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Abstract 

In this chapter, we consider the 3D incompressible Euler equa­
tions. We present classical and recent results on the issue of global 
existence/finite time singularity. We also introduce the theories 
of lower dimensional model equations of the 3D Euler equations 
and the vortex patch problem. 

1 Introduction 

1 

The goal of these lecture notes is to introduce to the readers classical 
results as well as recent developments in the theory of 3D incompressible 
Euler equations. We will focus on the global existence/finite time singu­
larity issue. We will start with the basic properties of the incompressible 
fluid flows, and then discuss the local and global well-posedness of the 
incompressible Euler equations. Of particular interest is the global ex­
istence or possible finite time blow-up of the 3D incompressible Euler 
equation. This is one of the most outstanding open problems in the past 
century. Here, we carefully examine the nature of the nonlinear vor­
tex stretching term for the 3D Euler equation as well as several model 
problems for the 3D Euler equation. We put extra effort in taking into 
account the local geometrical properties and possible depletion of nonlin­
earity. By going through the nonlinear analysis of various fluid models, 
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we can gain valuable insights into the fluid dynamic prolems being stud­
ied. Through the analysis, we can also learn how various functional 
analysis and PDE techniques are being used for realistic applications, 
and what are their strengths and limitations. We especially emphasize 
the interplay between the physical and geometric properties of the fluid 
flows and modern nonlinear PDE techniques. By going through these 
analyses systematically, we can have a good understanding of the state 
of the art of nonlinear PDE methods and their applications to fluid dy­
namics problems. 

This chapter is organized as follows: 

1. Introduction 

2. Derivation and Exact Solutions 

3. Local Well-posedness of the 3D Euler Equation 

4. The BKM Blow-up Criterion 

5. Recent Global Existence Results 

6. Lower Dimensional Models for the 3D Euler Equation 

7. Vortex Patch 

2 Derivation and exact solutions 

2.1 Derivation of the Euler equations 

The equation that governs the evolution of inviscid and incompressible 
flow is the Euler equation. Here we first derive the 3D Euler equation 
briefly. For more detailed derivations, the readers should consult other 
textbooks in fluid mechanics, such as Chorin-Marsden [12], Lamb [31], 
Marchioro-Pulvirenti [36], or Lopes Filho-Nussenzveig Lopes-Zheng [33]. 

We consider a domain n which is filled with a fluid, such as water. 
In classical continuum mechanics, the fluid can be seen as consisting of 
infinitesimal particles. At each time t, each particle has a one-to-one 
correspondence to the coordinates x = (Xl, X2, X3) E n. The fluid can 
be described by its density p, velocity u = (Ul' U2, U3) and pressure p at 
each such point X E n. Under the above assumptions, we can denote the 
position of any particle at time t by X(a, t) which starts at the position 
a E n at t = o. Its evolution is governed by the following differential 
equation: 

dX(a, t) 
dt = u(X(a, t), t), 

X(a,O) = a. (2.1) 
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To study the dynamics of the fluid, we must establish relations between 
p, u and p. We do this by considering two basic mechanical rules: the 
conservation of mass, and the conservation of momentum. 

The conservation of mass claims that, for any fixed region W ~ n 
which does not change with time, 

! iw p(x, t) dx = -law p(x, t)u(x, t) . n(x, t) du (2.2) 

for all time t, where n(x, t) is the outer unit normal vector to aw, and 
du is the area unit on aw. Using the Gauss theorem we arrive at 

! iw p(x, t) dx = - iw V . (p(x, t)u(x, t)) dx 

which implies 

{(Pt+V.(pu)) dx=O. 

If we assume the continuity of the integrand Pt + V . (pu), by the arbi­
trariness of W, we get 

Pt + V . (pu) = O. (2.3) 

Since otherwise, there would be a point Xo such that the integrand is 
not O. Without loss of generality, we assume (Pt + V . (pu)) (xo) > O. 
Then by continuity, there is r > 0 such that Pt + V . (pu) > 0 for any 
x E B(xo, r). This leads to a contradiction by taking W = B(xo, r). 
Equation (2.3) is called the continuity equation. 

Let J be the determinant of the Jacobian matrix, ~~. It can ben 
proved by direct calculations (the reader should try to prove this as an 
exercise, see also Chorin-Marsden [12]) that 

dJ ill = (V· u)J, J(O) = 1. 

We assume that the flow is incompressible. Incompressibility implies 
that the flow is volume preserving. Using the above equation one can 
show that the velocity is divergence-free, i.e. 

V·u=O. (2.4) 

In this case, we have the determinant of the Jacobian matrix, J, to be 
identically equal to one, i.e. J == 1. If the initial density is constant, i.e. 
p(x,O) == Po, equation (2.3) implies that density is constant globally, i.e. 

p(x, t) == Po. 
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Remark 2.1. 

1. The above derivation of the mass conservation equation is under 
the assumption that p, u and aWare all smooth enough, e.g., 0 1

. 

2. One can also derive (2.3) in a Lagrangian way, i.e., by considering 
an evolving region Ot that is a collection of particles. See e.g. 
Lopes Filho-Nussenzveig Lopes-Zheng [33]. 

3. Yet another way is through the variational formulation. See e.g. 
Marchioro-Pulvirenti [36]. 

The conservation of momentum means 

d
d r pu dx = F(Ot), 
t Jo.t 

(2.5) 

where F(Ot) is the force acting on Ot. Here Ot UnEo.oX(a, t) for 
some 0 0 ~ 0 is a collection of particles that is carried by the flow. We 
first assume that the interaction in the fluid is local, i.e., all the forces 
between points inside Ot cancel each other by Newton's third law. This 
assumption implies 

for some f. Our second assumption is that the fluid is ideal, which 
means that f = -pn, where n is the unit outer normal to aOt. Now the 
momentum relation becomes 

:t r pu dx = r -pn dO" = - r 'Vp dx, 
J o.t J ant J o.t 

where the second equality follows from the Gauss theorem 

r ad dx = r fni dO". 
Jo. Jan 

To derive a pointwise equation similar to (2.3), we need to put the -!it 
inside the integration in the term 

: r pu dx. 
t Jo.t 

Note that since Ot = X(Oo, t) depends on t, it is not the same as 
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Instead of naIvely putting the differentiation inside, we proceed as fol­
lows. We first change variables from the Eulerian variable x to the La­
grangian variable 0:. Since the flow is incompressible, the determinant 
of the Jacobian matrix is equal to one, i.e., det(Xa.) = 1. Thus we have 

d
d r pu dx = dd r p(X(o:, t), t)u(X(o:, t), t) do: 
t lnt t lna 

1 d d 
= dP(X, t)u(X, t) + p(X, t)-d u(X, t) do: 

na t t 

= r (Pt + U· V' p) u + P (Ut + U· V'u) do: 
lna 

= r p(Ut + U· V'U) do: 
lna 

= r p(Ut + U· V'u) dx, 
ln t 

where the first equality follows from the fact that the flow map 0: f---+ 

X(o:, t) is one-to-one and has Jacobian 1, and the fourth equality follows 
from (2.3) and the incompressibility condition. Now we have 

r p(Ut + U· V'u) dx = - r V'p dx. 
ln t lnt 

Finally, by the arbitrariness of nt, we get 

p(Ut + U· V'u) = - V'p. (2.6) 

by an argument that is similar to the one leading to (2.3). (2.6) is the 
balance of momentum. 

If we further assume that the flow has constant initial density, then 
we have p(x, t) == Po, and equation (2.6) is equivalent to: 

Ut + U . V'u = - V'p, 

where p is the "rescaled" pressure pi Po· 
Under these assumptions, we obatin the 3D Euler equation as follows: 

Ut + U . V'u = - V'p, 

V'. U = O. 

In the remaining part of this lecture note, we will focus on (2.7). 

(2.7) 
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2.2 The Vorticity-Stream function formulation 

2.2.1 Vorticity 

We consider the Taylor expansion of the velocity u(x, t) at some point 
x. 

u(x + h, t) = u(x, t) + \7u . h + O(h2) 

= ( ) \7u + \7u
t 
h \7u - \7u

t 
h + O(h2) 

u x,t + 2 + 2 

== u(x, t) + S(x, t)h + D(x, t)h + O(h2), 

where S is symmetric and D is anti-symmetric. In 3D, it is easy to see 
that there is a vector w such that 

1 
D(x, t)h = 2w(x, t) x h. 

This implies that locally, the flow is rotating around an axis ((x, t) == 
,~i~:~l" The vector field w(x, t) is called "vorticity". And it is easy to 
check that 

w(x, t) = \7 x u(x, t). 

2.2.2 Vorticity-Stream function formulation 

By taking \7 x on both sides of the 3D Euler equation (2.7), we have 

Wt + u . \7w = w . \7u = S . w. (2.8) 

which is the vorticity formulation. The last equality follows from the 
fact that 

1 
D . w = -w x w == 0, 

2 
since by definition we have 

1 
-w x h == D· h 
2 

for any vector h. Now there are two unknowns wand u, so we have to 
find the relation between them to close the system. This relation is the 
so-called Biot-Savart law: 

U(X)=4
1 r x- Y3xw(y)dy. 
1r lJR3 Ix - yl 

(2.9) 

Note that we need u(x) to vanish at 00 for the above formula to hold. 
To derive the Biot-Savart law, first define a vector valued function W, 
called "stream function" , such that 

-6W = w. 
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Now it is easy to check that 

u=\7x\[l 

satisfies 

\7 x u = w. 

(Hint: Use the identity 

-\7 x (\7x) + \7(\7.) = 6, 

and then try to show 

using the same identity. Details are left as exercises. Or see Bertozzi­
Majda [35]). 

Now the Biot-Savart law (2.9) follows from the formula 

1 J 1 
\[I = 47r Ix _ ylw(y) dy, 

where 4~ 1;1 is the fundamental solution for the Poisson equation 

-6u=! 

in 3D. 
Besides (2.8), another important form of the vorticity evolution is 

the "stretching formula" . 

w(X(a, t), t) = \7 aX(a, t)wo(a), (2.10) 

where wo(a) = w(X(a, 0), 0) = w(a,O), and X is defined by (2.1). To 
prove it, just differentiate both sides with respect to time, which yields 

Wt + U· \7w = \7 au(X(a, t), t)wo(a) 

= \7u· (\7 a X· wo) 

= \7u . w(x, t), 

which is just (2.8). One catch: this "proof" actually uses the uniqueness 
of the solution to the system (2.8), (2.9). 

For the convenience of future references, we will denote the differ­
entiation in time along the Lagrangian trajectory as J5t' which has the 
property: 

D 
-w = Wt + u . \7w. 
Dt 

J5t is also called material derivative. 
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2.2.3 2D Euler equations 

In some physical cases, such as the flow passing around a cylinder with 
infinite length, we can assume that U3 == 0 and u, p depend on Xl, x2 

only. In this case, the Euler equations (2.7) remains the same form, but 
the vorticity-stream function form reduces to 

Wt +u· Vw = 0 (2.11) 

and 

1 J(X-Y).l u(x) = - 2 w(y) dy, 
27f Ix - yl 

(2.12) 

where w is a short-hand for W3' 

One important difference between 2D and 3D Euler equations is that, 
the right hand side is 0 in (2.11), which means the vorticity is conserved 
along Lagrangian trajectory pathes. This point can be illustrated more 
clearly by looking at the "stretching formula" in 2D, which is 

w(X(o:, t), t) = wo(o:). (2.13) 

This difference plays an important role in the theory of 2D Euler 
equations, which is far more complete than its 3D counterpart. 

2.3 Conserved quantities 

2.3.1 Local conserved quantities 

First we consider those quantities that are carried by a collection of flow 
particles. 

Let Co be a closed curve in ]R3. We define 

and the circulation 

rCt == 1 U· ds. JCt 
Theorem 2.2 (Kelvin's Circulation Theorem). rCt == rco' 

Proof. We first prove the following. 

d r r Du 
dt JC

t 
U· ds = JC

t 
Dt . ds. 
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To prove it, let a(,8) be a parametrization of the loop Co, with 0 ::( ,8 ::( l. 
Then C t is parametrized as X (a (,8) , t). Thus 

d 1 d (I a 
dt C

t 

U· ds = dt io u(X(a(,8), t), t) . a,8X(a(,8), t) d,8 

(I Du a 
= io Dt (X(a(,8), t), t) . a,8X(a(,8), t) d,8 

(I a 
+ io u(X(a(,8), t), t) . a,8 u(X(a(,8), t), t) d,8, 

where we have used the relation 

aX 
7it(a, t) = u(X(a, t), t). 

Note that the first term is just 

1 Du ·ds 
C

t 
Dt ' 

we just need to show that the second term is O. This is easy, since we 
have 

r1 

U· ~u ds = ~ {I ~ (u. u) ds = 0 io a,8 2 io a,8 , 

which follows from the fact that Ct is a close loop. 
Now we prove the circulation theorem. We have 

!i 1 U· ds = 1 Du. ds = -1 \1 p . ds = -1 Psds = 0 
dt Ct C t Dt C t C

t 

since Ct is closed. This ends the proof. o 
Next let Co be a general curve and Ct = X(Co, t). Then as long as 

the flow is still regular, Ct is still a curve in ]R3. Ct is called a vortex 
line if the following is satisfied 

Co is tangent to wo(a) at any a E Co. (2.14) 

One can verify that as long as (2.14) is satisfied, the same tangency 
condition is satisfied at every moment t, i.e., 

Ct is tangent to w(x, t) at any x E Ct. 

A collection of vortex lines is called a "vortex tube". One readily 
sees that vorticity is always tangent to the side surface of a vortex tube. 

The above properties make vortex tube/line very important objects 
in the theories/numerical simulations/physical experiments of the 3D 
Euler equation, as we will reveal later in this lecture note. 
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2.3.2 Global conserved quantities 

The most well-known global conserved quantities are the following 
(we will indicate the dimension and region/manifold, ']['d stands for d­
dimensional periodic torus): 

1. The integral of velocity (]Rd and ']['d , d = 2,3). 

:t J u dx = O. 

2. Kinetic energy (]Rd, ']['d, smooth bounded domain, d = 2,3). 

d J 2 dt lui dx = O. 

Remark 2.3. In the ]Rd case, caution must be taken. We actually need 
that the kinetic energy J lul 2 

dx to be finite. In 3D this requirement is 
reasonable, while in 2D it is not. 

3. Center of vorticity (]R2 , if uw decays fast enough at 00). 

x = r xw dx = const. J)R2 

4. Moment of inertia (]R2 , if uw decays fast enough at 00). 

1= r Ixl 2 
w dx = const. J)R2 

5. Functions of vorticity (d = 2). 

r f(w) dx = r f(wo) da In, Jna 

for any measurable f and material domain Slt. In particular, we 
see that the LP norm of w is conserved for 1 ~ P ~ 00. 

6. Other quantities. 

helicity 

and spirality 

r x x w dx, 
J)R3 

r x x (x x w) dx; J)R3 

r U·W dx; 
J)R3 

w· ,,(, 
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where 'Y = u + '\l¢ with ¢ solving 

D 2 
Dt ¢ = - lui /2 + p. 

This quantity is conserved along particle trajectories. 

2.4 Special flows 

2.4.1 Axisymmetric flow 

In this subsection we introduce the axisymmetric flow, i.e., when written 
in cylindrical coordinates Xl = r cos (), X2 = r sin () and X3 = Z, the 
velocity u and the pressure p depend only on rand z. Unlike the 2D 
Euler equations, this particular flow retains some 3D characters and is 
often referred to as the 2~-D equations. 

We introduce the cylindrical frame of reference: 

er = (cos e, sin (), 0), 

eB = (- sin (), cos (), 0), 

ez = (0,0,1), 

and can easily rewrite the 3D Euler equations in the new frame, with 
u = u(r, z) and p = p(r, z), as 

Ut + (u· V)u + B = -Vp, (2.15) 

where 

and 
B 

U ( () r ) B= - -u ,u ,0. 
r 

We leave the details (which can be found in e.g. Lopes Filho-Nussenzveig 
Lopes-Zheng [33]) for this system to the reader as exercises. 

1. Derive equations (2.15). 

2. Prove that, in the moving frame (en e(), ez ), we have 

w = wrer +w()e() +wzez 

== (-ozuB) er + (ozur - oruZ) e() + (oruB + ~) ez· 

3. When uB == 0, (2.15) becomes axisymmetric flows without swirl. 
Prove that the equations are 

(at + U· v) u = -Vp, 

V· (ru) = 0. (2.16) 
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Furthermore, one can reduce the equation into the r-z plane which 
is 2D. Prove that the equation for wI) (note that w'" = W Z = 0) is 

(8t +u·V') (~I)) =0. 

2.4.2 Radially (circularly) symmetric flow 

In the 2D case, we consider Wo == wo(r) which is circularly symmetric. 
Then by exploring the invariance of the Laplacian we easily see that '!jJ 
defined by 

-L.'!jJ = Wo 

is also a circularly symmetric function. Thus 

u = V'J.'!jJ 

is always tangent to the contours Wo ==const. One can easily verify that 

w == Wo, u == Uo 

is a steady solution for the 2D Euler equations. The velocity is explicitly 
given as 

xJ.l'" u = -2 sw(s) ds, 
r 0 

(2.17) 

where r = Ixl. These stationary solutions are called Rankine vortices. 
The reader can try to derive the "radial..symmetricbioLsavart law" 
(2.17) as an exercise (Hint: it is easier to start from the stream function 
1Ji) . 

Now consider the special case, where Wo is supported in BR == {x Ilxl 
~ R}, with fBR Wo = O. Then it is easy to see that u is also supported 
in BR- Such a vortex is called a confined eddy. The importance of this 
observation can be seen from the following property: 

The superposition of two disjoint confined eddies is still a solution. 

This gives us a way to construct very complicated exact solutions to the 
2D Euler equations. 

2.4.3 Jets and strains 

Let D(t) be any family of symmetric and trace-free matrices that smoothly 
depends on t, and let w solves 

dw 
dt = D(t)w, 

w(O) = woo 
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We introduce 
1 

u = "2w x x + D(t)x. 

It is easy to check that we can define p such that u solves the 3D Euler 
equations in the whole space. One thing that worths noting is that, 
the velocity we defined above is growing unboundedly at 00 and is thus 
non-physical. 

It is illustrating to study some special cases. 

1. Jet. Take Wo = 0 thus w == O. Note that we can write D(t) to be 
diagonal: 

and get 

u = (-')'lX1, -')'2X2, hI + ')'2)X3). 

2. Swirling jet. We take Wo = (0,0, a) and get 

w = (0 0 ae('"Y1+'"Y2 )t) , , , 

and 

u = ( -')'1 Xl - ~a(t)x2' -')'2X2 + ~a(t)xl' hI + ')'2) X3) . 

3. Strain. We take Wo = 0 and ')'1 = -')'2 = ,)" 

3 Local well-posedness of the 3D Euler equation 

First we consider the local well-posedness for classical solutions. By 
classical solutions we mean solutions such that (2.7) holds in the classical 
sense, i.e., all the derivatives are in the classical sense, the multiplications 
are pointwise, and the equalities hold everywhere. Our main goal in this 
section is to prove the following: 

Theorem 3.1. If the initial velocity Uo E H m nc2 for some m > 2+d/2, 
then there is T > 0 such that there is a unique solution u E Hm n C 2 in 
[O,T]. 

To do this, we use the standard technique of mollifiers. In short, we 
approximate (2.7) by a sequence of equations that can be shown to admit 
global smooth solutions, and then establish the local in time existence 
by taking limit. 
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3.1 Analytical preparations 

3.1.1 Sobolev spaces 

The Sobolev spaces Hk, k E Z, k ~ 0 is defined as 

where a is a multi-index a = (aI, a2,'" ,ad)' lal == L ai and an 
alai Hk is a Banach space with norm 

ax~l ... ax;d . 

If we consider the Fourier transform of f, we have 

where ~n == ~rl, ... ,~~d. Now by some simple algebra we can obtain 
the following equivalent norm 

where (~) == (1 + 1~12)1/2, and 6 is the Laplacian. 
The point in writing the Hk norm this way is that, now we can take 

k to be any real number instead of non-negative integers. Usually, when 
k is not an integer, we replace it by s. 

The following theorem is used extensively in PDE researches. 

Theorem 3.2. The space Co(JR.d) is dense in H 8 (JR.d). 

The most important property of the Sobolev spaces is the embedding 
theorems. We will not prove these theorems here, interested readers can 
look up the proof in e.g. Adams [1], which is a classic and not very hard 
to read. 

Before introducing the theorems, we first recall what "embedding" 
means. Consider two Banach spaces X and Y, with norms 11·llx and 
11·lly. Assume that there is a third space Z which is dense in both X 
and Y. We say X is embedded in Y, if there is a constant C such that 

1I·lly ~CII'llx' 
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This means that all the elements in X is also in Y. Furthermore, we 
say X is compactly embedded in Y, if X is embedded in Y, and any 
bounded subset of X (in the X norm) is precompact in Y (with respect 
to the Y norm). That is, if {xn} C X is uniformly bounded, then there 
is a subsequence which is Cauchy in Y. We denote embedding by '----+. 

Theorem 3.3 (Embeddings for HS). Let HS(]Rd) be the Sobolev space. 
We have 

for all s > d/2 and k E Z, nonnegative. 

3.1.2 Hodge decomposition and the Leray projection 

We denote by H S (]Rd) the Sobolev spaces, and let VS C H S (]Rd; ]Rd) be 
the subspace of divergence-free vector fields. 

Lemma 3.4 (Hodge decomposition). Let U be a vector field with com­
ponents in £2(]Rd). There exists a unique decomposition U = Ul + U2, 

where Ul is divergence-free and U2 is a gradient. Furthermore Ul and U2 

are orthogonal in £2. We denote by P the projection £2(]Rd;]Rd) f---+ V O 

which maps U to Ul, then P commutes with derivatives, convolution and 
is also a map from H S to Vs. 

Proof. First we solve 

6o¢ = V'. u. 

Thus 

where H is a harmonic function and 6-1 is the convolution with the 
Green's function of the Laplacian in ]Rd. Now define 

By going to the Fourier space, it is easy to see that the first term is in 
£2. To make U2 E £2, we must have V'H E £2, which means it must 
vanish at 00. But since each entry of V' H is harmonic, we see that this 
implies that V' H == O. 

Now we have 

It is easy to check the commutativity properties. 

(3.1) 

o 
This operator P is often referred to as the Leray projection operator. 
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3.1.3 The Aubin-Lions lemma 

For evolution PDEs, generally one can not treat time and space as equal, 
so one need compactness results that has different requirement in space 
and time. A standard result is the Aubin-Lions lemma. 

First we prove a technical lemma. Let X '----t Y '----t Z be Banach 
spaces that have embedding relations as indicated. Recall that X '----t Y 
is compact means that for any {fn} that is uniformly bounded in X, 
there is a subsequence that is convergent in the norm of Y. 

Lemma 3.5. Assume that X '----t Y is compact, then for every TJ > 0 
there exists a constant C" > 0 such that 

for every vEX. 

Proof. The proof is standard. We prove by contradiction. Assume 
there is a TJ > 0 and a sequence {vn } C X such that 

then by taking wn == vn 
/ Ilvnllx we see that the same inequality holds 

for wn
. Now wn is bounded in X, which means there is a subsequence, 

still denote as wn , such that 

in Y. Note that Ilwnlly ~ Cllwnllx ~ C by the embedding assumption 
and the fact that Ilwnllx = 1. Now divide both sides of the equation for 
wn by n, we have 

w n --> 0 in Z. 

But on the other hand, we have 

in Y and thus we have a contradiction, since the embedding, convergence 
in Y to some limit implies convergence in Z to the same limit. D 

Lemma 3.6 (Aubin-Lions). Suppose that X '----t Y is compact. Let 
T> O. Let {un} be a bounded sequence in £00 ([O,T] ;X). Suppose this 
sequence is equicontinuous as Z -valued functions defined on [0, T]. Then 
the same sequence is precompact in C ([0, T] ; Y). 

Proof. First, it follows directly from Lemma 3.5 that each un is in 
C ([0, T]; Y). Second, by the conditions in the Lemma we see that we 
can use the Arzela-Ascoli lemma on C ([0, T] ; Z) and see that un is pre­
compact in it. Finally, still by Lemma 3.5 we see that un is precompact 
in C ([0, T], Y). D 
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Remark 3.7. A comparison with the Arzela-Ascoli lemma in analysis 
is helpful. There we basically have a sequence that is uniformly bounded 
and equicontinuous in C ([0, T], Y) for some Y. Here the boundedness 
condition, which is usually easier to establish, is strengthened, while the 
harder condition equicontinuity is weakened. 

3.1.4 Calculus inequalities 

Let u and v be in Hffi(JRd) with mEN. 

Lemma 3.8. 

1. If u and v are bounded and continuous then there exists a constant 
C > 0 such that 

2. If u, v and \lu are bounded and continuous then there exists a con­
stant C > 0 such that 

Proof. First we prove 1. It is enough to prove that 

where in the RHS (right hand side) we actually define 

IlDffivlli2 = L IIDavlli2, 
lal=ffi 

while in the LHS (left hand side) a, (3 are multi-indices with 1001+1(31 = m. 
We illustrate the idea of the proof by considering the scalar case. We 

estimate 

(/ 
2) 1/2 

Ilu'v'llL2 = (u'v') dx , 

where a = (3 = 1 and m = 2. By Holder's inequality, we have 

Next we establish the Gagliardo-Nirenberg inequality 
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with 0 ~ i ~ T. In our case, i = 1, T = 2, the Gagliardo-Nirenberg 
inequality reduces to 

The proof is easy. We have 

IIu'IIi4 = f (u,)4 dx 

= f (u,)3 du 

~ elf u (u,)2 u" dxl 

~ elf u2 (u,,)2 dxl1/2lf (u,)4 

~ c IlullLoo Ilu"ll p IIu'IIi4 

which proves (3.2). 
Now we have 

By using Young's inequality 

aP bq 

ab~-+-, 
p q 

where p, q > 0 with ~ + ~ = 1 we finish the proof. 

dx 

The general cases of 1 and 2 are left as exercises. 

3.1.5 Gronwall's inequality 

(3.2) 

1

1/2 

D 

In dealing with evolution equations, we need to estimate various quan­
tities. In doing so we often end up with inequalities like 

X(t) ~ a(t) + fat b(s)X(s) ds, 

where X(t) is the non-negative quantity we need to estimate, and a(t), 
b(t) ~ 0 with a(t) differentiable. The trick in getting an estimate for X 
is the following. We also assume that everything is continuous. 

Fix c > 0, let yE:(t) satisfy 

yE:(t) = a(t) + c + fat b(s)yE:(s) ds, 
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then it is easy to see that YC:(t) is differentiable, and satisfies 

which gives 

(YC:)' (t) = a'(t) + b(t)YC:(t), 

YC:(O) = a(O) + c, 

Now by arbitrariness of c we get what we need, as long as we have 

X(t) ~ YC:(t) 

for any c > O. To show this, consider W == yc: - X, which satisfies 

Wet) :? c + lot b(s)W(s) ds, 

W(O) = c > O. 

By the continuity of Wand the condition b( s) :? 0 it is easy to see that 
Wet) :? c for all t > O. Thus we proved the following lemma. 

Lemma 3.9 (Gronwall's lemma). If X(t), aCt), bet) :? 0 are continuous, 
a( t) differentiable, with 

X(t) ~ aCt) + lot b(s)X(s) ds, 

then we can estimate X (t) by 

X(t) ~ a(O)ef~b(s) ds + lot a'(s)ef;b(T) dT ds. 

3.2 Properties of mollifiers 

Definition 3.10. Let p E CO'(lRd) be any radial function, i.e., p(x) 
depends only on Ixl. We choose p :? 0 with I)Rd p dx = 1. For any c > 0, 
define 

pc:(x) = c-dp(x/c). 

Then we call the family {Pc:} a family of mollifiers. 
In the following, we will denote 

for any function f· 
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N ext we develop some main properties of the mollification operator 
ME:. 

Lemma 3.11. For any function f such that ME: f is well-defined, we 
have 

1. ME: f is smooth, i.e., Coo. 

2. For all f E C°(IRd), we have ME: f -+ f uniformly on any compact 
set D, and 

liME: flbo :s; IlfllL'''' . 

3. ME: DOl. = DOl. ME: for any multi-index Q. 

4. For all f E LP, g E Lq with l/p + l/q = 1, 

5. For all f E HS(lRd), ME: f converges to f in HS and the rate of 
convergence in the Hs- 1 norm is O(c). 

6. For all f E HS(lRd), k E Z+ U {O}, and c > 0, we have 

liME: flls+k :s; c
s
: Ilflls' c 

liME: Dk fllLoo :s; cd~~+k IIfllL2 . 

Proof. 1-4 are easy and omitted. Interested readers can try to prove 
them or check Bertozzi-Majda [35]. To prove 5 and 6, it is important to 
know the representation of ME: in the Fourier space: 

AN(~) = p(c~)f(O· 

Note that by construction 

P(O) = J P dx = 1. 

As c -+ 0, for any ~, we have 

p(c~) rv 1 + O(c). 

It is clear now that why we can expect ME: f -+ f at all. 
Another key factor in proving 5 and 6 is the Fourier side characteri­

zation of HS(lRd). Recall that 
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where c depends on the definition of Fourier transforms, e.g., if we define 

1(0 = J e-it;'x I(x) dx, 

then c = 1. The particular value of c is not important here. In the 
following, we will just take c = 1. Now I E HS is equivalent to 

where (~) == (1 + 1~12) 1/2. 
With the above understanding, 5 and 6 are easy to prove. For ex­

ample, we prove the second estimate in 6. For any multi-index a with 
lal = k, we have 

I(MED"I) (x)1 =clJ ei~.xp(c~)~"l(~) d~1 
~ c ld Ip(c~)II~lk Il(~)1 d~ 
:s 11111£2 (ld Ip(C~)121~12k d~ y/2 
= 11111£2 (ld Ip(ry)12IryI2k dry) 1/2 c- k

-
d

/
2 

:s c-k
-

d
/

2 11111£2 , 

where ry == c~ and note that the integration is over IRd , thus the factor 
C d/ 2 . The integral on p is bounded since p E Co C Hk is a fixed 
function. 

The other inequalities in 5 and 6 can be proved similarly and are left 
to the readers. D 

3.3 Global existence of the mollified equation 

We consider the mollified equations: 

Gt UE + ME (((MEuE). \7) (MEuE
)) = _\7pE, 

\7. uE = 0, 

uE(x,O) = uo(x), (3.3) 

or, by using the Leray projection operator, 

GtUE + P (ME (((MEuE) . \7) (MEuE))) = 0, 

PUE = uE
, 

uE(x, 0) = uo(x), (3.4) 
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where ue denotes the solution and is not necessarily of the form Mev for 
some v. We will prove the global existence (i.e., for all time t E JR+) of 
the mollified 3D Euler equations. Our strategy is to prove local existence 
by treating (3.4) as an ODE in some Banach space, and then extend the 
existence time to 00. In the following of this section, we will omit the 
superscipt e: and denote ue by u. 

Lemma 3.12. Let mEN. Then for every Uo E vm and e: > 0 there 
exists Te > 0 and a solution ue E C1 ([0, Te); vm) to the problem {3.4}, 
or equivalently, {3.3}. 

Proof. Let 

Fe(u) = -P (Me (((Me u) . \7) (Me u))). 

Then (3.4) becomes 
due 
ill = Fe(ue), 

which is an ODE in a Banach space. The only thing we need to check 
before applying the Picard iteration to get local in time existence is that 

1. Fe : vm f---* V m, and 

2. Fe is locally Lipschitz in V m . 

For the first claim, we have the following estimate: 

IIFe(u)IIH= ~ liMe (((Meu ) . \7) (Meu))II H= 

~ CliMe (\7. (Meu ® Meu))II H= 

~ C IIMeu ® Meull H= 
e: 
C 2 

~ e:3 / 2 IIull H= , 

where we have used the calculus inequalities (see Lemma 2.1.8) and 
the following properties of the mollifiers: liMeD fllHm ~ C IIfllHm Ie: , 
IIMeullL'X> ~ C IIullH= le:d

/
2, which follows from Lemma 2.1.11 (6). 

Next we show that Fe is Lipschitz. Let VI and V2 belong to V m , then 

IIFe(vd - Fe (V2)IIHm ~ C (IIMeV1 ® Me (VI - v2)llwn e: 
+ IIMeV2 ® Me (VI - v2)IIHm) 

by adding and subtracting Me (((Mevd . \7) (Me V2 )). By using the cal­
culus inequality again (Lemma 2.1.8), we can bound the RHS by 

C 
e:3 / 2 (IIVIII H= + II V211Hm) IIVI - v211Hm ~ Ce IIVI - v211Hm 

since II Vi IIH'" (i=1,2) is bounded and f is finite. This proves the local 
Lipschitz condition of Fe· D 
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To extend the existence time to infinity we need to show that the 
Lipschitz constant 

C 
c3/ 2 (1Iv11IH'" + Ilv21IH"') 

depends only on c and initial conditions. We only need to show that for 
any solution u, IlulIH", is bounded by the Hm norm of the initial value 
Uo· 

First, by integration by parts, it is easy to see that 

Ilull£2 ~ IIuoll L 2 • 

The remaining is done by the following lemma: 

Lemma 3.13. Let mEN and u E C 1 ([0, T); vm) be a solution of the 
mollified 3D Euler equations (3.4). Then 

IlulIH", ~ IluollH", eC J~IIV'M'ullL'''' dt. 

Proof. Let 0: be a multi-index, with 10:1 ~ m. Applying DO. to both 
sides of (3.3), multiplying them by Do.u and integrating, we have 

~!£ J IDo.ul2 dx = - J Do.u · (ME DO. (((MEu) . V) (MEu))) 
2 dt 

= - J DO. MEu· DO. (((MEu) . V) (MEu)) dx 

= - J DO. MEu· DO. (((MEu) . V) (MEu)) 

+ J DO. MEu· (((MEu) . V) DO. MEu) dx, 

where the term involving the pressure vanishes after integrated by parts 
due to the incompressibility condition, and the last equality comes from 
the following argument: 

J Do.MEu· (((MEu) . V) DO. MEu) dx = ~ J (MEu) . V (IDo. M EuI 2
) dx 

=0 

via integration by parts due to the incompressibility condition. 
Now we sum over all a ~ 10:1 ~ m. Using the calculus inequality, we 

have 

d 2 
dt IlulIH", 

~ C IlulIH", L liDO. (((MEu) . V) (MEu)) - ((MEu) . V) DO. MEull£2 

~ C IlulIH", (IIV MEull Loo IIDm- 1 DMEull£2 + IIDm M EU ll L 2 IIV MEuII Loo ) 

~ CllVMEUllLoo Ilull~",· 
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To finish the proof, we just need to apply the standard Gronwall's in­
equality from Lemma 3.9. D 

3.4 Local existence of the Euler equations 

Now we are ready to give the local existence theorem. 

Theorem 3.14. Letuo E vm form) 4. There exists To = To (1IuoIIH",) 
> 0 such that for any T < To, there exists a unique solution u E 

C1 ([0, T] ; vm) of the 3D incompressible Euler equations with Uo as ini­
tial data. 

Proof. By Lemma 3.13 we have 

Note that m ) 4 > 3/2 + 1, by Theorem 3.3, Hm is embedded into C1
, 

which means IIV'Mcucllv,,, ~ IIMcucll c1 ~ IIMcucIIH", ~ IlucIIH",. Thus 
we have ! IlucllH", ~ C Ilucll~", 
and the constant C here is independent of c. Therefore we see that our 
U C is uniformly bounded in Loo ([0, T]; Hm) by 

for any T < To == (ClluoIIH",)-I. To apply the Lions-Aubin lemma we 
need to show that U C is Lipschitz in t in some larger space, which we 
take to be Hm-l. In fact we have 

118tuIIH"'-1 = IlFc(uC)IIH"'-l 
~ C IIV' . (Mcuc @ MCuC) IIH"'-l 
~ C IIMcuc @ McucllH", 
~ C IIMcucliv)O IlucllH'n 
~ C IluclI~"" 

where we have used the calculus inequality (Lemma 2.1.8) and the Sobolev 
embedding theorem. Thus we see that U C is Lipschitz in t wrt H m - 1_ 

norm. 
We fix Rk > 0 and use Lemma 3.6 (The reason we need this step 

is that we need Hm "--c> Hm-l to be compact, which will not hold for 
unbounded regions, as can be seen by taking X = Hl(JR), Y = L2(JR) 
and fn(x) = f(x - n) for some f E HI. Obviously {fn} is bounded 
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in X but not convergent in Y.) with X = Hffi(B(O, R k )), Y = z = 

Hffi-l(B(O, Rk)). Taking Rk --+ 00 and using a diagonal argument we 
see that uE: has a subsequence, which we do not relabel, that is strongly 
convergent in C ([0, T]; H;;;'c- 1 (JR3)). Denote the limit by u. Moreover, 
since m ~ 4 > 3/2 + 2, we see that the convergence also holds in 
C ([0, T]; Cloc (JR3)). 

We rewrite the equation as 

It is easy to see that 

u = Uo + lt F(u) ds, 

where F(u) == P(u· V'u). Thus we have further that 

which implies that we can legitimately differentiate with respect to t. 
Now taking d/dt on both side, we see that u satisfies 

Ut+P(u·V'u) = 0, 

V'. u = 0, 

u(·,O) = un, 

lui --+ ° as Ixl --+ 00. 

The final step for existence is to recover the pressure. This follows 
directly from the Leray decomposition. 

Now we show the uniqueness. Suppose that there are two solutions 
Ul and uz, then we immediately have 

with Ul - U2 = ° at t = 0. Multiply to Ul - Uz and integrate, we can 
easily derive 

by the calculus inequalities. Then by using Gronwall's inequality, we see 
that the only solution is Ul - U2 == 0. This ends the proof for uniqueness. 

o 
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4 The BKM blow-up criterion 

4.1 The Beale-Kato-Majda criterion 

One of the important points that should be noted is that the above 
existence result is local in time, meaning that the solution may cease to 
be in Hm (also known as (aka) blow-up) in some finite time. Thus it is 
important to have some quantities to indicate such a blow-up. One of 
them is the quantity 

foT Ilw(·, s)llu", ds 

proposed by T. Beale, T. Kato and A. Majda. 
By the same method used in the last section, we can have the follow­

ing bound: 

Ilu(·, t)IIH'" ~ Cecf~llV'ullL'''' ds IluollH", . 
So it is clear that as long as IIV'ullu"o is uniformly bounded in some time 
interval (0, T), then the solution exists upto T. In fact this is what Ebin, 
Fischer and Marsden proved in their 1972 paper [23]. Thus the key is to 
bound IIV'ullu>o by Ilwlluxo at the same time t. Recall the 3D Biot-Savart 
law 

u(x) = J K(x - y)w(y) dy, 

where K(z) is the matrix kernel 

If we differentiate under the integration formally, we would have 

V'u(x) = J V'K(x - y)w(y) dy. ( 4.1) 

The operator V' K * in fact has nice properties. To see this, we recall 
a theorem from Stein [44], which is also called the Calderon-Zygmund 
Lemma. 

Theorem 4.1. Let K E L2(~d). We suppose: 

1. The Fourier transform of K is essentially bounded 

2. K is C 1 outside the origin and 
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For f E L1 n LP, let us set 

(Tf)(x) = r K(x - y)f(y) dy. 
J'Rd 

Then there exists a constant Ap , so that 

IIT(f)llp ~ Ap II flip , 1 < p < 00. 

One can thus extend T to all of LP by continuity. The constant Ap 
depends only on p, B, and the dimension n. In particular, it does not 
depend on the L2 norm of K. 

The remark following the theorem in Stein [44] claims that the as­
sumption K E L2 can be safely dropped in practice. 

Now it is easy to check that our kernel V K satisfies the conditions in 
the theorem, thus the £P norm of Vu is thus bounded by the LP-norm of 
w. But here what we need is a LOO bound. The key lies in the following 
lemma. It will also become clear that the formal differentiation in (4.1) 
is "almost legitimate" . 

Lemma 4.2. Let u and w be related with the Biot-Savart law, and u E 

H 3(JR3), then 

IIVulluxo ~ C (1 + In+ IIull H 3 + In+ Ilwllp) (1 + Ilwlluxo). (4.2) 

Proof. By the Biot-Savart law, u = K * w, where K is a matrix-valued 

singular kernel, homogeneous of degree -2, behaves like 0 (lxl-2) at 

00. Since u E H 3(JR3), we have w E H2(JR3) and thus in OO,,(JR3) for 
some 0 < 'Y < 1 by the Sobolev embedding theorems. Now we compute 
Vu. 

OXju(x) 

= r K(y)oxjw(x - y) dy 
J'R3 

= - r K(y)oyjw(x - y) dy 
J'R3 

= - lim 1 K(y)oyjw(x - y) dy 
0-+0 lyl;;'O 

= lim (1 OyjK(y)w(x-y) dy -1 K(y)w(x-y)-;j dY) 
0-+0 Iyl;;'o Iyl=o u 

= pv r OyjK(y)w(x - y) dy + lim 1 K(z)w(x - 8z)Zj dz 
J'R3 0-+0 Izl=1 

= pv r OyjK(y)w(x - y) dy + OJ . w(x), 
J'R3 
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where Cj = ~zl=1 K(z)zj dz is a matrix. Here pf J fdx stands for 
principle value integral. Note that we can also write Cj . w as Cj x w for 
some Cj defined as ~zl=1 ~Zj dz. The above computation shows that, 

for our purpose, it is enough to estimate the formal 'V'u as given in (4.1). 
Now to estimate II'V'ullu'" by w, we only need to bound the principal 

value integral 

pv J 'V'K(y)w(x-y) dy. 

Note that for any a < b, we have the important cancellation property 

1 'V'K(y) dy = O. 
a~lyl~b 

Fix x E ]R3 and 0 < 0 < c ~ R < 00, we have 

1
1 'V'K(y)w(x - y) dyl 

Iyl;::''' 

~ I r 'V'K(y)(w(x - y) - w(x)) dy 
J"~IYI~E 

+ 11 'V'K(y)w(x - y) dy + 1 'V'K(y)w(x - y) dy 
E~IYI~R lyl;::'R 

~ C IIwllco,., 1 lyll'-3 dy + C IIwllL'>O 1 lyl-3 dy 
"~IYI~'" E~IYI~R 

( )

1/2 

+ C IIwll£2 1 lyl-6 dy 
lyl;::'R 

~ C lIull H 3 cl' + C IIw II L'''' In (Ric) + CR-3/2I1wll£2 . 

Finally, taking R3
/

2 = IIw II £2 , and c = 1 if lIullH3 ~ 1 and (liuIlH3)-1h 
otherwise, we get the desired estimate. D 

The main result is almost straightforward now. 

Theorem 4.3 (Beale, Kato, Majda 1984) . . Let Uo E vm with m ~ 4. 
Let u E C1 ([0, T); vm) be a solution of the 3D incompressible Euler 
equations (2.7) with initial data uo. Let w = 'V' x u be the associated 
vorticity. Then T is the maximum time for u to be in the above function 
class if and only if 

faT IIwllL'''' dt = 00. 
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Proof. The "if" part is obvious. Since JOT IlwllL'X> = 00, necessarily 
IlwllL'''' ---> 00 at t ---> T. Then Ilullw1,00 ---> 00 as t ---> T and u can not be 
in vm for m ~ 4 by the embedding theorems. 

Now we deal with the "only if" part. First, as we have shown at the 
beginning of this subsection, 

Furthermore, by applying the same method to the vorticity equation, we 
can easily derive 

Substituting the above two inequalities into (4.2) in Lemma 4.2 gives 

From this we have the estimate 

by the Gronwall's lemma 3.9. This ends the proof. o 
Remark 4.4. An immediate result of applying the Beale-Kato-Majda 
criterion is this. There is no finite-time blow-up in 2D Euler equations. 

4.2 Improvements of the BKM criterion 

During the more than 20 years following the BKM criterion, there are 
several improvements ([7, 8, 9, 42, 43], to name a few). In particular, in 

Chae [9], the condition of JOT Ilwlloodt = 00 is sharpened to 

{T IIw(t)ll~o dt = 00, io 00,1 

where for any fixed orthonormal frame (el' e2, e3), 

is the projection of the vorticity in the plane of el - e2. The Besov space 
B!,l is defined as 1 such that 

L Ilipj * 111£00 < 00, 

jE71 

where the Schwarz function ip E S satisfying 
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1. Supp<p C {~ E ~d I ~ :::;; I~I :::;; 2}, (note this is why we can not take 
tp E Co). 

2. <p(~) ~ C> 0 if ~ < I~I < ~. 
3. L,jEZ<Pj(~) = 1 where <Pj = <p(2-j~). 

We present the main idea of the proof here. The key to the proof is to 
bound the growth of w 3 == W· e3 by w = w1el + w2e2. 

Recall that the evolution of w satisfies 

Wt + U . \7w = S . w, 

where S = ~ (\7u + \7ut ). Dot product with e3, we have 

D (w 3
) 

-- =w·S·e3· 
Dt 

Now we estimate the right hand side. We have (since this estimate is 
independent of time, we omit t) 

where P is the matrix valued singular integral operator defined by 

for wand u related by the Biot-Savart law. This operator P is known 
to be bounded on B!,l. This combined with the fact that B!,l '-+ Loo 
yields 

Ilw· S· e311 u '" :s Ilw
3

1lu", IIP(w)llux> + Ilwll u '" IIP(w)ll u '" 

:::;; IIw
3

11Loo IIP(w)IIEo + Ilwll Loo IIP(w)IIEo 
<X'>,l 00,1 

:s IIw
3

11LOO IlwllEo + IIwl110 . 
00,1 00,1 

Then it is easy to get 
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by integrating the equation for w3 along one particle trajectory X(a, t), 
and then applying the Gronwall's lemma. 
. Finally, using the Cauchy-Schwarz inequality, and the embedding 
B~,l <-+ Loo again, we have 

loT IlwllL'''' dt ~ loT IlwllL'''' dt + loT IIw3 11Loo dt 

~ /TAT + [llw61lLoo + CA~] Texp (C/TAT) ' 

( 
T _ 2 ) 1/2 . 

where AT == 10 IlwIIB~'l dt . ThIS ends the proof for the necessity 

part. The sufficient part is trivial from the embedding Hm <-+ 130 1 for 
00, 

m> 5/2. 
This result is sharper than the BKM criterion, but its disadvantage 

is that it is not as applicable to numerical simulations as the BKM one. 
For example, it is not always as easy to measure the Besov norm as the 
Loo norm accurately in numerical computations. 

5 Recent global existence results 

In this chapter we review some recent results which are in the same line 
with the BKM criterion. Due to the limited scope of this lecture note, 
we will not be able to cover all relevant results in this area, even for 
those results that are related to the Beale-Kato-Majda criterion. 

5.1 Sufficient conditions by Constantin-Fefferman­
Majda 

In 1996, Constantin-Fefferman-Majda [14] proposed an non-blow-up con­
dition based on the BKM criterion. To understand the main idea, we 
recall the BKM criterion: If I: Ilw(" t)\\LOO dt < 00, then no blow-up can 
happen in [0, T]. This implies that one should investigate the vorticity 
magnitude Iw(x, t)l. 

The first step would naturally be deriving the evolution equation for 
this quantity. This equation is derived in Constantin [13]. It is 

where 

D 
Dt Iwl = a(x, t) Iwl , 

a(x, t) == ~(x, t) . Vu(x, t) . ~(x, t) 

= ~(x, t)· Sex, t) . ~(x, t), 

(5.1) 
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where S(x, t) is the symmetric part of "Vu and ~(x, t) 
direction of w(x, t). 

w(x,t) . h 
Iw(x,t)1 1S t e 

Remark 5.1. Note that ~ is well defined only for those points where 
w(x, t) :I O. For those points where w(x, t) = 0, w(x, t) will always be 0 
as long as the flow is not singular, along the trajectory path of the same 
point, forward and backward in time. This can be seen from the formula 

w(X(a, t), t) = "VaX· w(a, 0) 

and the fact that "VaX is non-singular as long as the flow is not singular. 
So at those points where vorticity vanishes, one can reasonably define 
a(x, t) = O. 

(5.1) can be derived by applying the inner product of the vorticity 
equation (2.8) with ~, and using the fact that 8xj~' ~ = 0 since ~. ~ = 1. 
The proof is left as an exercise. 

Next we recall that 

"Vu=pv r "VK(x-y)w(y) dy+Cw(x), JlR3 

where C is a third order tensor C = [C1 , C2 , ... , Cd] where 

Cj = 1 K(z)Zj dz 
Izl=l 

as defined in the proof to Lemma 4.2. Note that, since Cjw = Cj x w for 
some Cj == ~zl=l WZj dz, 

~·(Cw)·~=O. 

Now it is easy to get 

a(x,t) = 4
3 

pv r (Y.~(x))det(Y,~(x+y),~(x))lw(x+y)1 d
y
3

, (5.2) 
1f JlR3 Iyl 

where fj = y/ Iyl is the direction of y, and det(a, b, c) is the determinant 
of the matrix with columns a, b, C in that order. The constant 4~ will 
have no effect in the following argument, and will thus be neglected from 
now on. 

The main idea of Constantin-Fefferman-Majda's argument comes 
from the following observation. Consider the 2D Euler equations. We 
know that no blow-up can ever occur. Put into the framework of (5.1) 
and (5.2), we see that the reason can be interpreted as the fact that for 
2D flows, ~(x + y) = ~(x) = e3 for all x and y, which means a(x, t) == O. 
This implies that, if the orientation of the vorticity vectors varies only 
mildly, there would be no blow-up. Thus comes the following theorem. 
First we give some definitions. 
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Definition 5.2 (Smoothly directed). We say a set Wo is smoothly di­
rected if there exists p > 0 and r, 0 < r ::::;; ~ such that the following 
three conditions are satisfied. 

First, for every q E WO' == {q E Wo; Iwo(q)1 i= O} and all time t E 
[0, T), the function ~(., t) has a Lipschitz extension (denoted by the same 
letter) to the Euclidean ball of radius 4p centered at X(q, t), denoted as 
B4p (X(q, t)), and 

M = lim sup rt IIV'~(" t)ll~oo(B4 (X(q tlll dt < 00. 
t-tT qEWO' 10 p , 

Secondly, 
sup Iw(x, t)1 ::::;; m sup Iw(x, t)1 

B 3r (Wt l Br(W,) 

holds for all t E [0, T) with m :;:: 0 constant. Here 

Wt == X(Wo, t). 

Thirdly, for all t E [0, T), 

sup lu(x, t)1 ::::;; U. 
B 4p (W,) 

Theorem 5.3 (Constantin-Fefferman-Majda 1996). Assume Wo zs 

smoothly directed. Then there exists T > 0 and r such that 

sup Iw(x, t)1 ::::;; r sup Iw(x, to)1 
Br(W,) Bp(Wtol 

holds for any 0 ::::;; to < T and 0 ::::;; t - to ::::;; T. 

Noticing that, in (5.2), a(x, t) would also be zero when ~(x + Y) = 
-~(x). This inspires the following pair of definition and theorem. 

Definition 5.4. Wo is said to be regularly directed, if there exists p > 0 
such that 

where 

sup rT 

Kp(X(q, t)) dt < 00, 
qEwO'io 

Kp(x) = 1 (f). ~(x)) det(f), ~(x + y), ~(x)) Iw(x + Y)ll
dY

I3 ' 
iyi:;:;;p Y 

Theorem 5.5 (Constantin-Fefferman-Majda 1996). Assume Wo regu­
larly directed. Then there exists a constant r such that 

sup [w(X(q, t), t)[ ::::;; r sup [wo(q)[ 
qEWo qEWo 

holds for all t E [0, T]. 
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Remark 5.6. An easy corollary to either theorem is that, there will be 
no blow-up up to time T. 

The remaining of this subsection is devoted to the proof of Theorem 
5.3. As will be seen during the proof, proving Theorem 5.5 is quite easy 
and will thus be omitted. 

We decompose 

where 

ain(X) = pv J X (111) (fj. ~(x)) det(fj, ~(x + y), ~(x)) Iw(x + y)1 dY
3 

p IYI 
and 

aout(x) = J (1 -X (I~I) ) (fj·~(x)) det(fj, ~(x+y), ~(x)) Iw(x + Y)II~~3 

with x(r) being a smooth non-negative function satisfying x(r) = 1 
for r ~ 1/2 and 0 for r ;:: 1. Then, recalling w(x) = 'V x u(x) and 
~(x + y) Iw(x + Y)I = w(x + y), we can do integration by parts in aout 
and get 

laout(x)1 :s p-l r lu(x + Y)I d
y
3 . 

JIYI~p/2 lyl 
Then by Cauchy-Schwarz and the conservation of J lul 2 dx, we easily 
reach 

ic~out(x)1 :s Cp-5/21Iuollp , 
which remains bounded. 

To estimate ain, denote 

Gp(x) = sup 1'V~(x + Y)I. 
IYI~p 

Observe that det(fj, ~(x + y), ~(x)) = fj. (~(x + y) x ~(x)) = fj. ((~(x + y) 
-~(x)) x ~(x)) which is bounded by Gp(x) Iyl. Thus we have 

lain(x)1 ~ Gp(x)I(x) 

with 

I(x) == J X (111) Iw(x + y)1 d
y
2· 

p Iyl 
Next we split I = h + h, where 

h(x) = J X C~I) X C~I) Iw(x+Y)II~~2 
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and 

h(x) = J [1- X C~I)] X C~I) Iw(x +Y)II~~2 
with 0 ~ p/2. Clearly we get 

where 
08(X) = sup Iw(x + y)1 

IYI~o 

by evaluating the integration through polar coordinates. To estimate 12 , 

we replace Iw(x + y)1 by ~(x + y) . w(x + y) = ~(x + y) . (\7 x u(x + y)) 
and invoke integration by parts, which gives 

12(x) = J U(x+ y).{\7X [~(x+Y)I:12XC~I) (l-XC~I))l} dy. 

By putting \7 x on each of the four terms, we decompose 12 into four 
terms as follows: 

It is easy to see that 

and 

If we denote 

h(x) =A+B+D+E. 

Up(x) = sup lu(x + y)l, 
IYI~p 

then we can easily estimate 

and 

IAI ~ CpUp(x)Gp(x), 

IDI, lEI ~ CUp(x) 

IBI ~ CUp(x) log (~) . 
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Putting them together, we have 

[a(x)[ :::;; Ap(x) [1 + log (J)] + Gp(x)<5D,,(x), 

where 

Studying what we have for a while, we see that if we can replace 
D,,(x) by [w(x)[, then by taking <5 = [w(x)[-l, we will have 

foT tal dt:::;; foT Gp (x)2 dt < 00 

by the smoothly directness of our set Wo, since we have Up to be bounded 
all the time. And this will effectively end the proof. So the final step 
should be to relate D,,(x) with [w(x)[, although the final proof doesn't 
go along the idea described above for technical reasons. 

Consider a bunch of trajectories X(q, t) and a neighborhood 

B4p == {(x, t) : 0 :::;; t < T, 3q E Wo, [X(q, t) - x[ :::;; 4p}. 

By the smoothly directness, 

and 

Now define 

with 2r :::;; p. 
Let 

sup lu(x, t)1 :::;; U < 00 
(x,t)EB4p 

M = lim sup t G~p (X(q, s)) ds < 00. 
hTqEWo io 

Br(Wt ) = {x;3q E Wo, Ix -X(q,t)[:::;; r} 

r 
T=-

4U 
be a (possibly very short) time interval. Denote 

Wr(t) = sup [w(x, t)[. 
Br(Wt ) 

By assumption 
W3r(t) :::;; mwr(t). 

Now consider x E Br(Wt ) for some t < T. The Lagrangian trajectory 
passing through x at time t is denoted X(q', t). Note that q' may not be 
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in Woo Nevertheless, if r ~ ~ and 0 ~ t- s ~ T then X(q', s) E B2r (Ws), 
i.e., 

IX(q, s) - X(q', s)1 ~ 2r ~ p 

for some q E Woo Then it follows that 

and 

la(X(q', s))1 ~ A4p (X(q, s)) [1 + log J] + G4p(X(q, s))80o(X(q', s)). 

Denoting 

A(s) = sup A4p (X(q, s)), 
qEWO' 

9(s) = sup G4p (X(q, s)). 
qEWO' 

Then integrating (5.1) would give us 

Iw(X(q', t))1 ~ K eJt~ {A(s)[1+1og(p/o)]+Q(s)8n8 (X(q' ,s))} ds, 

where 
K = wp(to). 

Now we choose 8 ~ r, then X(q', s) E B 2r (Ws ) and by assumption 

Oo(X(q', s)) ~ mwr(s), 

which implies 

for any 0 < 8 ~ rand 0 ~ t - to ~ T. 

To simplify, define 

A = A(t, to) = it A(s) ds 
to 

and 

Q = Kp foT 9(s) ds. 

Let 

( ) (
wr(s)) y t = max --

to';:;s';:;t K 

and J = max {my(t)Q,~}. 
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Then we obtain 

yet) ~ (J) A el+A . 

Finally, we can choose T such that 

1 
A(t, to) ~ "2. 

This can be done since by assumption A is integrable. Now fix this T, 

we have 

yet) ~ max { me
3
Q; m~Q } == r 

and thus ends the proof. 

5.2 Sufficient conditions by Deng-Hou-Yu 

The result by Constantin, Fefferman and Majda reveals the subtlety 
between the smoothness of the vorticity direction field and the accumu­
lation rate of vorticity. But on the other hand, their theorems are not 
quite applicable to various numerical simulations studying the blow-up 
issue of the 3D Euler equations in recent years. The most interesting 
ones among them are Kerr [26, 27, 28, 29] and Pelz [39, 40]. From their 
observations the following seems to hold for flows that may be singular, 
i.e., flows that seems to have the critical singular vorticity growth rate 
(T-t)-l for some T > 0 (Note: unforced flows that have higher vorticity 
growth rate have never been observed): 

1. Large vorticity, or more specifically, those Iwl ~ c IlwIIL=, are con­
centrated in small regions of length 0 ((T - t)1/2) in the vorticity 
direction and with cross-section area 0 ((T - t)2). These regions 
look like two vortex sheets with thickness OCT - t) meeting at an 
angle. 

2. The vorticity direction field ~(x, t) looks more regular inside this 
region than outside, where ~(x, t) is wildly helical. 

Checking these observations against Definition 5.2 and Theorem 5.3 
(Note that Definition 5.4 is obviously unverifiable with numerical quan­
tities, so we will not consider Theorem 5.5), we see that the conditions 
there are not satisfied. The main reason is that, according to numerical 
simulations, the "smoothly directed" region can never have fixed size, 
instead is always rapidly shrinking in all three directions. Thus there 
is a gap between theoretical theorems and numerical observations and 
leaving Theorem 5.3 unable to explain the numerical results. 

In 2005, Deng, Hou and Yu [19] made a first step in filling this gap. 
The key is to focus on one vortex line and study its local stretching 
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behaviors. Before introducing the main result, we introduce some nota­
tions. 

Denote by D(t) the maximum vorticity magnitude at time t. Let L t 
be a family of vortex line segments and L(t) be the length of Lt. Denote 
U~(t) == maxx,yELt I(u· ~)(x, t) - (u·~) (y, t)l, Un(t) == maxLt lu· nl 
where n is the normal of the curve L t , i.e., :s~ = (~. V') ~ == Kn where K 

is the curvature, and M(t) == max (IIV'· ~11L''''(Lt)' IIKIILoo(Lt)) . We also 

define X(a, tl, t2) as follows: 

dX(ex, tl, t) 
dt = u(X(ex, h, t), t); X(ex, tl, h) = ex. 

It is related to the usual flow map X(q, t) as follows: 

for any q, tl, t2. 
Now the main theorem reads: 

Theorem 5.7 (Deng-Hou-Yu, 2005). Assume there is a family of vortex 
line segments L t and To E [0, T), such that X(Ltll h, t2) :2 Lt2 for all 
To < tl < t2 < T. We also assume that D(t) is monotonically increasing 
and Ilw(t)IILOO(Lt) ~ coD(t) for some Co > 0 when t is sufficiently close 
to T. Furthermore, we assume that 

1. [U~(t) + Un(t)M(t)L(t)] ;S (T - t)-a for some ex E (0,1), 

2. M(t)L(t) ~ Co, and 

3. L(t) ;::: (T - t)f3 for some {3 < 1 - ex. 

Then there will be no blow-up in the 3D incompressible Euler flow up to 
time T. 

Remark 5.8. Note that the conditions 1-3 are inspired by the nu­
merical observations. In Kerr's computations, the velocity blows up 
like 0 ((T - t)-1/2), which gives alpha = 1/2. On the other hand, 

M(t) = (T - t)-1/2. If we take L(t) = (T - t)1/2, then the second con­
dition is satisfied, but it would just violate the third condition. Thus 
Kerr's computations fall into the critical case of our theorem. 

Remark 5.9. In a follow-up paper [21], Deng, Hou and Yu improved 
the above result and obtained non-blowup conditions for the critical 
case {3 = 1 - ex. The new conditions depend on some fine relations 
among the asymptotic behaviors of the rescaled quantities (T - t)a [U~ (t) 
+Un(t) M(t)L(t)], (T - t)a-l L(t) and the bound Co. In [25], Hou and 
Li repeated Kerr's computations using a pseudo-spectral method with 
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resolution up to 1536 x 1024 x 3072 up to T = 19, beyond the singularity 
time Tc = 18.7 predicted by Kerr. They found that there is a tremendous 
dynamic depletion of the vortex stretching term. The velocity field is 
found to be bounded, and the maximum vorticity does not grow faster 
than doubly exponential in time. The fact that velocity is bounded 
allows us to apply the non-blowup conditions of [22], which provides 
further theoretical evidence of the non-blowup of the Euler equations 
with Kerr's initial data. 

We give a simple proof of the non-blowup result of Deng-Hou-Yu. 
First we investigate the incompressibility condition of vorticity. 

\7 . w = O. It is easy to see that 

alwl 
a-;-(x, t) = - (\7. ~(x, t)) Iwl (x, t), 

where s is the arc length of the vortex line containing (x, t), so that 
ts = ~ . \7. This implies that for any two points x, y E Lt , as long as 
I J: \7 . ~dsl ~ M(t)L(t) ~ C, we have 

e-M(t)L(t) ~ Iw(y, t)1 ~ M(t)L(t) 

" Iw(x, t)1 " e 
(5.3) 

Next we study the relation between vorticity magnitude and vortex 
line stretching. Recall that 

w(X(a, t), t) = \7 "X(a, t) . wo(a). 

Multiplying both side by ~(X(a, t), t) we have 

Noticing 

Iw(X(a, t), t)1 = ~(X(a, t), t) . \7 "X(a, t) . ~(a) Iwo(a)l. 

ax 
~(X(a, t), t) = -

as 
along the vortex line at time t, and similarly 

aa 
~(a) = aj3' 

where j3 is the arc length parameter at time O. Substituting these rela­
tions in, we have 

aX(a, t) aa 
Iw(X(a, t), t)1 = as . \7 "X(a, t) . aj3 Iwo(a)1 

ax ax 
= - . -lwo(a)1 

as aj3 

(
ax ax) as 

= -. - -lwo(a)1 
as as aj3 

as 
= aj3lwo(a)1 , 
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since ~~ = ~ is a unit vector. It is easy to generalize the above result to 
prove that 

as (X( t ) t) = Iw(X(a, tl, t), t)1 
0(3 a, 1, t , Iw(a, tl)1 

Now we have the relations between any two points on L t , and be­
tween vortex line stretching and growth of vorticity magnitude. A third 
ingredient is the evolution equation of s(3. It is easy to see that s(3 is 
governed by the same equation as Iwl in (5.1). 

D 
Dt s(3 = ~ . \7u· ~ s(3 

= [(C \7)(u . ~) - u . (~ . \7)~l s(3 

= (u· ~)(3 - t;; (u· n) s(3, 

where we have used ~ . \7~ = as~ = t;;n by the Frfmet relationship. 
Integrating it along L t and in time, we easily get the estimate 

where It is a segment of Lt such that lt2 = X(ltl? t l ,t2), and l(t) is the 
arclength of It. 

Next we will show how l(t2)/l(t l ) is related to the vorticity growth: 

e-(M(t)l(t)+M(h)l(tl)) Iw(X(a', tl, t), t)1 ~ l(t) 
Iw(a', tl)1 ~ l(t l ) 

:::;; e(M(t)l(t)+M(tIl1(tl)) Iw(X(a', tl, t), t)l. (5.4) 
Iw(a', h)1 

The proof of (5.4) is not difficult. Let (3 denote the arc length parameter 
at time h. Denote by It the vortex line segment from 0 to (3, and use S 

as the arc length parameter at time t. Now by the mean value theorem, 
we have ((3 is the arclength variable at td 

l(t) = It S(3(1]) d1] = S ( ') = Iw(X(a", tl, t), t)1 
l(h) (3 (3 1] Iw(a", tdl 

for some a" on the same vortex line. Now the inequality (5.4) follows 
from (5.3). 

Now putting the three ingredients together, we get an estimate for 
the vorticity magnitude. 

Dl(t2) :::;; eCOD1(tl) [1 + l(~l) 1:2 

(ud r ) + M(r)Un(r)l(r)) dr] , 

(5.5) 
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where n1(t) denotes the maximum vorticity magnitude along Lt. 
Now we start the proof of Theorem 5.7 itself. The idea is the fol­

lowing. Note that the above inequality actually controls the growth rate 
of vorticity. So we can expect to prove non-blow up if l(tt) does not 
shrink to zero too fast. If we assume, in the same spirit as those by 
Constantin-Fefferman-Majda, that l(t) > C > 0 for some fixed c, then 
effectively we have 

n(t2) ~ eCOn(tt) 

and obviously no blow-up can happen. Now we illustrate the proof along 
this simple idea. 

We prove by contradiction. First, by translating the initial time we 
can assume that the assumptions hold in [0, T). Define 

r == (R/co) + 1, 

where R == e2Co . Recall that Co is the bound of M (t) L( t), and Co is the 
lower bound of nL(t)/n(t), where nL(t) == Ilw(·, t)llL'x>(L

t
)' 

If there is a finite time blow-up at time T, then we must have 

and necessarily n(t) / 00 as t / T. Take tl, t2,'" ,tn ,'" such that 

Since n(t) is monotone by assumption, and T is the smallest time that 
JOT n(t) dt = 00, we have tn / T as n ---> 00. 

Now we choose lt2 = Lt2 · By assumptions on Lt , we have ltl C Ltl 
such that X(ltll t l , t2) = lt2' And furthermore, by using (5.4), we obtain 

1 nL(h) Co 1 
l(tt) ~ l(t2) R n

L
(t2) ~ l(t2) R2 -:;. 2: (T - td3

, 

where the hidden constant in 2: is independent of time. Now plugging 
this into (5.5) we have, after some algebra, 

n(t2) ~ (r - l)n(tt) + (1 _Ca)co (T~t~;){3 (T - h)l-a. 

Recalling n(t2) = rn(tt) , we have 

r ~ (r -1) + C(~T-~~~;~a, 
which gives 
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with 
1-0: 

b == -(3- -1, 

which is positive by assumption. By taking tl close enough to T, we can 
cancel C and have 

(T - t2) ::::;; (T - tl)IH. 

Next do the same thing for all pairs (tn, tn+1 ), (note that (T - tn)1i < 
(T - td :s:; C- 1 ) we have 

(T - tk+l) ::::;; (T - tk)IH ::::;; (T - tdl+li)k ::::;; (T - tl)(T - tltk (5.6) 

if we take T - h < 1. 
Now we study f: net) dt = 00. By assumption that net) is mono­

tone, we have 

= = T 
n(td L r

k
(tk+l - tk) = L n(tk+l)(tk+l - tk) ;? 1 net) dt = 00, 

k=1 k=1 tl 

which implies 

= = 
(r - 1) L rl(T - tl+d = L(r1+! - r1)(T - tl+d 

1=0 l=O 
= = 

= L L (r1+1 - rl)(tk+l - tk) 
l=O k=l+1 
= k-l 

= L 2)rl+l - rl )(tk+l - tk) 
k=1 l=O 
= 

= L(rk - 1)(tk+l - tk) 
k=1 

= 00. 

All the equalities are legitimate since all the terms in the summations 
are positive (Fubini's theorem). 

On the other hand, from (5.6), we obtain 

= = 
00 = L rk (T - tk+d ::::;; (T - td L [reT - tdO] k < 00, 

k=O k=O 

if we choose h close to T so that reT - h)O < 1. Therefore, we reach a 
contradiction. Thus, we obtain 

i T n(t)dt < 00. 

h 

By the BKM criterion, we conclude that there is no finite time blow-up 
up to T. 
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6 Lower dimensional models for the 3D Euler equa­
tions 

6.1 1-D model 

In 1985, P. Constantin, P. Lax and A. Majda proposed the following 1-D 
model of the 3D Euler equations: 

Wt = Hw ·w, 

where H is the Hilbert transform: 

Hf=pv r fey) dy. 
ilR X - Y 

The relation to the 3D Euler equations is the following. In 3D Euler 
equation, the evolution of the vorticity magnitude is governed by the 
following equation: 

D 
Dt Iwl = T(w) Iwl, 

where T is a Calderon-Zygmund operator with a convolution kernel that 
is homogeneous of degree -d where d is the dimension. In 1-D, only one 
such singular integral kernel exists, i.e., the Hilbert transform. 

This simplified model can be explicitly solved. To solve it, we first 
get familiar with some properties of the Hilbert transform. 

Lemma 6.1. The Hilbert transform has the following properties: 

1. H is bounded from Hm to Hm for all m ? O. 

2. H(Hf)=-f. 

3. H (fg) = f (Hg) + 9 (Hf) + H (Hf· Hg). 

Proof. Properties (1) and (2) follow immediately from the fact that 

H f(~) = sgn(~)j(~). 

For property (3), we check 

if(jg) - H(~Hg) = £: sgn(~)j(ry)g(~ - ry) dry 

-£: sgn(~)sgn(ry)sgn(~ - ry)j(ry)g(~ - ry) dry 

= £: sgn(~) (1 - sgn(ry)sgn(~ - ry)) j(ry)g(~ - ry) dry 

= £: (sgn(~ - ry) + sgn(ry)) j(ry)g(~ - ry) dry 

= f(iig) + g{iiJ), 
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and this ends the proof. 0 

Now we set out to find the explicit solutions. We define 

Z(x, t) = Hw(x, t) + iw(x, t). 

By Lemma 6.1, the equation for z is 

dz 1 2 

dt = 2z 

whose explicit solution is 

which implies 

z(t) =~, 
2 - zot 

( t) = 4wo(x) 
w X, 2. 

(2 - tHwo) + t2w5(X) 

It is obvious that w(x, t) will blow-up at points with wo(x) 
Hwo > O. 

6.2 The 2-D QG equation 

The 2D QG equation (see Pedlosky [41]) is given by 

DB - = Bt + U· VB = 0 
Dt ' 

where B(x, t) is a scalar, and u is defined by 

(_6)1/2'ljJ = -B, 

u = V.L'ljJ. 

Here (_6)1/2 is defined by 

if 

'ljJ = J e27riX·e~(f,) df,. 

o but 

(6.1) 

The 2D QG equation (aka surface-quasi-geostrophic equations, SQG) 
describes the variation of the density variation B at the surface of the 
earth. The name B, usually represents temperature, is chosen because 
in the case the ideal gas, the density variation is proportional to the 
temperature. 

To get an explicit form of the formula for 'ljJ in the space variable x 
instead of the Fourier modes f" we use the following lemma: 
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Lemma 6.2. Denote 

then we have 

Thomas Y. Hou, Xinwei Yu 

h ( ) = r(a/2) I I-a 
a X K(a/2) X , 

for 0 < R(a) < N, where N is the dimension of the space. r is the 
Gamma function, defined as 

Proof. See e.g. Thomas Wolff [46]. 

By the above lemma we easily derive 

1jJ(x) = - k2 B(~; y) dy. 

Thus we get 

l y~ 
u(x) = -2B(x + y) dy. 

1R2 Iyl 
If we define "vorticity" 

w(x) = 'V~B, 

we obtain by differentiating (6.1) that 

Dw 
- ='Vu·w 
Dt ' 

from which we can derive 

where 

Dlwl 1 J5t = 2~ ('Vu + 'Vu
T

) ~ Iwl 
== S(x, t) Iwl 
= r (f). ~~(x)) (~(x2+ y) . ~~(x)) Iw(x + y)1 dy Iwl 

JlR2 Iyl 
= r (f). ~(x)) det(~~x + y), ~(x)) Iw(x + y)1 dy Iwl, 

JlR2 IYI 

_ w(x, t) 
~(x, t) = Iw(x, t)1 

D 
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as long as it is well-defined, and f) = y/ Iyl. Note that those points with 
w(x, t) = 0 is transported by the flow, since w = 0 implies VB = 0 and 

VB(X(q, t)) = VxBo(q) 

= (VqX)-l. VqBo(q), 

which means V qBo(q) = 0 ~ V xB(X(q, t)) = O. So those points where .; 
is not well-defined are not important to the stretching. 

Recall that for the evolution of the vorticity magnitude in 3D Euler, 
we have 

Dlwl J5t = a(x, t) Iwl , 

where 

a(x,t) = 43 r (f).';(x))det(f),~(x+y),';(x)) Iw(x+y)1 dy. 
1f J~3 Iyl 

We see that S(x, t) and a(x, t) indeed share very similar cancellation 
properties. Thus the 2D QG equation can be viewed as a 2D model of 
the 3D Euler equation, especially in the vorticity form. 

There are several other similarities between 2D QG and 3D Euler. 
For example, the levelsets of B(x, t), which are lines that are always 
tangent to w(x, t) so can be defined as "vortex lines" , are carried by the 
flow, similar to the vortex lines in the 3D Euler dynamics. For more 
comparison between 2D QG and 3D Euler equations, as well as other 
properties of the 2D QG equations, see Constantin-Majda-Tabak [15], 
or the book by Majda-Bertozzi [35]. 

Remark 6.3. Note that in the 2D QG equation, we no longer have the 
property 

as in the 3D Euler case. This implies that, the "vorticity" here doesn't 
satisfy 

DD
w 

= ! (Vu + VuT
) W 

t 2 

as in the Euler case. Only the evolution of the vorticity magnitude Iwl 
satisfies the same equation as in the 3D Euler equation. 

6.2.1 Existence and blow-up criteria 

By the same technique as in Chapter 2, we can prove the local in time 
existence and blow-up criterion. 
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Theorem 6.4 (Constantin-Majda-Tabak [15]). lfthe initial value 8o(x) 
belongs to the Sobolev space Hk(I~.2) for some integer k ~ 3, then there is 
a smooth solution 8(x, t) E Hk(I~.2) for the 2D QG equation for each time 
t, in a sufficiently small time interval [0, T*), where T* is characterized 
by 

118(·, t)llk / 00 as t / T* 

and can be estimated from below by 

T* ~ 1 
1-il8oiik 

We can also apply the technique for the BKM criterion in Chapter 4 
to obtain similar blow-up criteria: 

Theorem 6.5 (Constantin-Majda-Tabak [15]). Consider the unique 
smooth solution of the 2D QG equations with initial data 8o(x) E Hk(I~2) 
for some k ~ 3. Then the following are equivalent: 

1. The time interval [0, T*) for some T* < 00 is maximal for the 
solution to be in H k(JR.2). 

2. The vorticity magnitude accumulates so rapidly that 

faT Ilw(·, t)IILoo dt / 00 as T / 00. 

3. Let S*(t) == maxxElR2 S(x, t), then 

T' 

fa S*(t) dt = 00. 

There are, though, properties that seem to hold only in the 2D QG 
case. For example, when we assume that there is a smooth curve x(t), 
such that each point (x (t), t) is an isolated maximum of Iw (x, t) I, we can 
have the following result: 

d 
dt Ilw(·, t)IILoo = S(x(t), t) Ilw(·, t)IILoo . 

To prove it, let q(t) be the Lagrange marker of the points (x(t), t), i.e., 

X(q(t), t) = x(t), 
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then we have 

d d 
dt Ilw(·, t)IILoo = dt Iw(x(t), t)1 

d 
= dt Iw (X(q(t), t), t)1 

D 
= Dt Iwl (x(t), t) + Vx Iwl' VqX· q 

= S(x(t), t) Iw(x(t), t)1 
= S(x(t), t) Ilw(·, t)IILoo . 

Note that V x Iwl = 0 by our assumption that x(t) is an isolated maxi­
mum. 

The above result implies that, under the assumption on x(t), we 
can just consider Sex, t) for the particular point (x(t), t) instead of the 
maximum of Sex, t) over the whole space. The assumption on x(t) is very 
likely to hold in practical cases according to various numerical results, 
see e.g. Constantin-Majda-Tabak [15]. 

Remark 6.6. It is claimed in Constantin-Majda-Tabak [15] that the 
assumption on x(t) can be dropped with a more lengthy proof, while 
that proof is omitted. 

6.2.2 Global existence result by Constantin-Majda-Tabak 

In their 1994 paper [15], Constantin, Majda and Tabak studied the evo­
lution of the vorticity magnitude both numerically and theoretically, 
concluded that when the vorticity direction ~(x, t) varies not too fast 
in space, there can be no finite time blow-up, i.e., the classical solution 
exists globally in time. 

To understand the basic idea, we recall the evolution equation for 
Iwl: 

Dlwl I5t = Sex, t) Iwl , 

where 

Sex, t) = r (y, e-(x)) (~(X2+ y) . e-(x)) Iw(x + y)1 dy. 
JIlt2 Iyl 

In general, since sex, t) = Tw with T being a singular integral oper­
ator, IIS(" t)IILoo can not be bounded by Ilwe, t)IILoo. Even if it can, the 
right hand side would be quadratic and give us a finite time blow-up. 
But if we make assumptions on ~(x+y), the situation would be different. 
We illustrate this through several examples. 
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Example 6.7 (Constantin-Majda-Tabak [15]). We consider the classical 
frontogenesis with trivial topology. Let 

be a smooth curve in the plane, we study the possibility that the solution 
8(x, t) developes a sharp front along this curve, through the simplified 
ansatz 

8( t) = F (X2 - !(X1)) 
x, J(t) , 

where F(s) is a smooth function on JR., with the properties that F(s) = 1 
for s ;;:: 3, F(s) = 0 for s ~ 1 and F'(s) ;;:: 0 for all s. Assume that 

J(t) -+ 0, as t -+ T* 

for some T* < 00. 

We can plug the formula for 8 into the 2D QG equation and get 

F' [:t (Jtt)) +u, (f'~d) (Jtt))] =0. 

Since obviously Ilwllv>o (t) '" I/J(t), we have the estimate 

d 
dt (log Ilwll Loo (t)) ;S Ilull Loo (t). 

It can be shown that for 2D QG equation 

Ilull Loo (t);S logliwllLoo' (6.2) 

We see that the growth rate of the maximum vorticity is at most double 
exponential, and there will be no finite time blow-up. 

The last thing is to prove the estimate (6.2), which first appears in 
Cordoba [17]. 

Recall that, for teh 2D QG equation, we have 

u = (_.6)-1/2 W = J I~((X + y) dy. 

Now let r > 0 fixed, large enough, p E (0, r) to be specified later, and X 
be the standard cut-off function, we decompose u into 3 terms as follows 

where 

J (lxl) 1 Uin(x) = X P IYiw (x + y) dy 

~ IIwll Loo P 
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by simply using polar coordinates. For Umed, we have 

Umed(X) = J X C~I) (1- X C~I)) I~IW(X+Y) dy 

= J X (I~I) (1- X (I~I)) I~I V~O(x + y) dy 

;S r ~O(x+y) dy+~ r O(x+y) dy 
J2r'?IYI,?p/2 Iyl P J2P'?IYI,?p/2 Iyl 

+~ r ~O(x + y) dy 
, J2r'?IYI'?r/2 Iyl 

;S -IIOII£ox) (1 + Ilogpl) = -IIOol\u", (1 + I log pI) 

as long as p < c < 1 for some fixed constant c. Here we have used the 

fact that Vx ('~I) = 0 for all Ixi ~ p/2 or Ixl ;? 2p and the maximum 

of 101 is bounded by the initial data. 
Now we estimate Uout , 

Uout(x) = J (1 -X (I~I)) I~I V~O(x + y) dy 

11 1 1 dy ;S - -O(x+y) dy+ 0(X+Y)-2 
, 2r'?IYI,?r/2Iyl \y\)r/2 Iyl 

=- I + II. 

I is obviously bounded by some constant since 1101\00 ~ 1100 1100' For II, 
we use he Cauchy-Schwarz inequality and the fact that the L2 norm of 
o is conserved. We get 

II;S ,-111 0011£2 , 
which is also bounded by a constant. 

Finally, if Ilwll£oX> ~ e, (6.2) trivially holds. If not, taking p = IlwlIL~ 
immediately gives the desired estimate. 

We look at another example, the singular thermal ridge. 

Example 6.8 (Constantin-Majda-Tabak [15]). The assumptions are 
similar to the previous example, the only difference is that F(s) = 0 
for both s ;? 3 and s ~ I, with F'(s) > 0 for 1 < s < 2, F'(s) < 0 for 
2 < s < 3. There can be no finite time blow-up for these ridges either. 
The proof is similar to that in the last example and is omitted. 

The above two examples imply that, for 0 whose levelsets form simple 
geometries, there may be no finite time blow-up. To quantify what 
we mean by "simple geometry", we use the direction of the "vorticity 
vectors" ~ = w / Iw I. The precise statement of the theorem is the following 
(Constantin-Majda-Tabak [15]): 
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Definition 6.9. A set Do is smoothly directed if there exists p > 0 such 
that 

and 

sup rT

1u (X(q,t),t)1 2 dt<oo 
gEno Jo 

sup rT 

IIV~(·, t)IIL'>O(Bp(X(g,t),t))) dt < 00, 
gEna Jo 

where Bp(x) is the ball ofradius p centered at x and 

D~ = {q E Do Ilwo(q)1 =I O}. 

We use the following notations: 

Dt = X(Do, t), 

OT(Do) = {(x, t) 1 x EDt, 0 ~ t ~ T}. 

Theorem 6.10. Assume Do is smoothly directed, then 

sup IV8(x, t)1 < 00, 
OT(nO) 

i.e., there can be no blow-up in OT(Do). 

Definition 6.11. We say that the set Do is regularly directed if there 
exists p > 0 such that 

where 

T 

sup r Kp (X(q, t)) dt < 00, 
qEna Jo 

K p (x)=l ly.~.l(x)II~(x+y).~.l(x)llw(x+y)1 d
y

2 · 

Iyl":;p Iyl 

Theorem 6.12. Assume that Do is regularly directed, then 

sup Iw(x, t)1 < 00. 
OT(nO) 

The proofs to these theorems are similar to the ones in the global 
existence results by Constantin-Fefferman-Majda for the 3D Euler equa­
tions, only less technical. The main difference is that here we have a 
conserved quantity 8, whose LP norm is conserved for all 1 ~ p ~ 00. 

This simplifies the proof a lot. First, S(x, t) is bounded by 

IS(x, t)1 ~ C [G(t) lu(x, t)1 + (pG(t) + 1) (G(t) 11811Loo + p-21181IL2)] , 

where G(t) == SUPlyl,p IV~(x + y)1 for some fixed p > 0, via similar es­
timates as in Chapter 2. Next we integrate the above in time and use 
the Cauchy-Schwarz inequality. For details see Constantin-Majda-Tabak 
[15]. 
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Remark 6.13. The reader may notice that our condition on the max­
imum velocity, i.e., L2-integrable in time, is much weaker than the one 
in the 3D Euler case, i.e., L oo bounded. This is because, in 2D QG, 
we have w = (82 , -81 )8 with 8 being bounded. For 3D Euler, we have 
w = V x u and we do not have a priori bound on u. Thus in the case of 
the 3D Euler equation, we have a term 

which will not be integrable if U(t) == Ilullvx> (t) is not bounded in addi­
tion. 

6.2.3 Global existence result by Cordoba and Fefferman 

The results by Constantin-Majda-Tabak claim that, as long as the direc­
tion field of the levelsets is smooth enough locally around the maximum 
stretching point, there can be no finite time blow-up in the 2D QG 
equations. This leaves one candidate for finite-time blow-up in their nu­
merical simulations, i.e., the "hyperbolic saddle" situation. In fact, they 
performed detailed numerical experiments and found that the maximum 
vorticity can be fitted by 1/ (8.25 - t)1.7, which suggests a finite time 
blow-up. In 1997, Ohkitani and Yamada re-did the simulations and 
pushed further to higher resolutions ([38] ), and found that the same re­
sult can be fitted as well by double exponential growth, indicating that 
no finite time blow-up can occur, at least up to the time of their compu­
tations. Subsequently, Constantin-Nie-Schorghofer [16]) found that the 
double exponential is in several aspects a better fit, suggesting that no 
finite-time blow-up can occur. Around the same time, D. Cordoba [17] 
proved that under some mild assumptions, the hyperbolic saddles will 
not cause a finite time blow-up, instead the growth of Iwl is bounded by 
quadruple exponential. The proof is technical and we will not reproduce 
it here. 

In 2002, D. Cordoba and C. Fefferman [18] considered a case that 
covers most of the scenarios considered by Constantin-Majda-Tabak and 
the hyperbolic saddle case by Cordoba, which they called "semi-uniform 
collapse", and obtained the numerically observed double exponential 
growth by clever estimates. We will recap their work here. 

Assume that there is an interval [a, b] such that 

for Xl E [a, b], where X2 = <pp(X1' t) is a level curve of 8, <pp E C 1 ([a, b] x 
[0, T)) for some alleged blow-up time T. Bya "semi-uniform" collapse 
we mean that the level sets are almost parallel to each other (Note that 
the sharpening front and ridge in Examples 6.7 and 6.8 satisfy that the 



54 Thomas Y. Hou, Xinwei Yu 

level curves are exactly parallel to each other). More specifically, if we 
denote 

then 0 satisfies 
mino(X1' t) ~ cmaxo(x1' t). 
[a,~ ~,~ 

By this assumption, we always have 

for any X1'X~ E [a,b]. 
From this observation, it is enough to consider 

1= :t (l b

[CPP2(X1,t)-CPPl(X1,t)] dX1) 

since the quantity being differentiated is comparable to Iwl-1
. (Note 

that, since different level curves will never cross, the sign of the difference 
is fixed.) 

We compute 
d 
dt cpp(X1' t) 

for some fixed p. First note that, the curve (Xl, cpp(X1' t)) is transported 
by the flow, since it always parametrized the level curve e = G(p). So 
we have 

d 8cpp d 
dtCPP(X1,t)=U2-U18xl = dX11jJ(X1,CPP(X1,t),t), 

where 1jJ = (_6)-1/2 e so that u = Vl..1jJ. The first equality can be 
seen by drawing a picture and studying the difference between CPP at t 
and t + ot, or go through the argument using the QG equation as in 
Cordoba-Fefferman [18]. 

Now it is immediate that 

Let 

we have 

1= 1jJ(b, CPP2 (b, t), t) -1jJ(a, CPP2 (a, t), t) 

+1jJ(a, CPPl (a, t), t) -1jJ(b, CPP2 (b, t), t). 
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Finally we prove a general estimate 

Obviously, that will end the proof, and bound the maximum growth by 
some double exponential. 

Recall that 

'If;(x, t) = (_6)-1/2 e = - J e(~; y) dy. 

Taking T = 1 Z1 - z21 we have 

where k > 2T is some constant. 
Now trivially, 

For 12 , by the mean value theorem 

for some z' lying on the line segment connecting Z1 and Z2, thus we can 
further bound it by 

1 
Tmax 2' 

s Iy - 81 

where the maximum is taken over the line connecting Z1 and Z2. Now it 
is clear that 

II21 ::::; CT IlogTI· 

h is also trivially bounded by CT using the conservation of the L2 
norm of e, and the mean value theorem. 

This ends the proof. 

6.2.4 Final remarks about the QG equation 

The global existence/blow-up issue for the 2D quasi-geostrophic equa­
tion is still open today, and solving it would for sure shed light on and 
help solving the same problem for the 3D Euler equations. A recent 
progress is Deng-Hou-Li-Yu [22], where the authors applied the method 
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developed in their papers dealing with the 3D Euler equations [19, 21], 
and obtained triple exponential growth bound for 11\701100 under very 
mild conditions. FUrthermore, under slightly stronger conditions the au­
thors show that the growth rate of 11\701100 can be bounded by double 
exponential, which is the real growth rate observed in numerical com­
putations. High resolution numerical computations carried out by the 
authors suggest that these conditions are indeed satisfied in the 2D QG 
flow. This observation suggests that these conditions may have touched 
the essence of the QG dynamics. The authors are currently making an 
effort to further investigate this problem. 

7 Vortex patch 

A vortex patch is a bounded, simply connected, open material domain 
V t such that the vorticity is constant inside it and 0 elsewhere. It is a 
special case of the £1 n £00 weak solutions. Here we will describe the 
problem without using the general weak solution formalism. 

7.1 The contour dynamics equation (eDE) 

By definition and our expectation that the vorticity will be conserved 
along particle trajectories (should check that they really exist), it is 
(hopefully) enough to derive an equation that governs the evolution of 
the boundary. 

Assume that the solution do behave this way, i.e., the vorticity at 
any time t is Wo in some smooth region V(t) and 0 outside, where V(t) 
is smoothly parametrized by t. Then the velocity is 

Wo 1 (x - y)l.. u(x,t) = - 2 dy. 
21f V(t) Ix - yl 

By the Divergence Theorem we can rewrite it as a contour integral 

u(x, t) = w
2

0 r log Ix - yl n.l(y)dS(y), 
1f J8V(t) 

where n(y) is the unit outer normal vector. Note that in our setting, 
V(t) and then w(x, t) is determined by the evolution of the boundary 
aV(t). If we parametrize it by x = x(s, t), we have 

ax(s, t) _ Wo 1 I ax I I 
at - --2 log Ix(s, t) - x(s , t)1 ~(s , t) ds. 

1f 8V(t) uS 

This is called the CDE (contour dynamics equation). It can be checked 
that as long as the boundary remains smooth enough, w(x, t) defined by 
the CDE is a weak solution. 
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In [34], A. Majda observed that, Y = ~~ satisfies an evolution equa­
tion very similar to the I-D model: 

DY 
Dt = (M(Y)) Y, 

where M(Y) is a matrix whose entries are Cauchy integrals on a curve, 
i.e., a generalization of the ID Hilbert transform. He further conjectured 
that a finite time singularity would form from smooth initial data. 

In 1991, J.-Y. Chemin [10) proved that in fact the above resemblance 
is just superficial. The evolution of the vortex patch boundary behaves 
much better than the 3D Euler equations. Namely, the boundary will 
remain in 0 1,1-' if it is started in this function class. In [4], A. Bertozzi 
and P. Constantin give an alternative proof that is easier to understand. 
We will present this proof in the next subsection. 

7.2 Levelset formulation and global existence 

Let 0 < JL < 1 and D be a simply connected, bounded and open subset 
of the plane whose boundary is 0 1,1-' smooth, i.e., for any Xo E aD there 
exists a ball B(xO; ro) and a 0 1

,1-' function rp : lR l----' lR such that, after a 
rotation, 

Now we introduce the levelset formulation. Let rp E 01,I-'(lR2
) be such 

that 

D = {x I rp(x) > O} 

and IVrpl ?: c > 0 on the boundary. By the implicit function theorem 
we see that aD defined by rp = 0 is indeed 0 1

,1-'. Thus to establish the 
long time existence, we only need to show the existence of 0 1

,1-' function 
rp(x, t) such that D(t) = {x I rp(x, t) > O} and Vrp(x, t) is bounded below 
by c > 0 uniformly in t. 

It is easy to see that the evolution of rp(x, t) should be governed by 

and thus 

rpt + u . V rp = 0 

~V.L[/l == Vu. V.L[/l 
Dt Y Y' 

which looks similar to the 3D Euler equation. 

(7.1) 

We need to show two things, first IIV.Lrpllco.1' is bounded above, 

second IV.Lrpl = IVrpl is bounded below at rp = O. 
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Proposition 7.1. Let u be the velocity field associated to a vortex 
patch. Denote 

Then 

Wo la(x-y) WO(O-l) Vu(x) = -2 pv 2 dy + -2 1 0 X1)(X). 
1[' 1) Ix - yl 

Proof. The proof is straightforward, similar to those in Chapter 4. 0 

First we need to notice some properties of a(x - y). 

1. It is smooth outside of the origin and homogeneous of degree O. 

2. It is symmetric with respect to reflection about the origin, i.e., 
a-(z) = 0-( -z). 

3. It has mean 0 on the unit circle. 

4. By (2) and (3), it has mean 0 on any half circle centered at O. 

By (1) the kernel in the integral is a singular integral kernel. But one 
important difference with the 3D Euler or other model equations (ID 
Constantin-Lax-Majda Model, 2D QG) is that, this singular integral 
kernel is acting on a characteristic function instead of Vl-rp, thus it can 
be expected to behave much better than the 3D Euler equation. 

To see this point, we consider a naIve approach. Instead of the tech­
nical C 1", suppose we would like to prove that the level set equation 
(7.1) is well-posed in C1. For this purpose, it is enough to prove that 
IIVulbo is bounded. We have 

Wo 1 a(x-y) Wo (0-1) Vu(x) = -2 pv 2 dy + - 1 0 X1)(X). 
1[' 1) Ix - yl 2 

So it is enough to prove that 

l a(x- y)d 
pv 2 y 

1) Ix - yl 

remains bounded for all x. Suppose that we only need to worry about 
the integral 

1 

a(x - y) 
I(x) ,=pv 2 dy 

1)nB(x,6) Ix - yl 
for some 8 > O. Obviously when d(x) '= dist(x, av) ? 8, I(x) = O. On 
the other hand, when d(x) < 8, we need subtle cancellations. To get 
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some insight, assume that locally a'D is X2 = 0, and x = (0, X2) E 'D 
with 6 > X2 > O. By the properties of (J, we see that (J has mean 0 on 
semi-circles. This implies that, 

I(x) = r (J(x - Y} dy, 
JVeff Ix - yl 

where 'Deff == 'D n (B(x, 6) \B(x, d(x)) n {O < Y2 < d(x)} is illustrated in 
the following figure by the shaded area: 

v 
- - - - .... 

Yl 

Using Polar coordinates, we have 

1° 1 II(x)1 ~ 2 -;/)(p)pdp, 
d(x) P 

where ()(p) is the size of the angle interval corresponding to the curve 

{y = (Yl,Y2) IIY - xl = p, 0 < Yl,O < Y2 < d(x)}. 

See the following figure. 
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By the inequality 
. 7r 

arcsmt::;;; 2,t 

for t E [0,1], we have 
. 7r 7r. 

t::;;; sm2,t::;;; 2,smt, 

which implies 

Now it is easy to see that 

16 d(x) (d(X)) II(x)1 ::;;; 0 -2 dp::;;; 0 1 - -,- ::;;; 0 
d(x) P u 

is bounded. Thus IIV'uIILoo is bounded and t.p stays in 0 1
. 

The above "proof" is easy, but there are several un-bridgeable gaps in 
the argument. The major one is the following. Recall that we assumed 
aD to be straight when estimating the integral. In fact it can be at 
most as smooth as t.p, i.e., 0 1 , and our argument breaks down when the 
boundary is only a1

. It turns out that, to get a good estimate on V' u, 
we need the boundary to be at least 01,j.L with some Ji, > O. But then 
we need to prove that r.p stays in 0 1

,1-' instead of 0 1
, which means that 

it is not enough to estimate IIV'uIILoo' Thus the real proof is much more 
complicated although the main idea is the same as the one presented 
above. Now we turn to the real proof. 

The next Proposition is very important. 

Proposition 7.2. We have 

Proof. First we observe that 

<T{z) 
-2 = V' (V'~ log Izl) . 
Izl 

Thus 
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Now if we consider the i-th component of the integral and omit the 
subscript i, 

vi a(x-y)V'~ ( ) d 
p I 12 'P Y Y 

V X - Y 

= lim r V'V'~ log Ix - yl' V'~'P(Y) dy 
8--.0 Jvn{lx-yl?8} 

= lim r V'. (V'~ log Ix - yl' V'~'P(Y)) dy 
8--.0 Jvn{lx-yl?8} 

= _ lim r (x - y)~ (V'~'P(Y) . x - y) dS(y) 
8--.0 Jvn{lx-yl=8} Ix - yl 6 

= -7r (~ ~1 ) Xv(x)V'~'P(x). 

Then the proposition is straightforward. 

We denote 

If I = sup If(x) - f(y)1 
I-' xf=y Ix _ yll-' 

to be the CO,I-' semi-norm. 

Proposition 7.3. There exists a constant C = C(/1) such that 

Proof. Let x, h E ]R2. We estimate 

27r I (V'u. V'~'P) (x + h) - (V'u. V'~'P) (x)1 
Wo 

~ ipv r a(x + h - y} (V'~'P(x + h) - V'~'P(Y)) dyi 
Jv Ix + h - yl 

+ pv r a(x - y} (V'~'P(x) - \7~'P(Y)) dy 
Jv Ix - yl 

~ ipv r a(x + h - y} (\7~'P(x + h) - V'~'P(Y)) dyi 
Jvn{lx-YI~2Ihl} Ix + h - yl 

D 



62 Thomas Y. Hou, Xinwei Yu 

+ I r O"(x + h - yj (V.Lip(x + y) - V.Lip(Y)) dyl 
Ivn{lx-YI>2Ihl} Ix + h - yl 

+ Ipv r O"(x - yj (V.Lip(x) - V.Lip(y)) dyl 
}vn{lx-yl';;;2Ihl} Ix - yl 

I 
r (O"(X- y) O"(X+h- y)) 

+ }vn{lx-YI>2Ihl} Ix - Yl2 - Ix + h _ yl2 

We estimate them one by one. 
For h, we use the fact that ip E C 1

,/-, and get 

For h, by Cotlar's lemma, we have 

h ~ C (1lVulloo + 1). 

For I 3 , Similar to h, we have 

Lastly, for I 4 , by the mean value theorem, we have 

Remark 7.4. Cotlar's lemma is the following result: 
For any singular integral kernel K (x), define 

Ixl ~ c, 
Ixl > c. 

Then there is a constant C > 0, such that for any c > 0, 

IKe * II (x) ~ C (M(K * J)(x) + M(f)(x)) , 

where M(f) denotes the maximal function of f. 

M(f) == sup IB( 
1 

)1 r f(y) dy. 
r>O x, r } B(x,r) 
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Thus in particular, if both K * 1 and 1 are in Loo , then we can re­
place M(K * f)(x) by 11K * IIIL'>O and M(f) by II/IIL''''. For more about 
Cotlar's lemma, see e.g. Section 1.7 of Stein [45] or Chapter 7 of Meyer­
Coifman [37]. 

Our next task is to give a upper bound for IIVullL''''. Denote the 
infimum norm of a function 1 on a'O by 

I/l inf = inf IVcp(x)l. 
xE8V 

Proposition 7.5. Let u be the velocity and cp be a solution to (7.1). 
Then there is a constant C = C(f.L) > 0 such that 

Proof. First note that we only need to estimate the principal integral 

Denote 

1 O"(X - y) d 
pv 2 y. 

v Ix - YI 

o = IV cplinf 

IVcplJl 
and d(x) = dist(x, a'O) for any x E ]R2. Intuitively, the main difficulty 
would come from near the boundary. 

First we assume d( x) ? J. Take TJ small enough, we have 

ILnx-""l ~;X_-Yfj dyl <:; IL1'"ld"d(X)) ~~X_-Yf; dyl 

I
f O"(X-Y)dl 

+ jvn{lx-YI>d(x)} Ix _ YI2 Y 

I
f O"(X -y) d I 

= jvn{lx-YI>d(x)} Ix _ YI2 Y 

~ f 1 2 dyl 
jvn{lx-YI>d(x)} Ix - YI 

~ f 1 2 dy , 
jd(x)<lx-YI~R Ix - yl 

where 7f R2 is the area of V, which is conserved by the imcompressibility 
of the flow. The last inequality can be readily checked by using Polar 
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coordinates and the fact that J-, is monotonically decreasing in r. The 
r 

proof is left as an exercise. Now it is easy to see that the integral is 
bounded by what we want. 

Now for the case d(x) < 8. Again taking 'TJ small enough, we have 

I
f a(x-Y)dl~lf a(x-Y)dl 
JDn{lx-YI~7)} Ix - yI2 Y '" JDn{7)';;'lx-YI';;'d(X)} Ix _ YI2 Y 

I
f a(x-Y)dl 

+ JDn{d(x)';;'lx-YI<8} Ix _ YI2 Y 

+If a(x-Y}dyl· 
JDn{lx-YI~8} Ix - yl 

We know that the first integral vanishes due to symmetry, and the third 
term can be estimated as in the d(x) :( 8 case. 

For the second one, we denote 

B= {d(x):( Ix-YI :(8} 

and study its special geometrical properties. The heuristic is the follow­
ing. Assume that the boundary is a straight line, then we try to bound 
the integral by estimating the area of the integration in which the inte­
gral doesn't vanish. This is where the regularity of the boundary comes 
into play. To make the above idea rigorous, we denote by x the point on 
aD such that d(x, x) = d(x). Let .c be the line through x in the direc­
tion that is tangent to aD at x. Then the annulus {d( x) :( I x - Y I :( 8} 
is divided into two half annuli. Denote the one containing x by As and 
the other by AI. First note that the integration on Al vanishes. So 

I
f a(x -y) d 

JSnD Ix _ yl2 Y 
= 1 a(x-y) dy 

(AsnD)u(AlnDC) Ix _ Yl2 

:( 1 c 2 dy. 
(AsnD)u(AlnDc) Ix - yl 

Note that B should more and more resembles a half-annulus as d(x) ---+ o. 
So our integral should vanish. We estimate the area of Be == (As n D) U 
(AI n DC). Write it in polar coordinates and denote by H(Ep) the I-D 
Hausdorff measure of 

{8 E (0, 271"ll (p,8) E Be} 

for d(x) :( p :( 8. By the Geometric lemma that will be proved later, 

H(Ep) :( C (d~) + (~r) 
and then the result is straightforward. 



Introduction to the Theory of Incompressible Inviscid Flows 65 

Now we prove the Geometric Lemma. 

Lemma 7.6 (Geometric Lemma). We have 

faT all p ;;:: d(xo), 1 > J-l > 0 and Xo so that 

Proof. Let 

( )

1/fL 
d(xo) < (j = 1'V¢linf / 1'V<plfL . 

Sp(xo) = {z Ilzl = 1, x = Xo + pz E V}, 

~(xo) = {z Ilzl = 1, 'V x<p(x) . z ;;:: O}, 

where x E av such that Ixo - xl = d(xo). This point exists since the 
boundary is al,fL. Then we have 

The readers should draw a picture to see what Ep looks like (there are 
two cases, Xo E V and Xo ¢ V). Note that since <p(x) > 0 for x E V, the 
direction of 'V <p at x should be pointing inward instead of outward. 

We use polar coordinates and denote the angle for a point z in Ep 
by B(z), with B(z) defined by 

. 'V<p(x),z 
smB(z) = 1'V<p(x)I'lzl 

See the following illustration. 

I 

I Xo 
-------------- ------------. 

e(z) 

v 
z 
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Thus we have 

. () _ V<p(x)· (x - xo) V<p(x) . (xo + pz - x) 
smB z - IV<p(x)I p + IV<p(x)1 p . 

Now in the RHS z is in the unit circle. 
For any z E Ep(xo), we can see that either sinB(z) > 0 and <p(xo + 

pz) < 0 or sinB(z) < 0 and <p(xo + pz) > O. In either case, noting that 
<p(x) = 0 and V<P(X) II (xo - x), we have 

I · ll()1 d(xo) I V<p(x)· (xo + pz - x) _ <p(xo + pz) - <p(x) I 
smu z ~ p + IV<p(x)1 p IV<p(x)I p . 

Since 'f~x;~)lj is always of the same sign as sinB(z), so adding it will 
only increase the absolute value. Now by the mean value theorem we 
have 

which gives 

where the last inequality comes from the Jensen's inequality applying to 
the convex function x HIL for positive x. 

Now the estimate is easy to see by the fact that arcsin t ~ ~t for 
t E [0,1]. Since we are estimating the absolute value of sinB over [0,27fJ, 
the factor should be ~ ·4 = 27f. This completes the proof. 0 

Finally we take the dynamics into account. 

Proposition 7.7. If the initial data <Po E C 1,I-L(lR2 ), such that Vo = 

{ <Po (x) > O} is simply connected and bounded. And I V <Po I ;) C > 0 on 
the boundary avo, then the following priori estimates holds: 

1. IIV<p(', t)llu>o ~ IIV<poIIL~ exp (J~ IIVu(., s)IIL~ dS); 

2. IV<p(', t)linf ;) IV<polinf exp ( - J~ IIVu(·, s)IIL~ dS); 

3. IV <p(" t) III ~ IV <Po III exp ((Co + J-L) J~ IIVu(·, s) IIL~ dS). 
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Proof. Let X = X(a, t) denote a particle trajectory and 

Yea, t) = \7~<p(X(a, t), t). 

Then we have 
d 
dt yea, t) = \7u(X(a, t), t)Y(a, t) 

and therefore 

Now by Gronwall's lemma we have 

which proves both (1) and (2). 
For (3), we write the integral formulation of the equation for \7~<p: 

And we estimate 

1\7~<p(x + h, t) - \7~<p(x, t)1 

~ 1\7~<po (X(x + h, -t)) - \7~<po (X(x, -t)) 1 

+ ilt ((\7u\7~<p) (X(x + h, 8 - t), 8) - (\7u\7~<p) (X(x, 8 - t), 8)) d8i 

~ 1\7~<pollL II\7X(·, -t)lli,oo IhllL 

+ r l\7u\7~<p(., 8)1 II\7X(',8 - t)lli,oo IhllL d8. Jo IL 

For the evolution of \7 X, we have 

d 
-\7 X(z, -t) = -\7u (X(z, -t), -t) \7 X(z, -t). 
dt 

Now by Gronwall's lemma we have 

Plug it into the inequality above, we get the estimate in (3). D 

Finally we put everything together, and obtain the following theorem: 



68 Thomas Y. Hou, Xinwei Yu 

Theorem 7.8. Given wo -I=- 0, 'Do a simply connected, bounded, C 1 ,J.L 
smooth domain with ° < J-l < 1, and a junction rpo E C 1,J.L(lR2

) such 
that 'Do = {rpo > O}, lV'rpolinj ~ C > 0, then the solution rp belongs 

to C 1 ,J.Ljor all time. Furthermore, there exists a constant C > 0, which 
depends only on the initial data such that 

1. IIV'u(·,t)llu'" ~ IIV'uollu",e
Ct

, 

2. lV'rp(·,t)lJ.L ~ lV'rpolJ.Lexp((Co+J-l)eCt), 

3. IIV'rp(·, t)llu'" ~ IIV'rpoll£oo exp (eCt
), 

4. lV'rp(·, t)linj ~ lV'rpolinj exp (_eCt
). 

Proof. We have 

after taking logarithm on both sides of estimate (2) in Proposition 5.2.7. 
Similarly we obtain 

Combining these two, we have 

By Gronwall's lemma, we easily get 

lV'rplJ.L Ct 
log IV' I. ~ Ce . 

rp mj 

This also provides a bound for V'u in (1) from Proposition 5.2.5. The 
others are straightfoward by using the estimate on V'u given by Property 
(1). D 

Remark 7.9. The problem of global existence of vortex patch with 
boundary only C 1 or worse is still open. In [6], J. Carrillo and J. Soler 
showed numerically that, for initial boundary that is only Lipschitz con­
tinuous, the evolution develops cusps from corners. 
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