards the expression (1.18) as a shorthand for a corresponding asymptotic
expansion, obtained by analogy to the finite dimensional case we have seen
previously.

A closer similarity between (1.20) and (1.4) appears when one passes
to Euclidean signature by a Wick rotation to imaginary time ¢ — 4t. This
has the effect of switching the signature of the metric to (1,1,...,1), after
factoring out a minus sign, which turns the probability amplitude into the
Euclidean version

eSL(d) e—S(Gﬁ)’ (1.21)

with the Euclidean action
S(¢) = / 1(3¢>)2 + m ¢* +P(¢) | dPx (1.22)
&D \ 2 2 ' ’

Thus, in the Euclidean version we are computing functional integrals of the

form

[ $(@1)- - dlan) e=5@ Dlg]
Jes@DE

GN($1,...,JZN)= (123)
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Perturbative quantum field theory and Feynman diagrams 9

for which the generating function resembles (1.4) in the form
217] = /e—fRD(%<a¢>2+m72¢2+7><¢>+J<z>¢<m>) 7 plg] (1.24)

satisfying
7l 1
% :]Vz:()m/J(xl)~'~J(fL‘N)GN($1,...,Z‘N)del"'dD.’L‘N, (1.25)

for
" 7”,2
Z[O] — /67 \]RD(%(8¢)2+ 2 ¢2+P(¢))dDm D[¢] (126)

In order to make sense of this functional integral, one uses an analog of
the asymptotic expansion (1.6), where one expands out the exponential of
the interaction term Sin(¢) = [p P(x)dPz of the Euclidean action and
one follows the same formal rules about integration by parts as in the finite
dimensional case to label the terms of the expansion by graphs. What is
needed in order to write the contribution of a given graph to the asymptotic
series is to specify the rules that associate the analogs of the powers of A,
J and a~! to the vertices, external and internal edges of the graph. These
are provided by the Feynman rules of the theory.

1.3 Feynman rules

By analogy to what we saw in the 1-dimensional model, where one writes
the Green functions (1.11) in terms of integrals of the form (1.12), and
the latter in terms of sums over graphs as in (1.13), one also writes the
Green functions (1.23) in terms of an asymptotic series whose terms are
parameterized by graphs,

V(,p1,...,pN)
= E _ 1.27
gN(p17 7pN) = #Aut(F) ) ( )
where Gy (p1,...,pn) is the Green function in momentum space, i.e. the

Fourier transform
gn( ) /G ( Jei(Praittpnan) d%p1  dPpn
Seeey = T1,-..,TN)E — .
NP1 PN N(Z1 N 2m)D (2m)P
(1.28)
The reason for writing the contributions of Feynman integrals in momen-

tum space is that in physics one does not only think of the Feynman graphs
as computational devices that do the bookkeeping of terms in integration
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10 Feynman Motives

by parts of polynomials under a Gaussian measure, but one can think of a
diagram as representing a (part of) a physical process, where certain parti-
cles with assigned momenta (external edges) interact (vertices) by creation
and annihilation of virtual particles (internal edges). The momenta flowing
through the graph then represent the physical process. In fact, it is clear
from this point of view that what has physical meaning is not so much
an individual graph but the collection of all graphs with given external
edges and assigned external momenta, and among them the subset of all
those with a fixed number of loops. The latter specifies the order in the
perturbative expansion one is looking at. The terms V(I',p1,...,pn) are
constructed according to the Feynman rules as follows.

e Each internal edge e € E;,,+(T") contributes a momentum variable
k. € RP so that

dPk dPkn
V(l"7p17”_7pN) = /Ir(ph...,pN,k17...,kn)(2ﬂ-); —(27T)D7
(1.29)

for n = #FE;(I). The term Zr(p1,...,pN,k1,...,ks) is con-
structed according to the following procedure.

e Each vertex v € V(') contributes a factor of \,(27)”, where A, is
the coupling constant of the monomial in the Lagrangian of order
equal to the valence of v and a conservation law for all the momenta
that flow through that vertex,

Su(k) = 06( Y ke— > ke), (1.30)
s(e)=v t(e)=v

written after chosing an orientation of the edges of the graph. In
the case of vertices with both internal and external edges (1.30) is
equivalently written in the form

n

N
du(k,p) = 5(2 €v,iki + Z €v,5Pj) (1.31)

i=1 j=1

where the incidence matrix € of the graph I is the #V (I') x #E(T')-
matrix with

+1 for v =t(e)
€ve =4 —1 for v=s(e) (1.32)
0 for v ¢ d(e).
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Perturbative quantum field theory and Feynman diagrams 11

e FEach internal edge contributes an inverse propagator, that is, a
term of the form ¢, !, where ¢. is a quadratic form, which in the
case of a scalar field in Euclidean signature is given by

ge(ke) = k2 +m?. (1.33)
e Each external edge e € E.,;(I") contributes a propagator q.(p.) ™!,
with ge(pe) = p2 +m?2. The external momenta are assigned so that
they satisfy the conservation law ) p. = 0, when summed over
the oriented external edges.
e The integrand Zr(p1,-..,pN, k1, .- -, ky) is then a product

IT »emPoutke,pe,) [I  telhe)™ T depe,)™
veV () e;€EEint(T) e;€Eq5+(T)

(1.34)
with linear relations among the momentum variables ke, and pe,
imposed by the conservation laws 0, (ke,,pe;) at the vertices of the
graph.

We can then write the Feynman integral associated to a Feynman graph
T" of the given theory in the form

V(,p1,...,on) =€1,.-,po8n) UT, p1,...,DN), (1.35)

where the factor (p) is the product of the inverse propagators of the ex-
ternal edges

epr, o) =[] ae(pe)™, (1.36)
€€ FEcqt(T)

while the factor U (T, p) is given by

U, py PN) = C/ M Z;YZI €0iPi) dPky  dPkn
Y (k1) -+ qn(kn) 2m)P  (2m)P”
(1.37)
with C = [, ey Ao (2m)P.

We work here for convenience always with Euclidean signature in the
Feynman integrals, so that our propagators contain quadratic terms of the
form (1.33). The study of parametric Feynman integral we discuss in greater
detail in Chapter 3 can be done also for the Lorentzian case, as shown for
instance in [Bjorken and Drell (1965)].
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12 Feynman Motives

1.4 Simplifying graphs: vacuum bubbles, connected graphs

There are some useful simplifications that can be done in the combinatorics
of graphs that appear in the formal series (1.27).

The basic property that makes these simplifications possible is the mul-
tiplicative form (1.34) of the Feynman integrand Zr(p1, ..., pn, k1, .-, kn).
This implies the following property.

Lemma 1.4.1. The Feynman integral V (T, p1,...,pN) is multiplicative on
connected components of the graph T'.

Proof. This follows immediately from the form (1.34) and (1.35) with
(1.36), (1.37) of the Feynman integral. In fact, if the graph I' has differ-
ent connected components, no linear relations arise between momentum
variables of the edges of different components (as these have no common
vertices) and the corresponding integrals split as a product. O

Moreover, one also has the following multiplicative form of the symme-
try factors of graphs.

Lemma 1.4.2. For a graph I' that is a union of connected components I';
with multiplicities n; (i.e. there are n; connected components of I' all iso-
morphic to the same graph I';), the symmetry factor splits multiplicatively
on components according to the formula

#Aut(T) = H(nj)! H #Aut(T;)™. (1.38)

J J

Proof. The factorials come from the symmetries of the graph I' that
permute topologically equivalent components. All symmetries of I' are
obtained by composing this type of symmetries with symmetries of each
component. O

One then has a first useful observation on the combinatorics of the
graphs that appear in the asymptotic expansion of the Green functions. A
graph with no external edges is commonly referred to as a vacuum bubble.

Lemma 1.4.3. The graphs of (1.27) do not contain any vacuum bubbles.

Proof. As we have seen in the finite dimensional toy model, these cor-
respond to the terms with J = 0 in the asymptotic series. Thus, when
one writes the expansion (1.25) into Green functions, and then the expan-
sion (1.27) of the latter into Feynman integrals of graphs, the expansion
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Perturbative quantum field theory and Feynman diagrams 13

of the functional integral Z[.J] would count the contribution of all graphs
including components that are vacuum bubbles as in the case of (1.8) in
the finite dimensional case. The expansion of Z[0] on the other hand only
has contributions from the vacuum bubble graphs, and the multiplicative
properties of Lemma 1.4.1 and Lemma 1.4.2 then imply that the expansion
for Z[J]/Z]0] only has contributions from graphs which do not contain any
connected components that are vacuum bubbles. O

One can then pass from multi-connected to connected graphs by rewrit-
ing the functional integral Z[J] in an equivalent form in terms of
Z1J]
WlJ] =1 —— . 1.39
= tox (51 (1.39)

One can again write a formal asymptotic series for W[J] as

=1
wi=3 ﬁ/J(xl)---J(xN)GN7C(x1,...,xN)del---dDa:N,
N=0"""

(1.40)
where now the Green functions Gy (1, ..., zn) will also have an expan-
sion on graphs of the form (1.27), where, however, only a smaller class of
graphs will be involved.

Lemma 1.4.4. The connected Green functions Gy c(x1,...,zn) of (1.40)
have an expansion

V(Papla o 7PN)
1y pN) = P PN 1.41
Gn (P PN) Z ZAut(T) (1.41)
T' connected
where Gn c(p1,--.,pn) is the Fourier transform

; dPp dPpy
_ G i(prz1+-+pyay) 2 FL % PN
Gn.e(P1,---,PN) / Ne(@1,... Tn)e (2m)D (2m)D

(1.42)
and the V(T,p1,...,pn) in (1.41) are computed as in (1.35).

Proof. We only sketch briefly why the result holds. More detailed ex-
positions can be found in standard Quantum Field Theory textbooks (for
example in [LeBellac (1991)]). Suppose that T' is a disjoint union of con-
nected components I' = U;T';, with multiplicities n; and with N; external
edges, so that 37, n;N; = N. Then by Lemma 1.4.1 and 1.4.2 we get

V(F7p1a cee apN) _ H V(Fjapla cee 7pN_7')nj
dham) L T )
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14 Feynman Motives

Thus, we can write

ZNI/ 371 QTN)GN .’1717..., HdngZ
:Z Z H;(/J(xl)...J(:ch)GNj,c(xl,...,zNj)> '
N Y ,n;N;=N j 7

= exp <;]\1”/J(:cl)~~J(:EN)GN,c(x1,...,:EN)> .

1.5 One-particle-irreducible graphs

Further simplifications of the combinatorics of graphs can be obtained by
passing to the 1PI effective action, or higher loop versions like the 2PI effec-
tive action, etc. We discuss here briefly only the 1PI effective action, though
we will later need to return to discussing higher connectivity conditions on
Feynman graphs. We first recall the following notions of connectivity of
graphs.

Definition 1.5.1. The notion of k-connectivity of graphs is given as fol-
lows:

e A graph is k-edge-connected if it cannot be disconnected by removal
of any set of k or fewer edges.

e A graph is 2-vertex-connected if it has no looping edges, it has
at least 3 vertices, and it cannot be disconnected by removal of a
single vertex, where vertex removal is defined as below.

e For k > 3, a graph is k-vertex-connected if it has no looping edges
and no multiple edges, it has at least k + 1 vertices, and it cannot
be disconnected by removal of any set of k£ — 1 vertices.

Here what one means by removing a vertex from a graph is the following.
Given a graph I" and a vertex v € V(I'), the graph I" \ v is the graph with
vertex set V(I') \ {v} and edge set E(I') \ {e : v € d(e)}, i.e. the graph
obtained by removing from I' the star of the vertex v. Thus, 1-vertex-
connected and 1-edge-connected simply mean connected, while for k > 2
the condition of being k-vertex-connected is stronger than that of being
k-edge-connected. The terminology more commonly in use in the physics
literature is the following.
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Perturbative quantum field theory and Feynman diagrams 15

Definition 1.5.2. For k£ > 2 a (k + 1)-edge-connected graph is also called
k-particle-irreducible (kPI). For k = 1, a 2-edge-connected graph that is
not a tree is called one-particle-irreducible (1PI) graph. These cannot be
disconnected by removal of a single (internal) edge.

Notice that trees are all considered not to be 1PI, even though a tree
consisting of just n edges attached to a single valence n vertex cannot be
disconnected by removal of a single edge (such edges are not internal though
in this case).

Lemma 1.5.3. Any connected graph can be obtained from a tree, after
replacing the vertices by 1PI graphs with the number of external edges equal
to the valence of the vertex.

Proof. If the connected graph I' is 1PI the tree consists of a single vertex
with the number of edges attached equal to the number of external edges of
the graph. Suppose the graph is not 1PI. Find an edge that disconnects the
graph. Look at each component and again repeat the operations finding
edges that disconnect them further until one is left with a collection of 1PI
graphs, I'1, ..., ;. It then suffices to show that the graph obtained from I"
by shrinking each T'; to a vertex is a tree. Since each of the internal edges
that remain in this graph was an edge whose removal increased the number
of connected components, this must still be true in the graph obtained after
collapsing all the I';. A graph that is disconnected by the removal of any
one internal edge is a tree with at least one internal edge. ]

This suggests that there should be a way to further simplify the combi-
natorics of graphs in the asymptotic expansion of the functional integrals,
by counting separately the contributions of trees and that of 1PI graphs,
and getting back from these the contributions of all connected graphs.

This is done by passing to the 1PI effective action, which is defined as
the Legendre transform of the functional W[.J], namely

Set (¢) = ({6, J) = W[J]) ls=s(9), (1.43)

evaluated at a stationary J, that is, a solution of the variational equation

0
= ((6,9) = W) =o0.

The asymptotic expansion of the effective action collects the contri-
butions of all the 1PI graphs, so that the semiclassical calculations (i.e.
involving only graphs that are trees) done with the effective action recover
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16 Feynman Motives

the full quantum corrections to the classical action given by all the con-
nected graphs that appear in the expansion of W[J]. We do not prove here
how one gets the asymptotic expansion for the effective action and we refer
the interested reader to [Connes and Marcolli (2008)] and [LeBellac (1991)].

To explain more precisely the difference between edge and vertex con-
nectivity in Definition 1.5.1 above, and their relation to the 1PI condition,
we recall the following observations from [Aluffi and Marcolli (2009a)].

Definition 1.5.4. A graph IV is a splitting of T at a vertex v € V(T') if it
is obtained by partitioning the set E C E(T") of edges adjacent to v into
two disjoint non-empty subsets, £ = E; U Fy and inserting a new edge e
to whose end vertices v; and vy the edges in the two sets F; and E5 are
respectively attached, as in the example in the figure.

We have the following relation between 2-vertex-connectivity and 2-
edge-connectivity (1PI).

Lemma 1.5.5. Let I' be a graph with at least 3 vertices and no looping
edges.

(1) If T is 2-vertex-connected then it is also 2-edge-connected (1PI).
(2) T is 2-vertez-connected if and only if all the graphs T obtained as split-
tings of T at any v € V(T') are 2-edge-connected (1PI).

Proof. (1) We have to show that, for a graph I" with at least 3 vertices and
no looping edges, 2-vertex-connectivity implies 2-edge-connectivity. As-
sume that I' is not 1PI. Then there exists an edge e such that I' \ e has two
connected components I'; and I's. Since T" has no looping edges, e has two
distinct endpoints v; and vo, which belong to the two different components
after the edge removal. Since I' has at least 3 vertices, at least one of the
two components contains at least two vertices. Assume then that there
exists v # v; € V(I'1). Then, after the removal of the vertex v, from T,
the vertices v and vs belong to different connected components, so that T’
is not 2-vertex-connected.

(2) We need to show that 2-vertex-connectivity is equivalent to all split-
tings I being 1PI. Suppose first that I" is not 2-vertex-connected. Since
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I" has at least 3 vertices and no looping edges, the failure of 2-vertex-
connectivity means that there exists a vertex v whose removal disconnects
the graph. Let V' C V(T") be the set of vertices other than v that are end-
points of the edges adjacent to v. This set is a union V' = V; UV, where
the vertices in the two subsets V; are contained in at least two different
connected components of I' \ v. Then the splitting IV of " at v obtained
by inserting an edge e such that the endpoints v; and vy are connected by
edges, respectively, to the vertices in V; and V5 is not 1PI.

Conversely, assume that there exists a splitting IV of T at a vertex v
that is not 1PI. There exists an edge e of IV whose removal disconnects the
graph. If e already belonged to T', then T would not be 1PI (and hence not
2-vertex connected, by (1)), as removal of e would disconnect it. So e must
be the edge added in the splitting of I at the vertex v.

Let v; and vy be the endpoints of e. None of the other edges adjacent
to vy or vy is a looping edge, by hypothesis; therefore there exist at least
another vertex v{ # v9 adjacent to v, and a vertex v} # vy adjacent to vs.
Since IV \ e is disconnected, v} and v} are in distinct connected components
of IV N e. Since v] and v} are in I’ \ v, and T’ \ v is contained in IV \ e, it
follows that removing v from I'" would also disconnect the graph. Thus I is
not 2-vertex-connected. (|

Lemma 1.5.6. Let T' be a graph with at least 4 vertices, with no looping
edges and no multiple edges. Then 3-vertex-connectivity implies 3-edge-
connectivity.

Proof. We argue by contradiction. Assume that I is 3-vertex-connected
but not 2PI. We know it is 1PI because of the previous lemma. Thus, there
exist two edges e; and ey such that the removal of both edges is needed
to disconnect the graph. Since we are assuming that I' has no multiple or
looping edges, the two edges have at most one endpoint in common.
Suppose first that they have a common endpoint v. Let v; and vg
denote the remaining two endpoints, v; € de;, v1 # vo. If the vertices vy
and vy belong to different connected components after removing e; and es,
then the removal of the vertex v disconnects the graph, so that I' is not 3-
vertex-connected (in fact not even 2-vertex-connected). If v1 and vy belong
to the same connected component, then v must be in a different component.
Since the graph has at least 4 vertices and no multiple or looping edges,
there exists at least one other edge attached to either vy, v, or v, with
the other endpoint w ¢ {v,v1,v9}. If w is adjacent to v, then removing
v and vy leaves vo and w in different connected components. Similarly,
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18 Feynman Motives

if w is adjacent to (say) vy, then the removal of the two vertices v; and
v9 leave v and w in two different connected components. Hence I' is not
3-vertex-connected.

Next, suppose that e; and es have no endpoint in common. Let v; and
wy be the endpoints of e; and v, and wy be the endpoints of e;. At least
one pair {v;, w;} belongs to two separate components after the removal of
the two edges, though not all four points can belong to different connected
components, else the graph would not be 1PI. Suppose then that v; and w;
are in different components. It also cannot happen that vy and ws belong
to the same component, else the removal of e; alone would disconnect the
graph. We can then assume that, say, v, belongs to the same component
as v1 while wy belongs to a different component (which may or may not be
the same as that of w;). Then the removal of v; and ws leaves vo and w;
in two different components so that the graph is not 3-vertex-connected.[]

Conditions of 3-connectivity (3-vertex-connected or 3-edge-connected)
arise in a more subtle manner in the theory of Feynman integrals, in the
analysis of Laundau singularities (see for instance [Sato, Miwa, Jimbo, Os-
hima (1976)]). In particular, the 2PI effective action is often considered
in quantum field theory in relation to non-equilibrium phenomena, see e.g.
[Rammer (2007)], §10.5.1.

In the following we restrict our attention to Feynman integrals of graphs
that are at least 1PI.

1.6 The problem of renormalization

So far we have treated the integrals U(T,p1,...,py) of (1.37) as purely
formal expressions. However, if one tries to assign to such integrals a nu-
merical value, one soon realizes that most of them are in fact divergent.
This was historically one of the main problems in the development of per-
turbative quantum field theory, namely the renormalization problem: how
to extract in a consistent and physically significant manner finite values
from the divergent integrals (1.37) that appear in the asymptotic expan-
sion of the functional integrals of quantum field theory.
The problem of renormalization consists of three main aspects:

e Regularization
e Subtraction
e Renormalization
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Regularization consists of a procedure that replaces the divergent integrals
(1.37) by functions of some regularization parameters, in such a way that
the resulting function has a pole or a divergence for particular values or
limits of the additional parameters that correspond to the original diver-
gent integral, but has finite values for other values of the regularization
parameters. Subtraction then consists of removing the divergent part of
the regularized integrals by a uniform procedure (such as removing the po-
lar part of a Laurent series in the main example we use below). This is
not all there is yet. Renormalization means being able to perform the sub-
traction procedure by modifying the parameters in the Lagrangian (which
become themselves functions of the regularization parameter).

To understand more clearly the last point, it is important to stress the
fact that the parameters that appear in the Lagrangian, such as masses and
coupling constants of the interaction terms, are not physical observables,
nor are they the same as the actual masses and physical quantities that one
can measure in experiments. In fact, the parameters in the Lagrangian can
be modified without affecting the physics one observes. This is what makes
it possible, in a renormalizable theory, to correct for divergent graphs by
readjusting the parameters in the Lagrangian. Thus, if one introduces a
regularization of the divergent Feynman integrals in terms of a complex
parameter z (as we discuss below) or in terms of a cutoff A, then the
Lagrangian can be modified by changing the coefficients to

0z 2 4 5m? A+ 0
co) = (Fep + M AP

where the functions §Z, 6m? and 6\ depend on the regularization param-
eter. They consist, in fact, of a formal series of contributions coming from
all the divergent graphs of the theory. Notice that a theory is still renor-
malizable if, in addition to the modifications of the coefficients of the terms
initially present in the Lagrangian, to compensate for divergent graphs one
needs to also add a finite number of other terms, i.e. other monomials
%q&ki, that were not initially present. In fact, one can just think of this
as being the effect of having chosen an arbitrary value = 0 for the coef-
ficients of these terms in the initial Lagrangian. However, a theory is no
longer renormalizable if an infinite number of additional terms is needed to
compensate for the divergences.
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20 Feynman Motives

1.7 Gamma functions, Schwinger and Feynman parameters

We digress momentarily to recall some useful formulae involving Gamma
functions, which are extensively used in Feynman integral computations
and are the basis of both the dimensional regularization procedure we de-
scribe below and the parametric representation of Feynman integrals that
we discuss later and which is the basis for the relation between Feynman
integrals and periods of algebraic varieties.

First recall that the Gamma function is defined by the integral

I't+1) :/ ste™%ds. (1.45)
0

It satisfies T'(t+1) = ¢ T'(¢), hence it extends the factorial, namely T'(n+1) =
n! for nonnegative integers. The function I'(¢) defined in this way extends
to a meromorphic function with poles at all the non-positive integers.

As we are going to see in more detail below, a typical way of dealing
with divergences in Feynman integrals is to first identify them with poles of
some meromorphic function and typically a product of Gamma functions.

The first useful operation on Feynman integrals is the introduction of
Schwinger parameters. These are based on the very simple identity

1 o0
- = / e ds. (1.46)
q 0

This allows the reformulation of integrals where quadratic forms ¢; in the
momentum variables appear in the denominator in terms of Gaussian inte-
grals where quadratic forms appear in the exponent. In terms of Schwinger
parameters, one writes the denominator of a Feynman integral of the form

(1.37) as
! —(s1q1++snqn)
— = e ninldsy - dspy. (1.47)
qi1- - Q4n R7

This is a special case of the more general useful identity

1 1 / (srq14-- - -
_ e 51q1++8nqn) Skl 1...557‘71 1d51...d5n_
gk Tk T(kn) Jr '

"
(1.48)

Another related way to reformulate the expression (1.37) of Feynman
integrals is based on the Feynman parameters. Here the basic example,

analogous to (1.46) is the Feynman trick
1 ! 1
— = ———dt. 1.49
ab /0 (ta+ (1 —t)b)? (1.49)
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The more general expression analogous to (1.47) is obtained by considering
the general formula (1.48) and performing a change of variables s; = St;
with S = s1 + -+ + s, so as to obtain

1 F(k1+~--+kn)/ =t k=51 =30, 1)
[0,1]

¢ gk T T(ky) - T(kn) (tigr + - + tngn)™

dty - dty.

(1.50)
In the particular case of the denominators of (1.37) this gives

1 01 —=>",t
—(n- 1)!/ A=2t) g, (151
q1--Qn [0,1]" (t1Q1 et thn)n

Thus, the integration is performed on the n-dimensional topological simplex

on ={t=(t1,...,t,) ERL| Y t; =1}. (1.52)

1.8 Dimensional Regularization and Minimal Subtraction

Dimensional regularization (DimReg) is based on a formal procedure aimed
at making sense of integrals in “complexified dimension” D —z, with z € C*,
instead of integral dimension D € N. It would seem at first that one needs
to develop a notion of geometry in “complexified dimension” along with
measure spaces and a suitable theory of integration, in order to define
dimensional regularization property. In fact, much less is needed. Due to
the very special form of the Feynman integrals U(T, p1,...,pn), it suffices
to have a good definition for the Gaussian integrals in D dimensions,

/e_MZth = gP/2\=D/2, (1.53)

in the case where D is no longer a positive integer but a complex number. In
fact, one can then reformulate the Feynman integrals in terms of Gaussian
integrals, using the method of Schwinger parameters described briefly in
§1.7.

Clearly, since the right hand side of (1.53) continues to make sense for
D € C, one can use the right hand side of (1.53) as the definition of the
left hand side and set

/e_’\tzdzt = 7*2\"*2 vz eC. (1.54)
FEYNMAN MOTIVES

© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7245 .html




22 Feynman Motives

One then obtains well defined Feynman integrals in complexified dimen-
sion D — z, which one writes formally as

U;(F(pl, e 7pN)) = /Ir(pl, ..-yPN, k17 ey kj() Mze dD_Zk'l e dD_zkg.
(1.55)
The variable p has the physical units of a mass and appears in these inte-
grals for dimensional reasons. It will play an important role later on, as it
sets the dependence on the energy scale of the renormalized values of the
Feynman integrals, hence the renormalization group flow.

It is not an easy result to show that the dimensionally regularized in-
tegrals give meromorphic functions in the variable z, with a Laurent series
expansion at z = 0. See a detailed discussion of this point in Chapter 1
of [Connes and Marcolli (2008)]. We will not enter into details here and
talk loosely about (1.55) as a meromorphic function of z depending on the
additional parameter pu.

The method of minimal subtraction consists of removing the divergent
part of the Laurent series expansion at z = 0 of a meromorphic function
obtained from the regularization of the Feynman integrals. One denotes by
T the operator of projection of a Laurent series onto its polar part. With
this notation, if U(I") = U(T")(z) is shorthand for the meromorphic function
obtained from the dimensional regularization of the Feynman integral asso-
ciated to the graph I' (suppressing the explicit dependence on the external
momenta), then (1 — )U(I") would be its minimal subtraction. This is a
convergent power series in the variable z € C*, which then has a finite value
at z =0.

As we see below (see also [Connes and Marcolli (2008)] for a more de-
tailed explanation), taking (1 — %)U(I")|.=¢ does not suffice as a renormal-
ization method, due to the role of subdivergences, i.e. smaller subgraphs
~ of the Feynman graph I' which themselves already contribute divergent
Feynman integrals U(y). The correct procedure that uses dimensional reg-
ularization and minimal subtraction to extract finite values from divergent
Feynman integrals is given by the Bogolyubov recursion described below in
§5.1.

We report here from [Connes and Marcolli (2008)], [Collins (1986)] the
simplest example of dimensional regularization, for the self-energy graph of
the theory 7" with L (¢) = ¢* and D = 6.
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p+k

k

This corresponds to the divergent Feynman integral (neglecting the con-
stant multiplicative factor containing the coupling constant A and powers
of 27) is given by

/ 1 1 JPk
k2 +m? (p+ k)2 4+ m?
for the theory with Lagrangian £(¢) = 3 (0¢)* + m72¢2 + 2¢°. This follows
directly from the application of the Feynman rules: the variables assigned
to the two internal edges are —k and p+ k, with p the external momentum,
due to the effect of the delta functions imposing the conservation law at the
two vertices. It is easy to see that this integral is divergent, for instance in
dimension D = 4 or D = 6, where it is usually interesting to consider this
scalar field theory.

In this case, the method of Schwinger parameters described in §1.7 con-
sists of replacing the integral above by

1 1 —s(K4m?)—t((p+)* +m?)
= e dsdt.

k2 +m? (p+ k)% +m? /s>0, t>0

One can then diagonalize the quadratic form in the exponential to get
~Q(k) = =X ((k +ap)® + ((z — 2°)p* + m?))

with s = (1 — )\ and ¢t = x A. One obtains in this way a Gaussian in
g = k + zp and using the prescription (1.54) one then gets

1 o'}
/ / 67()\(9c7m2)p2+)\mz)\/ef)\q2 qu Ad)\ dz
0 0

1 [e%e}
_ D2 / / o~ (A@—2?)p?+Am?) \=D/2 \ 1\ du
0 0

1
= 7P21(2 - D/2) / (z — 22)p® + m®)P/2~2 dx,
0

which makes sense for D € C* and shows the presence of a pole at D = 6.

It seems then that one could simply cure these divergences by removing
the polar part of the Laurent series obtained by dimensional regulariza-
tion. Slightly more complicated examples with nested divergent graphs
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(see [Connes and Marcolli (2008)] [Collins (1986)]) show why a renormal-
ization procedure is indeed needed at this point. In fact, the main point is
that one would like to cancel the divergence by correcting the coefficients
of the Lagrangian by functions of z, the counterterms, that is, by redoing
the Feynman integral computation for the modified Lagrangian

2 6m? og -
£0) = 30070 - 62+ (T ) g - I

While one can check that this works for the example given here above, it
does not seem to work any longer for more complicated examples where
the graph I' contains divergent subgraphs. In such cases, one needs to
account for the way the divergences of the subgraphs have already been
renormalized, by correcting the Laurent series U(T") by a linear combination
of other Laurent series associated to the subgraphs. This will be explained
in more detail in §5.1 below.

We conclude this introductory section by recalling more formally the
main distinction we already mentioned between renormalizable and non-
renormalizable theories.

Definition 1.8.1. A quantum field theory with Lagrangian L(¢) =
3(09)* + %2¢2 + P(¢), with polynomial interaction terms P(¢) defines
a renormalizable quantum field theory if all the divergences arising from
the corresponding Feynman integrals U(I") can be corrected by repeatedly
altering the bare constants of the existing terms in the Lagrangian or by
adding a finite number of new polynomial terms to £(¢).

In the case of a non-renormalizable theory, one can still follow the same
renormalization procedure. However, since infinitely many new terms will
have to be added to the Lagrangian to correct for the divergences of increas-
ingly complicated graphs, the theory will end up depending on infinitely
many parameters.
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