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Introduction

These notes are issued from a course taught in the I.C.T.P. School on
Algebraic Approach to Differential Equations, held at Alexandria (Egypt)
from November 12 through November 24, 2007.

These notes are intended to guide the reader from the classical theory
of linear differential equations in one complex variable to the theory of D-
modules. In the first four sections we try to motivate the use of sheaves, in
very concrete terms, to state Cauchy theorem and to express the phenomena
of analytic continuation of solutions. We also study multivalued solutions
around singular points. In sections 5 and 6 we recall the classical result of
Fuchs, the index theorem of Komatsu-Malgrange and Malgrange’s homo-
logical characterization of regularity, which is a key point in understanding
regularity in higher dimension. Section 7 is extracted from the very nice pa-
per? of J. Briancon and Ph. Maisonobe. It contains the division tools on the
ring of (germs of) linear differential operators in one variable. They allow
us to prove “almost everything” on (complex analytic) D-module theory in
dimension 1 from the classical results. Section 8 tries to motivate the point
of view of higher solutions, a landmark in D-module theory. Sections 9 and
10 deal with holonomic D-modules and the general notion of regularity.
Both sections are technically based on the division tools and so they are
very specific for the one dimensional case, but they give a good flavor of
the general theory. Section 11 is written in collaboration with F. Gudiel
and it contains the local version of the Riemann-Hilbert correspondence in
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dimension 1 stated in the paper'® with some complements. In section 12
we sketch the theory of D-modules on a Riemann surface.

We would like to thank the organizers of the I.C.T.P. school, specially
M. Darwish who took care of all practical (and very important) details,
and Lé Dung Trang who conceived the school and took the heavy task of
editing the lecture notes.

1. Cauchy Theorem

Let U C C be an open set. A complex linear differential equation on U is
given by
dy dy

Ingon Tt Oy,

where the a; and g are holomorphic functions on U and y is an unknown
holomorphic function on U, which in case it exists is called a solution (on
U) of the equation (1). If the function a,, does not vanishes identically, we
say that equation (1) has order n.

When g = 01in (1), we call it an homogeneous complex linear differential
equation. In such a case, the solutions form a complex vector space, i.e.

+a'0y:gu (]-)

-) the product of any constant and any solution is again a solution.
-) The sum of two solutions is again a solution.

Remark 1.1. A very basic (and obvious) remark is that a complex linear
differential equation on U as (1) determines, by restriction, a complex linear
differential equation on any open subset V C U and we may be interested
in searching its solutions, not only on the whole U, but on any open subset
VcU.

If a,(x) # 0 for all x € U, then equation (1) is equivalent (in the sense
that they have the same solutions) to
iy ., dy

dy
w+0n—1%+'“+aﬁa+aéy=9/, (2)
where aj = 2= and ¢’ = .
Equation (2) is still equivalent to a linear system of order 1

Y B,
dy

— =AY +B, Y=]"1: B=| :
dZ + ’ . ? . (3)
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with By =---=B,,_1 =0, B, =b and
o 1 0 - 0
0 0 1 0
A= : : : . :
o 0o o0 --- 1
~ah —af —a -+ —dl,,
Correspondences
Y1 = y
Yy = y» N
Yy . ) = Y= Yl
Yn = y(nfl) Yn

establish a bijection between the solutions of (2) and the solutions of (3).
When b = 0 this bijection is an isomorphism of complex vector spaces.

The basic existence theorem for solutions of a linear system of type (3)
is the following result, which ca be found on almost any book of differential
equations (see for instance the book® n® 384).

Theorem 1.1. Let U C C be an open disc centered at the origin, A a
(n x n) matriz of holomorphic functions on U and B a n-column vector of
holomorphic functions on U. Let us call S the set of solutions of the system
% = AY + B. Then, the map

YeS—Y(0)eC”

is bijective. Moreover, when B = 0 the application above is an isomorphism
of complex vector spaces.

Corollary 1.1. Let U C C be an open disc centered at the origin and
let ag, ..., a, holomorphic functions on U with a,(z) # 0 for all z € U.
Then, for any holomorphic function g on U and any “initial conditions”
Vs - .-, Un—1 € C there is a unique holomorphic function y on U, which is
a solution of the linear differential equation

n

Yy dy
an7+"'+ala+a0y:ga

and such that
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2. Sheaves of Holomorphic Functions

Theorem 1.1 can be rephrased in terms of sheaf theory and local systems,
which is in principle nothing but an enlargement of our mathematical lan-
guage. However, this enlargement becomes fundamental in order to under-
stand higher dimensional phenomena and the global behaviour of solutions
of differential equations. Let us start by introducing some provisional® def-
initions.

For each open set V' C C let us denote by O(V) the complex vector
space of holomorphic functions defined on V.

Definition 2.1. The sheaf of holomorphic functions on an open set U C C
is the data consisting of all the complex vector spaces O(V'), when V runs
into the set of open subsets of U. It will be denoted by Op, and for each
open set V C U we will write Oy (V) := O(V). The following properties
clearly hold:

(a) If V! C V C U are open sets and f € Oy(V), then f|y: € Oy (V).
(b) IfV C U is an open set, {V; }ier is an open covering of Vand f : V — C
is a function, we have: f € Oy(V) < flv, € Op(V;) forall el

Property (b) above means that for a function, being holomorphic is a
local property.

Definition 2.2. A subsheaf® of Oy is the data F consisting of a vector
subspace F(V) C Oy (V) for each open set V' C U satisfying the following
properties:

(a) If V! C V C U are open sets and f € F(V), then fly. € F(V').
(b) If V C U is an open set, {V;};csr is an open covering of V and f €
Ou(V), we have f € F(V) & fly, € F(V;) forall iel.

If the data F satisfies property (a) and not necessarily property (b), then
we say that it is a subpresheaf of Op. If F is a subpresheaf of Oy, we will
simply write ¥ C Oy.

If F,F are subpresheaves of Oy, we say that F C F' if F(V) C F'(V)
for any open set V C U.

Let us note that if F C Oy is a subsheaf and U’ C U is an open subset,
then the data F|y, defined by F|y/ (V) = F(V) for any open set V C U’ is

2Later, we will need the general notion of sheaf, but in this section we only study the
sheaf of holomorphic functions and its subsheaves.
PHere, we only consider subsheaves of complex vector spaces.
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a subsheaf of Oy, that we call the restriction of F to U’. Let us also note
that OU|U’ = OU/.

Exercise 2.1. (1) Let & be the data defined by
FV)={f:V—>C| f isa constant function} C Oy (V),

for each open set V' C U. Prove that F is a subpresheaf of Oy which is
not a subsheaf. (Hint: what happens with property (b) every time V is not
connected?)

(2) Prove that the data Cy defined by

Cu(V)={f:V —=C| f isalocally constant function} C Oy (V),
for each open set V' C U, is a subsheaf of Q.

Exercise 2.2. Let U C C be an open set, ¥ C U a closed discrete set and
let us denote by j : U \ ¥ < U the inclusion.
(1) Let F be the data defined by

FV)={f€0y(V) | f =0 on aneighborhood of any point p € X NV}.

Prove that ¥ is a subsheaf of Oy, which will be denoted by jiOy\x.
(2) Let F be the data defined by

F(V)={f €Cy(V)| f =0 on aneighborhood of any point p € LN V}.
Prove that J is a subsheaf of Oy, which will be denoted by jiCy\ 5.

Exercise 2.3. Let ¥ C Oy be a subpresheaf. Prove that:

(1) There is a unique subsheaf F* C Oy such that:

(a) FCFt.

(b) If " C Oy is a subsheaf with F C F’, then F* C F.
The sheaf 7 is called the associated sheaf to F.

(2) Prove that F is a subsheaf of Oy if and only if F = F*.
(3) Prove that (F|p+)" = F* | for any open subset U’ C U.

Definition 2.3. An endomorphism of Oy, L : Oy — Oy, is the data
consisting of a family of C-linear maps L(V) : Oy (V) — Oy(V) such
that for any open subsets V/ € V C U and any f € Oy(V) we have
LV)(Hlvr =LV (flv).
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Let us denote by End(Oy) the set of endomorphisms L : Oy — Oyp.
The definition of “composition” and “addition” inside End(Oy) is clear and
they define a non-commutative ring structure on End(Or ). Composition in
End(Oy) will be denoted by o or simply by juxtaposition, and addition
by the usual “4”. Moreover, we have an obvious ring homomorphism C —
End(Oy), and so End(Oy) is a non-commutative C-algebra.

If L: Oy — Op is an endomorphism and U’ C U is an open set, then
we define the restriction of L to U’ as the endomorphism L|y : Oyr — Oy
given by L|g/(V) = L(V) : Op/ (V) = Op(V) — Oy (V) = Oy (V) for any
open set V C U’. It is clear that the map

L € End(Oy) — L|yr € End(Oy-)
is a homomorphism of C-algebras.
Example 2.1. (a) The family of linear maps
feoy(Vv)— % € Oy(V), V CU open subset,
is an endomorphism of Oy that will be denoted by % : 0y — Op.
(b) If h € Oy(U), then the family of linear maps
feO0u(V)— (hlv)f € Ouy(V), V CU open subset,

is an endomorphism that will be denoted by h : Oy — Oyp.

(c¢) Example (b) gives rise to a ring homomorphism Oy (U) — End(Oy),
which is injective.

Exercise 2.4. Let {U;}icr be an open covering of U and L; € End(Oy,) for
each ¢ € I, such that L;|y,nu, = Lj|v,nu; for all 4, j € I. Prove that there
is a unique L € End(Oy) such that L|y, = L; for all i € I.

Remark 2.1. The above exercise indicates that, for a given open set
U c C, the family End(Oy),V C U open subset, satisfies the same for-
mal properties as subsheaves of Oy (see definition 2.2). In fact, Oy, sub-
sheaves of Oy, and {End(Oy),V C U open subset} all are examples of
“abstract sheaves” (of complex vector spaces or C-algebras) (see for in-
stance the book?). The family {End(Oy ),V C U open subset} is denoted
by End(OQy), and we write End(Oy)(V) = End(Oy) for any open subset
VcvuU.
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Exercise 2.5. Let L : Oy — Oy be an endomorphism and let us consider
the data ker L defined by (ker L)(V) = ker L(V) C Oy (V) for each open
set V' C U. Prove that ker L is a subsheaf of Oy, that will be called the
kernel of L.

Exercise 2.6. (1) Describe the kernel of the endomorphism 4 : O¢ — Oc.
(2) Prove that ker (z% +1:0¢c — (‘_)(c) = jCc—{0}-

Exercise 2.7. (1) Let L : Oy — Oy be an endomorphism and let us con-
sider the data img L defined by (img L)(V) = im L(V) C Oy (V) for each
open set V' C U. Prove that, in general, img L is not a subsheaf of Oy .
(Hint: Consider L = d% : Oc — Oc. Is the function 27! in (img L)(C*)?
Nevertheless, for each simply connected open set V' C C*, the function 2!
belongs to (img L)(V').)

(2) Let us consider the data im L defined by
(imL)(V)={g € Opy(V) | Vp € V,3W C V open neighborhood of p,
3f € Op(W) s.t. LW)(f) = glw},

for each open set V' C U. Prove that im L is a subsheaf of Oy, that will be
called the image of L. (Note that im L = (img L))

(3) Compute the image of the endomorphism - : O¢ — Oc.

Definition 2.4. A (holomorphic) linear differential operator of order < n

on U is an endomorphism L : Oy — Oy such that there are a; € Oy (U),

0 < i < n, such that for each open set V' C U and each f € Oy (V) we have
L) = @) 5L 4t @) 2 (aolv)

or equivalently, the equality L = anjz—"n + -+ ald% + ap holds in the ring

End(OU)

Obviously, if L : Oy — Oy is a linear differential operator of order < n
and U’ C U is an open subset, the restriction L|y is also a linear differential
operator of order < n.

Exercise 2.8. In the above definition, prove that the a; are unique.

Remark 2.2. In the above definition, the functions in (ker L)(V') are obvi-
ously the same as the solutions on V' of the homogeneous linear differential
equation

d"y dy

Ut + @

dz™ dz +aoy = 0.
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In this way, ker L is an object which simultaneously encodes the solutions
of the above differential equation on each open subset of U.

Definition 2.5. A (holomorphic) linear differential operator on U is an
endomorphism L : Oy — Oy for which there is an open covering {U;}icr
of U and a family of non-negative integers {n; };cs such that the restriction
L|y, is a (holomorphic) linear differential operator of order < n; for each
1€l

The set of (holomorphic) linear differential operators on U will be de-
noted by D(U). It is clear that for V' C U C C open sets, the restriction
to V of any linear differential operator on U is also a linear differential
operator.

Exercise 2.9. (1) Prove that D(U) is a sub-C-algebra of End(Oy).

(2) Prove that if U is connected, then for any linear differential operator
L on U there exist an integer n > 0 such that L is of order < n. What
happens when U is not connected? Is any differential linear operator on U
of finite order?

(3) Let L : Oy — Oy be an endomorphism and assume that there is an
open covering {U; }ier such that L|y, is a (holomorphic) linear differential
operator on U; for each i € I. Prove that L is also a (holomorphic) linear
differential operator on U.

Remark 2.3. The family {D(V),V C U open subset}, as in remark 2.1,
satisfies the same formal properties as subsheaves of Oy (see definition 2.2).
It is the another instance of “abstract sheaf”, that will be denoted by Dy,
and which is an “abstract subsheaf” of End(Oy) (see the book?).

Definition 2.6. If ¥ C Oy is a subsheaf and p is a point of U, we define
the stalk of F at p, denoted by F,, as the quotient set M/ ~, where

M ={(V,f)| V CU is an open neighborhood of p, f € F(V)}

and ~ is the equivalence relation given by

V. f) ~ V', f) € 3w c V0V’ open neighb. of p s.t. flw = f'|w.

The stalk J, is a complex vector space under the operations:
XV ) =WVoAf), (VO +WVL )=V VvV, flvave + flvav).

If V .C U is an open subset and f € F(V'), the equivalence class of (V, f) in
JFp will be called the germ of f at p, and will be denoted by f,,.
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Remark 2.4. The stalk F, can be described as the inductive limit (or
colimit) of the system F(V') when V runs into the open neighborhoods of
p contained in U, ordered by the reverse inclusion.

Exercise 2.10. (1) Prove that in the case ¥ = Oy, the stalk Oy, is a C-
algebra and that the Taylor expansion centered at p defines an isomorphism
of C-algebras

Ty, : Oup = C{z}, Tp(fp) =

I

1! dz?

-
Il
=]

where C{z} is the C-algebra of convergent power series in one variable z
with complex coefficients.

(2) Prove that Oy, is a local ring, with maximal ideal my, = {£ €
Ouvp | £(p) = 0}, where {(p) = f(p) whenever £ = (V. f), f € Ou(V).

(3) Prove that Oy, is a discrete valuation ring (Cf. Atiyah-MacDonald’s
book! ch. 9), with valuation v, : Oy, — NU {+oc} defined by v,(£) = r
if § € my, — m;j)rpl, for any & # 0 and v,(0) = +o0. In other words, if
& = fp, then vp(€) is the vanishing order of f at p, i.e. vp(fp) = r with
f(q) = (¢ —p)"g(q) on a neighborhood of p, g holomorphic and g(p) # 0.

Exercise 2.11. Let ¥ C Oy be a subsheaf and p € U. Prove that the stalk
JF, can be considered as a vector subspace of Oy . Prove also that F = Oy
if and only if F, = Oy, for every p € U.

The following proposition is a version of the analytic continuation prin-
ciple.

Proposition 2.1. Let U C C be a connected open set. Then the linear map
f€0u(U) — fp € Ouyp is injective for each point p € U.

Proof. Let us assume that f, = 0 and consider the set
W={qeU]| f;=0in0Opy,} CU.

It is clear that W is open and p € W # 0.

Let us prove that U — W is also open. If ¢ € U — W, then f; # 0 and
there is an open disc D C U centered at ¢ such that f|p # 0. If f(q) # 0,
then, for D small enough, f(q') # 0 for all ¢’ € D. If f(q) = 0, since zeros
of holomorphic functions (# 0) in one variable are isolated, we deduce that,
for D small enough, f(¢’) # 0 for all ¢ € D — {¢}. In any case we have
that, for D small enough, fo # 0 for all ¢ € D — {q} andso D C U — W.
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10

Since U is connected, we deduce that W = U and f = 0. O

Corollary 2.1. Let U C C be a connected open set and V. C U a non-
empty open set. Then, the restriction map f € Oy(U) — flv € Op(V) is
injective.

Definition 2.7. Let L : Oy — Oy be an endomorphism and p € U. The
stalk of L at p, denoted by L, : Oy, — Oy,p, is the linear map defined by

Ly(fy) = L (V1)) = WLV = LV,
for every open neighborhood V' C U of p and every f € Oy (V).

Exercise 2.12. (1) If L,L’ : Oy — Op are endomorphisms, prove that
(L+L")p=Lp+ Ly, (LoL), = Lyo Ly,

(2) If L : Oy — Oy is an endomorphism, L = 0 if and only if L, = 0 for
allpeU.

Exercise 2.13. In the situation of the above definition, prove that there are
canonical isomorphisms ker L, ~ (ker L), im L, ~ (im L),. Prove also that
L is injectif, i.e. ker L = 0 (resp. L is surjectif, i.e. im L = Oy ) if and only
if L, is injectif (resp. L, is surjectif) for all p € U.

Example 2.2. Let U C C be an open set and p € U. For simplicity, let us
assume that p = 0. Let us consider the linear differential operator on U,

dr d
+ -+ a5+ ao,

L=a,—
“ dzm dz

with a; € Oy(U). Let us call ¢; € C{z} the Taylor expansion at 0 of ;.
Then, under the isomorphism of exercise 2.10, the stalk Ly : Oyo — Ouypo
is identified with the linear endomorphism of C{z} given by®

d™s

ds
eC th— + -+ t1— + tos € C{z}.
seC{z}— T Tt Ftos {z}
Exercise 2.14. Let U C C be a connected open set and V' C U a non-empty
open set. Prove that the restriction map Dy (U) — D(V) is injective.

°In definition 7.1, we will study the ring of this kind of linear endomorphisms of C{z}.
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3. Sheaf Version of Cauchy Theorem

Definition 3.1. (1) Let U C C be a connected open set and § C Oy a
subsheaf. We say that F is constant if for any p € U the map f € F(U) —
fp € Fp is an isomorphism.

(2) Let U C C be an open set and F C Oy a subsheaf. We say that F
is locally constant, or a local system, if there is an open covering of U,
U = U, by connected open sets, such that F|y, is constant for all 4.

Exercise 3.1. Let U C C be a connected open set. Prove that:
(1) Cy is constant subsheaf of Oy .

(2) If F C Oy is a constant subsheaf and U’ C U is a connected open set,
then the restriction F(U) — F(U’) is an isomorphism. Conclude that F|y-
is also a constant subsheaf of Q.

(3) Prove that any restriction of any locally constant subsheaf of Oy is
locally constant.

(4) Prove that a subsheaf F C Oy is locally constant if and only if there is
an open covering U = |JU; such that F

v, is locally constant for each .

Exercise 3.2. (1) Prove that any constant subsheaf ¥ C Oy on a connected
open set U C C is determined by the complex vector subspace F(U) of
Oy (U). Namely, for any open set V' C U, F(V) consists of functions which
locally are restrictions of functions in F(U).

(2) Reciprocally, given a vector subspace E C Oy (U), prove that there is a
unique constant subsheaf F C Oy such that F(U) = E.

Exercise 3.3. Let ¥ C Oy be a locally constant subsheaf. Prove that the
function p € U — dim¢ F), is locally constant.

If U is connected and F C Oy is a locally constant subsheaf with 3,
finite dimensional vector space for some p € U, then dim¢c F; = dim¢ F, =7
for all ¢ € U and we call F a locally constant subsheaf (or a local system)
of (finite) rank 7.

The proof of the following proposition is a standard argument of general
Topology (see for instance prop. 1.2.1 in the paper??).

Proposition 3.1. Any locally constant subsheaf F C Oy on a simply con-
nected open set U C C is constant.
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Definition 3.2. Let U C C be a connected open set and

mn

d d
L=a,—+---+a1— +ap: 0y — Op
dzm dz

a linear differential operator of order n, i.e. the function a,, does not vanish
identically on U. We say that p € U is a regular point of L if a,(p) # 0.
Otherwise, p will be called a singular point of L. The set of singular points
of L will be denoted by X(L).

The theorem 1.1 can be rephrased in the following way.

Theorem 3.1. Let U C C be a connected open set and L : Oy — Oy a
linear differential operator of order n. Then the following properties hold:

(1) The restriction (ker L) [y_xr) s a local system of rank n.
(2) The restriction Lly_sr) : Ou—s) — Ou_s(r) is surjective.

Moreover, for any singular point p € 3(L), ker L,, is a complex vector space
of dimension < n.

Proof. (1) Let us call L = (ker L) |y_syr), U® = U —=%(L) and let V C U°
be a non-empty open disc. From Cauchy theorem 1.1 we know that for any
non-empty open disc W C V' we have dim¢ L(WW) = n. In particular, the
restriction L(V') — L(W) is an isomorphism and so L]y is a constant sheaf.

(2) Cauchy theorem 1.1 implies that for any non-empty open disc V C U,
the map L(V) : Oyo(V) — Opo(V) is surjective. Hence, for any p € UY the
map Ly : Opo , — Opo , is surjective.

For the last part, using proposition 2.1, it is clear that for any small
open disc V centered at a singular point p, the dimension of (ker L)(V')
is less or equal than the dimension of (ker L)(W), for any small open disc
W C V —%(L), but for a such W we know that dimc(ker L)(W) =n. DO

Corollary 3.1. Let U C C be a connected and simply connected open
set and L : Oy — Oy a linear differential operator of order n without
singular points. Then, L(U) : O(U) — O(U) is surjective, i.e. the non-
homogeneous equation L(y) = g has always a holomorphic solution on U
for any g € O(U).

Proof. The proof of this corollary needs to use a small (and motivating)
argument of sheaf cohomology (see for instance®). Let us consider the exact
sequence of sheaves

ALGEBRAIC APPROACH TO DIFFERENTIAL EQUATIONS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7290.html



13

0= kerl — Op % Oy — 0

and the associated long exact sequence of cohomology (cf. loc. cit.)

0 — (ker L)(U) — 0y (U) 2% 04, (U) — HNU, ker L) — ---
From proposition 3.1 we know that ker L is a constant sheaf, ker L ~ C{},
and so H'(U,ker L) ~ H'(U,C") = 0 since U is simply connected. m|

4. Local Monodromy

The universal covering space of C* = C — {0}, with base point 1, can be
realized for instance by

q:(C,0) — (C*1), gqlw)= 2w

Base points can be moved inside the set of positive real numbers R} C C*
and inside the imaginary axis Ri C C without ambiguity, since both sets
are contractible.

The group of automorphisms of ¢ is infinite cyclic generated by the
automorphism M : w e C— w+1 € C.

For any open disk D centered at 0, we write D+ = ¢ 'D* and we
also choose ¢ : D* — D* as universal covering of D* with base points in
D* N (Ri) and D* N R* respectively. Let us denote by Dp the open disk
centered at 0 of radius R €]0, 4+00].

Definition 4.1. A multivalued holomorphic function on D* is by definition
a holomorphic function on D*.

The set of multivalued holomorphic functions on D is denoted by AY.
It is clearly a conmmutative C-algebra without zero divisors. For 0 < R’ <
R < +oo we have restriction maps A} — A%, which are injective and
C-algebra homomorphisms.

Example 4.1. (1) The identity function w € C +— w € C is obviously an
element of AY_, which will be denoted by Logz. We will also denote by

(ooh)

Log z its restriction to any A% with R > 0.

(2) Given a fixed complex number «, the function w € C — e?™% ¢ C is
also an element of AY_, wich will be denoted by z*. We will also denote by
z® its restrictions to any A%.
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The map f € O(D3) — foq € A} is injective and so we can think
in O(D3) as a sub-C-algebra of A%. The automorphism M induces an
automorphism of C-algebras

T:9g€ A% —T(g)=goM e A%,

called monodromy operator. It is clear that T commutes with restrictions
and that T'(g) = g for any g € O(D7p).

Exercise 4.1. Prove that any multivalued holomorphic function g € A(IJ{
which is “uniform”, i.e. T(g) = g, belongs to O(D7}) and so

O(Dy) ={g € A% | T(9) = g}.

Definition 4.2. Let g be a multivalued holomorphic function on D* and
U C D* a simply connected open set. A determination of g on U is a
holomorphic function f on U which is obtained as f = goo, where o0 : U —
D*is a holomorphic section of q.

Let f = go o a fixed determination of g on U. Since ¢ : D* — D*isa
covering space, 0 must be a biholomorphic map between U and the open
set o(U). Any other holomorphic section of ¢ on U must be of the form
MF* oo and ¢'U = | |,y M*(o(U)). Hence, any determination of g on U
is of the form T*(g) o 0.

Definition 4.3. We say that a multivalued holomorphic function g on D*
is of finite determination if the vector space generated by T*(g), k € Z, is
finite dimensional.

Proposition 4.1. Let g be a multivalued holomorphic function on D*. The
following properties are equivalent:

(a) g is of finite determination.

(b) The vector space generated by the determinations of g on any simply
connected open set U C D* is finite dimensional.

(c) The vector space generated by the determinations of g on some simply
connected open set U C D* is finite dimensional.

Proof. The key point is that if we take any simply connected open set
U C D* and we fix a holomorphic section ¢ : U — D* of q, then o
must be a biholomorphic map between U and the open set o(U) C D*,
any other holomorphic section of ¢ on U must be of the form M* o ¢ and
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¢ U = ey M*(o(U)). So, if f = go o is a fixed determination of g on
U, then the map

TH(g) = T*(g)oo=goM* oo

is a bijection between the set {T%(g), k € Z} and the set of determinations
of g on U, which clearly preserves linear dependence. O

The set of all multivalued holomorphic function on D%, of finite deter-
mination is a sub-C-algebra of A%, stable by T, and will be denoted by Ag.
It is clear that the restriction map A% — A%, sends Ag into Ap:.

Example 4.2. (1) Since T(Logz) = 1 + Logz, Logz is a multivalued
holomorphic function of finite determination.

(2) Since T(z%) = e2™2% 2 is a multivalued holomorphic function of
finite determination.

Definition 4.4. Let V C D% be a convex open neighborhood of R* N
D% and let vV C bTR be the unique connected component of ¢~'V which
intersects the imaginary axis of C. We say that a holomorphic function
f € O(V) extends to a multivalued holomorphic function on D7, if there is
a (unique) g € A% such that gl = foql. In such a case we say that g is
the multivalued extension of f.

Let us note that in the above definition, f extends to the multivalued
holomorphic function g on D% if and only if f is a determination of g on

V.

Example 4.3. The restriction q|‘~/ VS Vs biholomorphic. The inverse
function f = (q|‘~,)71 .V >Vcc extends, obviously by definition,
to a multivalued function on D%. In fact, its multivalued extension is the
identity function of /D\g. We have f(1) =0 and e2"/(2) = (qo f)(z) = 2 for
all z € V, and so dz = (2mi)e?" " (2)df = (27i)zdf and
1 [*d¢
f(z)z% ra Vz eV,

where the integration path is taken inside the simply connected open set V.
The function f coincides with the usual logarithm “In” up to the scalar fac-
tor (27i)~1. This explains why we denote by “Logz” the identity function
on C considered as “multivalued function” on D7,.

ALGEBRAIC APPROACH TO DIFFERENTIAL EQUATIONS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7290.html



16

We have then injective maps
O(Dr) = O(Dj) <+ Ag = A <> O(V) (4)

where the last one associates to any multivalued holomorphic function g €
AY, its “main determination” on V, V(g) = go (q|‘~,)71. The compositions
O(Dgr) — O(V) and O(Dy3) — O(V) are nothing but the restriction maps.
For any radius R’ €]0, R] we have a commutative diagram

O(DR)—— O(Dj)—— A ARS ov) (5)

lrest. lrest. lrest. lrest. lrest.

O(DR)——= O(D%,)C oq ApC A, C O(V N D%)

Exercise 4.2. (1) Prove that V(A%) is a subspace of O(V) stable under the

action of the derivative 4. Conclude that A% has a natural structure of
left D(D3,)-module in such a way that V is D(D%)-linear. In particular,

A% is a left D(Dg)-module.
(2) Prove that the monodromy 7" : A% — A% is D(D%,)-linear.
(3) Prove that Ag is a sub-D(D%)-module of A%.

Proposition 4.2. In the situation of definition 4.4, for any holomorphic
function f € O(V), the following properties are equivalent:

(a) f extends to a multivalued holomorphic function g on D%, of finite
determination.
(b) There is a locally constant subsheaf F C Ops, of finite rank such that

feFvw).

Proof. We can assume that f # 0.

(a) = (b): Let us call F C Op= the constant subsheaf determined by
R

the finite dimensional vector subspace E C %}; (ETR) generated by T*(g),
k € Z (see exercise 3.2).

For each open subset W C D%y, we define F(W) C Ops (W) as the
vector space of holomorphic functions h on W for which there is an open
covering W = |JW; such that hlw, o ¢q|,~1w, belongs to F(q—'W;) for all 4.
It is clear that F is a subsheaf of O Dy

Let U C D% be a simply connected open subset and let us choose a
simply connected open subset U® C D3, such that ¢(U°) = U. One has
¢ U = ez MH(U®) and ¢ : M*(U®) = U for all k € Z. For each open
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set W C U, let us call W0 = U° N ¢ 'W and so ¢ 'W = | |, o, MF(W?)
and ¢ : M¥(WO%) 5= W for each k € Z. It is easy to see that for a holomor-
phic function h on W, the condition h o q|,-1y € f;"(q*W) is equivalent
to the condition h o g|yo € F(WO). In particular, one has that a holomor-
phic function h on W belongs to F(W) if and only if ko g|yo € F(WO).
Composition with ¢ gives rise to a commutative diagram

FU) ——=F W)

stalkl letalk

Fow) ——> Fo

for each # € UY, where the horizontal arrows are isomorphism because
q : UY 5 U is biholomorphic and the right vertical arrow is an isomorphism
because J is a constant subsheaf of (‘_)/bvl*3 . We deduce that the map F(U) —
JFy is an isomorphism for each y € U, and so JF|y is a constant subsheaf of
Oy of finite rank. It is also clear that f € F(V).

(b) = (a): For each open set G C /D\g let us define g"(G) as the vector
space of holomorphic functions h on G for which there is an open covering
G = |; Gi, with ¢ : Gi = q(G), and functions h; € F(q(Gi)) such that

hla, = hi o ql, for all i. It is clear that F is a subsheaf of Op= and that
R

fi=foqly € F(V).

It is not difficult to see that the restriction of F to any open set G C /l-)TR
for which the restriction of ¢ gives a biholomorhic map between G and
q(G) is a locally constant subsheaf of Og of finite rank (the same one
as the rank of F). So, F is locally constant of finite rank too, and from
proposition 3.1 we deduce that F is constant of finite rank. In particular,
there is a (unique) g € g"(bTR) C A%, such that g[; = f and f extends to
the multivalued holomorphic function ¢. Finally, g is of finite determination
because T*(g) € F (bTR) for all k € Z and this space is finite dimeinsional. O

Let L be a linear differential operator on Dy of order n with (L) C {0}:

3

d
w+...+a1£+a0’ a; € O(DRr), an(z) #0Vz#£0.

From Cauchy theorem (see 3.1) we know that (ker L)|ps is a locally con-
stant sheaf of rank n.

L=a,

Proposition 4.3. Under the above hypothesis and with the notations of
definition 4.4, the following properties hold:
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(1) Any multivalued holomorphic function g € A% annihilated by L is of
finite determination and

{g€ AR | L(g) =0} = {g € Ar | L(g) = 0} =~ (ker L)(V)).
In particular dimc({g € Ar | L(g) = 0}) = n.
(2) The maps L: A% — A% and L : Ag — Ag are surjective.

Proof. (1) We have V({g € A% | L(g) = 0}) C (ker L)(V) and from
proposition 4.2, we know that (ker L)(V) C V(Agr). We conclude that

\_//—\

=0} < (ker L)(V).
8727r'iw d
270 dw’

{ge AR | L(g) =0} ={g € Ar | L(g) =
(2) For g € A%, we have £ (V(g)) = V(i(g)), out § =
L(V(g)) = V(E(g)) with
Z = a, (62771'10)511 e ao(eZTriw) —

—2mniw an

. n—1 T
(€27i0) S o + b1 (w) fo=r + -+ + bo(w) € D(D,).

and

an

Since X(L) = §, we deduce from corollary 3.1 that L : O(D*) — O(/D\g) is
surjective, and so L : A% — A, is surjective.

If ¢ € Ag, there is a non-vanishing polynomial P(X) such that
P(T)(g) = 0. We have proved that there is h € A% such that L(h) = g,
but L(P(T)(h)) = P(T)(g) = 0. We deduce from (1) that P(T)(h) € Agr
and h € Ag. So, L : Agr — Ag is surjective. O

Example 4.4. (1) For L = z% —a, we have {g € A% | L(g) = 0} = ().
(2) For L = zf—; + 4L we have {g € A% | L(g9) = 0} = (Logz, 1).

Theorem 4.1. Any multivalued holomorphic function g € Agr of finite
determination can be expressed as a finite sum

o= 3 Gax(Loga)t,
a€eC,k>0

where the ¢or € O(D}) are uniform functions. Moreover, the ¢q 1 are
uniquely determined if we impose that the difference a—a’ is not an integer
whenever ¢a i, Por ks # 0 for some k (this can be guaranteed for instance if
we restrict ourselves to the set of complex numbers a with —1 < Ra < 0).

In fact we have a more precise statement. Let E C Apg be the finite
dimensional vector subspace generated by the T*(g), k € Z, let [[(X —
Aj)73 be the minimal polynomial of the action of T on g (the \; are the
eigenvalues of T|g with \; # A\ whenever j # 1), let d(g) be the degree of

ALGEBRAIC APPROACH TO DIFFERENTIAL EQUATIONS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7290.html



19

this polynomial, and let us choose complex numbers a;j € C with e*™* =

Aj. Then, there are unique ¢ € O(D*) such that

Tj*l

€= b2 (Loga)".
j k=0
Proof. The key point is that, for A = €2™* and k > 0, we have

(T = \) (2*(Log )k ZA() (Log z)*

and, for any polynomial P(X) € C[X],
P(T) (2*(Log 2)*) = P(\)2*(Log 2)* + cx—12*(Log 2)F 1 + -+ + co2®,
where the ¢; are complex numbers. As a consequence,
(T — A\ (2*(Log 2)*) = kI\F2*, (T — \)* (2*(Log 2)¥) = 0.

Let us start with uniqueness. Assume that g = 0. We proceed by induction
onr = Zj(rj —1). If r =0, then 0 =g = Zj ¢j,02%, and taking P, =
[1;4(X = A;) we obtain

0=P(T ZPZ )($5,02%9) = Pi(M)r,02™

and so ¢; ¢ = 0, for each [.
Let us suppose that we have the uniqueness of the coeflicients ¢; ;. every
time r < v and suppose that g = 0 with

Tj*l

g= Z Z ¢ 12 (Log 2)*
j k=0

and > ,(r; —1) = v + 1. Let us consider the polynomial P(X) = (X —
A s (X = Xy)™ . We have

0=P(T)(g) == 1,0 —1(r1 — L) H AL — Aj)T 2
J#1
and so ¢1,,—1 = 0. To conclude, we apply the induction hypothesis to
T1—2 rj—1
Z o152 (Log z) —I—Z Z b1z (Log 2)F.
j#1 k=0

Now, let us prove the existence of the ¢; . We proceed by induction on the
degree d(g) of the minimal polynomial of the action of T on g.
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If d(g) = 1 then there is a complex number A; # 0 such that (T' —
A1)(g) = 0. Consequently, T'(z~“1g) = z~“ g and ¢1 o := 2z~ **¢ is uniform:
g = $1,02"".

Assume the result true for any multivalued function h € Ag with d(h) <
d.

Let g € Ar be a multivalued holomorphic function of finite determina-
tion with d(g) = d+ 1 and let P(X) = J[;(X — A;)" be the minimal poly-
nomial of the action of T' on g. We have d(g) = >_, rj = d+ 1. Let us write
Q(X) = [, 11 (XA and P'(X) = P(X)/(X—A1) = (X—A1)" 1 Q(X).
From the first step of the induction, we know that there exists a ¢ € O(D%,)
such that P/(T)(g) = ¥z*.

We
have P'(T) (2 (Log )"~ 1) = Q(T)(T — A1)~ (21 (Log 2)" 1) = (r1 —
DINTTIQ(A) 2% and so P'(T) (1., —12° (Log )1~ 1) = 121 with

%
(ri— DA T'Q()

We deduce that P'(T) (g — ¢1,r,—12* (Log )™ ') = 0 and we conclude by
applying the induction hypothesis to g — ¢1,,—12%* (Log 2)™ L. O

Dlr—1 =

Remark 4.1. In the course of the proof of the above theorem, we have also
proved that if E C Apg is the finite dimensional vector subspace generated
by the determinations of g and

T‘j*l
9= > 6jsx"(Log2)*
i k=0

with ¢, € O(D%) and ¢;,,—1 # 0 for all j, then each ¢;,,12% belongs
to E and it is an eigenvector of T'|g with respect to the eigenvalue A;.

Exercise 4.3. Prove that for any complex number A, the map T'— X\ : Ap —
Ap is surjective 9.

Remark 4.2. Let 7: C/Z — C be any section of the canonical projection
C — C/Z. The above theorem says that {z%(Log z)* | a € im7,k > 0} is a
basis of Ar as an O(D*)-module.

dActually T — A : .A% — .A% is also surjective, but the proof needs a cohomological
argument (cf. th. (4.1.2) in20).
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5. Fuchs Theory

In this section we study the behavior of a linear differential equation, or of
a linear differential operator, in the neighborhood of a singular point.

Definition 5.1. We say that a multivalued holomorphic function g € Ar
is regular, or of the Nilsson class (at 0), if in the expression

rj—1
g= Z Z bj k2% (Log 2)F,
k=0

J
the ¢, are meromorphic functions at 0.

It is clear that a g € Apg is regular at 0 if and only if its restriction to
some (or to any) Ag/, with 0 < R’ < R, is regular at 0

Let us denote by Mg the set of g € Ar which are regular (at 0). It is
clear that Ny is a sub-C-algebra of Ag.

Exercise 5.1. Prove that Nz is a sub-D(D)-module of Ag. Is Ny a sub-
D(D*)-module of ARr?.

Let L = ani—"n 4+t ald% + ag be a linear differential operator on
D = Dp, of order n (a,, # 0), and let us assume that 0 is the only singular
point of L.

Definition 5.2. We say that 0 is a reqular singular point of L if any g € Ar
such that L(g) = 0 is regular at 0.

Remark-Definition 5.1. It is clear that if D’ C D is an open disc centered
at 0 and L’ = L|p/, then 0 is a regular singular point of L if and only if
it is so of L’. In particular, if L is a linear differential operator on some
open neighborhood of 0, and 0 is a singular point of L, we say that 0 is
a regular singular point of L if it is so for the restriction of L to a small
enough open disc centered at 0. More generally, if L is a linear differential
operator on an open set U C C and p € U is a singular point of L, we say
that p is a regular singular point of L if 0 is a regular singular point of the
“translated” operator
mn
L’za,;;i—n—k-'-—kalldiz—kag

with a}.(z) = ax(z + p), which is defined on the open neighborhood of 0,
U={zeC|lz+peU}.
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For a function a € O(U) and a point p € U, let us write vp(a) for the
vanishing order of a at p. It only depends on the germ a, (see exercise 2.10).
If a;, = 0 then v,(0) = +o0.

Theorem 5.1. (Fuchs) Let U C C be an open set, L = ani—nn + -+
alé + ag a linear differential operator on U of order n > 1 and p € U a
singular point of L. Then, the following properties are equivalent:

(a) p is a regular singular point of L.
(b) max {k—vy(ar)} =n—vp(an).

Proof. The proof of this theorem can be found in the book,® 15.3. O

6. Index of Differential Operators at Singular Points

Let U C C be a connected open set and L = a,L;Z—nn + -4 ald% +agp a
linear differential operator on U of order n. Cauchy theorem 1.1 tells us
that, for any non-singular point p € U of L (a,(p) # 0), the stalk at p of L,
Ly : Oyyp — Op,p, is a surjective map and dimc ker L, = n. On the other
hand, if p € (L), we have dimcker L, < n (see theorem 3.1), but what
about dimc coker L,,?

We have the following important result, known as Komatsu-Malgrange

index theorem. 117

Theorem 6.1. Under the above hypothesis, the following properties hold:

(1) dimg coker L, < co.
(2) x(Lp) = dimg ker L, — dim¢ coker L, = n — v, (ay).

The proof of the above theorem consists of a reduction to the case where
the differential operator is of the form L? = anjz—nn, where an easy compu-
tation shows that x(L9) = x () + x(an) = n — vp(as). The reduction is
based on the fact that L can be seen as a compact perturbation of L° on

convenable Banach spaces.

Let us write O = Oy, m = my,, for its maximal ideal and P = L, :
O — 0. We know that Taylor development at p establishes an isomorphism
between O and the ring of convergent power series C{z}, which sends the
ideal m to the ideal (z) (see exercise 2.10). It is easy to see that, for any
integer k > 0, we have P (m”*k) C m* and so P is continuous for the m-adic
topology and induces a linear endomorphism P of the m-adic completion
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0 of 0, which is isomorphic to the (z)-adic completion of C{z}, i.e. to the
formal power series ring CJ[z]].

The proof of the following theorem is much easier than the proof of
theorem 6.1 and can be found in the paper,'” prop. 1.3 and th. 1.4.

Theorem 6.2. In the above situation, the following properties hold:

(1) The vector spaces ker P and coker P are finite dimensional and

x(P) = dimg ker P — dimg coker P =  max {k—vp(ar)}.

(2) The induced map P = 6/(‘) — 6/(9 is always surjective and
dimg ker P = Jmax {k—vplar)} — (n —vp(an)).

Corollary 6.1. In the above situation, the following properties are equiv-
alent:

(1) p is a regular singular point of L.

(2) X(P)=0

(3) P is an isomorphism.

(4) ker P = 0.

(5) The canonical maps ker P — ker P and coker P — coker P are isomor-
phisms.

(6) dimg ker P = dim¢ ker P and dimg coker P = dim¢ coker P.

Proof. From the following commutative diagram

0 0) 0 0/0 —— 0
A
0 0) 0 0/0 —— 0

we obtain the exact sequence

0 — ker P — ker P — ker P % coker P — coker P — coker P(= 0) — 0
i (6)
and s0® x(P) — x(P) + x(P) = 0. From theorems 5.1, 6.1 and 6.2 we have
that (1) & (2) & (3) < (4). On the other hand, from equation (6) we
deduce that (4) < (5) and (6) = (4), and finally (5) = (6) is obvious. O

°In fact this is part of the proof of (b) in theorem 6.2.
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Remark 6.1. The above corollary shows that the finite dimensional vector
space kerl’:;, is a measure of the non-regularity (or the irregularity) of the
singular point p of L. This point of view is the first step of the notion of
irreqularity complezes of holonomic D-modules in higher dimension (see the

paper?!).

7. Division Tools

The material of this section is taken from the papers.!3

In this section we work over the ring of convergent power series in one
variable O = C{z}, that we can think as the ring of germs at 0 of holomor-
phic functions defined on a open neighborhood of the origin. Let us denote
by 9 : O — O the derivative with respect to z.

Definition 7.1. A C-linear endomorphism L : O — O will be called a
linear differential operator of O of order < n if there exist ag,...,a, € O
such that, for any g € O we have L(g) = a,0"(g9) + - - - + a19(g) + apg. In
such a case we will write, as usual, L = a, 0™ + --- + a10 + ag.

By example 2.2, linear differential operators of O are nothing but the
stalk at the origin of linear differential operators defined on an open neigh-
borhood of 0.

Let us denote by FD C End¢(O) the set of linear differential operators
of order <n and D =J,5, F"D C Endc(0). Let us note that the map

a€ 0 [g€ 0 age 0] €Endc(0)

is an injective homomorphism of C-algebras and its image coincides with

FD. From now on, we will identify O = FOD. We also set F~1D = {0}.
For a P € D, with P # 0, let us write ord P for its order, i.e ord P = n

means that P € F"D but P ¢ F"~!D. For P = 0 we write ord) = —oo.

Exercise 7.1. Prove the following recursive description of the F"D:

F'D = {P € Endc(0) | [P,a] = Pa — aP = 0,Va € O},
F"*1D = {P € Endc(0) | [P,a] € F"D,Va € O}.

Exercise 7.2. (see the notes®) Prove that:

(1) D is a non-commutative sub-C-algebra of Endc(O).

(2) (F™D)(F*D) C F"t*D (we say that the family {F"D},>¢ is a filtration
of the ring D, or that (D, F) is a filtered ring.)
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(3) The vector space @,>0F™D/F"~1D has a natural structure of ring (in
fact a C-algebra), that we will call the associated graded ring of the filtered
ring (D, F) and will be denoted by gry D.

(4) If P,Q € D and P,Q # 0, then PQ # 0 and ord PQ = ord P + ord Q.
(5) If P,Q € D, then ord(PQ — QP) < ord P+ ord@ — 1 and so gry D is
a commutative ring, and that it is isomorphic to the polynomial ring O[¢].

Exercise 7.3. Prove that the ring D is simple, i.e. it has not any non trivial
two-sided ideal.

Definition 7.2. If P € D is a non-zero operator with ord(P) = n, we
define its symbol as

o(P)=P+F"'Dec F"D/F"'D = gr’h D.
It is clear that if P,@Q € D are non-zero, then o(PQ) = o(P)o(Q).

Definition 7.3. Given a left ideal I C D, we define o(I) as the ideal of
grp D generated by o(P), for all P € I, P # 0.

Exercise 7.4. Prove that D is left and right noetherian.

Let P be a non-zero linear differential operator (of O) of order n > 0,
ie. P=Y1_, a0k, with ai € O and a,, # 0. Let us write aj, = 3,2 a2’
and so

P = i ialkxlak.

=0 1=0

We call the Newton diagram (or the support) of P the set
supp(P) = {(I,k) € N? | ay, # 0} C N2

Definition 7.4. In the above situation, we define the valuation of P as
v(P) = vo(ay) and the exponent of P as exp(P) = (v(P),ord P).

Exercise 7.5. Prove that if P,@Q € D, P,Q # 0, then exp(PQ) = exp(P) +
exp(Q).

Lemma 7.1 (Briangon-Maisonobe?). Let P € D, P # 0 and exp(P) =
(v,d). Then, for any A € D there are unique Q,R € D such that A =
QP + R with
ord(A) v—1
R= Z kaxlak +5,  with ord(S) < d.
k=d 1=0
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The proof of the above lemma is easy, and in fact it is a particular case
of the general division theorems in several variables (see the lectures by F.
Castro). Let us note that the condition on the remainder R is equivalent
to say that
supp(R) C N?\ (exp(P) + N?) .

Let us denote by X the field of fractions of the ring O. Any element of K
can be written as a/z", with a € O and r > 0. We can think of elements of
X as the germs at 0 of meromorphic functions defined on a neighborhood
of 0 and with a pole eventually at 0. The derivative 9 : O — O extends
obviously to X.

Let Dy be the ring of linear differential operators of X, i.e. the subring
of End¢ (X) with elements of the form

n
Z akak, ar € X.
k=0

The ring is filtered in the obvious way and for any P € Dy, P # 0, the
definition of its order ord(P) is clear.
The proof of following lemma is easy.

Lemma 7.2. Let P € Dy, P # 0. Then, for any A € Dy there are unique
Q, R € Dx such that A= QP + R with ord(R) < ord(P).

Corollary 7.1. Let P € D, P # 0. Then, for any A € D there are Q, R €
D and an integer r > 0 such that 2" A = QP + R with ord(R) < ord(P).

Definition 7.5. Let I C D be a non-zero left ideal. We define the set
Exp(I) = {exp(P) | P €I, P # 0}.
It is clear that Exp(I) is an ideal of N2, i.e. Exp(I) + N? C Exp([).
Given a non-zero left ideal I C D let us write
p =p(I) = min{ord(P) | P € I, P # 0},
and for each d > p,
ag = ag(l) =min{v(P) | P € I,P # 0,ord(P) = d}.
Since a, > o1 > - -+ we can define
g=q(I) =min{d > p | ag = ae, Ve > d}.
We also define
v(I) = min{v(P) | P € I,P # 0}.
It is clear that v(I) = ay(p)(1).
ALGEBRAIC APPROACH TO DIFFERENTIAL EQUATIONS

© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7290.html



27

Exercise 7.6. With the above notations, prove that

Exp(I) = U (g, d) + Nz) .

d=p

Definition 7.6. With the above notations, a set of elements Fj,
Fpy1,...,Fy € I with exp(Fy) = (aq,d) for p < d < g, is called a standard
basis, or a Grébner basis, of I.

If Fp,Fpi1,...,Fy is a Grobner basis of I, then p(I) = ord(F),) and
v(I) = v(Fy).

For any A € D, and by successive division (lemma 7.1) by the elements
Fy,Fy_1,...,F, of I, we obtain a unique expression

A=QpF,+ -+ Qq1Fy—1 +QF; + R
with Qp,...,Q¢—1 € O, Q4 € D and

ord(A) ay,—1

R = Z Z ruztdf + S, with ord(S) < p,
k=p [=0

or in other words
supp(R) C N? \ Exp([).

In particular, A € I & R = 0 and so any Grobner basis F),, Fjt1,...,F, of
I is a system of generators I.

Exercise 7.7. Prove that if F,, Fj,11,..., Fy is a Grobner basis of I, then
o(I) = (o(Fp),...,0(Fy)).

Example 7.1. Let I = D be the total left ideal. It is clear that I is
generated by 9,z. However, 0(I) = o(D) = grpD is not generated by
0(0) =&,0(2) = z.

Given a left ideal I C D and a system of generators Pi,...,P. of I,
often we are interested in the module of syzygies (or relations) of the P;

S(P) ={(Q1,...,Q,) € D" | Zcm = 0}.

This module is a sub-D-module of D", and so it is finitely generated.
In general it is not clear how to exhibit a finite number of generators of
S(P), but the situation is simpler if the P; form a Groébner basis of I.
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Let us keep the notations of definition 7.6, and let us assume that the
Fy satisfy the following property:

Fy = 2%9% + terms of lower order.

We say in that case that our Grobner basis is normalized.
For each d = p+1,...,q, there are unique Q¢ € O, =p,...,d— 1 such
that

OF g1 — 2% 17 Y, = QZFp +o QY Fyy.
We have then the following syzygies of (Fp, Fpi1, ..., Fy):

d—1 d
~—~ ~~
Rd = (QZ) Z+1, .. 7_8+ ngl,zadfl_ad,o, .. ,0)

ford=p+1,...,q.

We have the following result (see prop. 3 in?). It is a particular case of
a general result valid for Grébner bases in several variables and in various
settings (see the notes®).

Proposition 7.1. The module of syzygies of (Fp, Fpt1, ..., Fy) is generated
by Rp+1,-..,Rq.

Proposition 7.2. (Cf. prop. 8.8 in'? or lemme 10.3.1 in?") Let M be a
left D-module which is finitely generated as O-module. Then it is free (of
finite rank) as O-module.

Proof. We reproduce the proof of lemme 4 in.? Let B = {e1,...,e,} be a
minimal system of generators of M as O-module and let us write

p
Oe; =Y wijej, (v €0)Vi=1,...,p.
Jj=1

Let S be the module of syzygies of B:
S={u=(u1,...,up) € D? | Zuiei = 0}.

If B is not a basis, then S # 0 and we can define w = min{v(u) | u €
S,u # 0}, where v(u) = min{v(u;) | u; # 0}. By Nakayama’s lemma, the
set of classes B = {€1,...,€p} is a basis of the (O/m =)C-vector space
M/mM and so we have w > 0. Let u € S be a non-vanishing syzygy with
v(u) = v(uj,) = w. We have

P P P
Ozazuiei:---:ijej, with wWj za(uj)—i—Zuivij,
i=1 j=1

i=1
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but v(d(uj,)) = v(uj,) — 1 and so v(wj,) = w — 1, which contradicts the
minimality of w. O

Proposition 7.3. Let I C D a non-zero left ideal with
q
Exp(I) = | J ((aa,d) + N?)
d=p
(see exercise 7.6), and F,,...,F, € I a Grébner basis of I. Then, the
following properties hold:

(1) For any A € I, there is an integer v > 0 such that x" A € DF),.
2) I:D(F%Fq)-

Proof. We reproduce the proof of prop. 5 in.? Part (1) is a starightforward
consequence of corollary 7.1. For part (2), let us consider the left D-module
M = I/D(F,, F,). For any A € I, there are unique elements @, ..., Qq—1 €
0, Qq € D such that A = QpFp + -+ + Qq—1F;-1 + Q4F,, and so M is
generated as O-module by {Fp41,...,F,—1}. But part (a) implies that M
is a torsion O-module, and so, from proposition 7.2, we deduce that M = @

Let us note that the ring D is the inductive limit II%im D(Dg).

—0

Example 7.2. Let us see some examples of left D-modules:
(1) O is a left D-module, since D is a subring of Endc(0O) and then any
P €D acts on any a € O by Pa = P(a).
(2) To any linear differential operator P € D we associate the left D-module
D/DP.
(3) The field X of fractions of O is a left D-module.
(4) The formal power series ring 0= C[[2]] is a left D-module. In fact the
action of any P € D on O is continuous for the m = (z)-adic topology.
(5) Since each A% is a left D(Dg)-module, A° := zlziino A% s a left D-
module, and the monodromy operator T : A? =5 A9 is D-linear.
(6) A:= zlaiglo Ag is a left sub-D-module of A°. The elements in A can be
written as finite sums

Z Pak2" (Log Z)k

ak
where the ¢, 1 are germs at 0 of holomorphic functions with a possibly

essential singularity at 0, i.e.

¢a,k S }zlinoo(DR)'
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(7) Prove that T : A = A induces an automorphism on A/O. Prove also
that for any A € C, the map T'— A : A — A is surjective (see exercise 4.3).
(8) N := }lzimo Ng is a left sub-D-module of A. The elements in A can be

written as finite sums

Z ¢a, k2" (Log z)k

ak

where the ¢ 1 € K.
Let us denote by Mod(D) the abelian category of left D-modules.

Exercise 7.8. (1) Prove that the D-linear map P € D — P(1) € O is
surjective and its kernel is the left ideal generated by 0. In particular O ~
D/Do.

(2) Prove that the D-linear map P € D — P(271) € X is surjective and
its kernel is generated by z0 + 1. In particular X ~ D/D(z0 + 1).

(3) Prove that the D-linear map P € D — P(z~1) € K/O is surjective and
its kernel is generated by z. In particular X/O ~ D/Dz.

(4) Let a € O be any non-zero element. Prove that O = Da and compute a
Grobner basis of the left ideal annyp a.

Definition 7.7. Let us denote by M%, M the left D-modules
MO = A/0, M = AJO.

The following proposition is a straightforward consequence of Cauchy the-
orem and Komatsu-Malgrange index theorem.

Proposition 7.4. For any non-zero P € D, the following properties hold:

(1) ker(P : A° — A%) = ker(P : A — A) and dimc ker(P : A° — A%) =
ord(P).

(2) The maps P: A° — A° and P : A — A are surjective.

(3) The maps P : M® — M° and P : M — M are surjective.

(4) ker(P : M® — M%) = ker(P : M — M) and dimcker(P : M® —
M) = v(P).

Proof. Properties (1) and (2) are a simple translation of proposition 4.3.
Property (3) is a consequence of property (2). For property (4), let us
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consider the following commutative diagram:

0 V] A° MY — 0
S B
0 0 A° MO — 0.
From theorem 6.1 we know that x(P: O — O) = ord(P) — v(P), and from
(2) and (3) we deduce that dimc ker(P : M® — M%) = ... = ord(P) —

(ord(P)—v(P)) = v(P). A similar argument works for M instead of M°. O

For a left ideal I C D, let us denote E(I) = {f € A|Pf =0, VP € I}
and F(I) = {g € M|Pg =0, VP € I}. The following proposition is taken
from prop. 6 in,2 and gives a very precise information about the spaces of
solutions E(I) and F(I).

Proposition 7.5. Let I C D be a non-zero left ideal and Fp,...,Fy a
Grébner basis of I. Then the following properties hold:

(1) E(I) =ker(F, : A— A)(= E(DF))).

(2) F(I) =ker(F, : M — M)(= E(DF,)).

(8) dimc E(I) = p(I)(= p = ord(F})), dimc F(I) = v(I)(= v(Fy)).
(4) Pel< Pf=0,Vfe E() and Pg=0,Yg € F(I).

Proof. Property (1) is a consequence of proposition 7.3, (1) and the fact
that .4 has no O-torsion.

For property (2), we only need to prove that any ¢ € M annihilated by
F, is annihilated by F},, ..., F;. We can assume that our Grobner basis is
normalized. Then, the definition of the syzygies R4 (see proposition 7.1)
can be written in the following compact form:

oF, E, 0
OFp11 Fpa 0
: =41 |t : (7)
0F,—» Fy_s 0
0F,—1 Fya Z¥a-1T %
with
Qngl 2%~ Qpt1 0 .o 0 0
Qg+2 Qii% ZOP+1=0pt2 ... () 0
A= : : : SR : )
Q@ Qo Qi e
QZ Z+1 zqa+2 T 372 Z,l
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which is a matrix with entries in O. If g =@ € ker(F, : M — M), a € A,
then Fy(a) =b € O and so, by evaluating the equation (7) at a we obtain

Fp(a) Fp(af) 0

p Fpi1(a) Fpi1(a) 0

e : =A : + :

Fy—2(a) Fy—2(a) 0
Fy-1(a) Fy-1(a) Z¥a-17%a)

and d%(Fi(a)) € O for i = p,...,q— 1. By Cauchy’s theorem we deduce
that Fi(a) € O fori=p,...,q—1and soa € F(I).

Property (3) is a consequence of (2) and proposition 7.4.

For the last property, let us call J C D the left ideal {P € D | Pf =0,Vf €
E(I),Pg =0,Yg € F(I)}. It is clear that I C J. Let A be any element in
J. By division, there are unique @Q,T,S € D such that A = QF, +T + S
with
ord(A) v—1
T= Z mela’a ord(S) < ¢ = ord(Fy)
k=q 1=0
and v = v(I) = v(Fy). So, R=T+ S € J and E(I) C E(DR), F(I) C
F(DR. In particular, by property (3) applied to the ideal DR, we have
ord(R) > p and v(R) > v and so T = 0. Consequently the classes 97,
0 <1< ¢—1, form a (finite) system of generators of the O-module J/I. On
the other hand, for any A € J there are @Q,U € D and an integer r > 0 such
that 2" A = QF, + U and ord(U) < ord(F,) = p (see corollary 7.1). We
deduce that U € J and E(I) C E(DU). Property (3) again shows that, if
U # 0, ord(U) > dim¢ E(I) = p. So, U = 0 and J/I is a torsion O-module.
To conclude we apply proposition 7.2. O

Remark 7.1. Proposition 7.5 remains true if we replace A and M by A°
and A° respectively.

Corollary 7.2. Let I € I' C D be non-zero left ideals. The following
properties are equivalent:

(a) I=1T.
(b) E(I) = E(I') and F(I) = F(I').
(b) p(I) = p(I') and v(I) = v(I').
(¢) p(I) +v(I) = p(I') + v(I').
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Proof. The equivalence (a) < (b) comes from property (4) in proposition
7.5. The equivalence (b) < (c¢) < (d) comes from property (3) in proposition
7.5 and the obvious inclusions E(I') C E(I), F(I') C F(I). |

Corollary 7.3. For any non-zero left ideal I C D, we have lg(D/I) <
p(I) +v(I), and in particular the left D-module D/I is of finite length.

Exercise 7.9. Prove that for any non integer complex number «, the left
D-module D/D(z0 — «) is simple, i.e. the left ideal D(20 — «) is maximal.

Corollary 7.4. For any non-zero left ideal I C D, the left D-module D/I
is a torsion module.

Proof. Let us take A € D, A ¢ I, and consider the D-linear map & : P €
D+ ®(P) = PA € D/I. Since Dz D Dz2 D Dz? O --- is an infinite
strictly decreasing sequence of left ideals in D, we have 1g(D) = 400 and
the map ® cannot be injective. So, there is a P € D, P # 0, such that
PA=0. |

8. Generalized Solutions

If we start from a linear differential equation as (1), we may be interested
in searching its solutions, not only holomorphic functions, but possibly
distributions, hyperfunctions, etc.

In order to make sense the sentence “y is a solution” of (1) what we need
is that y is an element of certain space S, g is also an element of the same
space S, and it makes sense the action of any linear differential operator on
elements of S. Algebraically that corresponds to the fact that S is a (left)
D-module.

The solutions of the homogeneous equation associated with (1) in the
space S can be expressed simply as

ker(P:S —8)={yeS| Py=0}
where P = an% 4+t alé + ag. But it is clear that
yeker(P:S—8)—[Q € D/DP+ Qy € S] € Homp(D/DP,S) (8)

is an isomorphism of vector spaces, and then the solutions of the homoge-
neous equation can be expressed in some way in terms of the D-module
D/DP. On the other hand, the fact that the equation (1) has solutions for
any g € S exactly means that im(P : § - §) = S, ie. that P: S —» S
is surjective. Algebraically, the obstruction to this surjectivity is measured
by the cokernel coker(P: S — S)=8/im(P:S8 — S).
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If instead of having one linear differential equation, we have a system
Puyr + -+ Poyr = 1
T (9)
Proiyi + -+ PorYr = gm
we can consider the left sub-D-module I C D" generated by P° =

(Pa,...,Py), 1 = 1,...,m, and we have as above an isomorphism (for
the solutions of the associated homogeneous system)

ker(P: 8" — &™) ~ Homp(D"/I,S),

where P is the matrix of linear differential operators (P;;).

But if we are interested in the non-homogeneous system (9), it is not
reasonable to try to solve it for any choice of g1, . .., gm, since the existence
of a solution would imply that any time we have a syzygy Q1 P' + --- +
QmP™ =0, with Q; € D, then Q191 + - - - + Qmgm = 0. So, to measure the
obstruction to solve (9), we have to look not at coker(P : 8" — 8™), but
at

{(g1,. - gm) €S™ | ZQigizo,VQGS(P)}/imP, (10)

where

S(P)={QeD™ | ZQiEi =0}

In fact, due to the noetherianity of D, S(P) is a finitely generated sub-
D-module of D™ and then the apparently infinite number of conditions

Z Qigi = 0,vQ € S(P) (11)

reduce to a finite number of them.

The question now is if it is possible to get an isomorphism of type (8)
for coker(P : § — §), in the one equation case, or for (10) in the general
case of a system of several equations with several unknowns.

The answer is YES and is given by Homological Algebra:

{g€S8™| ) Qigi=0,YQ € S(P)}/imP ~ Exth,(D"/I,8),  (12)

where the Ext’, (M, N) are complex vector spaces conveniently defined for
any left D-modules M, N and 7 > 0. For i = 0 we have

Ext} (M, N) = Homg (M, N)
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(see the book?®). In fact, the Ext (M, N) appear as the cohomology of
degree 7 of a certain complex of vector spaces

| R Homp (M, N) |

which can be calculated by taking a projective resolution of M or an injec-
tive resolution of N (see for instance ch. II in?? for a quick introduction to
this subject and for a list of references).

Example 8.1. Let us see some examples.

(1) If M = D, then it corresponds to the linear differential equation Oy = g.
Any element y € N is obviously a solution of the homogeneous equation,
and the the compatibility conditions (11) mean that the g must be zero and
the non-homogeneous equation must be actually homogenoeus, and then it
always has solutions (the zero solution). In this case, since D is free as left
D-module, we have
0
RHomp (D, N) = Homp(D,N)=---—-0—>N—-0— ---
and Ext), (D, N) = Homp (D, N) = N and Ext’, (D, N) = 0 for i # 0.
(2) It M = D/DP, to describe RHomp (M, N) we take the free resolution
of M
-1 p 0
0—-D—D—>M=D/DP — 0,

-1 5 0
M= . 50D 5D 50—---

and
R Homqp (M, N) = Homp(M*, N) =
0 Homop (-P,N) 1
- — 0 — Homp(D,N) —————> Homp(D,N) -0 — --- =
0 1
HO_)NE)NHO_)..

In particular,

Homq (M, N) = Ext), (M, N) = h°R Homqp (M, N) = ker(P : N — N),

Ext%, (M, N) = h'R Homqp (M, N) = coker(P : N — N)
and Extly (M, N) =0 for all i # 0, 1.
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(3) If N is an injective (see for instance the book?®) D-module, we can solve
any compatible system with unknowns in N and

R Homq (M, N) = Homq (M, N),
i.e. Extly (M, N) =0 for all i # 0.

Definition 8.1. If M is a finitely generated left D-module, we define its
higher holomorphic solutions as the complex of vector spaces

Sol M = RHomqp (M, O).

The proof of the following proposition is an interesting application of
the division tools in the ring D and gives a “natural” injective resolution
of the left D-module O.

Proposition 8.1. The following exact sequence of left ‘D-modules
0-0—-A—-M-—=0

s an injective resolution of O as a left D-module.

Proof. To prove that A is an injective D-module, we have to check that
for any left ideal I C D and any D-linear map ¢ : I — A there exists a
D-linear map @ : D — A such that $|; = ¢ (see any book of Homological
Algebra, for instance®®). Let us take a Grobner basis F, ..., F, of I. We
know from the proposition 7.3, (2) that I = D(F,, Fy). Let us write ¢(F},) =
fp, ¢(Fg) = fq. Finding ¢ is the same as finding f = @(1), since §(P) =
Pp(1) for all P € D. On the other hand, the condition @|; = ¢ exactly
means that F,f = fp, Fof = fq.

From proposition 7.3, (1) there exists an integer > 0 and an operator
Q@ € D such that 2" F; = QF},, and so 2" f; = Q f,. From proposition 7.4,
(2) there exists f € A such that F,f = f,. We have «"F,;f = QF,f =
Qfp = 2" fq, and since A has no O-torsion we deduce that F,f = f,.

Let us now prove the injectivity of M. Assume that I C D is a left
ideal and ¢ : I — M is a D-linear map. Take a normalized Grobner basis
Fp,...,Fy of I and let us write ¥(Fy) = g4 = fa, d = p,...,q. From
proposition 7.4, there exists f € A such that F,f = f; (and so Fyg = g4
for g = f € M). The generating system of the syzygies of F),..., F, 7.1
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gives rise to the relation (see (7) in the proof of proposition 7.5)

8Fp F, 0
8Fp+1 i 0
o =Al |
OF, Fys 0
an,1 Fq,1 Zaq’liaqu
with A a matrix with entries in Q. By applying ¢ we find
9gp 9p 0
Ogp+1 Ip+1 0
S Y R :
8gq—2 gq—2 0
agq—l gq—l Zaq_l_ang
or
fp fp 0 hp
fp+1 fp+1 0 hp+1
— . = A . . .
fq72 fq72 0 hq,Q
qul qul Zaqiliaqfq hq,1
where hg € O ford=p,...,q— 1, and
fP_FPf fP_FPf hp
fp+1 - Fp+1f fp+1 - Fp+1f hp+1
— : = A : .
= . . +|
fq72 - Fq72f fq72 - Fq72f hq72
qul _qulf qul _qulf hq,1

By Cauchy theorem we deduce that f; — Fgf € O ford = p,...,q—1
a~nd so Fyg = gq for d = p,...,q — 1. The extension of ¥ is given by
v:PeD— Pge M. O

Example 8.2. We can use the injective resolution of proposition 8.1 to
compute the higher holomorphic solutions of any left D-module M:

0 1
RHomp(M,0)=--- — 0 — Homp (M, A) — Homp (M, M) -0 — ---

Exercise 8.1. By taking the free resolutions in exercise 7.8 and the injective
resolution of O given in proposition 8.1, compute in two different ways
Sol M for: (1) M =0. (2) M =X. (3) M =X/0.
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Exercise 8.2. Let P = 0" + ap_10" ' + -+ a10 + ap € D and let us
consider the left D-module M = D/DP associated with the (germ of)
linear differential equation Py = g, where g € §. Let us also consider the
system of (germs of) linear differential equations (see (3))

Y1 0

Yo 0

P : =1:

Yn—1 0

Yn g

with
o -1 0 - 0 0 0
0o o -1- 0 0 0
P = : : : : : : :
o o 0 --- 0 -1 0
—ap —Q1 —G2 +* —Qp_3 —Gp_2 0 — Gp_1

and the associated D-module M’ = D™ /I, where [ is the left submodule of
D™ generated by

Pt = (8,-1,0,...,0,0,0)
P’ = (0,0,-1,...,0,0,0)
prt = (0,0,0,...,0,—1,0)
En = (_a07_a17_a25---;_an—37_an—278_an—l)-

Prove that the map

n—1

(Qo,- -, Qn-1) €M =D"/T =Y Q0" € M =D/DP

i=0
is an isomorphism of left D-modules, and so

R Homqp (M, S) ~ RHomqp (M, S).

In the above exercise, the isomorphism M ~ M’ is the algebraic coun-
terpart of the classic reduction of an order n linear differential equation to
an order 1 system of linear differential equations described in section 1.
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9. Holonomic D-Modules

In this section, all D-modules considered will be left D-modules.

Definition 9.1. We say' that a D-module M is holonomic if it is finitely
generated and a torsion module, i.e. for all m € M there is P € D, P #£ 0,
such that Pm = 0.

It is clear that any submodule and any quotient of a holonomic D-
module is also holonomic, and that the direct sum of two holonomic D-
modules is again holonomic. In particular the category of holonomic D-
modules is abelian.

Let us denote by Hol(D) the (abelian) category of holonomic (left) D-
modules.

Example 9.1. Any D-module of type D/I, where I C D is a non-zero
ideal, is holonomic after corollary 7.4.

In fact we have the following result.

Proposition 9.1. Let M be a D-module. The following properties are
equivalent:

(a) M is holonomic.
(b) M is of finite length.
(c) There is a non-zero ideal I C D such that M ~ D/I.

Proof. For (a) = (b) we proceed by induction on the number of generators
of M. If M = Dm; is cyclic, then I = annp(mq) # 0 and M ~ D/I is of
finite length by corollary 7.3.

Assume that any holonomic D-module generated by n — 1 elements
is of finite length and take a holonomic D-module M = D(mq,...,my,)
generated by n elements. By induction hypothesis M’ = D(ma,...,my,)
and M"” = M/M' = Dy are of finite length, and so M is also of finite
length.

The implication (b) = (c) follows from from a general result, which
assures that any left module of finite length over a simple ring R of infinite
length as left R-module is cyclic (cf. 5.7.3 in'®).

fHolonomic D-modules make sense in several variables, but their definition needs to work
with filtrations (see the notes®). The present definition only works in one variable.
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The implication (¢) = (a) is a consequence of corollary 7.4. m|

Theorem 9.1. Let M be a holonomic D-module. Then Sol M is a complex
of vector space with finite dimensional cohomology. More precisely:

dimg h° Sol M = dim¢ Homq (M, 9) < +oo,
dime k' Sol M = dimg¢ Extf, (M, O) < +o0, h'Sol M = 0 Vi # 0, 1.

Proof. From proposition 9.1, we know that M ~ D/I, where I C D is
a non-zero left ideal. On the other hand, Sol M can be computed as (see
example 8.2)
0 1
-+ — 0 — Homp (M, A) - Homp(M, M) -0 — ---

)

but Homp (M, A) ~ Homp (D/I, A) ~ E(I) and F(I) ~ Homop (M, M)
Homp (D/I, M). So, the theorem is a consequence of proposition 7.5. O

1R

Remark 9.1. For a holonomic D-module it is relatively easy to give a
formula for

x(RHomq (M, 0)) = dime Homq (M, O) — dime Exth, (M, O)

in terms of two integers algebraically associated with M: the multiplicity
ep of the “null section” and the multiplicity e; of the “conormal of 0 in the
“characteristic variety” defined by means of filtrations and the theory of
Hilbert polynomials (cf. ch. V in®). When M = D/I, then eq = p(I) and
e1 =v(l)
X(RHomqp (D/I,0)) = dime¢ Homp (D/I,.A) — dime Homp /D/I, M) =
dim¢ E(I) — dim¢ F(I) = p(I) — v(I).

10. Regular D-Modules

In this section, all D-modules considered will be left D-modules.

Definition 10.1. Let
n n o0
PoSwdt =30 walot
k=0 k=0 1=0
be a non-zero linear differential operator (of O) of order n > 0.

(1) We say that P is reqular if it satisfies property (b) of theorem 5.1, i.e.
max{k —vo(ar) | k=0,...,n} =n—vo(an).
ALGEBRAIC APPROACH TO DIFFERENTIAL EQUATIONS
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(2) We define the weight of P as
w(P) =max{k —1| (I,k) € supp(P)} = max{k — vo(ag) | k=0,...,n}.
(3) The initial form of P is the operator

in(P) = Z ax o

k—l=w(P)
Let us note that P is regular if and only if w(P) = ord(P) — v(P).

Exercise 10.1. Prove that, if Py, P, € D are non-zero linear differential
operators, then:

(a) W(Plpz) = W(Pl) + W(Pz)

(b) in(Py Py) = in(Py) in(P).

(¢c) Prove that Py P, is regular if and only if P; and P, are regular.

Theorem 5.1 can be rephrased in the following way: Let L = anjz—"n +
et diz + agp be a linear differential operator of order n on an open disc
D = Dp and let P = Ly € D be its stalk at the origin. The following

properties are equivalent:

(a) 0 is a regular singular point of L.
(b) P is regular.

Theorem 10.1. Let I C D be a non-zero left D-ideal. The following prop-
erties are equivalent:

(a) There is a regular element P € I, P # 0.

(b) All the elements of a Grébner basis of I are regular.
(c) E(I) CN.

(d) F(I) c N/O.

(e) {ne®/O | Pp=0,YP eI} =0.

Proof. (See I1.3.1 in'?) The equivalence of the first three properties comes
from proposition 7.3, (1), exercise 10.1, proposition 7.5, (1) and theorem
5.1.

Let {Fp,...,F,;} be a Grébner basis of I. We know from proposition
7.5, (2) that F(I) = F(DF,).
(b) = (d): Let g = f € M be a class in F(I), i.e. F,f € O. We can find a
non singular operator P € D (v(P) = 0) such that PF,f = 0, and so, by
theorem 5.1 f € N and g € /0.
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(d) = (a): If f € A is annihilated by F,, then f € F(I) and so f € N.
Hence Fj is regular by theorem 5.1.

Since O /O has no O-torsion, we can follow the proof of proposition 7.5, (1)
to prove that

{(ne®/0| Pp=0,YP € I} = ker (E:@/o-@/o).

So, the equivalence (e) < (a) is a consequence of corollary 6.1. m|

Remark 10.1. Let us note that for any holonomic D-module M, the vec-
tor space Homqp (M, 6/(‘)) is finite dimensional. For that, it is enough to
consider the case where M = D/I with I C D a non-zero left ideal. In such
a case we have an isomorphism

Homyp (D/1,0/0) ~ {n € 0/O | Pp=0,YP € I},
but the last space is finite dimensional by theorem 6.2, (1).

Definition 10.2. (1) Let M be a holonomic D-module. We define its ir-
regularity as the number irr M := dim¢ Homo (M, 0/0) > 0.

(2) We say that a holonomic D-module M is regular if Homp (D /1, 0 /0) =
0, or equivalently, if irr M = 0.

Proposition 10.1. The D-module 6/0 18 injective.

Proof. The proof follows the same lines as the proof of the injectivity of
A in proposition 8.1, since O/ has no O-torsion either and we can use
theorem 6.2, (2) instead of proposition 7.4, (2). O

The following theorem is a straightforward consequence of theorem 10.1
and proposition 10.1.

Theorem 10.2. Let M be a holonomic left D-module. The following prop-
erties are equivalent:

(a) M is regular.

(b) RHomq (M, 0/0) = 0.

(c) The map Homp (M, N) — Homxp (M, A) induced by the inclusion N' C
A is an isomorphism.

(d) The map Homp (M, N /OQ) — Homxp (M, A/O) induced by the inclusion
N/O C A/O is an isomorphism.
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The proof of the following proposition is also a straightforward conse-
quence of proposition 10.1.

Proposition 10.2. The irregularity irr is an additive function on exact
sequences of holonomic D-modules.

Corollary 10.1. Given a short exact sequence of holonomic D-modules
0—-M —-M—M'—D0,

M is reqular if and only if M' and M" are reqular. In particular the category
of holonomic D-modules is abelian.

Let us denote by RegHol(D) the (abelian) category of regular holonomic
(left) D-modules.

Remark 10.2. The above results are the precursors of the irregularity
complezes along a hypersurface and the notion of regular holonomic module
in higher dimension (see the papers?®:2!).

Additional results and information about regular an irregular holonomic
D-modules in one variable can be found in the paper.?’

11. A Local Version of the Riemann-Hilbert
Correspondence in One Variable (in Collaboration with
F. Gudiel Rodriguez)

In this section we explain proposition I11.4.5 in'3 using the description of
simple objects in the category C instead of the more involved description
of indecomposable objects (see the master thesis?).

Definition 11.1. Let us call C° the category defined in the following way:

(1) The objets of C° are the diagrams (E, F,u,v) where E, F are complex
vector spaces and v : E — F and v : ' — FE are linear maps such that
Idg +vow and Idrp + uov are automorphisms.

(2) If O = (E, F,u,v), O' = (E', F',u/,v) are objets of €°, a morphism in
€Y from O to O’ is a pair (a,b) of linear maps a: E — E', b: F — F'
such that ' oa =bowu, v ob=aow.

We also call € the full subcategory of €° whose objects are those (E, F, u,v)
with dim¢ F, dim¢ F < +00.
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Definition 11.2. The functors Eq : Hol(D) — €, E : RegHol(D) — C are
defined on objects by

Eo(M) = (Homqp (M, A), Homp (M, M), U,, Vi),

E(M) = (Homp (M, N),Homp (M, N/0),U,, Vi)

and on morphisms in the obvious way.

Proposition 11.1. Functors Eg : Hol(D) — € and E : RegHol(D) — €
are eract.

Proof. The exactness of g follows from proposition 8.1. The exactness of
E comes from the fact that for a regular holonomic D-module, the canonical
inclusion E(M) < Eo(M) is an isomorphism (see theorem 10.2). m|

Exercise 11.1. (1) Prove that €Y is an abelian category. Which are the
monomorphisms and the epimorphisms in €°?

(2) Prove that € is an abelian subcategory of C°. Prove that any object in
C has finite length.

(3) Prove that the simple objects in € are isomorphic to one of the following

Definition 11.3. We define an “universal” object U° in €° as U° =
(A, M,U, V) with U : A — M the projection map and V : M — A the

“variation” map defined as V' (f) = T'(f) — f. This object contains another
special object U = (N,N/0,U, V).

The object U is enriched with a (left) D-module structure, since A
and M are left D-modules and U,V are D-linear. So, for any object O =
(E, F,u,v) in €, the abelian group Home (O, U°) carries a natural structure
of left D-module given by the following operation: for P € D and (a,b) €
Home (O,U°), P(a,b) is defined as (Pa, Pb) where

Pa:x € Er (Pa)(x):=P-a(x) € A,
Pb:ye Fw— (Pb)(y):=P- bly) € M.
In that way we define a contravariant left exact additive functor
Fo = Homeo (—,U°) : € — Mod(D).

Since U is also enriched with a (left) D-module structure, we also have
another contravariant left exact additive functor

F = Homeo (—,U) : € — Mod(D)
ALGEBRAIC APPROACH TO DIFFERENTIAL EQUATIONS
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Exercise 11.2. Let O be a simple object in €. Prove that:
(1) There is an injection ¢ : O — U.
(2) For any injection ¢ : O — U, the left D-module FO is generated by ¢.

(3) Let ¢ : O — U be an injection and (F,F,U,V) = im¢ C U. Let us
define I = {Pe€D | Pf=0,Yf € E,Pg=0,Yg € F}. Prove that I is a
left maximal ideal of D and E(I) = E, F(I) =F.

(4) FO is a simple regular holonomic left D-module.

(Hint: Proceed following the three different types of simple objects in @)

Proposition 11.2. With the above notations, FO is a reqular holonomic
left D-module for any object O of C. Moreover, 1gFO <lgO.

Proof. The proof goes easily by induction on the length of the object O.
If O is simple, the result has been treated in exercise 11.2.

Assume that the proposition is true anytime that lgO < n and let
O be an object in € with lgO = n. We can find a short exact sequence
0—-0 502 0" 0in€withlgO' =1 and 1lg0” = n— 1. By applying
F we obtain a left exact sequence of left D-modules

0 — FO" 2, 70 . ror.

By induction hypothesis FO’ and FO” are regular holonomic with lgFO’ =
1, 1gFO” < n — 1, and so the image of i is also regular holonomic and
we conclude that FO is regular holonomic too (see corollary 10.1) with
IlgFO =1gFO" +1gFO’ < n. |

As a consequence of the above proposition, we can consider the con-
travariant left exact additive functor

F = Homeo (—,U) : € — RegHol(D).

Definition 11.4. For any regular holonomic D-module, we define the map
€1+ M — FEM = Homeo (EM,U) by €a1(m) = (€1 (m), €2, (m)) with

€, (m) 1 ¢ € Homop (M, N) — ¢(m) € N,
&2,(m) : ¢ € Homop (M, N/O) — (m) € N/O.
Proposition 11.3. The correspondence which associates to any regular

holonomic D-module M the map Enr is a morphism of functors & : Id — FE.
Moreover, £py is ingective for any regular holonomic D-module M.
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Proof. The first part is clear. For the second part, we can restrict ourselves
to the case M = D/I, where I C D is a non-zero left ideal. In such a case,
EM is canonically isomorphic to O = (E(I), F(I),U,V) C U and the map
& can be seen as

PeD/Iw— (P:E(I)— N,P:F(I) — N/O) € FO.

The injectivity of £y is so a consequence of proposition 7.5, (4). O

Lemma 11.1. For any simple reqular holonomic D-module M, EM is a
simple object in C.

Proof. We can assume that M = D /I, with I C D a maximal left ideal and
so EM is isomorphic to O = (E(I), F(I),U,V). Let O' = (E,F,U,V) be a
simple sub-object of O and J ={P € D | Pf =0,Vf € E,Pg=0,Vg € F}.
We know from exercise 11.2, (3) that E(J) = E, F(J) =F.

It is clear that J is a proper ideal containing I, and so I = J. We
conclude that O = O’ and O is simple. O

Proposition 11.4. For any reqular holonomic D-module M the map &y :
M — FEM is an isomorphism.

Proof. We proceed by induction on the length of M. If M is simple, then
EM is simple by lemma 11.1 and FEM is simple by exercise 11.2, (4). So
the injection &y : M — FEM is an isomorphism.

Assume that &, is an isomorphism anytime that lg M < n and let M
be a regular holonomic D-module of length n. Let us consider a short exact
sequence of (regular holonomic left) D-modules 0 — M’ — M — M" — 0.
We have a commutative diagram

0 M’ M M 0
S T
0 FEM’ FEM —— FEM"
and so &js is an isomorphism. O

Definition 11.5. For any object O = (FE,F,u,v) in €, we define the
map 70 : O — EFO = (Homp(FO,N),Homp(FO,N/O),U,,V.) by
0 = (14, 73) with
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75 ¢ € B 15(z) € Homp (FO,N),
75(z) : (a,b) € FO = Homeo (O,U) — a(x) € N,
73 1y € E— 14(y) € Homp (FO,N/0),
73 (y) : (a,b) € FO = Homeo (O,U) — b(y) € N/O.

Exercise 11.3. Prove that the correspondence which associates to any object
O of € the map 7o is a morphism of functors 7 : Id — EF.

Exercise 11.4. (1) Prove that for any objects O C O’ in € with O’/O simple,
the induced map FO’ — FO is surjective (Hint: Proceed following the three
different types of simple objects in € and use exercise 7.2, (7)).

(2) Conclude that the functor F : € — RegHol is exact.

Proposition 11.5. For any object O in € the map 7o : O — EFO is an
isomorphism.

Proof. Thanks to the exactness of F (and E), we can restrict ourselves to
the case where O is simple, as in the proof of proposition 11.4.

Assume that O is simple. Let ¢ : O < U be an injection, (E, F,U,V) =
imiCU,and I ={PeD|Pf=0,Yfe E Pg=0,Vge F} It is easy to
see that the map 7o can be seen as the inclusion

(E,F,U,V)— (E(I),F(I),U, V)

and so it is an isomorphism by exercise 11.2, (3). O

Proposition 11.4 and 11.5 can be summarized in the following theorem.

Theorem 11.1. The functors
E : RegHol(D) — € and F:C — RegHol(D)
are quasi-inverse contravariant equivalences of categories.

Remark 11.1. (1) Since A and M are in fact left modules over the ring
D> of germs at 0 of infinite order linear differential operators (cf.?3:26),
we can consider Fy as a functor from € to Mod(D*°). One can prove that
A=D®Qp N, M = D® ®p N/O and that D>® ®@p F ~ Fy. Let us
call Hol(D®°) the full abelian subcategory® D* ®@p Hol(D) C Mod (D).

€0ne needs to use that the extension D «— D> is faithfully flat (cf. loc. cit.).
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The functor Eg can be also extended to Eq : Hol(D>*) — € and it is a
quasi-inverse of Fy : € — Hol(D°).

(2) One can prove by elementary methods that the category € is equivalent
to the category of germs at 0 € C of perverse sheaves (cf.#142),

(1) and (2) are particular cases of the “full” Riemann-Hilbert correspon-
dence in higher dimension (cf. 3.3 in!? and the paper?!).

12. D-Modules on a Riemann Surface

In this section, we briefly sketch some basic facts of the theory of D-modules
on a Riemann surface. X will be a connected Riemann surface and O x will
denote its sheaf of holomorphic functions. It has the same properties as Oy
in definition 2.1.

We also define the notion of subsheaf of O x as in definition 2.2, and the
notion of endomorphism of O x as in definition 2.3.

We have a “generalized sheaf” in the sense that it is not a sheaf of
functions, but a sheaf of rings, given in the following way: for any open set
U C X we define

U-Comc(OX, Ox)(U) = Homc(OU, OU).

The data Homc(Ox,Ox) satisfies the formal properties of the sheaves of
holomorphic functions (see exercise 2.4). The reader can refer to the book?
for the general notion of sheaf.

We have an injective morphism of sheaves of rings Ox <—
J-Com(c(OX,OX).

To define the sheaf of (holomorphic linear) differential operators, we
have to adapt definition 2.4, because on a Riemann surface we do not have
global coordinates.

Definition 12.1. Let U C X an open set. A linear differential operator on
U is an endomorphism L : Oy — Oy which locally, on open sets U; with
local coordinate z; there are holomorphic functions ao, . . ., a, on U; (n may
depends on 7) such that

dn

The set of linear differential operators on U will be denoted by D x (U).

L

Ui:an _|_..._l’_a,0.

Exercise 12.1. Prove that the data Dx is a subsheaf of non-commutative
rings of Homc(Ox,O0x).
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The stalk of Dx at a point p € X, D, is isomorphic to the ring D (by
taking a local coordinate around p).

We have the filtration by the order at the level of sheaves FF¥Dx, k > 0.
The graded sheaf grp Dx is locally isomorphic to the sheaf of commutative
rings Ox[¢]. The the sheaf Dx has an important property: it is a coherent
sheaf of rings (cf. the paper®).

Definition 12.2. A left holonomic D x-module M is a left coherent D x-
module such that M, is a holonomic D x ,-module for each p € X.

Alternatively, holonomicity can be defined by using local good filtrations
at the sheaf level. In that way we define the characteristic variety ChM
which is an analytic conical closed subset of the cotangent space T* X, and a
coherent left D x-module is holonomic if and only if dim ChM = dim X = 1.

We can also define, for any left coherente D x-modules M, N, the sheaf of
complex vector spaces Homp, (M, N). We also define

8ol(M) = RHomp, (M, O0x),
in such a way that 8ol(M), = Sol(M,) for each point p € X.

Theorem 12.1. Let M be a (left) holonomic D x-module. Then Sol(M) is
a perverse sheaf, i.e
(1) h*8ol(M) = Extl, (M, 0x) =0 for all i # 0, 1.
(2) There is a closed discrete set ¥ C X (the singular locus of M) such
that:

a) h? 8ol(M)|x\s = Homp (M, Ox)|x\x is a locally constant sheaf of
finite rank.

b) B 8ol(M)|x\5 = Extp (M, Ox)[x\x = 0.

¢) h*8ol(M), = h*Sol(M,) are finite dimensional spaces for i = 0,1
and for each p € 3.

d) h® 8ol(M) has no section supported by X (this is clear because locally
we have h° 8ol(M) C Ox, and there are no holomorphic functions supported
by a discrete set).

The proof of the above theorem is a direct consequence of theorems 3.1
and 9.1. More details can be found, for instance, in the paper,?* where it
is given an elementary proof of the Riemann-Hilbert correspondence on a
Riemann surface.
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