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3.5 Self-adaptive block cyclic reduction method

In summary, the self-adaptive block cyclic reduction method, SABCR in
short, to solve the linear system (3.1) may be condensed as the following:

SABCR METHOD

1. Determine the reduction factor k by (3.8)

2. Reduce (M,b) to (M® b)) by the BCR,

3. Solve the reduced system M®)z(*) = p(k) for £(*) by
the BSOF method

4. Use forward and back substitutions to compute the re-
maining block components x¢ of z

3.6 Numerical experiments

In this section, we present numerical results of the SABCR method.
SABCR is implemented in Fortran 90 using LAPACK and BLAS. All
numerical results are performed on an HP Itanium?2 workstation with
1.5GHz CPU and 2GB core memory. The threshold of desired relative
accuracy of computed solution Z is set at the order of /€, namely,

Iz - 2| < tol = 1078.

|

Example 1. In this example, we examine numerical accuracy and
performance of the SABCR method when U = 0. The other param-
eters of the coefficient matrix M is set as N = 16 x 16, L = 84 for
6=12---,20,t=1, At = %. Figure 3.3 shows the relative errors of
computed solutions Z by the BSOF and SABCR methods. As we see, the
BSOF method is of full machine precision O(1071%). It indicates that
the underlying linear system is well-conditioned and the BSOF method is
backward stable. On the other hand, as shown in the figure, the relative
errors of the SABCR method are at O(1078) as desired.

Table 1 shows the reduction factor k¥ and the reduced block size
Ly with respect to the inverse temperature 3, CPU elapsed time and
speedups of the SABCR method comparing to the BSOF method. Note
that for # < 3, the reduction factor k = L and the number of reduced
block L = 1. As  increases, the reduction factor k decreases. For
example, when 8 = 20, the reduction factor k = 23 and the number of

reduced blocks L = |282| +1=7.

Example 2. In this example, we examine numerical accuracy and per-
formance of the SABCR method for U = 2,4,6. The other parameters
of the coefficient matrix M are N = 16 x 16 = 256, L = 80 with 8 =
1,2,---,20,t=1and At = %. Figure 3.4 shows that the relative errors
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block QR method and reduced version with N=256,/=1 JAT=1/8,U=0
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Figure 3.3. Relative errors, U = 0.

Table 1. Performance data of BSOF and SABCR methods, U = 0.
[ B1L=83] k | Ly | BSOF [ SABCR | speedup |

1 8 8 1 3.19 0.0293 108
2 16 16 1 7.06 0.042 168
3 24 24 1 10.8 0.0547 197
4 32 16 2 14.6 0.303 48
5 40 20 2 18.6 0.326 57
6 48 24 2 23.1 0.342 67
7 56 19 3 27.2 0.666 40
8 64 22 3 31.3 0.683 45
9 72 24 3 35.1 0.675 52
10 80 20 4 38.0 1.18 32
11 38 22 4 42.0 1.18 35
12 96 24 4 46.0 1.20 38
13 104 21 5 49.9 1.28 38
14 112 23 5 54.0 1.28 42
15 120 24 5 58.2 1.32 44
16 128 22 6 62.9 1.67 37
17 136 23 6 68.3 1.72 39
18 144 24 6 73.2 1.73 42
19 152 22 7 75.3 1.98 38
20 160 23 7 80.2 2.02 39

of the computed solution Z are under tol = 1072 as required. Table 2
shows the the reduced block size Ly, CPU elapsed time of the BSOF and
SABCR methods with respect to U and 3. The speedups of SABCR are
shown in Figure 3.5.
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Reduced QR algorithm with N=256,L=8f 1=1

Figure 3.4. Relative errors, U = 2,4, 6.
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Table 2. Performance data of BSOF and SABCR. methods, U = 2,4, 6.

U=2 U=4 U=6
Jé] Li |BSOF|SABCRI|| Ly [BSOF|SABCR]| L, |BSOF|SABCR
1 1 3.08 | 0.0322 1 3.08 | 0.0312 1 3.08 | 0.0312
2 2 6.83 0.293 2 6.83 0.295 2 6.83 0.294
3 2 10.7 0.313 3 10.7 0.595 3 10.7 0.595
4 3 14.6 0.588 4 14.6 1.05 4 14.6 1.05
5 4 18.3 1.06 5 18.3 1.11 5 18.3 1.11
6 4 22.1 1.08 6 22.1 1.50 6 22.1 1.51
7 5 25.9 1.14 7 25.9 1.61 7 25.9 1.61
8 6 29.6 1.54 8 29.6 3.26 8 29.6 3.26
9 6 33.4 1.57 8 33.4 3.27 9 334 2.13
10 7 37.2 1.68 9 37.2 2.14 10 37.2 2.61
11 8 41.2 3.30 10 41.2 2.62 11 41.2 2.88
12 8 45.0 3.31 11 45.0 2.90 12 45.0 4.59
13 9 48.8 2.19 12 48.8 4.69 13 48.9 3.33
14 10 52.6 2.71 13 52.6 3.43 14 52.6 3.60
15 10 56.4 2.73 14 56.4 3.64 15 56.4 3.75
16 11 60.5 2.79 15 60.5 3.75 16 60.5 7.40
17 12 64.2 4.21 16 64.2 7.55 17 64.2 4.29
18 12 67.9 4.20 16 67.9 7.61 18 67.9 4.68
19 13 71.8 3.35 17 71.8 4.35 19 71.9 4.81
20 14 75.7 3.72 18 75.7 4.69 20 75.7 7.42
Example 3. In this example, we examine computational efficiency of

the SABCR solver with respect to the number of time slices L = §/Ar

with 8 =1,2,---,20 and A7 = %, 1—16, % The dimensions of the coef-
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Figure 3.5. Speedups of SABCR for U = 2,4, 6.

ficient matrices M vary from NL = 2,048 (f = 1,A7 = %) to NL =

163,840 (8 = 20,A7 = %)

35)- The other parameters are N = 16 x 16,

U=6andt=1.

Table 3 shows the reduced block size Ly with respect to 8 and At

(L = BAT), CPU elapsed time in seconds of the BSOF and SABCR
methods. Speedups are plotted in Figure 3.6.
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Figure 3.6. Speedups of SABCR for L = §/Ar.
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Table 3. Performance data of BSOF and SABCR methods, L = §/Ar.
[Ar][1/8] | [1/16] I [1/32] | l
Ly |BSOF |SABCR || L |BSOF |[SABCR]| L, [BSOF[SABCR
1 3.25 | 0.0293 2 7.25 0.306 2 15.5 0.34
2 7.28 0.305 3 15.1 0.596 4 32.9 1.15
3 11.2 0.605 4 23.0 1.11 5 47.3 1.36
4 15.1 1.10 5 32.0 1.27 7 63.6 1.97
5 19.2 1.23 7 39.1 1.85 8 80.3 3.58

6 8
7
8

23.0 1.62 47.2 3.43 10 | 97.9 3.03
27.2 1.87 9 55.4 2.47 11 112 3.54
32.1 3.38 10 | 63.4 2.93 13 140 3.95
9 | 35.3 2.38 12 | 71.1 4.26 14 150 4.57
10 | 10 | 39.1 2.86 13 | 79.3 3.91 16 167 8.06
114 11 | 43.2 3.08 14 | 87.6 4.39 17 180 5.40
12 |1 12 | 47.2 4.39 15 | 95.7 4.50 19 196 6.00
134 13 | 51.7 3.71 16 103 8.00 20 209 7.99
14 |} 14 | 55.3 4.06 18 112 5.61 22 224 7.03
15 || 15 | 59.2 4.26 19 120 5.64 23 240 7.05
16 || 16 | 63.5 7.54 20 128 7.58 25 258 7.83
17 || 17 | 67.3 4.92 21 136 6.23 26 273 8.42
18 || 18 | 71.2 5.78 23 144 6.88 28 290 11.2
18 {1 19| 75.3 5.58 24 152 12.0 29 305 9.03
20 ]| 20 | 79.3 7.36 15 160 7.49 31 321 9.60

©| oo | | Uy ixnf | ] =D

For large energy scale parameters ¢, § and U, small A7 is necessary
for the accuracy of the Trotter-Suzuki decomposition. Small A7 implies
large L = —AB—T. For the SABCR solver, small A7 implies a large reduction
factor k. The SABCR is more efficient for small Ar.

Example 4. Let us examine the memory limit with respect to the
increase of the lattice size parameter N. The memory requirement of
the BSOF method is 3N2L = 3N2ZL. If N, = N, = 32, the memory
storage of one N x N matrix is 8MB. Therefore for a 1.5GB memory
machine, the number L of time slices is limited to L < 63. It implies that
when AT = %—, the inverse temperature 3 must be smaller than 8. The
BSOF method will run out of memory when 3 > 8. On the other hand,
the SABCR solver should continue work for L = 8Fand 5 =1,2,---,10.
Table 4 shows the memory limitation of the BSOF method, where t =1

and U = 6.

4 Preconditioned iterative linear solvers

As discussed in sections 1 and 2, one of the computational kernels of the
hybrid quantum Monte Carlo (HQMC) simulation is to repeatedly solve
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Table 4. SABCR for large systems, N = 32 x 32.
[BTLTE[L,] BSOF(sec.) [SABCR (sec.)[Speedup (X} ]

11881 148.00 2.10 70
2116{8}) 2 322.00 17.8 18
3(24/8] 3 509.00 40.1 12.7
4328 4 689.00 64.5 10.6
5(40|8| 5 875.00 88.6 9.8
6 488 6 1060.00 110.00 9.6
7156({8| 7 1250.00 131.00 9.5
8 |64|8 8 |out of memory 150.00

9172{8| 9 |out of memory 172.00

10| 80| 8| 10 | out of memory 200.00

the linear system of equations
Az =b, (4.1)
where A is a symmetric positive definite matrix of the form
A=M"M

and M is the Hubbard matrix as defined in (2.1).

One can solve the linear system (4.1) by solving the coupled systems
MTy =b for y and Mz = y for z using the SABCR method described
in section 3. However, the computational complexity will be O(N3L/k),
which is prohibitive for large lattice size N. In this section, we consider
preconditioned iterative solvers. It is our goal to develop an efficient
preconditioned iterative solver that exhibits an optimal linear-scaling,
namely, the computational complexity scales linearly with respect to
the lattice size N. At the end of this section, we will see that so far,
we are only able to achieve the linear-scaling for moderately interacting
systems, namely U is small.

4.1 TIterative solvers and preconditioning

We have conducted some numerical study of applying GMRES, QMR
and Bi-CGSTAB methods to solve the p-cyclic system

Mz =b.

We observed that these methods suffer from slow convergence rates or
erratic convergence behaviors. Figures 4.1 and 4.2 show the typical con-
vergence behaviors of these methods. The parameters of the matrices M
are set as (N, L,U,t,3,u) = (8 x 8,24, 4, 1,3,0) and h = 41 with equal
probability, and the entries of the right-hand-side vector b are random
numbers chosen from a uniform distribution on the interval (0, 1).
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Convergence behavior of GMRES for the solution of Mx=y
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Figure 4.1. Relative residual norms of GMRES and GMRES(300).

5 Convergence behavior of QMR and Bi-CGSTAB for the solution of Mx=b
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Figure 4.2. Relative residual norms of Bi-CGSTAB and QMR.

Although the convergence of conjugate gradient (CG) method to
solve the symmetric positive definite system (4.1) is slow but robust in
the sense that residual error decreases steadily as shown in Figure 4.3.

As it is well known, the convergence rate of CG could be improved
dramatically by using a proper preconditioner R, which symmetrically
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Convergence behavior of CG for the solution of M T Mx=b
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Figure 4.3. Relative residual norms of CG.

preconditions system (4.1):
RAR™T . RTz=R""b. (4.2)
An ideal preconditioner R satisfies the following three conditions:

1) The cost of constructing R is cheap.
2) The application of R, i.e., solving Rz = r for z, is not expensive.

3) RRT is a good approximation of A.

However, in practice, there is a trade-off between costs 1) and 2) and
quality 3). In this section, we focus on the development of robust and
efficient preconditioning techniques for an optimal balance between costs
and quality.

For all numerical results presented in this section, Hubbard matrices
M are generated with the Hubbard-Stratonovich configurations A, ; such
that the average condition numbers of the resulting test matrices are
close to the ones arising in a full HQMC simulation. The right-hand-
side vector b is set so that entries of the (exact) solution vector z are
uniformly distributed on the interval (0,1). The required accuracy of
the computed solution Z is set as

|z — 2|2

< 1073
(1P

This is sufficient for the HQMC simulation.
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All preconditioning algorithms presented in this section are imple-
mented in Fortran 90. The numerical performance data are collected
on an HP Itanium2 workstation with 1.5GHz CPU and 2GB of main
memory. Intel Math Kernel Library (MKL) 7.2.1 and -03 optimization
option in ifort are used to compile the codes.

4.2 Previous work

There are a number of studies on preconditioning techniques to improve
the convergence rate of PCG solver for the QMC simulations. One at-
tempt is to precondition the system with R = M(y—q [34,49]. By us-
ing the Fast Fourier Transform, the computational cost of applying this
preconditioner is O(N L log(NL)). However, the quality of the precondi-
tioner is poor for moderately and strongly interacting systems (U > 3),
as shown in Figure 4.4. The results are the averages of 50 solutions of
the systems (N, L,t, 5, 1) = (8 x 8,40, 1,5,0).
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Figure 4.4. Number of PCG iterations using preconditioners R = M(y—o) and R =
M(t:O) .

It is suggested to use the preconditioner R = M,y [34]. In this case,
the submatrices By are diagonal. The cost of applying the preconditioner
R is O(NL). However, the quality is poor, particularly for strongly
interacting systems, as shown in Figure 4.4.

Jacobi preconditioner R = diag(a;-/ %) is used in [42], where a;; are
the diagonal elements of A. The PCG convergence rate is improved con-
sistently as shown in Figure 4.5. However, this is still insufficient for
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the full HQMC simulation. For example, for a small and moderately-
interacting system (N, L, U, ¢, 8) = (8 x 8,40,4, 1, 5), Jacobi-based PCG
solver requires 3, 569 iterations and 1.78 seconds. A full HQMC simula-
tion typically requires to solve 10, 000 linear systems. By this rate, a full
HQMC simulation of 8 x 8, would take 4.9 hours. When N is increased
to 32 x 32, the PCG takes 10, 819 iterations and 87.80 seconds for solving
one system. By this rate, a full HQMC simulation of a 32 x 32 lattice
would need more than 20 days.

It is proposed to use an incomplete Cholesky (IC) preconditioner R,
where R is lower triangular and has the same block structure of A [49].
Although the PCG convergence rate is improved considerably, it becomes
impractical due to the cost of O(N2L) in storing and applying the IC
preconditioner. Furthermore, it is not robust and suffers breakdown for
strongly interacting systems as we will see in section 4.4.

4.3 Cholesky factorization

We begin with a review of the Cholesky factorization of an n x n sym-
metric positive definite (SPD) matrix A:

A= RRT, (4.3)

where R is lower-triangular with positive diagonal entries. R is referred
to as the Cholesky factor.
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Figure 4.5. Number of PCQ iterations using Jacobi preconditioner R.
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We follow the presentation in [38]. The Cholesky factorization (4.3)
can be computed by using the following partition and factorization:

~T =T
_|ana _ 7'110 1 0 T11 7T
A—[a Al]_{?l} [OAI—??THO 1] (44)

By the first columns of the both sides of the factorization, we have

2
a1y = Ty,
'd = ?7‘11
Therefore,
1 = /a1,
~ 1
r=—a
11

If we have the Cholesky factorization of the {(n — 1) x (n — 1) matrix
Al - F;‘\TZ

Ay -777 = R RT, (4.5)
then the Cholesky factor R is given by

11 0
aelre 8]
Hence the Cholesky factorization can be obtained through the repeated
applications of (4.4) on (4.5). The resulting algorithm is referred to as a
right-looking Cholesky algorithm, since after the first column r; of R is
computed, it is used to update the matrix A; to compute the remaining
columns of R, which are on the right side of r;.

There is a left-looking version of the Cholesky algorithm. By com-
paring the jth column of factorization (4.3), we have

J
a; = E TikTk-
k=1

This says that
j—1

TisT; = G5 — E Tjka.
k=1

Hence, to compute the jth column r; of R, one first computes

j—1
UV =a; — E TikTk,
k=1
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and then
v

\/’l}—j?
It is a left-looking algorithm since the jth column r; of R is computed
through referencing the computed columns 71,72, -+ ,7;-1 of R, which
are on the left of r;.

The Cholesky factorization could fail due to a pivot breakdown,
namely, at the jth step, the diagonal element a;; < 0. When A is SPD,
the diagonal element a;; must be positive. Furthermore, A; — 77T s
SPD since it is a principal submatrix of the SPD matrix X TAX, where

17T
X:[O 1]'

Therefore, there is no pivot breakdown for an SPD matrix.

Tij = fori=35,5+1,--,n

HQMC application. When the Cholesky factor R of A is used as a
preconditioner, the HQMC linear system {4.1) is solved exactly. Table 5
records the CPU time in seconds with respect to different lattice sizes N
by using CHOLMOD developed by Timothy A. Davis. ¥ CHOLMOD is
one of the state-of-art implementations of the sparse Cholesky factoriza-
tion and is used in MATLAB version 7.2.

Table 5. Performance of CHOLMOD.

N|8x8 16 x16 24 x24 32x32 40 x40 48 x 48
P-time | 0.08 1.99 17.56 90.68 318.04 offmem
S-time | 0.00 0.04 0.29 0.52 1.22 offmem
T-time| 0.08 2.03 17.85 91.20 319.26 offmem

The other parameters are set as (L, U,t, 8, 1) = (80,4,1,10,0). We
note that, when N = 48 x 48, it runs out of memory (“offmem”) before
completing the Cholesky factorization of A = M7 M. In the table, “P-
time” stands for the CPU time for computing the preconditioner, “S-
time” for the CPU time for PCG iterations, and “T-time” for the total
CPU time. With an approximate minimum degree (AMD) recording of
the matrix A, the CPU time was reduced slightly as shown in Table 6.

Table 6. Performance of CHOLMOD with AMD recording,.

N8x8 16 x16 24 x 24 32x 32 40 x 40 48 x 48
P-time| 0.11 1.63 12.40 57.85 297.27 offmem
S-time | 0.00 0.04 0.13 0.34 0.95 offmem
T-time| 0.11 1.67 12.53 58.19 298.22 offmem

Dhttp:/ /www.cise.ufl.edu/research/sparse/cholmod /
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The Cholesky factorization is not affected by the potential energy
parameter U. Therefore, the performance of CHOLMOD is expected to
be the same for different U. By an interpolation of the performance data
of CHOLMOD with AMD reordering, the computational complexity of
the Cholesky factorization is O(N?). By this rate, if we were able to
solve the Hubbard system with NI = 48 x 48 x 80 = 184, 320, the CPU
elapsed time would take about 700 seconds.

(N.L,U,t,By=(8x8,83,1,1)

e AM)
@ AMRT)

.................................

1 I
Re ()

Figure 4.6. Eigenvalues of M and MR™!, where R is a Cholesky factor.

To end this section, we note that with the Cholesky factor R, the
preconditioned matrix MR~ becomes orthogonal. The eigenvalues of
MR™T are on the unit circle, as shown in Figure 4.6. Therefore, to
assess the quality of a preconditioner R, one can examine how close the
eigenvalues of the preconditioned matrix MR™7T are to the unit circle.
Of course, this can be checked only for small matrices.

4.4 Incomplete Cholesky factorizations
4.4.1 IC

To reduce the computational and storage costs of the Cholesky factoriza-
tion (4.3), a preconditioner R can be constructed based on an incomplete
Cholesky (IC) factorization:

A=RRT +5+ 87, (4.6)

where R is lower-triangular and is referred to as an IC factor, and §
is a strictly lower-triangular matrix (therefore, the diagonal elements of
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A and RRT are the same). E = S + ST is the error matrix of the
incomplete factorization. The sparsity of R is controlled by a set Z,
which is a set of ordered pairs (i,7) of integers from {1,2,---,n} such
that if (,7) ¢ Z, then r;; = 0.

The IC factor R can be computed based on the following partition
and factorization:

_jaua {0 1 0 LT 0% 47
A—[aAl]_[?I]{OAl—?FT]{O I}+{§O - (47

By multiplying out the first column of the both sides of the factorization,
we have

a=7ry +5
Therefore, if the pivot a;1 > 0, we have
r11 = \/811-
The vector 7 and § are computed based on the sparsity set Z:

fori<n-1,

7 =a;/r11,5 =0, f(@+1,1)€ 2, (4.8)
=0, 5; = Q;, otherwise.
Therefore, if we have an IC factorization of the (n — 1) x (n — 1) matrix
A1 - ??TZ

Ay — 777 = RyRT + 81 + 5T, (4.9)
then the IC factorization (4.6) of A is given by

_|ru 0 100
n=[2 2] wa s=[22].

Thus, the IC factorization can be computed by the repeated application
of (4.7) on (4.9) as long as A — 777 is SPD. Note that when non-zero
element @; is discarded, i.e., 7; = 0, in (4.8), the operations to update
A; with respect to the element 7; in (4.9) are skipped.

The following algorithm computes an IC factor R in the right-looking
fashion, where in the first line, R is initialized by the lower-triangular
part of A, and the update of A; is performed directly on R.

IC (RIGHT-LOOKING VERSION)
1. R = lower(4)
2. Forj=1,2,--- |n
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8. 1) == /r(5,3) i (G, 5) > 0
4. fori=j+1,j+2,---,n
5. if (i,5) € Z
6. r(i,5) =r(i,5)/rG,9)
7. else
8. r(i,j) =0
9. end if
10.  end for

11. fork=j+1,74+2,---,n

12. r(k:n, k) :=r(k:n,k)—rlk,j)r(k:n,j)
13.  end for

14. end for

Note that all computational steps of the previous algorithm and the
rest of algorithms presented in this section are performed with regard to
the sparsity of matrices and vectors involved.

There is a left-looking algorithm. By comparing the jth column of
factorization (4.6), we have

J
aj; =Y T, (4.10)
k=1
J
aij:ZTjkTik+Sij, fori=j+1,--,n (4.11)
k=1

This says that

7—1
2 __ 2
=55 = )Tk
k=1
-1
TiiTij + Sij = Qig — E TikTik, for i = j + 1, MR

k=1

Thus, to compute the jth column in the IC factorization, one first com-
putes

j—1
V=a5 — erk"'k' (4.12)
k=1
Then, the pivot v; > 0, the jth diagonal entry of R is then given by

Tii = /Y5

and the rest of non-zero elements of r; and the discarded elements of s;
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are computed based on the sparsity constraint Z:

forizj+1,
rij = vi/1i5, 85 =0, (1,5) € 2,
ri; =0, si; = v;, otherwise.

A pseudo-code of the left-looking algorithm is as the following:

IC (LEFT-LOOKING VERSION)
1. for j=1,2,---,n

2. w(G:n)=aj:n,j)

3 fork=1,2,---,7—1

4. v(j:n) =v(:n) -G k) nk)
5. end for

6. r(4,4) = Va(4j) ifa(j,j) >0

7
8

fore=5+1,7+2,---,n

if (i,5) € 2
9. T(i)j) = U(Z)/T(J,J)
10. else
11. r(i,7) =0
12. end if
13.  end for
14. end for

The following rules are often used to define the sparsity set Z:

1. Fized sparsity pattern (FSP): the IC factor R has a prescribed spar-
sity pattern Z. A popular sparsity pattern is that of the original
matrix A, i.e.,, Z={(4,7) : ¢ > j and a;; # 0}.

2. Drop small elements (DSE): the small elements of R are dropped.
It is controlled by a drop threshold ¢. In this case, the sparsity
pattern Z of R and the number of fill-ins in R are unknown in
advance.

3. Figed number of non-zero elements per column. It is similar to the
DSE rule except that the maximum number of non-zero elements
in each column of R is fixed.

The existence of IC factorization (4.6), for an arbitrary sparsity set
Z, is proven only for special classes of matrices [43,44,53]. For a general
SPD matrix A, the non-zero elements introduced into the error matrix
E could result in the loss of positive-definiteness of the matrix A — E,
and the IC factorization does not exist.
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HQMC application. Table 7 shows numerical results of the IC pre-
conditioner R with sparsity Z defined by the DSE rule. The reported
data is an average of successful solutions over 10 trials with the left-
looking IC implementation. The table records the CPU time with dif
ferent drop tolerance values o. The first number in each cell is the time
for constructing the preconditioner R and the second number is for the
PCG iteration. In the table, “pbd” stands for the pivot breakdown to
indicate that all of 10 trials failed due to the pivot breakdowns.

Table 7. IC with DSE, (N, L, t, 8) = (16 x 16,80, 1, 10).
Ul 0© 2 1 6

o =10"°]18.97/0.07 19.17/0.14 19.09/0.30 19.07/0.48
10~°18.20/0.11 16.92/0.20 16.41/0.80 pbd
1074 2.95/0.17 5.72/0.58 pbd pbd
1078 pbd pbd pbd pbd
10721 0.01/0.16 pbd pbd pbd
1071 pbd pbd pbd pbd

We see that the IC factorization encounters the pivot breakdown fre-
quently, except with an extremely small drop tolerance o. Small drop
tolerance leads to high memory and CPU time costs, and becomes im-
practical for large systems.

Note that the right-looking IC algorithm is mathematically equiv-
alent to its left-looking algorithm, it also encounters the same pivot
breakdown. It clearly indicates that the IC preconditioner R is neither
robust nor efficient for the HQMC simulation.

4.4.2 Modified IC

To avoid the pivot breakdown, one attempt is to first make a small per-
turbation of A, say by simple diagonal perturbation, and then compute
its IC factorization:

A+aDs=RRT +5+ 87, (4.13)

where D4 = diag(A) and the scalar o is prescribed [43]. R is referred to
as an IC, preconditioner.

If the shift o is chosen such that A + oD, is diagonally dominant,
then it is provable that the IC factorization (4.13) exists [43]. Table 8
records the performance of the left-looking IC, implementation, where
the shift « is chosen such that A + aD 4 is diagonally dominant. In the
table, “nnz,(R)” is the average number of nonzero elements per row of R,
“Mem(R)” is the memory in MB for storing R in the CSC (Compressed
Sparse Column) format, “Wksp.” is the required workspace in MB, and
“Itrs.” is the total number of PCG iterations.
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Table 8. ICp/diag.dom., o = 0.001, (N, L, t,3) = (48 x 48,80, 1, 10).

U [ 0 1 2 3 4 5 6
o 129 415 758 1237 19.70 26.14  38.80
nnz, (R) | 25.29 23.35 21.99 20.90 2001  19.30  25.01
Mem(R)| 57 52 49 47 45 43 56
Wksp. 22 20 19 18 18 17 20
Ttrs. 94 357 882 2620 16645 68938 102500

P-time 1.40 1.22 1.13 1.06 1.01 0.97 0.93
S-time 5.03 18.21 43.48 125.58 782.96 3178.58 4621.06
T-time 6.44 19.43 44.60 126.64 783.96 3179.54 4621.98

By Table 8, we see that with the choice of the shift o such that 4 +
aD 4 is diagonally dominant, the pivot breakdown is avoided. However,
the quality of the resulting preconditioner R is poor. In practice, we
observed that good performance can often be achieved with a much
smaller shift a. Although A + aDj4 is not diagonally dominant, the IC
factorization still exists. Table 9 records significant improvements of the
1C,, preconditioner R computed with the fixed shift o = 0.005.

Table 9. IC,, o = 0.001, (N, L, ¢t, 8) = (48 x 48, 80,1, 10).
U [ 0O 1 2 3 4 5 6
a (fixed) [0.005 0.005 0.005 0.005 0.005 0.005 0.005
nnzr(R) [22.31 24.43 24.74 24.89 24.96 24.99 25.01
Mem(R)| 50 55 55 56 56 56 56
Wksp. 8 19 20 20 20 20 20
Ttrs. 14 32 72 190 1087 3795 5400
P-time | 1.23 129 130 131 131 1.31 1.32
S-time | 0.65 1.57 3.47 9.17 52.49 183.15 286.15
T-time | 1.87 2.86 4.77 10.48 53.49 184.76 287.47

There is no general strategy for an optimal choice of the shift a. It
is computed by a trial-and-error approach in PETSc [47].

4.5 Robust incomplete Cholesky preconditioners

In the IC factorizations (4.6) and (4.13), the discarded elements of R are
simply moved to the error matrix E. As we have seen, this may result in
the loss of the positive definiteness of the matrix A— F and subsequently
lead to the pivot breakdown. To avoid this, the error matrix E needs
to be taken into account. It should be updated dynamically during
the construction of an IC factorization such that the matrix A — E is
preserved to be SPD. Specifically, we want to have an IC factorization
algorithm that computes a nonsingular lower triangular matrix R of an
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arbitrarily prescribed sparsity pattern Z satisfying

A=RRT +E,
(4.14)
st. A— E > 0.
In the rest of this section, we will discuss several approaches to construct
such an IC factor R satisfying (4.14). The resulting preconditioner R is
referred to as a robust incomplete Cholesky (RIC) preconditioner.

4.5.1 RIC1

A sufficient condition for the existence of factorization (4.14) is to ensure
that the error matrix —F is symmetric semi-positive definite, —F =
—ET > 0. For doing so, let us write

E=S8S-D+87,

where S is strictly lower-triangular and D is diagonal. Then a robust IC
preconditioner should satisfy

{ A=RRT+S5-D+ 57T,

4.15
st.—(S—-D+8T) >0 (415)

The factorization is referred to as version 1 of RIC, or RIC1 in short.
RIC1 was first studied in [31,39].

Note that in the IC factorization (4.6), D =0and E= S+ ST. In
the modified IC factorization (4.13), the diagonal matrix D is prescribed
D = —aD 4 and the error matrix E = S —aD4+ST. Now, in the RIC1
factorization, D will be dynamically assigned and updated during the
process to satisfy the condition —(S — D + ST) > 0.

The RIC1 factorization can be computed by using the following par-
tition and factorization:

~T ~T o~
ai] a | T11 0 10 T T —d1 S 4.16
{aAlJ_[?IHoclHo I]+[§—D1’ (4.16)
where C7 = A1 + D1 — 77T,
By the first column of the both sides of the factorization, we have

It suggests that we first compute the vector v = 7r1; + 5 based on the
sparsity set Z:

fori<n—1,

v =058 =0, if ((+1,1) € Z, (4.17)
v; =0, §; = a;, otherwise.
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To ensure —F = —{(S — D + ST) > 0, if there is a discarded element

@, assigned to 5;, the diagonal element d; and the ith diagonal element
dgl) of D; are updated:

dii=dy + 61, dY=dP 6, (4.18)

k2

where §; and §; are chosen such that 6;,8; > 0 and 6;6; = 52. Subse-
quently, the element 717 is determined by

11 = vVai +di,

and the vector T is set by

If we have an RIC1 factorization of the (n — 1) x (n — 1) matrix Ci:
Cy ZRlR{-f-Sl —ﬁl—f—S’lT, (4.19)

then the RIC1 factorization (4.15) of A is given by

T11 0 dl 0 00
R= [ 7 RJ’ b= {0 D_LBJ’ 5= [331]'
In other words, the RIC1 factorization can be obtained through the
repeated applications of (4.16) on (4.19).

The following algorithm computes the RIC1 factor R in the right-
looking fashion, where the sparsity Z is controlled by a prescribed drop
tolerance o. In the algorithm, J; and §; are chosen so that they result
in a same factor of increase in the corresponding diagonal elements.

RIC1 (RIGHT-LOOKING VERSION)
1. R =lower(4)
2.d1:n)=0
3. for 7=1,2,---,n

4. for i=j+1,j4+2,---,n
5. 7 = |r(i, )|/ [(r(5,7) + d@)(r (5, 5) + d())]*/?
6. if <o
7. r(i,7) =0
8. d(i) :== d(i) + 7(r(, 1) + d(3))
9. d(g) = d(j) + 7(r(5,5) + d(5))
10. end if
11.  end for

12, (,5) = /r(G.7) T dG)
8. r(G+1:n,5)=r(G+1:n,5)/r(7)
14. for k=j+1,74+2,---,n
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15. r(k:n,k) =71k :n,k) —rk,j)r(k:n,j)
16.  end for
17. end for

The RIC1 factorization can also be computed by a left-looking algo-
rithm. By comparing the jth column of factorization (4.15), we have

J
o 2 2 .
Qg5 = ’rjk - dj,
k=1

J
aij‘—‘g TikTik + S35, 1=7+1,--- n.
k=1

This says that

=1
2 o 2
T — dj = ag; E :Tjka
k=1
-1

TiTi b8y = Gy = YTk, (=41 ,n.
k=1

Thus, to compute the jth column of R, one first computes

j—1
v=a; — E Tk Tk
k=1

and then imposes the sparsity:

fori>j+1,
sij =0, if (i,7) € Z, (4.20)
8i; = v, v; = 0, otherwise.

To ensure —F = —(S — D + ST) > 0, if there is a discarded ele-
ment assigned to s;;, the corresponding diagonal elements d; and d; are
updated

d; =d; + 96, dj = dj + 53', (4.21)
where &; and §; are chosen such that &;,d; > 0 and 6;0; = sZ;. Initially,
all d; are set to be zero.

Subsequently, the jth column r; of R is given by

i = Vaj; +dj,
7‘,']'=’Ui/’f'jj, i=45+1,---,n.

The following algorithm computes the RIC1 factor R in the left-
looking fashion, where the sparsity is controlled by a drop tolerance o.
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RIC1 (LEFT-LOOKING VERSION)
1. d(1:n)=0
2. for j=1,2,---,n
3. v(@y:n)=a(j:n,Jj)
4. for k=1,2,---,5—-1
5. v(j:n) =v(j n) —r(G k) nk)
6. end for
7. for i=j+1,74+2,---,n
8 7= [o@)|/[(ali,) + d(i))(al ) + ()]
9

. if <o
10. v(i)=0
11. d(i) := d(3) + 7(a(s, i) + d(3))
12. d(j) = d(j) + r{a(j, ) + d(3))
13. end if
14. end for

5. 1G9 =vaG ) A0
16. r(H+1:n,5)=v(F+1:n)/r(f7)
17. end for

The computational cost of RIC1 is only slightly higher than the IC
preconditioner (4.6). To assess the quality of the RIC1 preconditioner
R, we note that the norm of the residue

R'MRT-I1=RY(S-D+S8T)R'T=R'ERT (4.22)

could be amplified by a factor of | R™1||? of the error matrix E. When
a large number of diagonal updates are necessary, some elements of D
could be large. Consequently, the residue norm is large and R is a poor
preconditioner.

HQMC application. Table 10 records the performance of the RIC1
preconditioner computed by the left-looking implementation. The drop
threshold is set to be ¢ = 0.003. With this drop threshold, the result-
ing RIC1 preconditioners R is are about the same sparsity as the IC,
preconditioners reported in Table 9 of section 4.4.

Table 10. RIC1/left-looking, o = 0.003, (N, L, t, 8) = (48 x 48,80, 1, 10).
U l 0 1 2 3 4 5 6
nnz,-(R) {22.01 24.28 24.45 24.43 24.33 24.21 24.07
Mem(R)| 49 54 55 55 55 54 54
Wksp. 18 19 20 19 19 19 19
Itrs. 20 57 127 342 1990 7530 11460
P-time 1.83 193 193 1.93 1.92 1.90 1.89
S-time 1.00 3.02 - 6.69 17.95 104.12 393.60 596.00
T-time 2.82 496 8.62 19.88 106.03 395.51 597.90
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We note that the quality of the RIC1 preconditioner in terms of
the number of PCG iterations is worse than the IC, preconditioner.
This is due to the fact that it is necessary to have a large diagonal
matrix D to guarantee the semi-positive definiteness of the error matrix
—E = ~(S— D+ ST). On the other hand, the RIC1 factorization is
provably robust and does not breakdown. In the following sections, we
will discuss how to improve the quality of the RIC1 preconditioner.

The right-looking implementation requires the updating of the unfac-
torized block, i.e., forming the matrix Cy in (4.16). It causes significant
computational overhead. It is less efficient than the left-looking imple-
mentation. Therefore, we only present the performance data for the
left-looking implementation.

4.5.2 RIC2

One way to improve the quality of the RIC1 preconditioner is by setting
the error matrix E as E = RFT + FRT, where F is strictly lower-
triangular. This was proposed in [51]. In this scheme, we compute an
IC factorization of the form

A=RRT + RFT + FRT. (4.23)
Note that the factorization can be equivalently written as
A+ FFT = (R+ F)(R+ F)T.

Hence, the existence of R is guaranteed. With factorization (4.23), the
residue becomes

R AR T _I=FR T+ R 'FT.

The residue norm could be amplified at most by the factor of [[R™*| of
the error matrix F, instead of |[R™1||? in the RIC1 factorization. We
refer (4.23) as version 2 of RIC factorization, or RIC2 in short.

The RIC2 factorization (4.23) can be constructed by using the fol-
lowing partition and factorization:

~T
_|ai1a . T110
A—[a Al]_[?l]

where C; = A; — 777 — 7T — f7T.
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By the first column of the both sides of the factorization, we have

Hence, we have

T11 = v/Q11-
The vectors 7 and ]?are computed based on the sparsity set Z:
fori<n—1,

Fi=ai/ru, i=0, (@1 €Z,
fi = 0, fz = ai/Tu, otherwise.

If an RIC?2 factorization of the (n — 1) x (n — 1) matrix C is given by
Ci = RiRT + R, Ff + FiRT, (4.25)

then the RIC2 factorization of A is given by

_7‘110 _00
R_{?Rl}’ F—[fFll

Hence the RIC2 factorization can be computed by the repeated applica-
tions of (4.24) on (4.25).

The following algorithm computes the RIC2 factor R in the right-
looking implementation. The sparsity Z is controlled by dropping small
elements of R with the drop tolerance o.

RIC2 (RIGHT-LOOKING VERSION)
1. R = lower(A)
2. for j=1,2,---,n

3. r(5,7) = /r(4,9)
4. for i=j+1,j+2,-,n
5. if Jalig)l/rG,d) > o
6. r(i,5) = r(i,)/r(,d)
7 f@,3)=0
8. else
9. r(i,7) =0
0. 56,5) = r(0,5)/rG.5)
11. end if
12. end for

13. for k=j5+1,74+2,---,n
14. r(k:n, k) :=7(k:n,k)—rk,j)rk:n,j)
15. r(k:n k) :=r(k:nk)—r(k,j) f(k:n,j)
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16. r(k:n,k):=r(k:nk)— f(k,5)r(k:n,j)
17.  end for
18. end for

The RIC2 factorization can also be computed by a left-looking algo-
rithm. By comparing the jth column in factorization {4.23), we have

J

a; = Z(Tjk"'k + ik fr + finre). (4.26)
k=1
This says that
i-1
ris(rs + f3) = aj — > (rire + rixfe + Finre)-
k=1

Thus, to compute the jth column of R, one first computes

j—1

v=a; — Z(Tjkrk + 7k fr + fiers). (4.27)
k=1

Then, the jth diagonal entry of R is given by
Tjj = /Ui

and the rest of the non-zero elements in r; and f; are computed based
on the sparsity set Z:

forizj+1,
rij = vi/1j5, fij = 0, if (4,4) € 2,
rij =0, fij = v(@)/r44, otherwise.

The following algorithm computes the RIC2 factor R in the left-looking
fashion, where the sparsity of R is controlled by a drop tolerance o.

RIC2 (LEFT-LOOKING VERSION)

Jfor j=1,2,---,n

v(j:n)=a(j:n,j)

for k=1,2,---,5-1
v(j:n):=v(j:n)—r(Gk)r([G nk)
’U(] : n) = U(] : n) - T(j) k)f(] 'n, k)
v(j i) i=v(j :n) — £(G, K)r(j : n, )

end for

T(J?]) =V 'U(J)

for i=j4+1,74+2,---,n

© PN O
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10. if Jw(@)|/r(4,5) >0
11. r(i,7) = v(@)/r(J,5)
12. £G,5)=0
13. else
14. r(i,j) =0
16. end if
17.  end for
18. end for

Note that in the above algorithm, the columns fi, fo, -, fj—1 of the
matrix F' are required to compute r;.

HQMC application.

Since the left-looking implementation of RIC2

needs to store the entire error matrix F, it requires a large amount of
workspace. For example, Table 11 shows that the workspace is about
128MB. It runs out of core memory for N = 48 x 48 and L = 80. The
right-looking implementation reduces the workspace by a factor of more
than 10 but with a significant increase of the CPU time as shown in
Table 12. Note that the left-looking and right-looking implementations
of RIC2 produce the same preconditioner R. Therefore, the storage
requirement for R and the number of the PCG iterations are the same.

Table 11. RIC2/left, o = 0.012, (N, L,t, 8) = (16 x 16,80, 1, 10).

U [ 0o 1 2 3 4 5 6
Mem(R)] 5 5 5 5 5 5 5
Wksp. 129 129 129 129 127 127 127
Iters. 16 36 73 194 344 453 539
P-time |1.79 1.86 1.88 1.90 1.0 1.90 1.88
S-time [0.12 0.27 0.57 1.52 2.70 3.57 4.24
T-time |1.91 2.13 2.45 3.42 4.60 5.47 6.11

Table 12. RIC2/right, o = 0.012, (N, L, t, 8) = (16 x 16,80,1, 10).

U [ © 1 2 3 4 5 6
Mem(R) 5 5 5 5 5 5 5
Wksp. 11 11 11 11 11 11 10
Tters. 16 36 73 194 344 453 539
P-time |19.29 19.29 19.31 19.31 19.34 19.28 19.19
S-time 0.12 0.27 057 152 270 3.57 4.24
T-time 119.43 19.58 19.90 20.84 22.06 22.87 23.45
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4.5.3 RIC3

One way to reduce the large workspace requirement of the RIC2 factor-
ization (4.23) is to impose additional sparsity of the error matrix F with
a secondary drop threshold. This was proposed in [40]. It begins with
setting the error matrix F as

E=RFT +FRT+§-D+ 57,

where S is a strictly lower-triangular and represents the discarded ele-
ments from F, and D is diagonal. It means that we compute a precon-
ditioner R satisfying

A=RRT+RFT+FRT+8—-D+ 57,
(4.28)

st. —(S-D+8T)>0.

The sparsity of R and F are controlled by the primary and secondary
drop thresholds o1 and o3, respectively. Similar to the RIC1 factoriza-
tion (4.15), the diagonal elements D is dynamically updated such that
—(S — D+ ST) 2 0. As a result, the robustness of the factorization
is guaranteed. We called this as version 3 of the RIC factorization, or
RIC3 in short.

With factorization (4.28), the residue becomes

R'MRT-I=FRT+R ' T +RYS-D-5"RT,

Therefore, we see that the residue norm is amplified by a factor of ||[R™}||
on the primary error ||[F|| = O(o1), and a factor of [[R™}||? on the
secondary error ||S — D — ST|| = O(o2). The RIC3 factorization will be
able to preserve at least the same quality of the RIC2 preconditioner R
as long as o3 is small enough.

The RIC3 factorization (4.28) can be constructed by using the fol-
lowing partition and factorization:

A= anaT _ 7‘110 10 7‘11?T + 7”110 OF
Tla A rI{10C; 0 I r0l|00

O 0 11 ?T —dl gT
-~ ~ 4.29
+[foHoo+ 5 —Dy|’ (4.29)
where C; = A1 + Dy — 777 =7 f — f7T.
By the first column of the both sides of the factorization, we have
air =1} —dy,

a=7Trii+fru+s
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It suggests that we first compute the vector v = (¥ + f)r11 by imposing
the sparsity constraint with the secondary drop tolerance o2, i.e.,

fori<n-—1,

Vi =6i,§i =0, if 7 > 09,
v; =0, §; = a;, otherwise,
where
1/2

~9
a;

Lm +di)(afy) +d;”)
and a;.l ) and dgl) denote the ith diagonal elements of A; and D1, respec-

tively.
To ensure —(S — D + ST) > 0, if a discarded element @; is assigned

to the position §;, the corresponding diagonal element d; and dﬁl) are
updated,
d1 = d1 + 61, dEl) = dEl) + 57;,
where &, and §; are chosen such that 6;,8; > 0 and §;6; = fsf Initially,
all d; are set to be zero.
Subsequently, the entry ry; of R is given by

11 = Va1 +di.

Finally, vectors 7 and fare computed by imposing the primary spar-
sity constraint on v with the drop threshold o4, i.e.,

fori<mn-—1,
?}:vi/rn,é-zo, if IUi‘/T11>01a
71 =0, fi = v;/r11, otherwise.

Note that the vectors 7 and fare structurally “orthogonal”, ie., 7if; =0
for all 1.

If we have an RIC3 factorization of the (n — 1) x (n — 1) matrix Cy,
Ci = RiRT + RiFT + FiRT + S1 — Dy + ST, (4.30)
then the RIC3 factorization is given by

11 0 00 00 dl 0
R=1] 2 , F=1]= , S= 1} , D= ~ |.
[T RJ [fFl] {851} [0 D1+DJ
Thus, the RIC3 factorization can be computed by the repeated applica-
tion of (4.29) on (4.30).

The following algorithm computes the RIC3 factor R in the right-
looking fashion, where §; and d; are chosen in the same way as in the
RIC1 algorithms for the same increasing of the diagonal elements of D.
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RIC3 (RIGHT-LOOKING VERSION)
1. R = lower(A)
2.d(1:n)=0
3. for j=1,2,---,n

4. for i=j4+1,7+2,---,n

5. 1 =1r(6,5)|/1(a(i,5) + di)(al4, §) + d(5))]
6. lf T<02

7 r(i,5) =0

8. d(i) == d(@) + {a(i,1) + d(3))

9. d(g) = d(j) + 7(a(4, 5) + d(5))
10. end if
11. end for

12 7(4,7) = Va(j,5) + d(5)
13. for i=47+1,74+2,---|n

14. if |T(?’7])|/T(.77.7) > 01
15. T(Z,J) = T(7'7.7)/T(.77.7)
16. f@,5)=0

17. else

18. r(i,j) =0

19. f@,3) =r(,5)/r(5,9)
20. end if

21. end for

22. for k=j+1,7+2,---,n

23. r(k:n, k) :=r(k:n,k) —r(k,j)r(k:n,j)
24. r(k:n,k) =r(k:n,k) —r(k,j)f(k:n,j)
25. r(k:n,k):=rlk:n k) — flk,7)r(k:n,j)
26. end for

27. end for

We remark that in the previous right-looking algorithm, the jth col-
umn f; of F' can be discarded after it is used to update the remaining
column rj41,--- ,75.

The RIC3 factorization can also be computed by a left-looking algo-
rithm. By comparing the jth column in factorization (4.28), we have

3J
_ 2 g,
ajj = § :Tjk djj,
k=1

K
ai; = 835 + Z(Tjkrik +rifik + fikrik), t=7+1,7+2,---,n.
k=1
This says that
-1

2 o e — 2
Ti; +dji; = aj; E Tik>
k=1
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and
j-1

135 (Tij + fik) + 845 = Qij — Z(Tjk(n‘k + fig) + fikrin), i=J+1L,,n
k=1

Therefore, to compute the jth column of R, one first computes the vector

j~1

v=a; — Z(Tjk(Tk + fk) + fjka)-

k=1

Then the sparsity of v is imposed with the secondary drop threshold o3,
ie.,

forizj+1,
Sij =0, if 7> o9,
sij = v, v; = 0, otherwise,

where
2 1/2

v’b
T =
[(au' + d;)(aj; + dj)

To ensure —(S — D + ST) > 0, if a discarded element @; is entered into
the position 5;, the diagonal elements d; and d; are updated,

d,‘—-—di-i-é,;, djzdj+5j,

where 6; and §; are chosen such that §;,6; > 0 and §;6; = sfj. Initially,
all d; are set to be zero.
Subsequently, the jth diagonal entry of R is given by

iy = Vo T

and the rest of non-zerc elements in r; and f; are computed by imposing

the primary sparsity constraint on v with the primary drop threshold o1,
ie.,

forizj+1,
Tij:vi/rjjvfij :0, if I'Uil/Tjj > 01
ri; =0, fij = vi/rj;, otherwise.

The following algorithm computes the RIC3 factor R in the left-looking
fashion.

RIC3 (LEFT-LOOKING VERSION)
1. d(1:n)=0
2. for =1,2,---,n
3. w(jin)=a(j:n,j)
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4. for k=1,2,--- (k-1
5. v(j:n)=v(j:n)—r{ k([ nk)
6. v(j:n) =v(j:n)—r(k)f(j:nk)
7. (i) =o(iin) = £, k)G k)
8. end for
9. for i=j+1,7+2,---,n
10. = 1G)|/{ali,i) + d@)a(i, ) + d()]?
11. if 7<09
12. v(@) =0
13. d@i) := d(z) + 7(a(i, ) + d(3))
14, d(9) = d(j) + 7(a(j, j) + ()
15. end if
16.  end for
17 (3,3) = v/o0) + d0)
18. for i=j+1,j+2,---,n
19 if Jo(@)l/r(4,5) > o1
20. r(i,3) = v(@)/r(5,)
21. fG,5)=0
22. else
23. r(i,7) =0
24. £, 5) = (@) /r{5, )
25, end if
26. end for
27. end for
Note that in the above algorithm, the columns fi, fa, -+, fj~1 are

needed to compute the jth column r;.

HQMC application.

Table 13 shows the numerical results of the
RIC3 preconditioner computed by the left-looking implementation. The
drop thresholds are set to be g1 = 0.005 and o2 = 0.00025. With these
drop thresholds, the RIC3 preconditioners R are of about the same spar-
sity as the IC, and RIC1 preconditioners presented in Tables 9 and 10,
respectively.

Table 13. RIC3/left, o1 = 0.005, o2 = 0.00025, (N, L, t, 8) = (48 x 48, 80,1, 10).

U [0 1 2 3 4 5 6
nnz.(R) [25.84 27.24 2698 26.73 26.53 26.35 26.20
nnz-(F) [42.65 51.84 49.04 46.90 45.21 43.85 42.69
Mem(R) 58 61 60 60 59 59 59
Wksp. 200 236 226 217 211 206 201
Ttrs. 12 29 66 106 1026 3683 5412
P-time | 554 6.36 6.07 584 565 551 546
S-time 060 1.49 3.33 9.22 51.12 182.24 296.24
T-time | 6.13 7.86 9.40 15.05 56.77 188.05 301.71
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The RIC3 factorization introduces smaller diagonal updates D and
results a preconditioner of better quality than the RIC1 preconditioner.
Even though the quality of the IC, preconditioner for the particular
choice of the shift reported in Table 9 is as good as the RIC3 precon-
ditioner, the robustness of the IC, factorization is not guaranteed, and
the quality strongly depends on the choice of the shift a.

The right-looking algorithm is not competitive. Similar to the RIC2
implementations, although the right-looking implementation reduces the
workspace requirement, it significantly increases the CPU time.

4.6 Performance evaluation

The numerical results presented so far in this section indicate that the
1C, and RIC3 preconditioners are the most competitive ones for solving
the HQMC linear system (4.1). In this section, we focus on these two
preconditioners and evaluate their performance for solving HQMC linear
systems (4.1) with respect to the length-scale parameter N and energy-
scale parameter U. The rest of parameters of the linear systems are
(L,t,B, 1) = (80,1,10,0). The IC, preconditioners are computed with
the diagonal shift & = 1072 and the drop tolerance ¢ = 10~3. On
the other hand, the RIC3 preconditioners are computed with the drop
tolerances o; = 1072 and oy = 1073,

4.6.1 Moderately interacting systems

Figures 4.7 and 4.8 show the performance of the PCG solvers using
ICp and RIC3 preconditioners for moderate interacting systems, namely
U =0,1,2,3. These plots show that as lattice size NV increases, the
numbers of PCG iterations are essentially constants for U = 0,1,2 and
only increases slightly for U = 3.

The number of PCG iterations indicates the linear-scaling of PCG
solver with respect to the lattice size N. Figures 4.9 and 4.10 show the
CPU elapsed time. The black dashed lines indicate the linear-scaling for
U =1 and 3. The CPU time at N = 40 x 40 is used as the reference
point.

To summarize, the quality of the IC, and RIC3 preconditioners are
comparable. The IC, preconditioner is slightly more efficient than the
RIC3 preconditioner in terms of the total CPU elapsed time. We should
note that even though the pivot breakdown did not occur with the shift
a = o, the IC, factorization is not provable robust.
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Figure 4.7. Number of PCG iterations using IC, preconditioner, U =0,1,2, 3.
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Figure 4.8. Number of PCG iterations using RIC3 preconditioner, U = 0,1, 2, 3.

4.6.2 Strongly interacting systems

For strongly interacting systems, namely U > 4, the number of PCG
iterations grows rapidly as the lattice sizes N increasing as shown in Fig-
ures 4.11 and 4.12. The CPU elapsed time are shown in Figures 4.13 and
4.14. As we see that the RIC3 preconditioner slightly outperforms the
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Figure 4.9. CPU time of PCG using IC, preconditioner, U =0,1,2,3.
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Figure 4.10. CPU time of PCG using RIC3 preconditioner, U =0, 1,2, 3.

IC, preconditioner. However, for both preconditioners, the total CPU
time of the PCG solver scales at the order of N2. The dashed line
indicates the desired linear-scaling for U = 4. The CPU time at N =
40 x 40 is used as the reference point.

To summarize, for strongly-interacting systems, the linear equations
(4.1) are ill-conditioned. It remains an open problem whether there is a
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Figure 4.11. Number of PCG iterations using IC, preconditioner, U = 4,5, 6.
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Figure 4.12. Number of PCG iterations using RIC3 preconditioner, U = 4,5, 6.

preconditioning technique to achieve a linear-scaling PCG solver for the
strongly-interacting systems.

Remark 4.1. We have observed that for strongly-interacting systems, the
residual norm stagnates after initial rapid decline. Figure 4.15 shows
the relative residual norm of the PCG iteration for (N, L,U,t,8,u) =
(32 x 32,80,6,1,10,0).
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Figure 4.13. CPU time of PCG using IC, preconditioner, U = 4, 5, 6.
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Figure 4.14. CPU time of PCG using RIC3 preconditioner, U = 4, 5, 6.

The plateau is largely due to the slow decay of the components of
the residual vector associated with the small eigenvalues of the precon-
ditioned matrix R"!AR™T. Several techniques have been proposed to
deflate these components from the residual vector as a way to avoid the
plateau of the convergence, see [32,35,36,45,46] and references within.
It remains to be studied about the applicability of these techniques to
our HQMC applications.
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Figure 4.15. Relative residual norms of PCG iterations using RIC3 preconditioner.

Appendix A. Updating algorithm in DQMC

In this appendix, we discuss the single-state MC updating algorithm
to provide a fast means to compute the Metropolis ratio in DQMC de-
scribed in section 1.2.2.

A.1 Rank-one updates

Consider matrices M7 and My of the forms
M =1I+FV; and M;=I1+FV;,

where F is a given matrix. V; and V5 are diagonal and nonsingular, and
moreover, they differ only at the (1,1)-element, i.e.,

V1_1V2 =1+ alele{,

where
_W(lg1
vy 7
and e; is the first column of the identity matrix I.
It is easy to see that Ms is a rank-one update of Mi:

ai

My=I+FVi+ FVi(V Vo= 1)
=M, + Oll(Ml - 1)616'{
= M; [I+a1(I — My Dere] ] .
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The ratio of the determinants of the matrices M7 and M, is immediately
given by®
det [M 2]
det [M 1]
Therefore, computing the ratio r; is essentially about computing the
(1,1)-element of the inverse of the matrix M;.

By Sherman-Morrison-Woodbury formula,® the inverse of the matrix
M, is a rank-one update of M,

ry= =1 +al(1 - e’{Ml_lel). (Al)

Myt [I——(I M l)elel]Ml_l

=Mt - <ﬂ> wwf, (A.2)
1

where
u =(I - Ml_l)el, w = Ml_Tel.
Now, let us consider a sequence of matrices M;.; generated by rank-

one updates
Mi+1 =1+ FV;—f—l

fori=1,2,---,n—1, where
Vi Wi = I+ aieel, o = Vi (69)
Vi(i,1)
Then by equation (A.1), we immediately have
det[M;1] Tar—1
T = m = 1+Oé,'(1 —e€; Mz ei),

and
- — «; T
MH—I = M <‘—) Ui Wy ,
Ti
where u; = (I — Mi"l)ei and w; = Mi_Tei.
Denote
Uk = [u1,ug, -+ ,up—1] and W = |wi,wa,---,wp_1].

Then it is easy to see that the inverse of My can be written as a rank-
(k — 1) update of M *
Mt = M7t — Up 1 DeW]
Qg
where Dy = diag(% rd LN T:_ll .

Numerical stability of the rank updating procedure have been exam-
ined in [54] and [55].

;DHere we use the fact that det[I + zyT] = 1+ 4Tz for any two column vectors z
and y.

@A+UVT)t= A1 - A1 (T 4+ VT A-LY)-1yT4-1,
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A.2 Metropolis ratio and Green’s function compu-
tations

As we discussed in section 1.2.2 of the DQMC simulation, it is necessary
to repeatedly compute the Metropolis ratio
_ det[M(h')] det[M_(R")]
det[M (h)] det[M_(h)] ’

for configurations h = (h1, ha,--- ,hr) and &' = (hf,Rb,--- b ), where
M, (h) is defined in (1.18), namely

Ms(h) =1+ B o(hr)Br—1,6(hr-1)- - B2,o(h2)B1,o(hy).
The Green’s function associated with the configuration h is defined as
G°(h) = M;1(h).

In the DQMC simulation, the elements of configurations k' and h are
the same except at a specific imaginary time slice £ and spatial site 4,

!
hf,i = —he’i.

It says that the configuration h’ is obtained by a simple flipping at the
site (£,1).

The Monte Carlo updates run in the double-loop for £ =1,2,--- | L
and ¢ =1,2,---, N. Let us start with the imaginary time slice £ = 1:

o At the spatial site ¢ = 1:

/ —
1,1 — _hl,l-

By the relationship between M, (k') and M, (h) and equation (A.1),
one can derive that the Metropolis ratio r1; is given by

Tl = d+d_, (A3)
where for o = £,
da =1+ a0 (1 - G?Mgl(h)el)
=1+a0(1-GH(h),

and

o = e 27V 1,

Therefore, the gist of computing the Metropolis ratio r1; is to com-
pute the (1, 1)-element of the inverse of the matrix My (h). If the
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Green’s function G°(h) has been computed explicitly in advance,
then it is essentially free to compute the ratio 71;.

In the DQMC simulation, if the proposed k' is accepted, then by
equality (A.2), the Green’s function G?(h) is updated by a rank-
one matrix:

G7(h) — Go(h) — ‘j‘f"’ uow?,
11

where
Uy = (I —G%(h))er and wy= (G (h))Te;.
At the spatial site 1 = 2:
his = —hi2.
By a similar derivation as for the previous case, we have
T2 = dyd—, (A4)
where for ¢ = =+,
do =1+ 090 (1—Gh(h), ag,=e2"M2_1

Correspondingly, if necessary, the Green’s function is updated by
the rank-one matrix

G (h) — G°(h) — 222 y T,
T12
where
Uy = (I —G°(h))ez and w, = (G?(h))Te,.

In general, for 1 = 3,4, ---, N, we can immediately see that the
same procedure can be used for computing the Metropolis ratios
r1; and updating the Green’s functions.

Remark A.1. For high performance computing, one may delay the up-
date of the Green’s functions to lead to a block high rank update instead
of rank-one update. This is called a “delayed update” technique.

Now, let us consider how to do the DQMC configuration update for

the time slice £ = 2. We first notice that the matrices M, (h) and M, (k')
can be rewritten as

M, (h) = By L(h1)M, (k) By, (hy),
M, (k') = B{L(R,)M, (W) By, (R)),
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where
M\a(h«) =1+ B1,o(h1)Br,o(hp)Br—1,0(hr-1) - B2 s (h2),
Ma(h,) =I+ Bl,o(hll)BL,a(hlL)BL—l,G(hlL—l) U B2,0(hl2)'

The Metropolis ratios ry; corresponding to the time slice £ = 2 can be
written as

e = QetM (W) det[M_ ()] _ det[ My (1)) det[M_(h')]
" det[My(h)]det[M_(h)]  det[M, (h)] det[M_(R)]

3

and the associated Green’s functions are given by “wrapping”:
G7(h) « By L(hi)G® (h)B1,o(h).

As a result of the wrapping, the configurations he and hj associated
with the time slice £ = 2 appear at the same location of the matrices
M, (h) and M,(h') as the configurations h; and h] at the time slice
£ = 1. Therefore, we can use the same formulation as for the time slice
£ =1 to compute the Metropolis ratios ro; and update the associated
Green’s functions.

For £ > 3, it is clear that we can repeat the wrapping trick to compute
the Metropolis ratios ry; and updating the associated Green’s functions.

Remark A.2. By the discussion, see that the main computing cost of
computing the Metropolis ratios ry; is on the Green’s function updating.
It costs 2N2 flops for each update. The total cost of one sweep through
all N x L Hubbard-Stratonovich variables h is 2N3L. An important issue
is about numerical stability and efficiency of computation, updating and
wrapping of the Green’s functions. A QR decomposition with partial
pivoting based method is currently used in the DQMC implementation
[11].

Appendix B Particle-hole transformation

In this appendix, we present an algebraic derivation for the so-called
particle-hole transformation.

B.1 Algebraic identities
We first present a few algebraic identities.

Lemma B.1. For any nonsingular matriz A,

I+AH)I=T-T+A)7"
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Proof. By straightforward verification. O

Lemma B.2. Let the matrices Ay be symmetric and nonsingular for
£=1,2,---,m. Then

I+AA AT =T — (T + AnAme1 - A1),
Proof. By straightforward verification. O

Theorem B.1. For any square matrices A and B, if there erists a
nonsingular matriz I1 such that

IMA+ All=0 and IIB- BII =0,
namely, I anti-commutes with A and commutes with B. Then we have
(IT+eA By =1 - 1T 448 (B.1)

and
det [I + e8] = ™A~ B) det [T + eA+5] (B.2)

Proof. First, we prove the inverse identity (B.1),
T+ By =T (T4+e By 11— (I +eH_1(A+B)H)"1
=T - (I+T MBI~ = 1 - TTH(I + A B) 110
Now, let us prove the determinant identity (B.2). Note that

I+e%78 = A B([ 4 e (A=B)) = eA=B(] | ¢~A+B)
eA—B(I + eH—lAH—i—H_lBH) — eA—B(I + H"16A+BH)
— €A_BH—1(I+€A+B)H.

Hence, we have
det [T+ eA—B] = dete” 5] . det[TI™}] - det[I + A+ 5] - det|[II]
= T (A=B) det[I + eA15).

For the last equality, we used the identity dete" = eTW for any square
matrix W. O

The following theorem gives relations of the inverses and determi-
nants of matrices I + eAe= B and I + e4eB.

Theorem B.2. For symmetric matrices A and B, if there exists a non-
singular matriz II such that

A+ AIl=0 and IIB- BII =0,



Numerical Methods for QMC 103

then we have

(IT+ete™ By =1 -7 T(I +eteB)-TIT (B.3)
and

det[I + ete™B] = eTA=B) det[I + e4eP]. (B.4)
Proof. Similar to the proof of Theorem B.1. O

The following two theorems are the generalization of Theorem B.2.

Theorem B.3. Let M, = I +e4e?BreleBr-1...e4e?B1 yhere A and
{B¢} are symmetric, ¢ = +,—. If there exists a nonsingular matriz II
that anti-commutes with A and commutes with By, i.e.,

NA+All=0 and IIBy—BJl=0 fort=1,2,---,k,

then we have

MI'=1-1"TMTIT (B.5)

and
det[M_] = e*Tr{A)~te1 T(B2) et M, ]. (B.6)

Theorem B.4. Let A and B be symmetric matrices and W be a non-
singular matriz. If there exists a nonsingular matriz II such that it
anti-commutes with A and commutes with B, i.e.,

MA+AIl=0 and IIB-BII=0

and furthermore, it satisfies the identity

I =wnwr,
then
(I+ete ™ BW)~ =1 -7 T(I + e?eBw)~TTIT (B.7)
and
det]] + efe BW] = eTA~B) . det[W] - det[I + e?ePW). (B.8)

B.2 Particle-hole transformation in DQMC
For the simplest 1-D lattice of N, sites:

01 1
10 1

K,=| 101
1 10

Nz XNy
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and N, x N, diagonal matrices Vp for £ =1,2,--- | L, if N, is even, the
matrix
I, = diag(1,-1,1,-1,---,1,-1)
anti-commutes with K, and commutes with Vj:
I, K, + K, I, =0

and
1,V — VeI, =0 for £=1,2,---,L,

then by Theorem B.3, the determinants of the matrices M_ and M,
satisfy the relation

det]M_] = e~ Zimr T(V0) et [ M, ].
For the Green’s functions:
G° = M-l = (I 4 ATt o VL (ATEK 0V ._'eA‘rtheaV1)‘1
[ed
where 0 = + or —, we have
G~ =1-1,(GNT,.

This is referred to as the particle-hole transformation in the condensed
matter physics literature because it can be viewed as a change of oper-
ators ¢;| — CL.

For a 2-D rectangle lattice with N, x Ny sites:

K=K, QI+I1I®K,
and NyNy, x N;N, diagonal matrices V; for £ = 1,2,--- , L, if N, and

Ny are even, the matrix
n=1I1, ®II,
anti-commutes with K and commutes with V;:
IIK+KII=0

and
IV, - V,lI=0 for ¢=1,2,---,L,
then by Theorem B.3, we have
det[M_] = e~ Ta= T(2) det [, ).

This is the identity used for equation (1.26). For the Green’s functions,
we have

G = M—l — (I + eA‘rtKeaVLeA-rtKeoVL_1 . .eATtKeovl)_l
g ?
where o = + (spin up) or — (spin down), we have
G~ =I-1(GT)TIL

This is the particle-hole transformation for the 2D rectangle lattice.
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B.3  Particle-hole transformation in the HQMC
In the HQMC, we consider the matrix M, of the form

I eA‘rtKeaVl
_eATtKeavz I
Mo’ _ _eA'rtKeaVz I
_eATtKea’VL I
=TI+ ¢e%’Pp,

where A = diag(A7tK, ATtK, - - yATtK) and D = diag(Vy, Vs, - - - , VL)
and
0 I
—I0
P= -I0

10

Note that det[P] = 1. It can be verified that for the 1-D or 2-D rectangle
lattice, ie., K =K, or K=K, QI +I® K, as defined in B.2, matrix

I=Igl,; (1-D)
or

N=IxI,®P, (2-D)
anti-commutes with A and commutes with D, i.e.,
IIA+ All=0, IID — DII=0.
Furthermore, it satisfies
Il = PIIPT.
Then by Theorem B.4, the determinants of M, and M _ are related by
det[M_] = e~ ¢ (V) . det[M,].

and the Green’s functions G° = M1 satisfy the relation

G~ =1-T(GHTIL

Remark B.1. Besides the 1-D and 2-D rectangle lattices, namely the
lattice structure matrices K, and K as defined in B.2, are there other
types of lattices (and associated structure matrices K) such that we can
apply Theorems B.4 to establish the relationships between the inverses
and determinants in the DQMC? It is known that for the honeycomb
lattices, it is true, but for the triangle lattices, it is false. A similar
question is also valid for the HQMC. Indeed, it works on any “bipartite”
lattice, i.e., any geometry in which sites divides into two disjoint sets .4
and B and K connects sites in .4 and B only.
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B.4 Some identities of matrix exponentials
1. In general, eAt5 +#£ e4eB, and efe® # eBel.

2. If A and B commute, namely AB = BA, then e4t8 = efef =
eBel.

3. (eM)t=e4
4. PTIAP = p-leAp,

H .
5. (e =eA” for every square matrix 4,
e is Hermitian if A is Hermitian,

e is unitary if A is skew-Hermitian.

6. dete? = ™4 for every square matrix A.
7. eA®IHIBE — oA g B,
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