1.

Let M(R) denote the collection of all subprobability distribution func-
tions on R. We say for {F,} C M(R), F, converges vaguely to F €
M(R) (written F,, — F) if for all [a,b], a,b continuity points of F,
lim,, 00 Fr{[a,b]} = F{[a,b]}. We write F, L, F, when F,, F are prob-
ability distribution functions (equivalent to lim, . Fy(a) = F(a) for all
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These lectures introduce the concept of the Stieltjes transform of a mea-
sure, an analytic function which uniquely chacterizes the measure, and
its importance to spectral behavior of random matrices.

Introduction

continuity points a of F').

For F € M(R),

mF(z)E/ ! dF(z), z€Ct={ze€C:3z>0}

r— =z

is defined as the Stieltjes transform of F.

Below are some fundamental properties of Stieltjes transforms:

(1) mp is an analytic function on C*.
(2) Smp(z) > 0.
(3) Imr(2)| < 55

1
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2 J. W. Silverstein

(4) For continuity points a < b of F

b
F{la,b]} = 1 jim Smp (€ + in)dé,

T n—0t

since the right hand side

:?nli%l+/ / AL
Sy ——

_ lim {Tan1<b_x) —Tan1<a_x)]dF(x)
T n—0t n n

= /I[a,b]dF(x) = F{[a,0]}.

(5) If, for g € R, Smp(x9) = limzec+ﬁrg Smp(z) exists, then F is differ-
entiable at zo with value (£)Smp(zo) ([9]).

Let S C C* be countable with a cluster point in C*. Using ([4]), the
fact that F,, — F is equivalent to

[ f@ira@) ~ [ a)ar)

for all continuous f vanishing at +00, and the fact that an analytic function
defined on C* is uniquely determined by the values it takes on S, we have

F, %5 F <= mp(2) = mp(z) forallzcS§.

The fundamental connection to random matrices is:

For any Hermitian n x n matrix A, we let F4 denote the empirical
distribution function (e.d.f.) of its eigenvalues:

1
FA(z) = = (number of eigenvalues of A < ).
n
Then
1 —1
mpa(z) = —tr (A — zI)
n
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Stieltjes Transform and Random Matrices 3

So, if we have a sequence {A,} of Hermitian random matrices, to show,
with probability one, F4» = F for some F € M(R), it is equivalent to
show for any z € C*

1
Etr (Ap — 27 = mp(z) as.

The main goal of the lectures is to show the importance of the Stielt-
jes transform to limiting behavior of certain classes of random matrices.
We will begin with an attempt at providing a systematic way to show a.s.
convergence of the e.d.f.’s of the eigenvalues of three classes of large di-
mensional random matrices via the Stieltjes transform approach. Essential
properties involved will be emphasized in order to better understand where
randomness comes in and where basic properties of matrices are used.

Then it will be shown, via the Stieltjes transform, how the limiting dis-
tribution can be numerically constructed, how it can explicitly (mathemat-
ically) be derived in some cases, and, in general, how important qualitative
information can be inferred. Other results will be reviewed, namely the
exact separation properties of eigenvalues, and distributional behavior of
linear spectral statistics.

It is hoped that with this knowledge other ensembles can be explored
for possible limiting behavior.

Each theorem below corresponds to a matrix ensemble. For each one
the random quantities are defined on a common probability space. They all
assume:

Forn=1,2,... X, = (X[%), nx N, X[* € C, i.d. for all n, 4, j, independent
across i, j for each n, E| X1, —EX{],|> = 1,and N = N(n) withn/N — ¢ >0
as n — o0o.

Theorem 1.1. ([6], [8]). Assume:

(a) T,, = diag(ty,....t0), t7 € R, and the e.d.f. of {t},... .t} converges
weakly, with probability one, to a monrandom probability distribution
function H as n — oo.

(b) A, is a random N x N Hermitian random matriz for which F4» - A
where A is nonrandom (possibly defective).

(¢) Xn, Tn, and A,, are independent.

Let B, = A, + (1/N)X}T,X,.. Then, with probability one, FP» 2, F as
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4 J. W. Silverstein

n — oo where for each z € Ct m = mp(z) satisfies

mzmA<z—c /1+ttde(t)). (1.1)

It is the only solution to (1.1) with positive imaginary part.

Theorem 1.2. ([10], [7]). Assume:
T, n X n is random Hermitian non-negative definite, independent of X,
with FTn 25 H a.5. as n — oo, H nonrandom.

Let Tﬁﬂ denote any Hermitian square root of T,, and define B, =
(I/N)Tﬁ/QXX*Tﬁ/Q. Then, with probability one, FB» Ly Fasn — oo
where for each z € CT m = mp(z) satisfies

m = / T _1czm) —dH (). (1.2)

It is the only solution to (1.2) in the set {m € C: —(1—c¢)/z+cm € Ct}.

Theorem 1.3. ([3]). Assume:
R, n x N is random, independent of X,, with F
n — oo, H nonrandom.

Let B, = (1/N)(R, + 0X,,)(R, + 0X,,)* where ¢ > 0, nonrandom.
Then, with probability one, FB» L F asn — 0o where for each z € C*
m = mp(z) satisfies

« D
A/N)RaRy =5 [ q.5. as

1
—(1+0%2em)z+02(1 —¢)

dH(t). (1.3)

m= | —7

14+02cm

It is the only solution to (1.3) in the set {m € C* : S(mz) > 0}.

Remark 1.4. In Theorem 1.1, if A,, = 0 for all n large, then m4(z) = —1/2
and we find that mr has an inverse

1 t
z=—-——+c dH(t). 1.4
m 1+tm ®) (14)
Since
« n n 1/2x x*pl/2
PONXIT X (P T (/N T X X T
N [ 700) N
we have
1-n/N n
_ - - +
M (/N X5 T X (2) = > N panrh 2x, xph/? (2) zeCT,
(1.5)
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Stieltjes Transform and Random Matrices 5

so we have
c
mp(z) = - + cmp(z). (1.6)

Using this identity, it is easy to see that (1.2) and (1.4) are equivalent.

2. Why These Theorems are True

We begin with three facts which account for most of why the limiting results
are true, and the appearance of the limiting equations for the Stieltjes
transforms.

Lemma 2.1. Fornxn A, g € C", andt € C with A and A+tqq* invertible,
we have

1 * A—1

(A+teg) ' = ———q*A
q" (A +tqq™) T igA1gd

(since ¢* A~ (A +tqq*) = (1 +tqg* A~ 1q)q*).

Corollary 2.1. Forgq=a+b, t =1 we have

a*A" (a +b)

a*(A-l- (a—l—b)(aﬂ-b)*)*l — a*A*l — T (a—f—b)*A_l(a—’—b)

(a+0b)*A"

140" A a+D) g1 a*A~(a +b) b A=
T 1t (atb)A(atb)” 1+ (a+b)*A(a+0b) '

Proof. Using Lemma 2.1, we have

(A+(a+b)(a+b)*) ' —A" = —(A+ (a+b)(a+b)*) " (a+b)(a+b)*A!

1 . e
ST ar ATyt @rhardraT

Multiplying both sides on the left by a* gives the result. |

Lemma 2.2. For n xn A and B, with B Hermitian, z € C*, t € R, and
q € C", we have

¢ (B—zI)"YA((B—=2I)"1q < M

tr{(B—zI)"'—(B+tqq* —2I) 1 A|=
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6 J. W. Silverstein

Proof. The identity follows from Lemma 2.1. We have

1ﬁq*(B—zI)’lA((B—zI)’lq [(B—=I)"'q|]?
1+tq*(B —2I)"1q +tq*(B — 2I)~1q|’

Write B = ), Aieje;, its spectral decomposition. Then

< Dl

* |2
B— )42 = leidl
(B —=)""q] Eijw_zp

and

* -1 * -1\ _ lezql?
L+tq" (B —2I)" q| > [t[S(¢" (B —21)"q) = |t|gzzi:m- -
Lemma 2.3. For X = (Xy,...,X,)7 i.i.d. standardized entries, C n x n,
we have for any p > 2

EIX*CX —tr CIP < K, ((E|X1|*tr (]C’*)p/2 +E| X, |?Ptr (CC™)P/?)

where the constant K, does not depend on n, C, nor on the distribution of
X1. (Proof given in [1].)

From these properties, roughly speaking, we can make observations like
the following: for n x n Hermitian A, ¢ = (1/v/n)(X1,..., X)), with X;
i.i.d. standardized and independent of A, and 2 € C*,t € R

* * - tq* A—zl 71q
tq (A +tqq" —2I) g = 1+t(§*(A—z)I)_1q

1 1
1-— ~1-—
1+tg*(A—2I)"1q 14+t(1/n)tr(A—2zI)~1

1

~l—-—m——.
L+tmayige(2)

Making this and other observations rigorous requires technical consid-
erations, the first being truncation and centralization of the elements of
X, and truncation of the eigenvalues of T,, in Theorem 1.2 (not needed
in Theorem 1.1) and (1/n)R, R}, in Theorem 1.3, all at a rate slower than
n (alnn for some positive a is sufficient). The truncation and centraliza-
tion steps will be outlined later. We are at this stage able to go through
algebraic manipulations, keeping in mind the above three lemmas, and in-
tuitively derive the equations appearing in each of the three theorems. At
the same time we can see what technical details need to be worked out.
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Stieltjes Transform and Random Matrices 7

Before continuing, two more basic properties of matrices are included
here.

Lemma 2.4. Let 21,29 € CT with max(S 21,3 29) >v >0, A and Bnxn
with A Hermitian, and ¢ € CC™. Then

1
[tr B{(A — 21)™' — (A — 2oD)™ Y| < |20 — z1|N||B||U—2, and

* _ " _ 1
" B(A—211)"'q— ¢*B(A — 2o1)'q| < |22 — 21 ||CI||2||B||U—2-

Consider first the B,, in Theorem 1.1. Let ¢; denote l/m times the
ith column of X. Then

(1/N)X;Tan = Z tiQiqzc'
i—1
Let By = By, — tiqiq;. For any z € C* and x € C we write
B,—z[=A,—(z—x) [+ (1/N)X T, X,, — zI.
Taking inverses we have

(A = (z = 2))7!

=(By— 2"+ (A, — (z —2)) "N ((1/N)X T, X,, — xI)(B,, — 2I)~L.
Dividing by N, taking traces and using Lemma 2.1 we find
Mpan (2 — ) — mpe, (2)
= (1/N)tr (A, — (z —2)I)~* (Z tigiq; — xI) (B, — 2I)7*
i=1
" tiq; (B — 21) YA, — (z —2)) g
= (UN) Y e

=1

—2(1/N)tr (B,, — 2I) Y (A, — (z —z)I)~".
Notice when = and ¢; are independent, Lemmas 2.2, 2.3 give us
4 (B —2I) " H(An—(z—2)I) g ~ (1/N)tr (B —2I) ' (A — (z—2)I) .
Letting

n

x:xn:(l/N)Zl L

— 1+ timps. (2)
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8 J. W. Silverstein

we have

n

Mmpan (2 — xp) —Mmpe. (z) = (1/N) Zl+thB )di (2.1)

=1
where
]. + t; iMpBn (2 ( )

’_IilAn_ - nIﬁli
Tt (B —2D) ql( @ — =07 ( (z—za)I)""q

i =

— (1/N)tr (B, — zI)_l(An —(z—z))7t.

In order to use Lemma 2.3, for each i, z,, is replaced by

h= (/MY —
@ /le+tm5(>()

An outline of the remainder of the proof is given. It is easy to argue that
if A is the zero measure on R (that is, almost surely, only o(/N) eigenvalues
of A, remain bounded), then the Stieltjes transforms of F4» and FPB»
converge a.s. to zero, the limits obviously satisfying (1.1). So we assume A
is not the zero measure. One can then show

0 = inf S(mps, (2))
n
is positive almost surely.
Using Lemma 2.3 (p = 6 is sufficient) and the fact that all matrix in-
verses encountered are bounded in spectral norm by 1/Sz we have from

standard arguments using Boole’s and Chebyshev’s inequalities, almost
surely

maxmas| gi|* — 11, g7 (Bay — 21) " gs = m o, (=), (2.2)

X _ _ 1 _ _
¢} (By—21) " (An—(z—2))]) 1(11‘—Nt"(3(i)—21—) YAn—(z—z) D))

—0 asn — oo.

Consider now a realization for which (2.2) holds, § > 0, F» L, H, and
FA» 5 A. From Lemma 2.2 and (2.2) we have

rln<az<max[|mpsn (2) =m sy (2)]; Impea (2) =g (B —2I) 7 q]] — 0, (2.3)
and subsequently

1+ timps,(2)

—1
L+ tiqf (B — 21) " tqi

o — 20 @ — 0. (2.4)

max max
i<n
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Stieltjes Transform and Random Matrices 9

Therefore, from Lemmas 2.2, 2.4, and (2.2)-(2.4), we get max;<, d; — 0,
and since

L
‘ 1+timpe.(2)| ~

we conclude from (2.1) that

| =

Mpan(z — XTp) — Mps, (z) — 0.

Consider a subsequence {n;} on which m 5., (2) converges to a number

m. It follows that
t
- dH(t).
Tna = C/ 1+tm ®)

Therefore, m satisfies (1.1). Uniqueness (to be discussed later) gives us, for
this realization mpz, (2) — m. This event occurs with probability one.

3. The Other Equations

Let us now derive the equation for the matrix B,, = (1/N)T, T2 X, X Tl/2
after the truncation steps have been taken. Let ¢,, = n/N, g; = (1/ \/_ )X
(the jth column of X,,), r; = (1/V/N) 5/2X.j, and B(;) = Bp —7;17. le
z € C* and let my,(2) = mpea(2), my(2) = mpa/mxzm.x, (2). By (1.5)
we have

1_ n
1 e, (3.1)

m,(z) = —

We first derive an identity for m,,(z). Write

N
B, —zI + 2] = err;f.
j=1
Taking the inverse of B, — zI on the right on both sides and using
Lemma 2.1, we find
N

1
I B,—z)"l= By — 21
+2( 21) ZI—FT‘(B(J)—ZI) Tjj( @) Z)

Taking the trace on both sides and dividing by N we have

ri(By) — =)
Cn F ZCnflin, = _Z 1—|—r B(J) —ZI) 1T‘j
N
>
J:1 1—|—7’;k —zI) Lr;
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10 J. W. Silverstein

Therefore

1 Y 1

my,(z) = —

Write By, — 2 — (—zmy, (2)T, — 2I) = Zj\]:l i — (—2my(2))T;,. Taking
inverses and using Lemma 2.1, (3.2) we have

(—Zmn(z)Tn — ZI)_l — (Bn _ ZI)—l
= (—zm, (2)T,, — zI)~ er 7= (—zm,, (2))T | (B, — 21)71
N

-1
2(1 + r;f (B(J) — ZI)_lT‘j) [

(m,(2)T, + I)*lrjr;f (Bgjy —=I)~*
j=1

— (1/N)(my, ()T, + 1) ' T, (B, — 2I) 7],
Taking the trace and dividing by n we find
-1

(1/n)tr (—zmy, (2)T, — 21) ™" — my(2) _Nz (1473 (Byy—20)~try)

where
dj = ;T *(Bgj) — 2I) " (my(2) T + 1) 7' T 2g;
— (1/n)tr (my, (2)T,, + I) ' T, (B, — 2I)~*

The derivation for Theorem 1.3 will proceed in a constructive way. Here
we let z; and r; denote, respectively, the jth columns of X,, and R,, (after
truncation). As before m,, = mps,, and let

m,, (2) = Mpa/N)(Rot+oxn)* (Ratoxn) (2).

We have again the relationship (3.1). Notice then equation (1.3) can be
written

m = / ! dH (1) (3.3)
14+02cm

—0o2zm—z

where
1-c
m=———+cm.
z
Let B(jy = B, — (1/N)(r; + ox;)(rj + ox;)*. Then, as in (3.2) we have

N 1

azlz L+ (1/N)(rj + o2;)*(Bgy — 21) 7} (rj + o)) (34
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Stieltjes Transform and Random Matrices 11

Pick z € C*. For any n x n Y,, we write
LN
B, —z[— (Y, —zI)=— Z(rj +ox;)(r; +ox;)" =Y.

N ¢
j=1

Taking inverses, dividing by n and using Lemma 2.1 we get

(1/n)tr (Y, — 2I)™' —my(2)

Z (1/n)(r; + ox;)* (B — 2 7YH(Y, — zI)fl(rj +oz;)
- N L+ (1/N)(rj +ox)*(Bgy — z1) " (r; + oxy)

— (1 /n)tr (Y, — 21) 'Y (B,, — 21) 7!
The goal is to determine Y;, so that each term goes to zero. Notice first that
(1/n)x} (B — 2I)NY, — 2D ey = (1 n)tr (B, — 21) 7N (Y, — 20) 7,
so from (3.4) we see that ¥, should have a term
—o?zm,, (2)1.
Since for any n x n C' bounded in norm
|(1/n)x Cr;|> = (1/n? )a;Crjr;Cra;

we have from Lemma 2.3

|(1/n)z; Crj|* = (1/n* Jtr CrjriC* = (l/nz)r;fC*er =o(1) (3.5)

(from truncation (1/N)||r;]|?> < Inn), so the cross terms are negligible.
This leaves us (1/n)r; (B — zI)71(Y,, — 2I)7'r;. Recall Corollary 2.1:

a*(A+ (a+b)(a+b)*)t
1A atb) Ly a*A" a+b)
T 1t (atb)yAT(atbh)” 1+ (a+b)*A(a+0b)

Identify a with (1/v/N)r;, b with (1/V'N)oz;, and A with B(j. Using
Lemmas 2.2, 2.3 and (3.5), we have

b* AL,

(1/n)rs (By — 21) "} (Yy — 2I) 7!

1+ o2c,my(2)
1—|—%(rj—|—aa:j)*(B(j)—zI)_ (ri+ozx; )

(B(]) zI)’l(Yn—zI)’lrJ
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12 J. W. Silverstein

Therefore

1 f: (1/n)ri(Bgy — 2I) 7 (Y — 2I)"'r
1+ %(T‘j —+ U{Ej)*(B(j) — ZI)fl(T‘j —+ U{Ej)

(1/n)ry —20)7YY, —20)71r
N Z 1 + a2e,mp(2)

= (1/n) tr (1/N)R,R:(B,, — 21) (Y, — 2I)7!

14+ o2cp,mn(2)

So we should take
1

A P —
14+ o2cp,mp(2)

(1/N)R, R} — 0?zm,,(2)1.

Then (1/n)tr(Y,, — 2I)~! will approach the right hand side of (3.3).

4. Proof of Uniqueness of (1.1)
For m € CT satisfying (1.1) with z € C* we have

m = / — cf 1+tde( )) dA(T)

_ / 1 dA(T).
T—%(z—cfﬁdlﬂt}) —i (\sz—i—cf ‘H;;ZL‘QCZH( ))
Therefore
2¢x
SIm = <%z+c %dﬂ@))/ ! ~dA(7).
1+ tm| ‘T—z—kcfﬁdH(t)}
(4.1)
Suppose m € CT also satisfies (1.1). Then
T — 1| AH ()
m—m = c/ U e 1+t } dA(T
(T —z+cf 1+ttm dH(t)) (7' —z+cf 1+ttde(t))
2
x (m — m)c/ A5 tm) (1 m) dH (t) (4.2)
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Stieltjes Transform and Random Matrices 13

« / ! dA(T).
(T —z+cf 1+ttm dH(t)) (7’ —z+cf 1+ttde(t))
Using Cauchy-Schwarz and (4.1) we have
t2
H
C/ A+ o)1 1 m) )
1
X / dA(T)
(7‘ —z+cf 1JrﬁdH(t)) (7- —z+cf 1+ttde(t))
1/2

c/ﬁdﬂ(t)/‘ ! : SdA(T)

T—z+c [ [y dH®)
1/2
X
/|1+tm|2 /‘r—z+cf o 5 dA(T)
N 1/2
c/ 1+ tm|2dH(t) (\sz + cf\sm‘”” dH(t))
JE=rE
N 1/2
C/ |1 + tm]|? dH (t) (\,ZJFC]Jm\fm dH(t)) <1
e

Therefore, from (4.2) we must have m = m.

5. Truncation and Centralization

We outline here the steps taken to enable us to assume in the proof of
Theorem 1.1, for each n, the X;;’s are bounded by a multiple of Inn. The
following lemmas are needed.

Lemma 5.1. Let Xy,..., X, be i.i.d. Bernoulli withp =P(X; =1) < 1/2.
Then for any € > 0 such that p+ € < 1/2 we have

1 — ne
P<E ElXi —p>€> < e 20+,
i=
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14 J. W. Silverstein

Lemma 5.2. Let A be N x N Hermitian, Q, Q bothnx N, and T, T both
n x n Hermitian. Then

. % 2 _
(a) |[FA+QTR — pAFQ T < k(@ - Q)
and

“ 7 1 —
(b) | FATQTTQ _ pA+QTTQ| < ~rank(T = T).

Lemma 5.3. For rectangular A, rank(A) < the number of nonzero entries

of A.

Lemma 5.4. For Hermitian N X N matrices A, B

N

> = AP)? <tr(A-B)%

i=1
Lemma 5.5. Let {f;} be an enumeration of all continuous functions that
take a constant % value (m a positive integer) on [a,b], where a, b are
rational, 0 on (—oo0,a — LU [b+ L, 00), and linear on each of [a — L, al,
[b,b+ -L]. Then

(a) for Fy, Fs € M(R)

D(Fy,Fy) =) 97
=1

/fidFl —/flvng

is a metric on M(R) inducing the topology of vague convergence.
(b) For Fn,Gy € M(R)

A}im ||FN—GN||:0 — A}lm D(FN,GN):O.

(¢) For empirical distribution functions F,G on the (respective) sets
{xla---va}v{ylv"wyN}

2
N N

1 1
D*(F,G) < N lej -yl | < NZ(%‘ _yj)2~

Jj=1 Jj=1

Let p, = P(|X11] > /n). Since the second moment of X7, is finite we
have

Npn = 0(1)- (51)
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Stieltjes Transform and Random Matrices 15

Let Xij = XijI(x,,|<ym) and B = Ay +(1/N)X ;T X, where X = (X;).
Then from Lemmas 5.2(a), 5.3, for any positive e

B 2
P(IFP = PP > ¢) < P(N > luxyizvm 2 )
ij

! €
= P(m %:I(lXUIZ\/ﬁ) —Dn > o —pn>.

Then by Lemma 5.1, for all n large

P(|FPn — FBr|| > ¢) < e ¥

3

which is summable. Therefore
|FP = FP 5 0.

Let B, = A, + (1/N)X'nTn)~(;; where X, = X’n — E)?n. Since
rank(EX,,) <1, we have from Lemma 5.2(a)

|FB» — P || — 0.

For o > 0 define T, = diag(t!I(jtn|<a)s - -» tnl(jtn|<a)), and let @ be
any n X N matrix. If @ and —« are continuity points of H, we have by
Lemma 5.2(b)

||FAn+Q*TnQ _ FAn+Q*TaQ||

1 1 o .
< Nrank(Tn - Ta) = N ;I(‘tm>‘3‘) — CH{[—O[, Oz] }
It follows that if o = «,, — o0 then

|[PA@ @ _ pant@ Ta) 8 0,

Let ?ij = Xijl(|Xii<lnn) - E)N(ijI(I_Xij|<1nn)7 Xn = ((1/VN)Xy),

X = Xij — Xij, and X,, = ((1/V/N)X;;). Then, from Lemmas 5.5(c)
and 5.4 and simple applications of Cauchy-Schwarz we have

o R —— 1~ S = = %
D2 (FAntXnTaXy pA+XnTaXn'y < i (X T X) = X Ta Xy, )2
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16 J. W. Silverstein

We have
* *

tr (XpTaX,)? < a?tr (X X )2
and
tr (XnToX XTaX ) < (attr (XX )2tr (X X7)2)V/2,
Therefore, to verify
D(FAHXTaXT pATXT.XT) 5
it is sufficient to find a sequence {«,,} increasing to co so that
afb%tr (??*)2 2% 0 and %tr(yy*)Q =0(1) as.

The details are omitted.
Notice the matrix diag(E|X 11?7, ..., E[X11|%") also satisfies assump-
tion (a) of Theorem 1.1. Just substitute this matrix for 7},, and replace X,

by (1/4/E|X11|?)X,.. Therefore we may assume
(1) X;; are i.id. for fixed n,

(2) |X11] < alnn for some positive a,
(3) EX11 =0, E| X112 =1.

6. The Limiting Distributions

The Stieltjes transform provides a great deal of information to the nature
of the limiting distribution F' when A,, = 0 in Theorem 1.1, and F' in
Theorems 1.2, 1.3. For the first two

z:—i+c/ L_an)

m 1+tm

is the inverse of m = mg(z), the limiting Stieltjes transform of
FQO/N)X;TnXn  Recall, when T}, is nonnegative definite, the relationships
between F, the limit of FO/NT/*Xn X012 anq Fr

Bla) =1 - eljpoey () + cFl2),
and mp and mg

mp(z) = 1 ; <4 emp(z).

Based solely on the inverse of my the following is shown in [9]: (1) For all
reR, z#0

zeg‘{n—w mF(Z) ="mo (Z‘)
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Stieltjes Transform and Random Matrices 17

exists. The function mg is continuous on R — {0}. Consequently, by prop-
erty (5) of Stieltjes transforms, F' has a continuous derivative f on R — {0}
given by f(z) = L3mg(z) (F subsequently has derivative f = 2 f). The
density f is analytic (possess a power series expansion) for every x # 0 for
which f(z) > 0. Moreover, for these x, wf(x) is the imaginary part of the
unique m € C* satisfying

x:—i+c/ L _am@).
m m

(2) Let xz denote the above function of m. It is defined and analytic
on B={meR:m=#0,-m! € 54} (S5 denoting the complement of
the support of distribution ). Then if z € 5% we have m = mq(z) € B
and z’;(m) > 0. Conversely, if m € B and z = 2/, (m) > 0, then z € 5%.

We see then a systematic way of determining the support of F: Plot
z;(m) for m € B. Remove all intervals on the vertical axis corresponding
to places where x is increasing. What remains is Sz, the support of F.

Let us look at an example where H places mass at 1, 3, and 10, with
respective probabilities .2, .4, and .4, and ¢ = .1. Figure (b) on the next
page is the graph of

1 1 3 10
(m) = —— +.1( 2 4 4 .
vp(m) = =0+ ( Itm  “T+3m "’ 1+10m)

We see the support boundaries occur at relative extreme values. These
values were estimated and for values of x € Sz, f(z) = LJmo(z) was
computed using Newton’s method on 2 = x;(m), resulting in figure (a).

It is possible for a support boundary to occur at a boundary of the
support of B, which would only happen for a nondiscrete H. However, we
have

(3) Suppose support boundary a is such that mg(a) € B, and is a
left-endpoint in the support of . Then for z > a and near a

o) = ([ ato) -

where g(a) > 0 (analogous statement holds for a a right-endpoint in the
support of F'). Thus, near support boundaries, f and the square root func-
tion share common features, as can be seen in figure (a).
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18 J. W. Silverstein

0.5
0.4
0.3
0.2
0.1
0'DD 1 3 5 10 15
(a)
Il
X
10f
i
L 1 1 1r mn ]
1.5 1 "1/3 -1 )
-5- /
(b)

It is remarked here that similar results have been obtained for the ma-
trices in Theorem 1.3. See [4].

Explicit solutions can be derived in a few cases. Consider the Mafcenko-
Pastur distribution, where 7,, = I. Then m = mg(x) solves

1 1

resulting in the quadratic equation
rm’+m(z+1-c)+1=0

with solution

—(z+1-c)E/(z+1—-c)?2—4z
2z
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Stieltjes Transform and Random Matrices 19

_ —(z+1—c)E£ /22 =22(1+c)+ (1 —c)?
2z

_—@t+1-0£ V@ -(1-Vo?) (e - (1+0)?)

N 2x
We see the imaginary part of m is zero when x lies outside the interval
[(1 —+/¢)%, (1 + +/c)?], and we conclude that

fo) = VU=V OEVer =0 ¢ (1 - /a2, (1 + ve)?)

0 otherwise.

The Stieltjes transform in the multivariate F' matrix case, that is, when
T, = ((1/N"X, X)) ', X,, n x N’ containing i.i.d. standardized entries,
n/N'" — ¢ € (0,1), also satisfies a quadratic equation. Indeed, H now is
the distribution of the reciprocal of a Marcenko-Pastur distributed random
variable which we’ll denote by X/, the Stieltjes transform of its distribution
denoted by mx_,. We have

From above we have

1—¢ —(z+1—-0c)++/(2+1—-0¢)2 -4z
mx, (z) = c’zc+ ( ) ;éi/ )

—z+1-c+/(z+1-d)2 -4z
2zc

(the square root defined so that the expression is a Stieltjes transform) so
that m = mg(z) satisfies

1 N <m+1—c—|—\/(—m—|—1—c)2—|—4m)
C .

rT=—-—
m

—2mc’

It follows that m satisfies

m?*(z® + cx) + m2dz — P +c+cx(l— )+ + (1 - ) =0.
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Solving for m we conclude that, with

MZC_¢L4L@u—wY ®:<

1-¢

(170')\/ (x—b1)(b2—2x)

2nx(xc’+c)

f(z)
0

J. W. Silverstein

L—¢1—O—wﬂb—w)2

1-¢

by <x < by

otherwise.

7. Other Uses of the Stieltjes Transform

We conclude these lectures with two results requiring Stieltjes transforms.

The first concerns the eigenvalues of matrices in Theorem 1.2 outside the
support of the limiting distribution. The results mentioned so far clearly say
nothing about the possibility of some eigenvalues lingering in this region.
Consider this example with T;, given earlier, but now ¢ = .05. Below is a
scatterplot of the eigenvalues from a simulation with n = 200 (N = 4000),

superimposed on the limiting density.

0.7
O.6; A
0.5; 1 310
s 2 .4 .4
0.4F c=.05 n=200
0.3;
0.2}
0.1}
0.0 07 "¢ 8 10 1z 14

Here the entries of X,, are N(0,1). All the eigenvalues appear to stay close
to the limiting support. Such simulations were the prime motivation to

prove
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Stieltjes Transform and Random Matrices 21

Theorem 7.1. ([1)). Let, for any d > 0 and d.f. G, F4C denote the lim-
iting e.d.f. of (1/N)X*T,X,, corresponding to limiting ratio d and limiting
FTn@q.

Assume in addition to the previous assumptions:
(a) EX:1 =0, E|X11|2 =1, and E|X11|4 < 0.
(b) T, is nonrandom and ||T,|| is bounded in n.

(¢) The interval [a,b] with a > 0 lies in an open interval outside the support
of ¢ Hn for all large n, where H,, = FTn.

Then
P(no eigenvalue of B, appears in [a,b] for all large n) = 1.
Steps in proof: (1) Let B, = (1/N)XT,X, m, = mgs, and m® =
M e, 1, - Then for z = x + iv,

sup |m,(2) —m2(2)] = o(1/Nv,) as.
z€[a,b]
when v,, = N—1/68
(2) The proof of (1) allows (1) to hold for Im(z) = v2vn,V3vn,...,
\/3_41)n. Then almost surely

max  sup |m, (z +iVkv,) — m®(z + ivEv,)| = o(57).
]{:G{l,...,34} ze[a,b]

We take the imaginary part of these Stieltjes transforms and get

/ d(FEx () — Pt () ’ o) as
(x — )2 + ko2 " o

max sup
ke{1,2....34} zcla,b]

Upon taking differences we find with probability one

v2 d(FPEn(\) — Fentin())) 66

xS / (@ = N2 T F2)((e — W2 + k)|~ )
max sup / (v2)2 d(FEn (X) — Fertn())) — o)
S, S| GNP k) (=N an) (= NP ko) |~

=0(v8%).

sup
z€[a,b]

()% d(FEn () — Fentn (3)
/((w—/\)2+v%)((x—A)2+2v%) (2= A)?+3407)
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Thus with probability one

/ A(FE (3) — Fontt (1)
((x=A)2+02)((x = N2 +202) - ((x — N)? + 3402)

Let 0 < @’ < a, b/ > b be such that [a/,b] is also in the open interval

outside the support of FenHn for all large n. We split up the integral and
get with probability one

=o0(1).

sup
z€(a,b]

/ Tigr e (A) d(FEBn (X) — Fentn()))
(@ =X

rzl[lfb] 25 02)((x — A2 +202) - ((x — A\)? + 3402)
v98 »
+)\ u’%b' ) )((x_/\])2+21]72l)((x_)‘J)2+34U72L) - (1)

Now if, for each term in a subsequence satisfying the above, there is
at least one eigenvalue contained in [a, b], then the sum, with z evaluated
at these eigenvalues, will be uniformly bounded away from 0. Thus, at
these same x values, the integral must also stay uniformly bounded away
from 0. But the integral MUST converge to zero a.s. since the integrand is
bounded and with probability one, both FB» and FensHn converge weakly
to the same limit having no mass on {a’,'}. Contradiction!

The last result is on the rate of convergence of linear statistics of the
eigenvalues of B,,, that is, quantities of the form

[ r@arte@ Zf

where f is a function defined on [0, c0), and the \;’s are the eigenvalues of
B,,. The result establishes the rate to be 1/n for analytic f. It considers
integrals of functions with respect to

Gu(w) = n[FP (z) — el (a)]
where for any d > 0 and d.f. G, F%% is the limiting e.d.f. of B, =
(1/N)T,1/2XnX,’;T,1/2 corresponding to limiting ratio d and limiting F7»
G.

Theorem 7.2. ([2]). Under the assumptions in Theorem 7.1, Let f1, ..., fr
be C' functions on R with bounded derivatives, and analytic on an open
interval containing

[hm inf A% Tio.1y()(1 — /)2, lim  sup Mn (14 /e,
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Let m = mg. Then

(1) the random vector

(/ﬁ ) dG ( /fr ) dGh( ) (7.1)

forms a tight sequence in n.
(2) If X1, and T, are real and E(X{,) = 3, then (7.1) converges weakly to

a Gaussian vector (Xy,, ..., Xy, ), with means
m(z)*t*dH (t)
(+tm(z)3
EX;=—— dz 7.2
= 2m/f 1_ m(z)2t2dH (t) 2 (7.2)
Cf A+tm(z)?

and covariance function

Cov(Xy,Xy) = 3.3 // 2121 )2))2 dizllm(zﬂdizl?m(zz)dmdzz

(7.3)
(fig € {f1,---, fr}). The contours in (7.2) and (7.3) (two in (7.8)
which we may assume to be non-overlapping) are closed and are taken
in the positive direction in the complex plane, each enclosing the support
of Fo .,

(3) If X11 is complex with E(XZ) = 0 and E(|X11|*) = 2, then (2) also
holds, except the means are zero and the covariance function is 1/2 the
function given in (7.3).

(4) If the assumptions in (2) or (3) were to hold, then G,,, considered as
a random element in D[0,00) (the space of functions on [0, 00) right-
continuous with left-hand limits, together with the Skorohod metric)
cannot form a tight sequence in D|[0,c0).

The proof relies on the identity

[ t@d6@) =5 [ remate)i:

(f analytic on the support of G, contour positively oriented around the
support), and establishes the following results on

M, (z) = nlmps. (2) — Mpen.m, (2)].

(a) {M,(z)} forms a tight sequence for z in a sufficiently large contour
about the origin.
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(b) If Xy; is complex with E(X% ) =0 and E(X};) = 2, then for 21,..., 2,
with nonzero imaginary parts,

(Re My (#1), Im My (21),...,Re My, (2), Im My (%))

converges weakly to a mean zero Gaussian vector. It follows that M,,,
viewed as a random element in the metric space of continuous R2-
valued functions with domain restricted to a contour in the complex
plane, converges weakly to a (2 dimensional) Gaussian process M. The
limiting covariance function can be derived from the formula

m'(z1)m/ (22) 1
(m(z1) —m(22)? (21— 22)%
(c) If Xq; is real and E(X{,) = 3 then (b) still holds, except the limiting
mean can be derived from

E(M (21)M (22)) =

msthH(t
cf a+tm)®

(1 e m%2dH(t))2

EM(z) =
(T+im)?

and “covariance function” is twice that of the above function.

The difference between (2) and (3), and the difficulty in extending beyond
these two cases, arise from

E(X%AX. — tr A)(X* BX . — tr B)
= (E(|X11| ) - |E(X11 Zaubu + |E(X11)|2trABT + trAB,

valid for square matrices A and B.

One can show
-7 [ r@me (1-e [ ) &

/ / Flo m(x) —m(y)

m(z) —m(y)

= % / / J'(2)g'(y) In (1 + %) dudy

where m; = Sm.
For case (2) with H = I}; ) we have for f(z) =Inz and c € (0,1)

\_/

and

|3|§|

dxdy

IS IS

1
EXy, = 3 In(1 —¢) and Var Xj, = —21In(1 — ¢).
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Also, for ¢ >0

and

EXIT -

e

— /o) o)2r 1 ~ (T QCJ‘
(1= Vo + (1+ V) 2j_o(j)

ri—1 ro r r 1—¢ k1+ko
ot e =203 3 (1) (1) (1)

k‘l =0 k}QIO
y ”’“7(% —1—(k +e)> (27‘2 —1— ks +e)
= T — 1 ro — 1 ’
(see [5]).
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