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Abstract

In this chapter, we consider the 3D incompressible Euler equa-
tions. We present classical and recent results on the issue of global
existence/finite time singularity. We also introduce the theories
of lower dimensional model equations of the 3D Euler equations
and the vortex patch problem.

1 Introduction

The goal of these lecture notes is to introduce to the readers classical
results as well as recent developments in the theory of 3D incompressible
Euler equations. We will focus on the global existence/finite time singu-
larity issue. We will start with the basic properties of the incompressible
fluid flows, and then discuss the local and global well-posedness of the
incompressible Euler equations. Of particular interest is the global ex-
istence or possible finite time blow-up of the 3D incompressible Euler
equation. This is one of the most outstanding open problems in the past
century. Here, we carefully examine the nature of the nonlinear vor-
tex stretching term for the 3D Euler equation as well as several model
problems for the 3D Euler equation. We put extra effort in taking into
account the local geometrical properties and possible depletion of nonlin-
earity. By going through the nonlinear analysis of various fluid models,
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we can gain valuable insights into the fluid dynamic prolems being stud-
ied. Through the analysis, we can also learn how various functional
analysis and PDE techniques are being used for realistic applications,
and what are their strengths and limitations. We especially emphasize
the interplay between the physical and geometric properties of the fluid
flows and modern nonlinear PDE techniques. By going through these
analyses systematically, we can have a good understanding of the state
of the art of nonlinear PDE methods and their applications to fluid dy-
namics problems.
This chapter is organized as follows:

Introduction

Derivation and Exact Solutions

Local Well-posedness of the 3D Euler Equation
The BKM Blow-up Criterion

Recent Global Existence Results

. Lower Dimensional Models for the 3D Euler Equation
Vortex Patch

I T o e

2 Derivation and exact solutions

2.1 Derivation of the Euler equations

The equation that governs the evolution of inviscid and incompressible
flow is the Euler equation. Here we first derive the 3D Euler equation
briefly. For more detailed derivations, the readers should consult other
textbooks in fluid mechanics, such as Chorin-Marsden [12], Lamb [31],
Marchioro-Pulvirenti [36], or Lopes Filho-Nussenzveig Lopes-Zheng [33].

We consider a domain Q which is filled with a fluid, such as water.
In classical continuum mechanics, the fluid can be seen as consisting of
infinitesimal particles. At each time ¢, each particle has a one-to-one
correspondence to the coordinates x = (z1,%2,z3) € . The fluid can
be described by its density p, velocity u = (u1, u2,u3) and pressure p at
each such point € Q. Under the above assumptions, we can denote the
position of any particle at time ¢ by X (e, t) which starts at the position

a € Qatt =0 Itsevolution is governed by the following differential
equation:

XD _ w(x (@),

X(a,0) = a. (2.1)
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To study the dynamics of the fluid, we must establish relations between
p, u and p. We do this by considering two basic mechanical rules: the
conservation of mass, and the conservation of momentum.

The conservation of mass claims that, for any fixed region W C Q
which does not change with time,

dit Wp(x,t) de = — /aw plz,t)u(z,t) - n(z,t) do (2.2)

for all time ¢, where n(z,t) is the outer unit normal vector to W, and
do is the area unit on 8W. Using the Gauss theorem we arrive at

% . plz,t) do = — /w V- (p(z, t)u(z,t)) dx

which implies
/ (pt + V- (pu)) dz = 0.

If we assume the continuity of the integrand p; + V - (pu), by the arbi-
trariness of W, we get

pt+V-(pu) =0. (2.3)

Since otherwise, there would be a point zg such that the integrand is
not 0. Without loss of generality, we assume (p; + V - (pu)) (zg) > 0.
Then by continuity, there is » > 0 such that g, + V - (pu) > 0 for any
z € B(zo,r). This leads to a contradiction by taking W = B(zg, 7).
Equation (2.3) is called the continuity equation.

Let J be the determinant of the Jacobian matrix, %%. It can ben
proved by direct calculations (the reader should try to prove this as an
exercise, see also Chorin-Marsden [12]) that

dJ
—=(V-uw)d, JO)=1
= (Vo J(0)

We assume that the flow is incompressible. Incompressibility implies
that the flow is volume preserving. Using the above equation one can
show that the velocity is divergence-free, i.e.

V-u=0. (2.4)

In this case, we have the determinant of the Jacobian matrix, J, to be
identically equal to one, i.e. J = 1. If the initial density is constant, i.e.
p(z,0) = po, equation (2.3) implies that density is constant globally, i.e.

p(m,t) = po-
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Remark 2.1.

1. The above derivation of the mass conservation equation is under
the assumption that p, u and OW are all smooth enough, e.g., C'.

2. Ome can also derive (2.3) in a Lagrangian way, i.e., by considering
an evolving region ; that is a collection of particles. See e.g.
Lopes Filho-Nussenzveig Lopes-Zheng [33].

3. Yet another way is through the variational formulation. See e.g.
Marchioro-Pulvirenti [36].

The conservation of momentum means

d
— [ pudzs =F(Qy), (2.5)
a Jo,

where F(£);) is the force acting on ;. Here 0 = Usen,X (e, t) for
some Qg C Q is a collection of particles that is carried by the flow. We
first assume that the interaction in the fluid is local, i.e., all the forces
between points inside ; cancel each other by Newton’s third law. This

assumption implies
F(Q) = / £ do
o0,

for some f. Our second assumption is that the fluid is ideal, which
means that f = —pn, where n is the unit outer normal to 9Q;. Now the
momentum relation becomes

d
— pudz = / —pn do = — Vp dz,
dt Jo, 89, Q.

where the second equality follows from the Gauss theorem

/Qaifdx:/imfm do.

To derive a pointwise equation similar to (2.3), we need to put the %
inside the integration in the term

d
7 o, pu dz.

Note that since €y = X (20,t) depends on ¢, it is not the same as

/Qt (pu)¢ dz.



Introduction to the Theory of Incompressible Inviscid Flows 5

Instead of naively putting the differentiation inside, we proceed as fol-
lows. We first change variables from the Eulerian variable z to the La-
grangian variable a. Since the flow is incompressible, the determinant
of the Jacobian matrix is equal to one, i.e., det(X,) = 1. Thus we have

d

d
= dr = — X
i /., pu dx £ o p(X(a,t), hu(X (a, t),t) do

d d
=/ —p(X,t)u(X,t) + p(X,t)—-u(X,t) da
o, dt dt

= (pt+u-Vp)u+pu+u-Vu) do
Qo

=/ p(u; +u- Vu) da

Qo

=/ p(u; +u - Vu) dz,
Q

where the first equality follows from the fact that the flow map o —
X (e, t) is one-to-one and has Jacobian 1, and the fourth equality follows
from (2.3) and the incompressibility condition. Now we have

/ plus+u-Vu)dr=—- [ Vpdz.
Q. Q

Finally, by the arbitrariness of €);, we get
p(u +u-Vu) = -Vp. (2.6)

by an argument that is similar to the one leading to (2.3). (2.6) is the
balance of momentum.

If we further assume that the flow has constant initial density, then
we have p(z,t) = po, and equation (2.6) is equivalent to:

u +u-Vu=-Vp,

where p is the “rescaled” pressure p/po.
Under these assumptions, we obatin the 3D Euler equation as follows:

u +u-Va=-Vp, (2.7
V-u=0.

In the remaining part of this lecture note, we will focus on (2.7).
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2.2 The Vorticity-Stream function formulation
2.2.1 Vorticity

We consider the Taylor expansion of the velocity u(z,t) at some point
.

u(z + k,t) = u(z,t) + Vu - b+ O(h?)
¢t Vu-Vu
:u(x,t)_*_Vu-;Vu}H_ u2 uh+0(h2)

= u(z, t) + S(z, t)h + Qz, t)h + O(h?),

where S is symmetric and §2 is anti-symmetric. In 3D, it is easy to see
that there is a vector w such that

1
(e, thh = sw(z,1) X h.

This implies that locally, the flow is rotating around an axis £(x,t) =
ﬁg—i% The vector fleld w(z,t) is called “vorticity”. And it is easy to
check that

w(z,t) =V x u(z,t).

2.2.2 Vorticity-Stream function formulation
By taking Vx on both sides of the 3D Euler equation (2.7), we have
witu-Vo=w-Vu=5-w. (2.8)

which is the vorticity formulation. The last equality follows from the
fact that

1
Q-w= Ew X w =0,
since by definition we have
1
5@ xh=Q-h

for any vector h. Now there are two unknowns w and u, so we have to
find the relation between them to close the system. This relation is the
so-called Biot-Savart law:

u(z) = % /11{3 ﬁ x w(y) dy. (2.9)

Note that we need u(z) to vanish at oo for the above formula to hold.
To derive the Biot-Savart law, first define a vector valued function ¥,
called “stream function”, such that

—AY = w.



Introduction to the Theory of Incompressible Inviscid Flows 7

Now it is easy to check that

u=Vx9"

satisfies
VXxu=uw.

(Hint: Use the identity
-V x(Vx)+V(V)=A,
and then try to show
[V (V- ®)||z. =0
using the same identity. Details are left as exercises. Or see Bertozzi-

Majda. [35]).
Now the Biot-Savart law (2.9) follows from the formula

1 1
\I/ = — _—

where ﬁﬁ is the fundamental solution for the Poisson equation
—Du=f

in 3D.

Besides (2.8), another important form of the vorticity evolution is
the “stretching formula”.

w(X(a,t),t) = Vo X (o, t)wo(a), (2.10)

where wp(a) = w(X(e,0),0) = w(e,0), and X is defined by (2.1). To
prove it, just differentiate both sides with respect to time, which yields

wy +u - Vw = Vou(X(o,t), twe(a)
=Vu- (VaX . wo)
= Vu - w(z,t),

which is just (2.8). One catch: this “proof” actually uses the uniqueness
of the solution to the system (2.8), (2.9).

For the convenience of future references, we will denote the differ-
entiation in time along the Lagrangian trajectory as DQE’ which has the
property:

—l—ﬂwzwt—}—u-Vw.

% is also called material derivative.



8 Thomas Y. Hou, Xinwei Yu
2.2.3 2D Euler equations

In some physical cases, such as the flow passing around a cylinder with
infinite length, we can assume that us = 0 and u,p depend on 1, z2
only. In this case, the Euler equations (2.7) remains the same form, but
the vorticity-stream function form reduces to

wi+u-Vo=0 (2.11)
and
7 — )t
o) = 5 [ ) ay 212

where w is a short-hand for ws.

One important difference between 2D and 3D Euler equations is that,
the right hand side is 0 in (2.11), which means the vorticity is conserved
along Lagrangian trajectory pathes. This point can be illustrated more
clearly by looking at the “stretching formula” in 2D, which is

w(X(a,t),t) = wo(a). (2.13)
This difference plays an important role in the theory of 2D Euler

equations, which is far more complete than its 3D counterpart.

2.3 Conserved quantities
2.3.1 Local conserved quantities

First we consider those quantities that are carried by a collection of flow
particles.

Let Cy be a closed curve in R3. We define
Ct = Uaeco X (1)
and the circulation
Te, = }{ u-ds.
Cu
Theorem 2.2 (Kelvin’s Circulation Theorem). I'¢, = ['¢,.

Proof. We first prove the following.
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To prove it, let () be a parametrization of the loop Cp, with0 < 8 < 1.
Then C; is parametrized as X (a(8),t). Thus

d d !
)= g | .00 Zxe).y a

_ ['Du 0
= || e X@8).0.0- 55X(a(®).0 a5

1 0
+ [ a0, Sux(a(e) 1.0 s
where we have used the relation
%—‘f(a,t) =u(X(a,t),1).

Note that the first term is just

D
U s,
c, Dt

we just need to show that the second term is 0. This is easy, since we

have . .
0 1 e}
/Ou-%uds_i/o %(u~u) ds =0,

which follows from the fact that C; is a close loop.
Now we prove the circulation theorem. We have

d Du

—_— . d == — d - — . = — =

o Ctu S .. Dt S /Ct Vp-ds /Ct psds =0
since CY is closed. This ends the proof. O

Next let Cy be a general curve and C; = X(Cp,t). Then as long as
the flow is still regular, C; is still a curve in R3.  is called a vortex
line if the following is satisfied

Co is tangent to wo(@) at any « € Cy. (2.14)

One can verify that as long as (2.14) is satisfied, the same tangency
condition is satisfied at every moment ¢, i.e.,

C} is tangent to w(x,t) at any = € C}.

A collection of vortex lines is called a “vortex tube”. One readily
sees that vorticity is always tangent to the side surface of a vortex tube.

The above properties make vortex tube/line very important objects
in the theories/numerical simulations/physical experiments of the 3D
Euler equation, as we will reveal later in this lecture note.
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2.3.2 Global conserved quantities

The most well-known global conserved quantities are the following
(we will indicate the dimension and region/manifold, T¢ stands for d-
dimensional periodic torus):

1. The integral of velocity (R¢ and T? , d = 2, 3).

d
a/udﬂ:—O.

2. Kinetic energy (R?, T¢, smooth bounded domain, d = 2, 3).

%/|u|2 dz = 0.

Remark 2.3. In the R? case, caution must be taken. We actually need
that the kinetic energy [ |u|2 dz to be finite. In 3D this requirement is
reasonable, while in 2D it is not.

3. Center of vorticity (R? , if uw decays fast enough at o).
= / zw dz = const.
R2

4. Moment of inertia (R? | if uw decays fast enough at co).

I= / |z|* w dz = const.

RZ
5. Functions of vorticity (d = 2).
J@)de= [ f(wo) do
Qt QQ

for any measurable f and material domain ;. In particular, we
see that the LP norm of w is conserved for 1 < p € oo.

/ T X w dz,
R3

/ z X (z X w) dz;
R3

/ u-w dx;
]RS

w7,

6. Other quantities.

helicity

and spirality
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where ¥ = u+ V¢ with ¢ solving
D
Dt

This quantity is conserved along particle trajectories.

= —[uf’*/2+p.

2.4 Special flows
2.4.1 Axisymmetric flow

In this subsection we introduce the axisymmetric flow, i.e., when written
in cylindrical coordinates z; = rcosf, zo = rsinf and z3 = 2z, the
velocity u and the pressure p depend only on r and z. Unlike the 2D
Euler equations, this particular flow retains some 3D characters and is
often referred to as the 2%—D equations.

We introduce the cylindrical frame of reference:

er = {cos#,siné,0),
eg = (—siné, cos6,0),

€ = (0707 1)1

and can easily rewrite the 3D Euler equations in the new frame, with
u=u(r,z) and p = p(r,z), as

w, + (u- V)u+ B = —Vp, (2.15)

where _
vV =(6,,0,0;)
and

0
B= Elj—(—u(’),ur,O).
T

We leave the details (which can be found in e.g. Lopes Filho-Nussenzveig

Lopes-Zheng [33]) for this system to the reader as exercises.

1. Derive equations (2.15).

2. Prove that, in the moving frame (e,, €9, €.), we have
w=w"e, +wles +we,
[
u
= (—8zu0) er + (0,u” — Oru’) eg + <8Tu0 + —T-) €.

3. When v? = 0, (2.15) becomes axisymmetric flows without swirl.
Prove that the equations are

(6t+u-@) u=—Vp,
V- (ru) =0. (2.16)
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Furthermore, one can reduce the equation into the r—z plane which
is 2. Prove that the equation for w? (note that w” = w® = 0) is

(G +u-V) <w79> =0.

2.4.2 Radially (circularly) symmetric flow

In the 2D case, we consider wy = wp(r) which is circularly symmetric.
Then by exploring the invariance of the Laplacian we easily see that ¢
defined by

—A’(Z) = Wwo

is also a circularly symmetric function. Thus
u=Vty
is always tangent to the contours wy =const. One can easily verify that
w=wy, U=y

is a steady solution for the 2D Euler equations. The velocity is explicitly
given as

zt [T
u= ?é_/o sw(s) ds, (2.17)

where 7 = |z|. These stationary solutions are called Rankine vortices.
The reader can try to derive the “radial symmetric_biot _savart law”
(2.17) as an exercise (Hint: it is easier to start from the stream function

Now consider the special case, where wyq is supported in Bg = {z | |z|
< R}, with [, B W0 = 0. Then it is easy to see that u is also supported
in Bg. Such a vortex is called a confined eddy. The importance of this
observation can be seen from the following property:

The superposition of two disjoint confined eddies is still a solution.

This gives us a way to construct very complicated exact solutions to the
2D Euler equations.

2.4.3 Jets and strains

Let D(t) be any family of symmetric and trace-free matrices that smoothly
depends on ¢, and let w solves

dw
—— =D
= D(t),

w(O) = Wwy.
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We introduce

1
u=cwx z + D(t)z.

It is easy to check that we can define p such that u solves the 3D Euler
equations in the whole space. One thing that worths noting is that,
the velocity we defined above is growing unboundedly at oo and is thus
non-physical.

It is illustrating to study some special cases.

1. Jet. Take wg = 0 thus w = 0. Note that we can write D(t) to be

diagonal:
71 0 0
D)= 0 —y 0
0 0 7+
and get

u = (=121, —yex2, (11 +72)z3).
2. Swirling jet. We take wp = (0,0, a) and get

w = (0,0, ae(71+72)t),

and
1 1
u={ -7 - ia(t)xz, =272 + §a(t)x1, (n +72)zs )
3. Strain. We take wo =0 and y; = -y =,

u = (—yx1,772,0).

3 Local well-posedness of the 3D Euler equation

First we consider the local well-posedness for classical solutions. By
classical solutions we mean solutions such that (2.7) holds in the classical
sense, i.e., all the derivatives are in the classical sense, the multiplications
are pointwise, and the equalities hold everywhere. Our main goal in this
section is to prove the following:

Theorem 3.1. If the initial velocity ug € H™NC? for some m > 2+d/2,
then there is T > 0 such that there is a unique solution u € H" N C? in
10,77 ‘

To do this, we use the standard technique of mollifiers. In short, we
approximate (2.7) by a sequence of equations that can be shown to admit
global smooth solutions, and then establish the local in time existence
by taking limit.



14 Thomas Y. Hou, Xinwei Yu

3.1 Analytical preparations
3.1.1 Sobolev spaces
The Sobolev spaces H*, k € Z,k > 0 is defined as

HERY) = f(2) | Y I10°fl7 < o0,

lal<k

where o is a multi-index o = (a1, a9, +,a4). o] =Y a; and 9% =
glal

o 1 * is a Banach space with norm

1/2

Il = | D 1101122

lel<ke

If we consider the Fourier transform of f, we have

1/2
Wl = { 3 Jed], ]
EINC
where £* = £, ,€7%. Now by some simple algebra we can obtain

the following equivalent norm

1l ~ €0 7], ~ [l 20 4]

2’

where (£) = (1+ |¢[°)'/2, and A is the Laplacian.

The point in writing the H* norm this way is that, now we can take
k to be any real number instead of non-negative integers. Usually, when
k is not an integer, we replace it by s.

The following theorem is used extensively in PDE researches.

Theorem 3.2. The space C°(R?) is dense in H*(R?).

The most important property of the Sobolev spaces is the embedding
theorems. We will not prove these theorems here, interested readers can
look up the proof in e.g. Adams [1], which is a classic and not very hard
to read.

Before introducing the theorems, we first recall what “embedding”
means. Consider two Banach spaces X and Y, with norms ||| and
ll:Ily- Assume that there is a third space Z which is dense in both X
and Y. We say X is embedded in Y, if there is a constant C' such that

Iy < Cll-lx -
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This means that all the elements in X is also in Y. Farthermore, we
say X is compactly embedded in Y, if X is embedded in Y, and any
bounded subset of X (in the X norm) is precompact in Y (with respect
to the Y norm). That is, if {z,} C X is uniformly bounded, then there
is a subsequence which is Cauchy in Y. We denote embedding by —.

Theorem 3.3 (Embeddings for H®). Let H*(R?) be the Sobolev space.
We have

Hs+k N Ck

for all s > d/2 and k € Z, nonnegative.

3.1.2 Hodge decomposition and the Leray projection

We denote by H*(R?) the Sobolev spaces, and let V° ¢ H*(R%;R?) be
the subspace of divergence-free vector fields.

Lemma 3.4 (Hodge decomposition). Let u be a vector field with com-
ponents in L?(R?). There exists a unique decomposition u = u; + uz,
where uy is divergence-free and Uz is a gradient. Furthermore uy and ug
are orthogonal in L2. We denote by P the projection L*(R%;R?) — V0
which maps u to uy, then P commutes with derivatives, convolution and
s also a map from H® to VS,

Proof. First we solve
Np=V - -u.
Thus
¢ = A—l(v 'u) +Ha

where H is a harmonic function and A~! is the convolution with the
Green’s function of the Laplacian in R%. Now define

uy = Ve = (VAT . u+ VH.

By going to the Fourier space, it is easy to see that the first term is in
L2. To make uy € L?, we must have VH € L2, which means it must
vanish at co. But since each entry of VH is harmonic, we see that this
implies that VH = 0.

Now we have
P=(I-V?ATY).. (3.1)

It is easy to check the commutativity properties. 0

This operator P is often referred to as the Leray projection operator.
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3.1.3 The Aubin-Lions lemma

For evolution PDEs, generally one can not treat time and space as equal,
so one need compactness results that has different requirement in space
and time. A standard result is the Aubin-Lions lemma.

First we prove a technical lemma. Let X — Y — Z be Banach
spaces that have embedding relations as indicated. Recall that X — Y
is compact means that for any {f,} that is uniformly bounded in X,
there is a subsequence that is convergent in the norm of Y.

Lemma 3.5. Assume that X — Y is compact, then for every n > 0
there exists a constant Cy, > 0 such that

[olly < 7llvllx + Crllvllz
for every v € X.

Proof. The proof is standard. We prove by contradiction. Assume
there is a 7 > 0 and a sequence {v"} C X such that

[0 ly > nllv™x +7n o5,

then by taking w™ = v™/ ||v"||x we see that the same inequality holds
for w™. Now w" is bounded in X, which means there is a subsequence,
still denote as w™, such that

wr —-weY

in Y. Note that ||w"|ly < C|lw™||x < C by the embedding assumption
and the fact that |w"||x = 1. Now divide both sides of the equation for
w™ by n, we have

w™ — 01in Z.

But on the other hand, we have
w' o> w#0

in Y and thus we have a contradiction, since the embedding, convergence
in Y to some limit implies convergence in Z to the same limit. ]

Lemma 3.6 (Aubin-Lions). Suppose that X — Y is compact. Let
T >0. Let {u"} be a bounded sequence in L> ([0,T]; X). Suppose this
sequence is equicontinuous as Z-valued functions defined on [0,T). Then
the same sequence is precompact in C ([0,T);Y).

Proof. First, it follows directly from Lemma 3.5 that each 4" is in
C([0,T];Y). Second, by the conditions in the Lemma we see that we
can use the Arzela-Ascoli lemma on C ([0,77]; Z) and see that u™ is pre-

compact in it. Finally, still by Lemma 3.5 we see that u™ is precompact
in C([0,7],Y). [
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Remark 3.7. A comparison with the Arzela-Ascoli lemma in analysis
is helpful. There we basically have a sequence that is uniformly bounded
and equicontinuous in C ([0,7T],Y) for some Y. Here the boundedness
condition, which is usually easier to establish, is strengthened, while the
harder condition equicontinuity is weakened.

3.1.4 Calculus inequalities
Let u and v be in H™(R?) with m € N.

Lemma 3.8.

1. If uw and v are bounded and continuous then there exists a constant
C > 0 such that

lwvll g < C (lullpoo ID™ 0] 2 + [Vl Lo ID™ull2) -

2. If u,v and Vu are bounded and continuous then there exists a con-
stant C > 0 such that

3 ID% (wv) — uD*v] 12 < C (V] oo [ D™ 0] e

oglalgm

vl g 1D ufl12) -
Proof. First we prove 1. It is enough to prove that
| D*uDP||, < C (Jull oo 1D™ |2 + 0]l Lo 1D ull 2)

where in the RHS (right hand side) we actually define

ID™llfs = > (1D%llZ.

|a|=m

while in the LHS (left hand side) o, 3 are multi-indices with |a|+|8] = m.
We illustrate the idea of the proof by considering the scalar case. We

estimate
) 1/2
s = ([ @o? ae)

where o = 8 = 1 and m = 2. By Holder’s inequality, we have
[u' vl g2 < s N0l 2 -
Next we establish the Gagliardo-Nirenberg inequality

1D oy < r llll 2" 1D ully™
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with 0 € ¢4 < 7. In our case, i = 1,7 = 2, the Gagliardo-Nirenberg
inequality reduces to

1/2
| o < e llull¥2 )15 (3.2)

The proof is easy. We have
it = [ @) aa
= / @)® du

/u(u’)2 u' dz

/u2 (W")? dz /(u')4 dx

2
< e flufl oo 1"l 2 1wl s

<c

1/2 1/2

<c

which proves (3.2).
Now we have

1/2 1/2
o[l < el 22 15 ol 2 1
By using Young’s inequality
Y4 q
ab < il —+ b—,
P q

where p,q > 0 with 7 + 2 = 1 we finish the proof.
The general cases of 1 and 2 are left as exercises. a

3.1.5 Gronwall’s inequality

In dealing with evolution equations, we need to estimate various quan-
tities. In doing so we often end up with inequalities like

X(t) < a(t) + /0 b(s)X (s) ds,

where X (t) is the non-negative quantity we need to estimate, and a(t),
b(t) > 0 with a(t) differentiable. The trick in getting an estimate for X
is the following. We also assume that everything is continuous.

Fix ¢ > 0, let Y°(t) satisfy

Ye(t) =alt)+e+ /0 b(s)Y*(s) ds,
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then it is easy to see that Y¢(¢) is differentiable, and satisfies
(Vo) (t) = a/(¢) + b(t)Y* (b),
Y*(0) = a(0) + ¢,
which gives

11
Ye(t) = (a(0) + &) elo 2() s / o/ (s)edi ) dr g

0

Now by arbitrariness of € we get what we need, as long as we have
X(t) SY5(¢)
for any € > 0. To show this, consider W = Y* — X, which satisfies
Zze+ / b(s
W(0)=¢>0.

By the continuity of W and the condition b(s) > 0 it is easy to see that
W {(t) 2 e for all t > 0. Thus we proved the following lemma.

Lemma 3.9 (Gronwall’s lemma). If X (t),a(t),b(t) 2 0 are continuous,
a(t) differentiable, with
/ b(s)X(s) ds,

then we can estimate X (t) by

t
X() < a(O)efot b(s) ds +/ a/(s)ef; b(r) dr 4o

0

3.2 Properties of mollifiers

Definition 3.10. Let p € C§° (]Rd) be any radial function, ie., p(z)
depends only on |z|. We choose p > 0 with [z, p dz = 1. For any € > 0,

define
pe(x) = e 4p(z/e).

Then we call the family {p.} a family of mollifiers.
In the following, we will denote

Msf-—-(ps*f)(a;)

for any function f.
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Next we develop some main properties of the mollification operator
Me.

Lemma 3.11. For any function f such that M= f is well-defined, we
have

1. Mef is smooth, t.e., C™°.

2. For all f € C°(R?), we have M€ f — f uniformly on any compact
set ), and

M fllpoo < N1l oo -
3. MeD®* = D*ME® for any multi-index o.
4. Forall fe LP, ge LY with 1/p+1/q=1,

[ g o= | £ .

5. For all f € H*(RY), M®f converges to f in H® and the rate of
convergence in the H*~ norm is O(e).

6. For all f € H*(RY), k € ZT U {0}, and € > 0, we have

Csk
[MEflloqp < —;k— £l

12 D* £} o0 < =7z 1112

Proof. 1-4 are easy and omitted. Interested readers can try to prove
them or check Bertozzi-Majda [35]. To prove 5 and 6, it is important to
know the representation of M€ in the Fourier space:

———

Mef(€) = ple§) £ (£)-
Note that by construction
ﬁ(0)=/pdz:1.
As e — 0, for any £, we have
p(eg) ~ 1+ O(e).
It is clear now that why we can expect M¢f — f at all.

Another key factor in proving 5 and 6 is the Fourier side characteri-
zation of H*(R?). Recall that

V5@ =cle|fe)],



Introduction to the Theory of Incompressible Inviscid Flows 21

where ¢ depends on the definition of Fourier transforms, e.g., if we define

fe) = / e f(z) de,

then ¢ = 1. The particular value of ¢ is not important here. In the
following, we will just take ¢ = 1. Now f € H® is equivalent to

(€)° f(&) e L%,

A1/2
where (£) = (1 + €] ) .
With the above understanding, 5 and 6 are easy to prove. For ex-

ample, we prove the second estimate in 6. For any multi-index « with
|a| = k, we have

|(M=D*f) (z)| = c

[ewteoenic a
<e [ 1atee) lei*| o] de

. 1/2
Sslse ([ 1tee) ™ de)

1/2
~ k —k—
= 51e ([ 07 ™ an) e h
SeH A g,

where n = £ and note that the integration is over R%, thus the factor
£~%2_ The integral on j is bounded since p € C$* C HF is a fixed
function.

The other inequalities in 5 and 6 can be proved similarly and are left
to the readers. O

3.3 Global existence of the mollified equation
We consider the mollified equations:
Opuf + M® ((M°u®) - V) (M*u®)) = =V,
V-uf =0,
u®(z,0) = uo(x), (3.3)
or, by using the Leray projection operator,
Oyuf + P (M® ((M*uf) - V) (M®u®))) =0,
Pu® =,

u®(z,0) = uo(x), (3.4)
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where u® denotes the solution and is not necessarily of the form M¢®v for
some v. We will prove the global existence (i.e., for all time ¢ € RT) of
the mollified 3D Euler equations. Our strategy is to prove local existence
by treating (3.4) as an ODE in some Banach space, and then extend the
existence time to co. In the following of this section, we will omit the
superscipt £ and denote u® by wu.

Lemma 3.12. Let m € N. Then for every ug € V™ and € > 0 there
exists T° > 0 and a solution u® € C* ([0,T¢); V™) to the problem (3.4),
or equivalently, (3.3).

Proof. Let
Fe(u) = =P (M* ((M*u) - V) (M*u))).

Then (3.4) becomes
du® R
dt - FE (u )7

which is an ODE in a Banach space. The only thing we need to check
before applying the Picard iteration to get local in time existence is that
1. Fe: V™ — V™ and
2. Fy is locally Lipschitz in V'™,

For the first claim, we have the following estimate:

Fe(u)ll g < 1M (M) - V) (ME))]
SCME (V- (Mu @ Mu))|| g

<

®|Q

M0 @ Meull

¢ o2
< =575 Il

where we have used the calculus inequalities (see Lemma 2.1.8) and
the following properties of the mollifiers: [MDf|ym < C/||fllgm /€ ,
[Meul| ;oo < Cllul| gm /€42, which follows from Lemma 2.1.11 (6).
Next we show that F is Lipschitz. Let v; and v, belong to V™, then
C
12 (v1) = Fe(v2)llpm < — ([Mv1 @ M (01 = v2)]
1 MFv2 @ M (v — v2)| )
by adding and subtracting M (((M®v1) - V) (M%v;)). By using the cal-
culus inequality again (Lemma 2.1.8), we can bound the RHS by

2372 ol g + [lvall ) o1 = w2l g < Ceflor = vl

since ||vi||ym (i=1,2) is bounded and ¢ is finite. This proves the local
Lipschitz condition of F.. O
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To extend the existence time to infinity we need to show that the
Lipschitz constant
C
575 (012 + 2] 1)

depends only on ¢ and initial conditions. We only need to show that for

any solution u, |ul| ym is bounded by the H™ norm of the initial value
ug.

First, by integration by parts, it is easy to see that
lullze < lluoll p2 -
The remaining is done by the following lemma:

Lemma 3.13. Let m € N and u € C* ([0,T); V™) be a solution of the
mollified 3D Euler equations (3.4). Then

[l g < fts0| gy €€ JONTMEull o0 dt

Proof. Let o be a multi-index, with |a| < m. Applying D* to both
sides of (3.3), multiplying them by D®u and integrating, we have
1d

5%/|D°‘u|2 dr = —/DO‘U,'(MEDQ (M*u) - V) (M®w)))

- _/DaMfu-Da (M*w) - V) (M*u)) dz
__ / DM D® ((M*u) - V) (M*w))
+ [ Doaru () - ) Db da,

where the term involving the pressure vanishes after integrated by parts
due to the incompressibility condition, and the last equality comes from
the following argument:

1 (4
/DaMfu- (M®w) - V) D*M*u) dz = §/(Mfu) v (|DaM u|2> dz
=0
via integration by parts due to the incompressibility condition.

Now we sum over all 0 < |a| £ m. Using the calculus inequality, we
have

a
dt
<Clullgm > 11D (M) - V) (Mu)) — (M®w) - V) D*M*u| 2
|a|<m
< Cllullgm (IVMull o || D™ DM®u| ,, + | D™ M0 12 |V MEul| o)
< C VMo poo el 3y -

2
[l rm
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To finish the proof, we just need to apply the standard Gronwall’s in-
equality from Lemma 3.9. O

3.4 Local existence of the Euler equations

Now we are ready to give the local existence theorem.

Theorem 3.14. Letug € V™ form > 4. There exists To = To (||uoll gm )
> 0 such that for any T < Ty, there exists a unique solution u €
CY ([0, T]; V™) of the 8D incompressible Euler equations with ug as ini-
tial data.

Proof. By Lemma 3.13 we have

d

2 2
= 16l < CHVMEE| oo [l rm -

Note that m >4 > 3/2+ 1, by Theorem 3.3, H™ is embedded into C?,
which means | VM®u®||;w < |[Mu®||or S ||Mu|| gm < ||uf]| ym. Thus
we have J
2
& Nl < Ol

and the constant C here is independent of €. Therefore we see that our
u® is uniformly bounded in L™ ([0,T]; H™) by

Mol
1= CT [luo|| gm

for any T < T = (C'||uo|| Hm)_l. To apply the Lions-Aubin lemma we
need to show that u® is Lipschitz in ¢ in some larger space, which we
take to be H™~!. In fact we have

10¢tull -1 = [ Fe(u)ll grm—r
S C||V- (Mfu® @ M*u®)|| ym—s
< C|Muf & Mu|| .
< O Meu g [[uf]| g
<

2
Clw|[gm »

where we have used the calculus inequality (Lemma 2.1.8) and the Sobolev
embedding theorem. Thus we see that u® is Lipschitz in ¢ wrt H™1-
norm.

We fix R > 0 and use Lemma 3.6 (The reason we need this step
is that we need H™ — H™! to be compact, which will not hold for
unbounded regions, as can be seen by taking X = H!(R), Y = L%(R)
and fn(z) = f(x —n) for some f € H'. Obviously {f,} is bounded
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in X but not convergent in Y.) with X = H™(B(0,R)), Y = Z =
H™ Y(B(0, Rg)). Taking Ry — oo and using a diagonal argument we
see that u® has a subsequence, which we do not relabel, that is strongly
convergent in C ([0, T]; H;% '(R3)). Denote the limit by u. Moreover,
since m > 4 > 3/2 + 2, we see that the convergence also holds in
c ([07 T] ] Clloc(RS))'

We rewrite the equation as

¢
uE:uo-!-/ Fe(uf) ds.
0

It is easy to see that

t
u=u0+/ F(u) ds,
0
where F(u) = P(u- Vu). Thus we have further that
u € Cl ([O7T] 5 Clloc(Rg)) ?

which implies that we can legitimately differentiate with respect to t.
Now taking d/dt on both side, we see that u satisfies

ug + Plu-Vu) =0,
V-u=0,
’U:(‘,O) = Ug,

|u] — 0 as |z| — oc.

The final step for existence is to recover the pressure. This follows
directly from the Leray decomposition.

Now we show the uniqueness. Suppose that there are two solutions
w1 and ug, then we immediately have

(u1 —U2)t +P(U1 -Vuy —ug - VUz) =90

with uy — ugs = 0 at ¢t = 0. Multiply to uy — us and integrate, we can
easily derive

L s — walZa < Ol + al 1) a — ol

by the calculus inequalities. Then by using Gronwall’s inequality, we see
that the only solution is uq —ug = 0. This ends the proof for uniqueness.

d
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4 The BKM blow-up criterion

4.1 The Beale-Kato-Majda criterion

One of the important points that should be noted is that the above
existence result is local in time, meaning that the solution may cease to
be in H™ (also known as (aka) blow-up) in some finite time. Thus it is
important to have some quantities to indicate such a blow-up. One of
them is the quantity

T
Anwwww

proposed by T. Beale, T. Kato and A. Majda.
By the same method used in the last section, we can have the follow-
ing bound:
&)l < e JoIV ¥ 22 g

So it is clear that as long as || Vu|| . is uniformly bounded in some time
interval (0, T"), then the solution exists upto 7. In fact this is what Ebin,
Fischer and Marsden proved in their 1972 paper [23]. Thus the key is to
bound ||Vul| e by |||/ e at the same time ¢. Recall the 3D Biot-Savart
law

u(z) = /K(w —y)w(y) dy,

where K (z) is the matrix kernel

1 0 —R3 =2
K(z) =— z3 0 —21
2| —2z3 21 O

If we differentiate under the integration formally, we would have

Vu(z) = / VK (z - y)wly) dy. (4.1)

The operator VK * in fact has nice properties. To see this, we recall

a theorem from Stein [44], which is also called the Calderon-Zygmund
Lemma.

Theorem 4.1. Let K € L*(R%). We suppose:
1. The Fourier transform of K is essentially bounded
’k(m)‘ < B.
2. K is C' outside the origin and

VK (z)| < B/ |a|™".
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For f € L' N LP, let us set

(THz)= | K(@-y)f(y) dy.

R4

Then there exists a constant Ap, so that

IT(Hll, < Ap I fll,» 1 <p<oo.

One can thus extend T to all of LP by continuity. The constant A,
depends only on p, B, and the dimension n. In particular, it does not
depend on the L? norm of K.

The remark following the theorem in Stein [44] claims that the as-
sumption K € L? can be safely dropped in practice.

Now it is easy to check that our kernel VK satisfies the conditions in
the theorem, thus the LP norm of Vu is thus bounded by the LP-norm of
w. But here what we need is a L bound. The key lies in the following
lemma. It will also become clear that the formal differentiation in (4.1)
is “almost legitimate”.

Lemma 4.2. Let u and w be related with the Biot-Savart law, and u €
H3(R3), then

IVull oo < C (1 + 10" Jullgs + 0" flwllp2) 1+ wlpe) - (42)

Proof. By the Biot-Savart law, v = K % w, where K is a matrix-valued

singular kernel, homogeneous of degree —2, behaves like O |sc|_2) at

0o. Since u € H3(R3), we have w € H?(R3) and thus in C%7(R3) for
some 0 < v < 1 by the Sobolev embedding theorems. Now we compute
Vu.

Oz, u(x)
= Jeo K(y)0s,w(z —y) dy
=— | K()oyw(x—y)dy
R3
= —lim K(y)0y,w(z —y) dy
0=0J1y|>s
= lim / Oy, K (y)w(z —y) dy — K(yw(z - y):éﬁ dy)
020 \Jlylzs lyl=s
= pv/ Oy, K(y)w(z — y) dy + lim K(2)w(x — 62)2; dz
R3 60 Jiz=1

- / By, K (y)w(z —y) dy + Cj - w(z),
R3
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where C; = fIZ|=1 K(2)z; dz is a matrix. Here pf [ fdz stands for
principle value integral. Note that we can also write C; -w as ¢; X w for
some c; defined as f|z|=1 ﬁgz‘j dz. The above computation shows that,

for our purpose, it is enough to estimate the formal Vu as given in (4.1).

Now to estimate ||Vu| ;« by w, we only need to bound the principal
value integral

pv / VK (y)w(z - y) dy.

Note that for any a < b, we have the important cancellation property

/ VK(y) dy = 0.
N

Fixr € R?® and 0 < § < € € R < o0, we have

VK (y)w(z —y) dy
ly|=d

<

/6 L VKW e 9) () dy

+ +

| VK@) dy
e<|yi<R

/ VK (y)w(z —y) dy
ly|ZR

< Clwllgon /

3<|yl<e

W Cllue [l dy
e<|y|<R
1/2
+ Ol ( [ oW dy)
ly[ZR

< Cllullgs € + Cllwll oo In (R/€) + CR™3 ||| 12 .
Finally, taking R%/2 = ||w||,2, and £ = 1 if lfull gs < 1 and (HuHHs)_lh
otherwise, we get the desired estimate. O

The main result is almost straightforward now.

Theorem 4.3 (Beale, Kato, Majda 1984). Let ug € V™ with m > 4.
Let w € C*([0,T);V™) be a solution of the 8D incompressible Euler
equations (2.7) with initial data ug. Let w = V X u be the associated
vorticity. Then T is the mazimum time for u to be in the above function

class if and only if
T
/ lw|l oo dt = 0.
0
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Proof. The “if” part is obvious. Since fOT lwl|pe = oo, necessarily
lwllgew — 00 at t — T. Then ||uly1,00 — 00 ast — T and u can not be
in V™ for m > 4 by the embedding theorems.

Now we deal with the “only if” part. First, as we have shown at the
beginning of this subsection,

T
lll g < Cedo IV o0 2 g,

Furthermore, by applying the same method to the vorticity equation, we
can easily derive

[w] L2 < [lwol|e€ Jo ITullzeo ds.

Substituting the above two inequalities into (4.2) in Lemma 4.2 gives

T
IVull < C <1+<1+ ol ) / IVl dt)-

From this we have the estimate

IVl oo < 1| Vgl €€ J6 Hellime
by the Grénwall’s lemma, 3.9. This ends the proof. O
Remark 4.4. An immediate result of applying the Beale-Kato-Majda

criterion is this. There is no finite-time blow-up in 2D Euler equations.

4.2 Improvements of the BKM criterion

During the more than 20 years following the BKM criterion, there are
several improvements ([7, 8, 9, 42, 43], to name a few). In particular, in

Chae [9], the condition of fOT |wlloodt = oo is sharpened to

T
| 1oy, de=oo,
0 oo,1
where for any fixed orthonormal frame (e, ez, e3),
O =w'e + wres

is the projection of the vorticity in the plane of e; —ez. The Besov space
BY, ; is defined as f such that

Sy * £l < 00,

=/

where the Schwarz function ¢ € S satisfying
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1. Suppp C {¢ € R | 1 < |¢] < 2}, (note this is why we can not take
w € C§°).
e =2C>0if2< ¢ <
3. Y jen $5(€) = 1 where ¢; = p(277%¢).
We present the main idea of the proof here. The key to the proof is to
bound the growth of w? = w - e3 by & = wle; + w?e,.
Recall that the evolution of w satisfies
witu-Vw=S8-w,
where S = 1 (Vu + Vu!). Dot product with e3, we have
D (w?3)
Dt

Now we estimate the right hand side. We have (since this estimate is
independent of time, we omit ¢)

:w-S~eg.

w-S-e3

1 wlz) X wlx+ X w(x +
=4—p’l)/()*3(y)€3—3%_y)63(yw¢c)) dy

™ |yl lyl

1 w(z) x o(x + X w(x +

- L, /{ @) xdty) _gyxsaty) oo

m |yl lyl®

_3y><cb($+y)

s e3(y-@(z) p dy
|l
=G -P@)-e3+wies - P(®) - es,
where P is the matrix valued singular integral operator defined by
1
Pw)=8S=- (Vu + Vut)

for w and u related by the Biot-Savart law. This operator P is known
to be bounded on Boo 1- This combined with the fact that Boo | = L™
yields

oS- esll oo S || o IP@)l] oo + 2]l oo 1P (@)l oo
<lw? e IP@)l 55, , + 12l P@) 150,
S|l e 1Bl | + N0l

Then it is easy to get

e < (el + [ N0l ) e (0 [ 10, )



Introduction to the Theory of Incompressible Inviscid Flows 31

by integrating the equation for w® along one particle trajectory X (a,t),
and then applying the Grénwall’s lemma.

_ Finally, using the Cauchy-Schwarz inequality, and the embedding
Bgo,l —~ L again, we have

T T T
L bl de< [ ol dtt [
0 0 0
SVTAr + [||ud] e +CA3) Texp (CVT A7),

1/2
where Ay = ( J. oT ||(,7;||ZB2 . dt> . This ends the proof for the necessity
part. The sufficient part is trivial from the embedding H™ < Bgo ; for
m > 5/2.
This result is sharper than the BKM criterion, but its disadvantage
is that it is not as applicable to numerical simulations as the BKM one.

For example, it is not always as easy to measure the Besov norm as the
L norm accurately in numerical computations.

5 Recent global existence results

In this chapter we review some recent results which are in the same line
with the BKM criterion. Due to the limited scope of this lecture note,
we will not be able to cover all relevant results in this area, even for
those results that are related to the Beale-Kato-Majda criterion.

5.1 Sufficient conditions by Constantin-Fefferman-
Majda

In 1996, Constantin-Feflerman-Majda [14] proposed an non-blow-up con-
dition based on the BKM criterion. To understand the main idea, we
recall the BKM criterion: If fép [lw(-,t)}| Lo dt < o0, then no blow-up can
happen in [0, T]. This implies that one should investigate the vorticity
magnitude |w(x,t)|.

The first step would naturally be deriving the evolution equation for
this quantity. This equation is derived in Constantin [13]. It is

2 lol = a(z,f) o], (5.1)
where

a(x,t) = é'(.’L‘,t) ‘ Vu(a:, t) 5(1’, t)
=¢(z,t) - S(z,t) - &(x, 1),
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where S(z,t) is the symmetric part of Vu and £(z,t) = ﬁg?gl is the

direction of w(z,t).

Remark 5.1. Note that £ is well defined only for those points where
w(z,t) # 0. For those points where w(z,t) = 0, w(z,t) will always be 0
as long as the flow is not singular, along the trajectory path of the same
point, forward and backward in time. This can be seen from the formula

w(X(a,t),t) = Vo X -w(e,0)

and the fact that V, X is non-singular as long as the flow is not singular.
So at those points where vorticity vanishes, one can reasonably define
a(z,t) = 0.

(5.1) can be derived by applying the inner product of the vorticity
equation (2.8) with £, and using the fact that 9;,£-€ =0 since {-§ = 1.
The proof is left as an exercise.

Next we recall that

Vu=pv [ VK(z—-yw(y) dy+ Cuw(z),
R3

where C is a third order tensor C' = [C},C2, - - -, Cy] where

C; = K(z)z; dz
|z|=1
as defined in the proof to Lemma 4.2. Note that, since Cjw = ¢; X w for
some ¢; = [, 737 dz,

£ (Cw)-£=0.

Now it is easy to get
olot) = gopo [ 060D dek e + ) 6D ot + 1)) 2, 52

where § = y/ |y| is the direction of y, and det(a, b, ¢) is the determinant
of the matrix with columns a,b, ¢ in that order. The constant % will
have no effect in the following argument, and will thus be neglected from

now on.

The main idea of Constantin-Fefferman-Majda’s argument comes
from the following observation. Consider the 2D Euler equations. We
know that no blow-up can ever occur. Put into the framework of (5.1)
and (5.2), we see that the reason can be interpreted as the fact that for
2D flows, {(z +y) = £(x) = e for all z and y, which means alz,t) = 0.
This implies that, if the orientation of the vorticity vectors varies only

mildly, there would be no blow-up. Thus comes the following theorem.
First we give some definitions.
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Definition 5.2 (Smoothly directed). We say a set Wy is smoothly di-
rected if there exists p > O and 7, 0 < r < £ such that the following
three conditions are satisfied.

First, for every ¢ € W§ = {q € Wp;|wo(g)| # 0} and all time ¢ €
[0,T'), the function &(-, ¢) has a Lipschitz extension (denoted by the same
letter) to the Euclidean ball of radius 4p centered at X (q,t), denoted as
B4,(X(q,t)), and

t
— 1 a2
M= tlin%qik‘}v)g/o IVEC 0 54, (g, < 00

Secondly,
swp Jw(z Dl <m sup Jole, )]
B31~(Wt) Br(Wt)
holds for all ¢ € [0,T") with m > 0 constant. Here
Wi = X(Wo, t).

Thirdly, for all ¢ € [0,T),

sup |u(z,t)] < U.
B4P(Wt)

Theorem 5.3 (Constantin-Fefferman-Majda 1996). Assume Wy is
smoothly directed. Then there exists T > 0 and T’ such that

sup |w(z,t)| <T sup |w(a,to)|

B.(W,) o (W

holds for any 0 <to <T and 0 <t —tr < 7.

Noticing that, in (5.2), a(z,t) would also be zero when &(z + y) =
—&(z). This inspires the following pair of definition and theorem.

Definition 5.4. W} is said to be regularly directed, if there exists p > 0
such that

T
sup / K,(X(q,t)) dt < o0,
qgeWS Jo

where
X dy
Kolw) = [ (5-€(a) det(d, 8o + 1), €@) (o +1)] 5.
lyl<p |yl
Theorem 5.5 (Constantin-Fefferman-Majda 1996). Assume Wy regu-
larly directed. Then there exists a constant I' such that

sup |w(X(g,¢),t)| <T sup |wo(q)|
geEW) qgeWo

holds for all t € [0,T].
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Remark 5.6. An easy corollary to either theorem is that, there will be
no blow-up up to time T

The remaining of this subsection is devoted to the proof of Theorem
5.3. As will be seen during the proof, proving Theorem 5.5 is quite easy
and will thus be omitted.

We decompose

a(z) = ain(z) + aout(z),

where

in(T) = pv Iy} g - &(x)) det (g, {(x 7)) jw(z 4y
in(z) = p /x(p)(y £(e) et o+ ) 6D e + )]

and

dy
lyl’

with x(r) being a smooth non-negative function satisfying x(r) = 1
for r < 1/2 and 0 for r > 1. Then, recalling w(z) = V x u(z) and

£z +y) lw(z +y)| = w(z + y), we can do integration by parts in gy
and get

aoal@) = [ (1= (1)) @600 detta, (o), €@ oo + )1 2%

(Coue ()] S 7 / fu(z + 1)) 2

lyl=p/2 yl*

Then by Cauchy-Schwarz and the conservation of [ |u| dz, we easily
reach

laout ()| S Cp™*2 |luol|12

which remains bounded.
To estimate a;,, denote

Gpo(x) = sup |V&(z +y)|.

lyl<p

Observe that det(g,{(z+y),8(x)) =3 E(z +y) x &) =§- ((E(z+y)
—&(z)) x &(z)) which is bounded by G,(z) |y|. Thus we have

|in (2)] < G, () I(x)

1) = [ x ('jj‘) |w<x+y>||—‘;-|%.

Next we split I = I; + I, where

1@ = [x(5) (W) oo 2

with
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nw) = [ [1-x (4] x () ol + )| 2

with 6 < p/2. Clearly we get

|I1{z)| < CoQs,

where

Qs(z) = sup |w(z+y)|
ly|<8

by evaluating the integration through polar coordinates. To estimate I,

we replace [w(z +y)| by §(z +y) - w(z +y) = &z +y) - (V x ulz +y))
and invoke integration by parts, which gives

() z/u(x+y)~{v Y [E(x—i—y)wlzx (ly!> (1—X (%))” dy.

By putting Vx on each of the four terms, we decompose I into four
terms as follows:

Iz)=A+B+D+E.

It is easy to see that

d
A<C6,@) [ )l .
lyl<p |y

|B| <C’/|u(m+y)| [1-%%)] X(Iyl) |ZZ|J

d
pj<& / u(z +v)| L
ly|<p 1311

_y
PSS [, el

Up(z) = sup |u(z +y)l,
lyl<p

and

If we denote

then we can easily estimate

|A

| < CpU,(2)Gp(2),
DI, |E| < C

CU,(x)

and

|B| < CU,(z) log (5)
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Putting them together, we have

a(@)] < Ay(@) [1+1og (§) ] + Col@)8% (),
where
4,(2) = Co~"* Juo|| 2 + CG(@)Up(2)(1 + Gp(z)

Studying what we have for a while, we see that if we can replace
Qs(z) by |w(z)|, then by taking § = |w(z)| ™", we will have

T T
/ o dtg/ G(a)? dt < oo
0 0

by the smoothly directness of our set Wy, since we have U, to be bounded
all the time. And this will effectively end the proof. So the final step
should be to relate Q5(z) with |w(z)|, although the final proof doesn’t
go along the idea described above for technical reasons.

Consider a bunch of trajectories X (g,t) and a neighborhood

Bsp = {(2,t) : 0 <t <T,3q € Wo,|X(g,t) — x| < 4p}-
By the smoothly directness,

sup |u(z,t)| < U < o0

(z,t)E€Bg,

and

M=l sup / Gap (X(0,9)) ds < oo
Now define

B.(W;) = {z;3qg € Wy, [z — X (g,t)| < 7}
with 2r < p.

Let r
TS

be a (possibly very short) time interval. Denote

wr(t) = b lw(z,?)] .

By assumption
wsr(t) < mw,(t).

Now consider z € B,.(W;) for some ¢t < T". The Lagrangian trajectory
passing through z at time ¢ is denoted X (¢, t). Note that ¢’ may not be
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in Wy. Nevertheless, if r < £ and 0 < t—s < 7 then X(¢, s) € Bar(Ws),
ie.,

[X(g,8) — X(¢,8)[<2r<p
for some ¢ € Wy. Then it follows that
GP(X(qu S)) S G4P(X(q7 S))

and

(X (q', )] < Aap(X(a,5)) [1 +log -g] + Gap(X(q,8))00%(X(d, ).

Denoting
A(s) = sup Ay,(X (g, 9)),
qeWyg

G(s) = sup Gap(X(g,$)).
qeW;

Then integrating (5.1) would give us
W(X(d, 1))| < K el TACII+10B(/01+G(:)505 (X (')} ds

where
K= 'wp(t()) .

Now we choose & < r, then X (¢, s) € By (W;) and by assumption
Qs(X(q',5)) < mwr(s),
which implies

wr(t) < Keftto {A(S)[1+10g(p/6)]+m6g(s)wr(5)} ds

forany0<d<rand 0t -1t 7.
To simplify, define

A=At t) = t A(s) ds

to
and r
Q=Kp/ G(s) ds.
0
Let ()
wr(s
y(t) =t(§g§§t( Ve )
and

g = max {my(t)Q, g} .
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Then we obtain

y(t) < (g)AeHA_

Finally, we can choose 7 such that

1
A(ta tO) <=
2
This can be done since by assumption A is integrable. Now fix this 7,
we have

y{t) € max {meBQ; mL;Q} =T

and thus ends the proof.

5.2 Sufficient conditions by Deng-Hou-Yu

The result by Constantin, Fefferman and Majda reveals the subtlety
between the smoothness of the vorticity direction field and the accumu-
lation rate of vorticity. But on the other hand, their theorems are not
quite applicable to various numerical simulations studying the blow-up
issue of the 3D Euler equations in recent years. The most interesting
ones among them are Kerr [26, 27, 28, 29] and Pelz [39, 40]. From their
observations the following seems to hold for flows that may be singular,
i.e., flows that seems to have the critical singular vorticity growth rate
(T'—t)~! for some T > 0 (Note: unforced flows that have higher vorticity
growth rate have never been observed):

1. Large vorticity, or more specifically, those |w| > ¢|jw]|; «, are con-
centrated in small regions of length O ((T' — t)!/2) in the vorticity
direction and with cross-section area O ((T —t)?). These regions
look like two vortex sheets with thickness O(T — t) meeting at an
angle.

2. The vorticity direction field £(x,t) looks more regular inside this
region than outside, where £(x,t) is wildly helical.

Checking these observations against Definition 5.2 and Theorem 5.3
(Note that Definition 5.4 is obviously unverifiable with numerical quan-
tities, so we will not consider Theorem 5.5), we see that the conditions
there are not satisfied. The main reason is that, according to numerical
simulations, the “smoothly directed” region can never have fixed size,
instead is always rapidly shrinking in all three directions. Thus there
is a gap between theoretical theorems and numerical observations and
leaving Theorem 5.3 unable to explain the numerical results.

In 2005, Deng, Hou and Yu [19] made a first step in filling this gap.
The key is to focus on one vortex line and study its local stretching
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behaviors. Before introducing the main result, we introduce some nota-
tions.

Denote by Q(¢) the maximum vorticity magnitude at time t. Let L
be a family of vortex line segments and L(t) be the length of L;. Denote
Ue(t) = maxgyer, |(u-§) (z,t) = (u- &) (,t)l, Un(t) = maxy, |u-nl
where n is the normal of the curve L, i.e., %f = (£- V)& = kn where &
is the curvature, and M () = max (HV &l peo(r,) - ”””LW(Lt)) . We also
define X (a,t1,t2) as follows:

dX(CY, tl, t)

dt :u(X(a’tlat)7t)7 X(a7t17t1) = Q.

It is related to the usual flow map X (q,t) as follows:

X(q7 tQ) = X(X(qv t1)7 tla t2)

for any q,t1,ts.
Now the main theorem reads:

Theorem 5.7 (Deng-Hou-Yu, 2005). Assume there is a family of vortex
line segments Ly and Ty € [0,T), such that X(Ly,,t1,t2) 2 Ly, for all
To < t1 <ty < T. We also assume that 2(t) is monotonically increasing
and ||w ()| Loo(r,y = coSUt) for some cg > 0 when t is sufficiently close
to T. Furthermore, we assume that

L [Ue(t) + Un($)M(t)L(t)]) S (T — t)~« for some a € (0,1),
2. M(t)L(t) < Cp, and
3. L(t) 2 (T — t)° for some < 1—a.

Then there will be no blow-up in the 3D incompressible Euler flow up to
time T'.

Remark 5.8. Note that the conditions 1-3 are inspired by the nu-
merical observations. In Kerr's computations, the velocity blows up
like O ((T —t)~%/2), which gives alpha = 1/2. On the other hand,
M) =(T- t)_1/2. If we take L(t) = (T — t)l/z, then the second con-
dition is satisfied, but it would just violate the third condition. Thus
Kerr’s computations fall into the critical case of our theorem.

Remark 5.9. In a follow-up paper [21], Deng, Hou and Yu improved
the above result and obtained non-blowup conditions for the critical
case § = 1 — a. The new conditions depend on some fine relations
among the asymptotic behaviors of the rescaled quantities (T'—t)* [Ug(t)
+Un(t) M(t)L(t)], (T — t)* 1 L(t) and the bound Cy. In [25], Hou and
Li repeated Kerr’s computations using a pseudo-spectral method with
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resolution up to 1536 x 1024 x 3072 up to T' = 19, beyond the singularity
time T, = 18.7 predicted by Kerr. They found that there is a tremendous
dynamic depletion of the vortex stretching term. The velocity field is
found to be bounded, and the maximum vorticity does not grow faster
than doubly exponential in time. The fact that velocity is bounded
allows us to apply the non-blowup conditions of [22], which provides
further theoretical evidence of the non-blowup of the Euler equations
with Kerr’s initial data.

We give a simple proof of the non-blowup result of Deng-Hou-Yu.
First we investigate the incompressibility condition of vorticity.
V -w = 0. It is easy to see that

Ei)'_‘;”(x,t) = — (V- &(2,1) [v] (2, 1),

where s is the arc length of the vortex line containing (z,t), so that
% = ¢+ V. This implies that for any two points z,y € L, as long as
| [2V - &ds| < M(t)L(t) < C, we have

T w(z, )] T

Next we study the relation between vorticity magnitude and vortex
line stretching. Recall that

w(X(ayt),t) = VaX(a,t) - wola).
Multiplying both side by (X (a,t),t) we have
|(.4)(X(a, t)v t)l = f(X(oz, t)7t) . VQX(OK, t) ' f(Oé) |(.U0(OL)! .
Noticing

S~ MOLE) < lw(y, t)] < MMLE) (5.3)

g(X(OQt)at) = aa_f

along the vortex line at time ¢, and similarly

where  is the arc length parameter at time 0. Substituting these rela-
tions in, we have

o 0,] = 2 Tax (a,0) 5% o)
0X 0X
= 5+ g lan(a)
0X 0X\ 8s
() B
Os

= % |wo ()],
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0X

since G- = £ is a unit vector. It is easy to generalize the above result to
prove that
' Os w(X (o, t4,1), 1)
—X(a,ty,t),t) = 22 0 1
g (@ htht) = lw(a, t1)]

Now we have the relations between any two points on L, and be-
tween vortex line stretching and growth of vorticity magnitude. A third
ingredient is the evolution equation of sg. It is easy to see that sg is
governed by the same equation as |w| in (5.1).

D
DtsB E Vu- § Sg
=[(€-V)(u-&) —u- (£ V)¢ sp
=(u-§)p -k (u-n)sg,
where we have used £ - V€ = 9,6 = kn by the Frénet relationship.
Integrating it along L and in time, we easily get the estimate

t2

l(t2) < U(ty) + / ’ Ue dr + M{(T)Up(T)l{7) dr,

1 t1
where [; is a segment of L; such that l;, = X(Is,,t1,t2), and [(¢) is the
arclength of ;.
Next we will show how I(t2)/l(t;) is related to the vorticity growth:

o= (M) +M (2)1(81)) ) w(X (s 11, 8),0) < Ut
lwla’,t)] 7 Ut)

< eMOUD+M(2)i(t1)) (X (e, 1, )’t)'. (5.4)
’w(a’ t1)|

The proof of (5.4) is not difficult. Let 3 denote the arc length parameter
at time t;. Denote by [; the vortex line segment from 0 to 3, and use s
as the arc length parameter at time ¢t. Now by the mean value theorem,
we have (f is the arclength variable at t;)

i(t) _ J3 ss(n) dn
I(t1) B
for some o on the same vortex line. Now the inequality (5.4) follows
from (5.3).

Now putting the three ingredients together, we get an estimate for
the vorticity magnitude.

Iw(X(a”a i1, t)7 t)|
\w(a”’tl)‘

=s3(n) =

t2

1
+l(t—1) 3 (Ug(r) + M(r)Un(7)i(7)) dr|,
(5.5)

Qulte) < eCOQz(tl) {:1
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where (};(¢) denotes the maximum vorticity magnitude along ;.

Now we start the proof of Theorem 5.7 itself. The idea is the fol-
lowing. Note that the above inequality actually controls the growth rate
of vorticity. So we can expect to prove non-blow up if [(¢1) does not
shrink to zero too fast. If we assume, in the same spirit as those by
Constantin-Fefferman-Majda, that {{t) > ¢ > 0 for some fixed ¢, then
effectively we have

Q(tg) < SCOQ(tl)

and obviously no blow-up can happen. Now we illustrate the proof along
this simple idea.

We prove by contradiction. First, by translating the initial time we
can assume that the assumptions hold in [0, T'). Define

r=(R/co) + 1,

where R = e2¢0. Recall that Cp is the bound of M(t)L(t), and co is the
lower bound of Q (¢)/§2(¢), where Qp(t) = [w ()l oo (r,)-
If there is a finite time blow-up at time T', then we must have

T
/ Q(t) dt = 0o
0
and necessarily Q(¢) /oo ast /' T. Take t1,ts,--- ,tn,--- such that

Q(tk+1) = Tﬂ(tk).

Sijr}ce §)(t) is monotone by assumption, and T is the smallest time that

Jo Q) dt = 00, we have t,, /' T as n — co.
Now we choose l;, = Li,. By assumptions on L;, we have l;, C L,
such that X (l;,,%1,%2) = l,. And furthermore, by using (5.4), we obtain
i Qr(t1)

Wt) > Uta) 5 o7 5 = Ut2)

Co 1
_ > T —¢ B
R QL (ts) (T = %)%,

R2p ™

where the hidden constant in > is independent of time. Now plugging
this into (5.5) we have, after some algebra,

C Q(t1)
(1—=a)e (T — to)

Recalling Q(t2) = rQ(t1), we have

Qts) < (r — 1)Qt1) + 5 (T —t:)' ™.

(T—tl)l_a
r<(r-1)+C—+—-
(r—1) T 1)
which gives

(T —t2) < C(T — 1)1+
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with
l-a
B
which is positive by assumption. By taking t; close enough to T, we can
cancel C and have

é -1

b

(T —t2) < (T —t1)**°.
T N(zx;édz t(l;g 1s)ame ’;Ihing for all pairs (tn,tn41), (note that (T —t,)°
—t)° < we have
(T = thar) < (T =)0 (T = 1) (T — 6)(T - 1) (5.6)
if we take T —t; < 1.

Now we study fOT Q(t) dt = co. By assumption that Q(t) is mono-
tone, we have

oo o0 T
Q1) Y r* (s —te) = D Qtgr) (ters — ti) > / Q(t) dt = oo,
k=1 k=1 21

which implies

oo
(r—1) ZTZ —t141) = ) (P =) (T —ti4a)
=0

I

I

(Tl+1 - Tl)(tk+1 — k)
1

NIE

Eol

=l

+

x
=

(r Y — ) (g — i)
{

i
=]

I
Ms I1Ms LM

(r* = ) (thsr — te)

a
Il

1
All the equalities are legitimate since all the terms in the summations
are positive (Fubini’s theorem).

On the other hand, from (5.6), we obtain

o0 = ZT’ —tk+1 < (T-—tl)zo.:‘ [T’(T — tl)é]k < 00,
k=0

if we choose #; close to T so that r(T —t;)° < 1. Therefore, we reach a
contradiction. Thus, we obtain
T
Qt)dt < o0.
t1
By the BKM criterion, we conclude that there is no finite time blow-up
up to T'.
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6 Lower dimensional models for the 3D Euler equa-
tions

6.1 1-D model

In 1985, P. Constantin, P. Lax and A. Majda proposed the following 1-D
model of the 3D Euler equations:

wt = Hw - w,

where H is the Hilbert transform:
RT—Y

The relation to the 3D Euler equations is the following. In 3D Euler
equation, the evolution of the vorticity magnitude is governed by the

following equation:
D
= ol = T(@) el

where T is a Calderon-Zygmund operator with a convolution kernel that
is homogeneous of degree —d where d is the dimension. In 1-D, only one
such singular integral kernel exists, i.e., the Hilbert transform.

This simplified model can be explicitly solved. To solve it, we first
get familiar with some properties of the Hilbert transform.

Lemma 6.1. The Hilbert transform has the following properties:
1. H is bounded from H™ to H™ for all m = 0.
2. HHf)=-Ff.
3. H(fg)=f(Hg)+g(Hf)+H(Hf-Hyg).
Proof. Properties (1) and (2) follow immediately from the fact that

HF(€) = sqn(€)f ().
For property (3), we check

[0}

H(fg) — H(HS Hg) = / sgn(€) Fn)a(€ ) dn

— 00

- / " sgn(€)sgn(n)sgn(€ — n)f(n)a(€ —n) dn

—_—00

- / " sgn(€) (1 — sgn(n)sgn(€ — ) Fma(e —n) dn

-0

_ / " (sgn(€ — ) + sgn(n) Fma(e — ) dn

— o0
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and this ends the proof.
Now we set out to find the explicit solutions. We define
z(z,t) = Hw(z,t) + iw(z, t).

By Lemma, 6.1, the equation for z is

dz 1,
=2y,
dt 2
whose explicit solution is
22’0
z(t) = ,
( ) 2 — Zot
which implies
dwo(z)

w(z,t) =

(2 — tHuwo)? + t2w2(z)

45

It is obvious that w(z,t) will blow-up at points with wo(z) = 0 but

Huwg > 0.

6.2 The 2-D QG equation
The 2D QG equation (see Pedlosky [41]) is given by

Db
E:Qt—i—u-VG—O,

where (z,t) is a scalar, and u is defined by

(_A)1/2 Y = -0,
uw=Viy.

Here (—A)1/2 is defined by

(=) = / ST |6 (€) de

= / 2 (6) de.

(6.1)

The 2D QG equation (aka surface-quasi-geostrophic equations, SQG)
describes the variation of the density variation € at the surface of the
earth. The name 8, usually represents temperature, is chosen because
in the case the ideal gas, the density variation is proportional to the

temperature.

To get an explicit form of the formula for v in the space variable z

instead of the Fourier modes £, we use the following lemma.
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Lemma 6.2. Denote

_T(a/2)
ha(®) = 073

=7,

then we have

he = hN—a

for 0 < R(a) < N, where N is the dimension of the space. T' is the
Gamma function, defined as

I'(s) :/ e 't dt.
0

Proof. See e.g. Thomas Wolff [46]. O

By the above lemma we easily derive

_ [ bz+uy)
(z) = /R S ay

Thus we get

yt
u(z) = / “—0(z +y) dy.
v y|?
If we define “vorticity”
w(z) = V14,

we obtain by differentiating (6.1) that

%OZ =Vu - w,
from which we can derive
D lwl 1 T
Dr = 5{ (Vu+ Vu') € |w]
= S(z,t) |w|
=/ be@) ety ) lwlz +y)| dy |w|
ly/?
lyl? ’
where
(z,1) = D1
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as long as it is well-defined, and § = y/ |y|. Note that those points with
w(z,t) = 0 is transported by the flow, since w = 0 implies V@ = 0 and

V8(X(gt)) = Vaubo(q)
= (V4X)™" - Vafo(a),
which means V,6q(q) = 0 < V,06(X(q,t)) = 0. So those points where £

is not well-defined are not important to the stretching.

Recall that for the evolution of the vorticity magnitude in 3D Euler,
we have

Dlw| _
i = a(z,t) |w|,
where
ota) = & [ - ({Z]g(x FULEE) |

We see that S(z,t) and a(z,t) indeed share very similar cancellation
properties. Thus the 2D QG equation can be viewed as a 2D model of
the 3D Euler equation, especially in the vorticity form.

There are several other similarities between 2D QG and 3D Euler.
For example, the levelsets of §(z,¢), which are lines that are always
tangent to w(z,t) so can be defined as “vortex lines”, are carried by the
flow, similar to the vortex lines in the 3D Euler dynamics. For more
comparison between 2D QG and 3D Euler equations, as well as other
properties of the 2D QG equations, see Constantin-Majda-Tabak [15],
or the book by Majda-Bertozzi [35].

Remark 6.3. Note that in the 2D QG equation, we no longer have the
property

%(VU—VUT)O.):O

as in the 3D Euler case. This implies that, the “vorticity” here doesn’t
satisfy
Dw 1
Dt 2
as in the Euler case. Only the evolution of the vorticity magnitude |w|
satisfies the same equation as in the 3D Euler equation.

(Vu+ VuT)w

6.2.1 Existence and blow-up criteria

By the same technique as in Chapter 2, we can prove the local in time
existence and blow-up criterion.
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Theorem 6.4 (Constantin-Majda-Tabak [15]). If the initial value 6o(x)
belongs to the Sobolev space H*(R?) for some integer k > 3, then there is
a smooth solution 8(x,t) € H*(R?) for the 2D QG equation for each time
t, in a sufficiently small time interval [0,T*), where T* is characterized
by

16C,t)lly, /o0 ast /T

and can be estimated from below by

1
T2 —F .
~ 1= ol

We can also apply the technique for the BKM criterion in Chapter 4
to obtain similar blow-up criteria:

Theorem 6.5 (Constantin-Majda-Tabak [15]). Consider the unique
smooth solution of the 2D QG equations with initial data 8y(z) € H*(R?)
for some k = 3. Then the following are equivalent:

1. The time interval [0,T*) for some T* < oo is mazimal for the
solution to be in H*(R?).

2. The vorticity magnitude accumulates so rapidly that

T
/0 l0( )]l g dt /00 asT /oo

3. Let §*(t) = max,cge S(z,t), then

/0 5 (1) dt = o0,

There are, though, properties that seem to hold only in the 2D QG
case. For example, when we assume that there is a smooth curve z(t},

such that each point (z(¢),1) is an isolated maximum of |w(z,t)], we can
have the following result:

@ ol )l = S0, 0) D) e

To prove it, let g(t) be the Lagrange marker of the points (z(t),t), i.e.,
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then we have

sl = o), )

= o7 Wl (@(1),1) + Vo [w] - Vo X - ¢

S(z(t), 1) lw(z(t), )]
= S(@(®), ) llw(, )l oo -

Note that V; |w| = 0 by our assumption that z(t) is an isolated maxi-
mum.

The above result implies that, under the assumption on x(t), we
can just consider S(z,t) for the particular point (z(t),t) instead of the
maximum of S(z, t) over the whole space. The assumption on z(t) is very
likely to hold in practical cases according to various numerical results,
see e.g. Constantin-Majda-Tabak [15].

Remark 6.6. It is claimed in Constantin-Majda-Tabak [15] that the
assumption on z(¢) can be dropped with a more lengthy proof, while
that proof is omitted.

6.2.2 Global existence result by Constantin-Majda-Tabak

In their 1994 paper [15], Constantin, Majda and Tabak studied the evo-
lution of the vorticity magnitude both numerically and theoretically,
concluded that when the vorticity direction £(z,t) varies not too fast
in space, there can be no finite time blow-up, i.e., the classical solution
exists globally in time.

To understand the basic idea, we recall the evolution equation for
lw:

D jw|
D = S(x,t) v,

where

s = [, E (ﬁ;T; D) ot ) ay

In general, since S(z,t) = Tw with T being a singular integral oper-
ator, ||S(-,t)|| L« can not be bounded by ||w(:,t)|| . Even if it can, the
right hand side would be quadratic and give us a finite time blow-up.
But if we make assumptions on £(z+1y), the situation would be different.
We illustrate this through several examples.
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Example 6.7 (Constantin-Majda-Tabak [15]). We consider the classical
frontogenesis with trivial topology. Let

= f(z1)

be a smooth curve in the plane, we study the possibility that the solution
6(z,t) developes a sharp front along this curve, through the simplified

ansatz ot 7 (&;({%ﬁ) |

where F(s) is a smooth function on R, with the properties that F(s) = 1
for s 2 3, Fi(s) =0 for s < 1 and F'(s) > 0 for all s. Assume that

6(t) -0, as t—-T*

for some T* < oc.
We can plug the formula for 6 into the 2D QG equation and get

“laaw) () ()] -

Since obviously |[w||;« (t) ~ 1/4(t), we have the estimate

d
= (08 [l () Sl (8)
It can be shown that for 2D QG equation

l[ull oo (8) S logllwll oo - . (6.2)

We see that the growth rate of the maximum vorticity is at most double
exponential, and there will be no finite time blow-up.

The last thing is to prove the estimate (6.2), which first appears in
Cordoba [17].

Recall that, for teh 2D QG equation, we have

u=(-0)""?u / w(z+y)d

Now let 7 > 0 fixed, large enough, p € (0,7) to be specified later, and y
be the standard cut-off function, we decompose v into 3 terms as follows

|u(x)| = Um(m) + Umed(x) + Uout(x),

Uin(z) = /x <%) mw(wﬂ/) dy

SHlwllze o

where
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by simply using polar coordinates. For U,,.q, we have

b = [ (1) (1 () oo+ 0
S REAT NG K

1
2r>lyl> /2 [y P Jrpsiyzore W]
1

1
+—/ 0(z +y) dy
2r2|yi>r/2 lyl
S =110l pee (1 +|logpl) = —[|foll oo (1 + | log p])

as long as p < ¢ < 1 for some fixed constant ¢. Here we have used the
fact that Vy (le> = 0 for all |z] < p/2 or |z| > 2p and the maximum

of 10| is bounded by the initial data.
Now we estimate Uy,

Uout(l‘):/(l—x(m)> m IV¢0(x+y) dy

1
5—/ —G(z—i-y)dy—i-/ 0(z+y)@5
T Jorzly|zr/2 lyl fy|zr/2 ly‘

=T+1I.

I is obviously bounded by some constant since ||6]jcc < ||6ollco. For IT,
we use he Cauchy-Schwarz inequality and the fact that the L? norm of
6 is conserved. We get

ITS ™ |60l 22

which is also bounded by a constant.
Finally, if |w]| ;= < e, (6.2) trivially holds. If not, taking p = ||w||
immediately gives the desired estimate.

We look at another example, the singular thermal ridge.

Example 6.8 (Constantin-Majda-Tabak [15]). The assumptions are
similar to the previous example, the only difference is that F(s) = 0
for both s > 3 and s < 1, with F'(s) > 0 for 1 < s < 2, F'(s) < 0 for
2 < 8 < 3. There can be no finite time blow-up for these ridges either.
The proof is similar to that in the last example and is omitted.

The above two examples imply that, for # whose levelsets form simple
geometries, there may be no finite time blow-up. To quantify what
we mean by “simple geometry”, we use the direction of the “vorticity

vectors” £ = w/ |w|. The precise statement of the theorem is the following
(Constantin-Majda-Tabak [15]):
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Definition 6.9. A set () is smoothly directed if there exists p > 0 such
that

T
sup / u (X (g, 1), D) dt < o0
geQg JO

and

T
sup/ IVEC D Lo, (x (qt),00)) A < 00
qeQg JO

where B, (z) is the ball of radius p centered at x and
05 = {g € Q0 | lwo(q)| # 0} .
We use the following notations:
Q = X(,1t),
Or(Q) = {(z,t) |z € 0, 0Lt < T}
Theorem 6.10. Assume g is smoothly directed, then

sup |Vé(z,t)| < oo,
O1 ()

i.e., there can be no blow-up in Op ().

Definition 6.11. We say that the set g is regularly directed if there
exists p > 0 such that

T
sup / KP (X(q7 t)) dt < 00,
qeQy JO

where

Ke)= [ e @llete+y) e @)l e+l .
lyl<ep |yl

Theorem 6.12. Assume that Qg is regqularly directed, then

sup |w(z,t)] < oo.
O1(0)

The proofs to these theorems are similar to the ones in the global
existence results by Constantin-Fefferman-Majda for the 3D Euler equa-
tions, only less technical. The main difference is that here we have a
conserved quantity 6, whose LP norm is conserved for all 1 < p € oo.
This simplifies the proof a lot. First, S(z,t) is bounded by

|S(z,8)| < C[G(t) [u(z, )] + (bG(t) + 1) (GO 1] = + 72116l 2)] ,

where G(t) = sup,, ,|V&(z +y)| for some fixed p > 0, via similar es-
timates as in Chapter 2. Next we integrate the above in time and use

the Cauchy-Schwarz inequality. For details see Constantin-Majda-Tabak
[15].
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Remark 6.13. The reader may notice that our condition on the max-
imum velocity, i.e., L%-integrable in time, is much weaker than the one
in the 3D Euler case, i.e., L™ bounded. This is because, in 2D QG,
we have w = (02, —01)f with 8 being bounded. For 3D Euler, we have
w =V x u and we do not have a priori bound on u. Thus in the case of
the 3D Euler equation, we have a term

Gt)*U (),

which will not be integrable if U(t) = ||ul| ;. (¢) is not bounded in addi-
tion.

6.2.3 Global existence result by Cordoba and Fefferman

The results by Constantin-Majda-Tabak claim that, as long as the direc-
tion field of the levelsets is smooth enough locally around the maximum
stretching point, there can be no finite time blow-up in the 2D QG
equations. This leaves one candidate for finite-time blow-up in their nu-
merical simulations, i.e., the “hyperbolic saddle” situation. In fact, they
performed detailed numerical experiments and found that the maximum
vorticity can be fitted by 1/ (8.25 — t)”, which suggests a finite time
blow-up. In 1997, Ohkitani and Yamada re-did the simulations and
pushed further to higher resolutions ([38] ), and found that the same re-
sult can be fitted as well by double exponential growth, indicating that
no finite time blow-up can occur, at least up to the time of their compu-
tations. Subsequently, Constantin-Nie-Schérghofer [16]) found that the
double exponential is in several aspects a better fit, suggesting that no
finite-time blow-up can occur. Around the same time, D. Cordoba [17]
proved that under some mild assumptions, the hyperbolic saddles will
not cause a finite time blow-up, instead the growth of |w| is bounded by
quadruple exponential. The proof is technical and we will not reproduce
it here.

In 2002, D. Cordoba and C. Fefferman [18] considered a case that
covers most of the scenarios considered by Constantin-Majda-Tabak and
the hyperbolic saddle case by Cordoba, which they called “semi-uniform
collapse”, and obtained the numerically observed double exponential
growth by clever estimates. We will recap their work here.

Assume that there is an interval [a, b] such that

0(z1, ¢p(z1,1),t) = G(p)

for x; € [a, b], where 25 = ¢,(z1,1) is a level curve of 8, ¢, € C* ([a, b] x
[0,T7) for some alleged blow-up time T. By a “semi-uniform” collapse
we mean that the level sets are almost parallel to each other (Note that
the sharpening front and ridge in Examples 6.7 and 6.8 satisfy that the
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level curves are exactly parallel to each other). More specifically, if we
denote

(5($1,t) = '¢p(x17t) - ¢P'($17t)l 3
then 4 satisfies

i t) > §(z1,t).
r[le}g]l5(w1,) cmax (21,1)

By this assumption, we always have
1

lw(z1, dp(@1,1),8)| ~ a(xh,t)

for any z1,%] € [a,b].
From this observation, it is enough to consider

b
=4 ( | @)= 8 (e8] dm)

since the quantity being differentiated is comparable to |w|™". (Note
that, since different level curves will never cross, the sign of the difference
is fixed.)

We compute

d
Eqsp(xlat)

for some fixed p. First note that, the curve (z1, ¢,(z1,t)) is transported
by the flow, since it always parametrized the level curve 8 = G(p). So
we have

d
aﬁsp(xlvt) = Uz — ul% = dimw(m,gbp(ml,t),t),
where 9 = (—A)_1/20 so that uw = V+¢. The first equality can be
seen by drawing a picture and studying the difference between ¢, at t
and ¢ + ¢, or go through the argument using the QG equation as in
Cordoba-Fefferman [18].

Now it is immediate that

I'=9(b,$p, (b, 1),1) — P{a, bp,(a, 1), 1)
+(a, §p, (a, ), 8) — P(b, P, (b, 1), ).

Let

b
A(t) = bi / [@ps (x1,t) — bp, (21,1)] daz1,

a

we have

d

EA(t)' S sup |/I/)($17 ¢P2 (1:1, t): t) - ¢($1» ¢p1 (xly t)a t)l .
[a7b]
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Finally we prove a general estimate
[¥(21,8) — P(22,1)| < |21 — 22| log |21 ~ 25|
Obviously, that will end the proof, and bound the maximum growth by

some double exponential.
Recall that

Wz, t) = (=0) M9 = / W dy.

Taking 7 = |21 — 22| we have

wun—w@w=/ww( : ! )dy

ly— 21l |y — 2
T ho]
ly—z1|€27 2r<ly—zigk k<|y—z1|
=L+ I+ I3,

where k > 27 is some constant.
Now trivially,
|I 1’ g Cr.

For I, by the mean value theorem

1 1
ly— 21| |y — 22|

1
ly — 2'|

:T{

for some 2’ lying on the line segment connecting z; and z;, thus we can
further bound it by )
BT
where the maximum is taken over the line connecting z; and z,. Now it
is clear that

|Iz] < CrllogT]|.

I3 is also trivially bounded by Ct using the conservation of the L?
norm of 4, and the mean value theorem.
This ends the proof.

6.2.4 Final remarks about the QG equation

The global existence/blow-up issue for the 2D quasi-geostrophic equa-
tion is still open today, and solving it would for sure shed light on and
help solving the same problem for the 3D Euler equations. A recent
progress is Deng-Hou-Li-Yu [22], where the authors applied the method
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developed in their papers dealing with the 3D Euler equations [19, 21],
and obtained triple exponential growth bound for ||V8| o under very
mild conditions. Furthermore, under slightly stronger conditions the au-
thors show that the growth rate of | V0| can be bounded by double
exponential, which is the real growth rate observed in numerical com-
putations. High resolution numerical computations carried out by the
authors suggest that these conditions are indeed satisfied in the 2D QG
flow. This observation suggests that these conditions may have touched
the essence of the QG dynamics. The authors are currently making an
effort to further investigate this problem.

7 Vortex patch

A vortex patch is a bounded, simply connected, open material domain
D such that the vorticity is constant inside it and 0 elsewhere. It is a
special case of the L' N L™ weak solutions. Here we will describe the
problem without using the general weak solution formalism.

7.1 The contour dynamics equation (CDE)

By definition and our expectation that the vorticity will be conserved
along particle trajectories (should check that they really exist), it is
(hopefully) enough to derive an equation that governs the evolution of
the boundary.

Assume that the solution do behave this way, i.e., the vorticity at
any time ¢ is wg in some smooth region D(t) and 0 outside, where D(t)
is smoothly parametrized by t. Then the velocity is

L
u(z,t) = ﬂ/ (x_y_)2 dy.
2 Jow |z -yl

By the Divergence Theorem we can rewrite it as a contour integral

w
u(z, t) = 2 / log |z — | n*(4)dS(y),
27 Jap ()

™

where n(y) is the unit outer normal vector. Note that in our setting,
D(t) and then w(z,t) is determined by the evolution of the boundary
0D(t). If we parametrize it by = = z(s,t), we have

0x(s,t) wo Oz
=_2 1 t) — z(s', 1)) 2X
o =g togletent) —a(s', 0] S5

§',t) ds’.
This is called the CDE (contour dynamics equation). It can be checked

that as long as the boundary remains smooth enough, w(z, t) defined by
the CDE is a weak solution.



Introduction to the Theory of Incompressible Inviscid Flows 57

In [34], A. Majda observed that, Y = % satisfies an evolution equa-
tion very similar to the 1-D model:

DY
o = M(Y))Y,

where M(Y') is a matrix whose entries are Cauchy integrals on a curve,
i.e., a generalization of the 1D Hilbert transform. He further conjectured
that a finite time singularity would form from smooth initial data.

In 1991, J.-Y. Chemin [10] proved that in fact the above resemblance
is just superficial. The evolution of the vortex patch boundary behaves
much better than the 3D Euler equations. Namely, the boundary will
remain in CYH# if it is started in this function class. In [4], A. Bertozzi
and P. Constantin give an alternative proof that is easier to understand.
We will present this proof in the next subsection.

7.2 Levelset formulation and global existence

Let 0 < u < 1 and D be a simply connected, bounded and open subset
of the plane whose boundary is C1* smooth, i.e., for any z° € 9D there
exists a ball B(z%;) and a C1# function ¢ : R — R such that, after a
rotation,

D N B(2°,ro) = {z € B(z% 1) | 22 = p(z1)} .

Now we introduce the levelset formulation. Let ¢ € C™*(R?) be such
that

D = {z | p(z) > 0}

and [Vi| > ¢ > 0 on the boundary. By the implicit function theorem
we see that D defined by ¢ = 0 is indeed C**. Thus to establish the
long time existence, we only need to show the existence of C* function
o(z,t) such that D(t) = {z | ¢(z,t) > 0} and Vy(2,t) is bounded below
by ¢ > 0 uniformly in ¢.

It is easy to see that the evolution of ¢(z,t) should be governed by

pr+u-Vo=0 (7.1)

and thus D
1. 1
— =Vu- V-,
DY PEVU-VTY
which looks similar to the 3D Euler equation.

We need to show two things, first ”VLQOH cow 18 bounded above,
second |V+ | = |Ve| is bounded below at ¢ = 0.
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Proposition 7.1. Let u be the velocity field associated to a vortex
patch. Denote
22129 22—z}
_ |
O’(Z) - z3—~25 22122
PR

Then

Vu(z) = ;—;pv A —Tix__y? dy + % ((1) _01> xp(Z).

Proof. The proof is straightforward, similar to those in Chapter 4. 0

First we need to notice some properties of o(z — y).

1. It is smooth outside of the origin and homogeneous of degree 0.

2. It is symmetric with respect to reflection about the origin, i.e.,
o(z) = o(—2).
3. It has mean 0 on the unit circle.

4. By (2) and (3), it has mean 0 on any half circle centered at 0.

By (1) the kernel in the integral is a singular integral kernel. But one
important difference with the 3D Euler or other model equations (1D
Constantin-Lax-Majda Model, 2D QG) is that, this singular integral
kernel is acting on a characteristic function instead of V1, thus it can
be expected to behave much better than the 3D Euler equation.

To see this point, we consider a naive approach. Instead of the tech-
nical C17, suppose we would like to prove that the level set equation
(7.1) is well-posed in C*. For this purpose, it is enough to prove that
[Vl ;o is bounded. We have

/ |z —yl d +7(2 Ol)XD(w)'

So it is enough to prove that
T —
- / olz—y) ,
|z — y|?
remains bounded for all . Suppose that we only need to worry about

the integral
oz —
I(z) = pv/ ——g——%)— dy
DNB(z,0) | — ¥

for some § > 0. Obviously when d(z) = dist(z,0D) 2§, I{(z) = 0. On
the other hand, when d(z) < 4, we need subtle cancellations. To get
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some insight, assume that locally 9D is zo = 0, and z = (0,z3) € D
with § > z3 > 0. By the properties of o, we see that ¢ has mean 0 on
semi-circles. This implies that,

_ o(z - y)
f(=)= /Deff |z~ y|2 W,

where Deg = DN (B(z,0) \B(z,d(z)) N {0 < y2 < d(z)} is illustrated in
the following figure by the shaded area:

where 6(p) is the size of the angle interval corresponding to the curve

{v=(nv2) | ly—x|=p, 0<y1,0 <y2 <d(z)}.

See the following figure.
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By the inequality

) T
arcsint < 5t

for t € [0, 1], we have

. T T .
t<s1n§t< §s1nt,

which implies

7 d(z)
< Y
0(p) < 5 ;
Now it is easy to see that
b d
[I(z)] < C @dng(l—ﬂ> <C
d(z) P 4

is bounded. Thus ||Vu| ;« is bounded and ¢ stays in C?.

The above “proof” is easy, but there are several un-bridgeable gaps in
the argument. The major one is the following. Recall that we assumed
0D to be straight when estimating the integral. In fact it can be at
most as smooth as , i.e., C', and our argument breaks down when the
boundary is only C*. It turns out that, to get a good estimate on Vu,
we need the boundary to be at least C1'# with some p > 0. But then
we need to prove that ¢ stays in C1* instead of C?, which means that
it is not enough to estimate ||Vu|| . Thus the real proof is much more
complicated although the main idea is the same as the one presented
above. Now we turn to the real proof.

The next Proposition is very important.

Proposition 7.2. We have
w o(x —
Vul@)V4ela) = 220 [ TEZY (p(e) - Voly) d.
™ Jp |z -yl
Proof. First we observe that
o 1L
—= =V (V'log|z]).

Thus

1

(U——(I“ZQ -vww) =V (V108 =), Vo).

|z -yl
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Now if we consider the i-th component of the integral and omit the

subscript 1,

oz —y) o1
pv/D ]x_y‘QV ¢(y) dy

— lim VViloglz —y|- Vie(y) dy
820 Jpn{lz—y|>6}

= lim V- (Viiloglz —yl- VVely)) dy
—0Jpn{lz~y(>8}

. Tz —y)t T —
~—tim [ T (o) 25 asw)
=0 Jon{jz—y|=6} |7 — Yl

_— ((1’ ‘01) xo(@)V - ¢(2).

Then the proposition is straightforward.

We denote

71, = e L2 =)
sty =Yl

to be the CY* semi-norm.

Proposition 7.3. There exists a constant C = C(u) such that

[Vu()Vro()], < C L+ [Vul 1) [V, -
Proof. Let z,h € R?. We estimate

L |(Vu: V4e) o+ 1) - (Vu- T4) (o)

olz+h—
< [ IR Y) (Grpa v by - Vi) dy
D |z+h -y
og\xr —
oo [ 7& = 8) (Gra) - Vholy)) dy
D |z -y
olx+h—y) | n
<pv/ ———5 (Vop(z +h) — V7o(y)) dy
Dfje-yl<2irl) |z +h -yl ( )
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AR Y) (Griy(n+y) - VEely) d
" /7>n{|z—y|>2|h|} |z +h—y|® (Voelat) o)) dy
o [ 9@ =Y (G p(a) - VEoly)) dy
D{jz—yl<2ihl} [T — Yl

oe—y) olz+h—y)
i /1>n{|w—y|>2|h|} ( lz—yl® Jz+h-y? )

(Vip(z +h) - Vie(y)) dy

=L+ L+ I3+ 14

We estimate them one by one.
For I, we use the fact that ¢ € CH* and get

L < C* Ve, -
For I, by Cotlar’s lemma, we have
L <C(|Vul|l,+1).
For I3, Similar to I;, we have
I; <Ch* Ve,

Lastly, for 14, by the mean value theorem, we have

C
n< [ Hl = o~y [V, < C Il 9l
Dn{lz-yl>2hl} [T Y|

Remark 7.4. Cotlar’s lemma is the following result:
For any singular integral kernel K (z), define

een—_J 0 lz| <e,
K(”“"):{K(m), o>

Then there is a constant C > 0, such that for any ¢ > 0,
|K* * f| (z) < C(M(K * f)(z) + M(f)(z)),

where M(f) denotes the maximal function of f.

oL
MO =3B 1B S T W

O
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Thus in particular, if both K * f and f are in L, then we can re-

place M (K * f)(z) by || K * f|| ;. and M(f) by ||f|| . For more about
Cotlar’s lemma, see e.g. Section 1.7 of Stein [45] or Chapter 7 of Meyer-
Coifman [37].

Our next task is to give a upper bound for ||[Vu|| .. Denote the
infimum norm of a function f on 0D by

Fling = _inf [V(@)].

Proposition 7.5. Let u be the velocity and ¢ be a solution to (7.1).
Then there is a constant C' = C(u) > 0 such that

Vel
Vull;o < Clwol | 1+ 1o L )
Vol < Clel ( g (muw

Proof. First note that we only need to estimate the principal integral
oz —y)
pU / — dy.
D |z -yl

_ |V90|inf
Vel

and d(z) = dist(z,8D) for any = € R%. Intuitively, the main difficulty
would come from near the boundary.
First we assume d(z) > 4. Take 1 small enough, we have

/ a(w—y2) ayl < / cr(ac—y2) dy
DA{jz—yizn} |T — Yl DN{n<|z—yl<d(z)} [T — Y|

o\xr —
+ / osle—y) yQ) dy
DPn{jz—yl>d@)} | — Yl

Denote

d

o\xr —
_ / 7@y g,
Dn{jle—yl>d@)} [T — Yl

N

1
/
Dn{je—yl>d@)} |T — Yl

1
< / 7 4y
d(z)<|z—y|<R | — Y|

where 7R? is the area of D, which is conserved by the imcompressibility
of the flow. The last inequality can be readily checked by using Polar

)
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coordinates and the fact that rlz is monotonically decreasing in r. The
proof is left as an exercise. Now it is easy to see that the integral is
bounded by what we want.

Now for the case d(z) < §. Again taking n small enough, we have

_ ol —
/ oz~ y) dy‘ </ @=9) 4,
DN{jz—y|zn} [T — Y| D{n<|z—yl<d(@)} [T — Y]

+

/ oz — yz) dy
D{d(z)<lo—yl<d} 1T — Yl

=
D{je—y|26} |2 — Yl

We know that the first integral vanishes due to symmetry, and the third
term can be estimated as in the d(z) < § case.
For the second one, we denote

S = {d(z) < ¢ - 4] < 5}

and study its special geometrical properties. The heuristic is the follow-
ing. Assume that the boundary is a straight line, then we try to bound
the integral by estimating the area of the integration in which the inte-
gral doesn’t vanish. This is where the regularity of the boundary comes
into play. To make the above idea rigorous, we denote by Z the point on
0D such that d(x,Z) = d(z). Let £ be the line through z in the direc-
tion that is tangent to 0D at . Then the annulus {d(z) < |z — y| < 8}
is divided into two half annuli. Denote the one containing # by As and
the other by A;. First note that the integration on A; vanishes. So

/ Z(ﬁ__y) dyl = / oz —y) d
2 - 2
snp |z -yl (A4,ND)u(ANDe) | — Y|

C
g/ — dy.
(A,NDY)U(ANDe) |T — Y|

Note that S should more and more resembles a half-annulus as d(z) — 0.
So our integral should vanish. We estimate the area of S, = (4, N D) U

(A1 N'D¢). Write it in polar coordinates and denote by H(E,) the 1-D
Hausdorff measure of

{0 € (0,27] | (p,0) € Se}
for d(z) < p < 8. By the Geometric lemma that will be proved later,

H(E,) < C (@ ; (g)”)

and then the result is straightforward.
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Now we prove the Geometric Lemma.

Lemma 7.6 (Geometric Lemma). We have
d(xo) p\#
< 1 L
H(E,) 27r[(1+2) FRRE: <5)
for all p > d(zg), 1 > p > 0 and zo so that

/
d(w0) < 5= (190l /1V5,) "
Proof. Let
Spleo) = {2 | 2l = L,z = 2+ pz € D},
B(e0) = {2 | 2] = 1, Vag(#) - 2 > 0}

where & € 0D such that |zg — Z| = d(z9). This point exists since the
boundary is C1#. Then we have

E, = [Sp\zp] U [Zp\sp] .

The readers should draw a picture to see what E, looks like (there are
two cases, g € D and zo ¢ D). Note that since p(z) > 0 for z € D, the
direction of V¢ at Z should be pointing inward instead of outward.

We use polar coordinates and denote the angle for a point 2z in E,
by 6(z), with 6(z) defined by

. Ve(#) - =
Sz = @ T

See the following illustration.

B e
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Thus we have

Vo(z) - (& —x0) | Vo(Z) - (zo + pz — )
[Ve(2)| p Vo(@)|p

Now in the RHS z is in the unit circle.

For any z € E,(xo), we can see that either sinf(z) > 0 and ¢(zo +
pz) < 0 or sinf(z) < 0 and ¢(xo + pz) > 0. In either case, noting that
©(Z) = 0 and V() || (zo — ), we have

sinf(z) =

d(zo) | |Vo(Z) - (o +pz=3) _ plz0+p2) — 9(E)

Isin 0(2)] < Vo@)]p IVe(@)lp

Since —%ﬁ) is always of the same sign as sin8(z), so adding it will

only increase the absolute value. Now by the mean value theorem we
have .
lo(@) — p(y) = Vely) - (2 —y)| < Ve, [z -y,

which gives
d(zo) | |V, |wo + pz — 3|
P |V<p|znf

do) |, VOl i) 4+

sin 8(z)] <

P IVl

d(zo) [Vl
< + 27 ETd(zg) ™ 4 pitH],
p PIVGins [d(zo) )

where the last inequality comes from the Jensen’s inequality applying to
the convex function z'*T# for positive z.

Now the estimate is easy to see by the fact that arcsint < 5t for
t € [0,1]. Since we are estimating the absolute value of siné over [0, 27],
the factor should be 7 -4 = 27. This completes the proof. O

Finally we take the dynamics into account.

Proposition 7.7. If the initial data ¢y € CV#(R?), such that Dy =
{¢o(z) > 0} is simply connected and bounded. And |V > C > 0 on
the boundary 9Dy, then the following priori estimates holds:

L 96Ol oo < 1950l 1 €50 (f5 1V, 8) | ds);

2. IV Oling > [Volins exp (= fy V(. 8) o ds);

31960, 0)l, < Vol exp (o + ) fy [V, )| e ds).



Introduction to the Theory of Incompressible Inviscid Flows
Proof. Let X = X(c,t) denote a particle trajectory and
Y(a,t) = Vip(X(a,t),1).

Then we have

LV (@,1) = Vu(X(0,), 0¥ (a1

and therefore

d
\d—tlog|Y(a,t)l < | Dul )l poo -

Now by Gronwall’s lemma, we have

e ft” ”Lco 8§ < M
0 ~x V
l Q&O(CK)[

which proves both (1) and (2).

t
< eJdlVull oo ds
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For (3), we write the integral formulation of the equation for V4 ¢:

V4o(z, t) = Vi (X (2, —t)) + /0 (VuV>e) (X(z,s — t),s) ds.

And we estimate

|V 4o + h,t) — Vio(x, )]
< |Vieo (X (2 + h, 1)) — Vo (X (2, 1))

+ \ /0 ((VuVre) (X (z + h,s —t),5) — (VuVre) (X(z,5 - t),5)) ds

< [V ol IV X (, —8) [ IR

+ /Ot ]VuV‘ch(-, s)|# VX (s =)o |A* ds.

For the evolution of VX, we have

%VX(Z, —t) = —Vu (X (z,—t), -t) VX (2, —t).

Now by Gronwall’s lemma we have

19X Ol <o ([ 190 0.

Plug it into the inequality above, we get the estimate in (3).

O

Finally we put everything together, and obtain the following theorem:
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Theorem 7.8. Given wg # 0, Dy a simply connected, bounded, ch#
smooth domain with 0 < p < 1, and a function o € CH*(R?) such
that Do = {po > 0}, |Voliny = C > 0, then the solution ¢ belongs
to CY#for all time. Furthermore, there exists a constant C' > 0, which
depends only on the initial data such that

IV, )l oo < IVuoll Lo €%

V(- 1), < |Vl exp (Co + 1) €),
V(s t)ll g < V0l Lo exp (7%),
|V‘P( t) |mf |v900|mf exp( Ct)
Proof. We have

pose o

¢ Vel, J
10g|v<p|mf>log|Vsoo|mf‘CO 1+1°g|VT; i

after taking logarithm on both sides of estimate (2) in Proposition 5.2.7.
Similarly we obtain

' Vol
log V|, < log |Veol,, + (Co + p,)/o (1 +log [V¢,.Mf> ds.

Combining these two, we have

Vel Vol ¢ IVl
log <lo £ 4+ (Co+ +1/ 1+ log E_1 ds.
e Ty < Vol T (0T HT Velns

By Gronwall’s lemma, we easily get

This also provides a bound for Vu in (1) from Proposition 5.2.5. The
others are straightfoward by using the estimate on Vu given by Property

1) O

Remark 7.9. The problem of global existence of vortex patch with
boundary only C' or worse is still open. In [6], J. Carrillo and J. Soler
showed numerically that, for initial boundary that is only Lipschitz con-
tinuous, the evolution develops cusps from corners.
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