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Over the last century Component Analysis (CA) methods sscRrincipal Component
Analysis (PCA), Linear Discriminant Analysis (LDA), Canoal Correlation Analysis
(CCA), k-means and Spectral Clustering (SC) have been extensigely as a feature
extraction step for modeling, classification, visualiaatand clustering. CA techniques
are appealing because many can be formulated as eigerepabbffering great potential
for learning linear and non-linear representations of dathout local minima. However,
the eigen-formulation often conceals important analytid aomputational drawbacks of
CA techniques, such as solving generalized eigen-probleithsrank deficient matrices,
lacking intuitive interpretation of normalization facprand understanding relationships
between CA methods.

This chapter proposes a unified framework to formulate maAyniethods as a
least-squares estimation problem. We show how PCA, LDA, C#fneans, spectral
graph methods and kernel extensions correspond to a gartingtance of a least-squares
weighted kernel reduced rank regression (LS-WKRRR). Thestlequares formulation
allows better understanding of normalization factorsyjges a clean framework to un-
derstand the communalities and differences between manyn€#ods, yields efficient
optimization algorithms for many CA algorithms, suggestyederivation for on-line learn-
ing methods, and provides an easier generalization of fnigaes. In addition, we derive
weighted generalizations of PCA, LDA, SC and CCA (includkegnel extensions).

1. Introduction

Over the last century, Component Analysis (CA) metiAagh as Kernel Principal Com-
ponent Analysis (KPCAS, Linear Discriminant Analysis (LDAY, Canonical Correlation
Analysis? and Spectral Clustering (SThave been extensively used as a feature extrac-
tion step in modeling, clustering, classification and viagion problems. The aim of
CA techniques is to decompose a signal irglevantcomponents that are optimal for a
given task (e.g. classification, visualization). These gonents, explicitly or implicitly
(e.g. kernel methods), define the representation of theki@A techniques are appealing
for two main reasons. Firstly, CA models typically have a Bmamber of parameters,
and therefore can be estimated using relatively few sam@lasechniques are especially
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4 F. De la Torre

useful to handle high-dimensional data due to ¢hese-of-dimensionalitywhich usually
requires a large number of samples to build accurate mo&ssondly, many CA tech-
nigues can be formulated as eigen-problems, offering gret@ntial for efficient learning
of linear and non-linear models without local minima. The o§eigen-solvers to address
statistical problems dates back to the 1930s, and since thamy numerically stable and
efficient packages have been developed to solve eigenggnabFor these reasons, during
the last century many computer vision, computer graphigeasprocessing, and statistical
problems were posed as problems of learning a low dimenisidanodel.

Although CA methods have been widely used in many scientificiplines, there is
still a need for a better mathematical framework than thereigrmulation to analyze
and extend CA techniques. The least-squares unified frankgwoposed in this chapter
provides a tool for analyzing, generalizing, and develgpefficient algorithms to solve
many CA methods. This chapter shows how Kernel PCA, Kernel LRernel CCA, k-
means, and Normalized Cuts correspond to a particularmostaf a least-squares weighted
kernel reduced rank regression (LS-WKRRR) problem. Thasngwork should provide
researchers with a thorough understanding of a large nupflexisting CA techniques,
and it may serve as a tool for dealing with novel least-sqér8) problems as they arise.
Preliminary versions of this work were published in a tecahieport®

This paper recovers the spirit of three previous publistegzbps seeking unified frame-
works. Borgd showed how PCA, Partial Least Squares (PLS), Canonicakaion Anal-
ysis (CCA) and Multiple Linear Regression (MLR) can be fotated as a generalized
eigen-value problems (GEPSs). He proposed a gradient-desicmrithm on the Rayleigh
quotient to efficiently solve the GEP. Roweis and Ghahrafstmiwed how a Linear Dy-
namical System (LDS) is the generative model for Hidden Marklodels, Kalman Fil-
ter, vector quantization, Factor Analysis, and mixture au€sians. By introducing non-
linearities in LDS, the authotshowed how Independent Component Analysis (ICA) can
also be cast as an extension of a LDS. ¥&aal? have recently proposed a unifying view of
PCA, LDA, LPP, Isomap, and LDA using a graph theoretical folation. Additionally, the
authors propose Marginal Fisher Analysis, a variant of parametric LDA This work
differs from previous works in that we unified PCA, CCA, LDACSand kernel general-
izations with a LS-WKRRR. In addition, we propose new wegghéxtensions for PCA,
CCA, LDA, and SC.

The rest of the chapter is organized as follows: Sectionrddhices the notation and
formulates the typical covariance matrices of CA methodsgua compact matrix for-
mulation. Section 3 introduces the LS-WKRRR problem andvdsrthe coupled gen-
eralized eigenvalue system resulting from solving it. Bactt relates PCA, KPCA and
weighted extensions to the LS-WKRRR. Section 5 shows how LKIDA, CCA, KCCA
and weighted extensions are a particular instance of LS-®RIRRSection 6 shows the re-
lationship between LS-WKRRR;-means and spectral clustering. Section 7 finalizes the
chapter presenting the conclusions.
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A Unification of Component Analysis Methods 5

2. Covariance Matricesin Component Analysis

Many CA methods can be formulated as generalized eigenyaldems (GEPs). This
section derives a compact matrix expression for most conooeariance matrices used to
solve CA methods through GEPs.

Let D € R¥*" (see notatiort) be a matrix, where each column is a vectorized data
sample from one of classesd denotes the number of features andumber of samples.
Some of the most common CA covariance matrices can be camnthnexpressed in matrix
form ast!

1 - T 1 T
st:n_lj;(dj—m)(dj—m) =-—DP,D
1 — 1
Sy = d:—m;)(d; —m;)T = pP,D”
”—1;(1%:0( J m; ) ( j m;) n_1
Sy = ! in»(m»—m)(m»—m)T:LDPbDT
n—lizl LA ’ n—1

wherem = %Dln is the mean vectomn; is the mean vector for clagsn; denotes the
number of samples for clagsandP; are projection matrices (i.®7 = P, andP? = P,)
with the following expressions:

P, =1, - l1,115 P,=1,-GGT'G)'GT P,=G(GTG)'GT - l1,115
n n

G € R™*¢is an indicator matrix such that; g;; = 1, g;; € {0,1}, andg;; is 1 if

d; belongs to clasg, and0 otherwise. S, is the between-class covariance matrix and
represents the average distance between the means of $sesck,, is the within-class
covariance matrix that contains information about the agercompactness of each class.
S, is the total covariance matrix. Using the previous matrigressions, it is straightfor-
ward to show tha; = S,, + S;. The upper bounds on the ranks of the matrices are
min(c — 1,d), min(n — ¢, d), min(n — 1, d) for Sy, S,,, andS, respectively.

3. A Generative Model for Component Analysis

This section introduces the formulation for the Least-3gsaveighted kernel reduced rank
regression (LS-WKRRR) problem. In the following sectiong will show how the LS-
WKRRR is the generative model for many CA methods, includiegnel PCA, kernel
LDA, kernel CCA,k-means, and normalized cuts.

@Bold capital letters denote a mati, bold lower-case letters a column vectbrd; represents thgt” column

of the matrixD. All non-bold letters denote scalar variable¥. is a column vector that represents theh row

of the matrixD. d;; denotes the scalar in the raand columnj of the matrixD. 1; € Rk*1 is a vector of
ones.I, € Rk** denotes the identity matrix|d||3 denotes the norm of the vectdr tr(A) = 3, a;; is
the trace of the matriA and|A | denotes the determinantec(A) is a linear operator which converts a matrix
A € R™*" into a column vecton € R™™*1_||A]|2, = tr(ATA) = tr(AAT) designates the Frobenius
norm of a matrix.o denotes the Hadamard or point-wise product, @nithe Kronecker product.
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6 F. De la Torre

3.1. Least-Squares Weighted Kernel Reduced Rank Regression (LS-WKRRR)

Since its introduction in the early 1950s by Anderddh® the reduced-rank regression
(RRR) model has inspired a wealth of diverse applicationseweral fields such as sig-
nal processintf1° (also known as reduced-rank Wiener filtering), neural netal§ (also
known as asymmetric PCA), time series analy$iand computer visio#’ This section,
extends previous work on RRR by introducing kernels and htsigvithin a least-squares
formulation, and it derives the system of GEPs resultingifemlving it.

Given two data setX € R**" andD € R¥*", the RRR modéP-*>8finds a linear
mapping, T € R**¢, that minimizes the LS error subject to rank constraintslonThe
RRR model minimizeg/D — TX]||% subject torank(T) = k. The rank constraint is
typically needed wheiX is high dimensional and the dimension of the features islarg
than the samples:(> n).

The LS-WKRRR extends previous work on RRR on three aspedisit explicitly
parameterized as the outer product of two matrices of ralkhat isT = BA”, where
A € ®**F andB € R4¥*, as has previously proposétt!’ (2) allows for non-linear
regression. LS-WKRRR maps the input spac®oéndX to a feature space using kernel
methods. ThatisT' = ¢(D) = [ ¢(d;) ¢(da) -+ ¢(d,) | € R¥*" represents a
mapping ofD. ¢ denotes a mapping from thedimensional space to the feature space
(dg dimension). SimilarlyX = o(X) = [ o(x1) @(x2) --- p(x,) ] € R¥=*" denotes
the mapping foiX. ¢, ¢ map the data to a (usually) higher dimensional space, where t
data is more likely to behave linearly (if the right mappisdaund). (3) The LS-WKRRR
introduces weights for the featur®¢, ¢ R%*% and sample®V, € R"*".

The LS-WKRRR problem minimizes the following expression:

Eo(A,B) = ||[W,(I' - BATY)W,|[% (N

with respect to the regression matricés,c R%>** andB € R%**, Typically A corre-
sponds to the projection matrix (e.g. LDA), aBis a generative matrix for the column
space of". W, € Rdaxda js a matrix that weights the contributions of features (PQA)
or classes (e.g. LDA). SimilarhW . € R"™*™ weights the importance of each sample. In
the following, we will assume that the weighting matrices aymmetric. The mappings
¢ andy do not need to be explicitly computed and only the kernel betwtwo samples
needs to be defined. Kernel methtd$ make use of th&ernel trickto implicitly define
the mapping by means of a kernel function. A given functioa kernel if, and only if, the
value it produces for two vectors corresponds to a dot priadsome Hilbert feature space.
This is the well-known Representer Theorelvery positive definite, symmetric function
is a kernel. For every kernd, there is a functionp(x) : k(d1,dz2) = (¢p(d1), p(da))”,
where() denotes dot product.

The necessary conditions @nandB for the critical points of Eq. (1) are:

OF,

aBO = W2BATYW2YTA - W2I'W2YTA =0 2)

OF,

5 AO =YW I"W?2B - YW2YTAB"W?B =0 (3)
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A Unification of Component Analysis Methods 7

Eq. (2) and Eq. (3) form a set of coupled equations that haksisos in terms of a GEP
in either A or B. Substituting the optimaB = TW2Y7A(ATYW2YTA)~! derived
from Eq. (2) into Eq. (1) leads to the following expression:

Eo(A) o tr(ATYW2YTA) L ATYW I W2ITW2YTA)) (4)

Similarly, substituting the optimal value
of A = (YW2YT)"'YW2r"w2B(B"W?2B)~! from Eq. (3) into Eq. (1) leads to
the following expression:

Ey(B) o tr((BTW?B) H(BTWZIW2YT (YW2YT) "YWL W?B))  (5)

Eq. (4) and Eq. (5) are thieindamental equations of CA methods. In the rest of the
manuscript, we will show how to relate many CA methods todhe® equations. Eq. (4)
and Eq. (5) are standard Rayleigh quotients (ieB) = tr((B”S;B)"'B”S;B)), and
the solution is given by the following GEB,B = S;BA.1° The solution of Eq. (4) is
unique up to an invertible transformati®t that is, £,(AR) = E,(A). Similarly for Eq.
(5).

Recasting CA eigenvalue problems as a LS-WKRRR probleg), €q (1), has a num-
ber of desirable benefits that will be illustrated througttbe chapter:

(1) Ey provides a unifying expression for many CA methods. The comatities and
differences between the methods, as well as the intrin&tioaship, can be easily
understood front.

(2) The Least-Squares (LS) formulation provides an altdreand simple framework to
understand normalization factors in CA methods. For ircganormalization terms in
spectral graph clustering, or weighting factors in PCA/LDA

(3) The surface ofy, Eq. (1), has a unique local minimutt so most optimization al-
gorithms will exhibit almost global convergence propestién general, optimization
theory provides a solid framework for convergence analysisl many optimization
methods are suitable (section 3.2).

(4) Many numerical optimization methods (e.g. gradientdes alternated least-squares)
can be applied to solvé&. Directly optimizing E, solves the small sample size
(SSS) problem of standard GEPs when dealing with high dirneakdata. Moreover,
optimization-based algorithms are more efficient for lasgale problems, especially
if matrices are sparse. In addition, using the least-sguarenulation one can easily
derive extensions for online component analysis methods.

(5) The least-squares formulation allows many straightvésd extensions of CA
methods. It is unclear how to formulate these new extendisiigy an eigenvalue
framework.

3.2. Computational Aspects of LSWKRRR
This section proposes three optimization strategies tonige the LS-WKRRR problem

Eo, Eq. (1).
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8 F. De la Torre

3.2.1. Subspace Iteration

Standard numerical packages to solve GEPs §88 = S;BA) are not well suited to
solve Eqg. (4) or Eq. (5) for high-dimensional data, espéciahen the number of sam-
ples is less than the number of features (small size samplﬂqm) In this case, methods
that use iterative schemes for minimizing the Rayleigh igmot< 31 Slx”l to obtain the
largest/smallest eigenvalue, rely on deflation procednresier to obtam several eigenvec-
tors. Such a deflation process often breaks down numeri@pecially when increasing
the number of eigenvector$) This section proposes a stable subspace iteration.

Given two covariance matriceS; € R4*¢ andS, € R¢*¢, and an initial random
matrix Vo € %>, the subspace iteration mettédlternates the following steps:

Si1Viy1 =SoV, (6)
S=VI,S$ Vi T=V0,SV, @)
SW = TWA )

Vi1 =ViaW Vi = Vt+1/||vt+1||2F

The first step, Eq. (6), of the subspace iteration algoritblves a linear system of equa-
tionsto finth+1. In the second step, the data is projected onto the estiraabspace, Eq.
(7). In order to impose the constraints thaf, ;S Vi1 = A and VY SoViy = 1,

a normalization is done by solving the followingx ¢ generalized eigenvalue problem,
SW = TWA, Eq. (8). It can be showA that ast increasesV,, ; will converge to the
eigenvectors 08:B = S;BA andA to the eigenvalueA. The convergence is achieved

k+1
whenu < € Vi, whered” denotes thé-largest generalized eigenvalue. The sub-

space iteration algorithm converges linearly and the cayarece rate is proportional to
|5‘sz1| It is not critical thatV, does not have a projection onto the figsgeneralized
eigenvectors, because numerical errors will provide symtogection.

The computationally intensive part of the subspace itenatigorithm is to solve the
linear system of equations in Eq. (6) (especially for higineinsional data). To regularize
the solution and improve efficiency, we approximate the damae asS; ~ UAUT +

0?14, whereU € R?**, The parameters?, U andA can be estimated by minimizing:

E(U,A,0%) =||S; — UAUT — ¢°1,|%. (9)

The optimal parameters correspond #3: = tr(S; — UAUT)/d — k, A = A — ¢21,,
whereA are the eigenvalues of tiy andU e R?*¥ the firstk eigenvectors.

Once the factorization is done, invertitsg can be done efficiently using the matrix
inversion lemm# (UAU” + 0%1;)"! = L (I, - LUA " + k)~1uT).

3.2.2. Alternated Least Squares (ALS)

Solving the GEP resulting from the LS-WKRRR with a subspaeetion method or stan-
dard eigen-packages might be computationally intensitheeifveighted covariance matri-
ces do not have any special structure (e.g. sparse). Ferdangunts of high dimensional
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A Unification of Component Analysis Methods 9

data previous approaches might not be efficient neitheracespor time, and Alternated
Least-Squares (ALS) approaches might be more convenient.

ALS approaches alternate between solvingAowith B fixed, and solving foB with
A fixed. Each step can be computed in closed form as:

A = (YW2xT)-Iyw2r'w2BB7w?B)-! (10)
B=TW2YTAATYW2YTA)! (11)

After a few iterations, ALS strategies have shown slowerveogence than gradient
descent strategi#é?®> In the case of kernel methods, the ALS procedure needs to re-
parameterizd, see section 4.2 for more details.

3.2.3. Gradient descent

For large amounts of high dimensional data, gradient deésggmoaches can provide a less
computationally demanding alternati¢®?® Eq. (2) and Eq. (3) suggests a simple gradient
descent scheme:

OFEy(AY) OEy(BY)
C0A OB
A major problem with the update of Eq. (12) is determiningdipdmaln. n can be found
with a line search strated¥,?° or as an estimate on upper bound on the diagonal of the
Hessian matri¥>?’ Recently, Buchanan and Fitzgibdshowed how a damped Newton
algorithm on the joint pai’A, B (i.e. vec(A; B])) is more efficient than alternated least-
squares algorithms to solve fé, B. Moreover, in the case of having missing data, the
joint damped Newton algorithm is able to avoid local minimarenoften.

Finally, it is important to notice that both the ALS algorithand the gradient descent
algorithm will effectively solve the SSS problem of many aoon CA methods. This is
another advantage of using optimization techniques on att8udlation rather than solving
the resulting eigen-problem. Moreover, the computatiaost of the algorithms will be
less than standard eigen-decompositich@?) or O(d?) for A andB, respectively.

AT = AT, B =B — 1, (12)

4. PCA, KPCA, and Weighted Extensions

This section derives PCA, KPCA and weighted extensions astécplar case of the fun-
damental equation of CA methodg(), Eq. (1).

4.1. Principal Component Analysis (PCA)

PCA is one of the most popular dimensionality reduction négphes!16:282° The basic
ideas behind PCA date back to Pearson in 13¥Gind a more general procedure was de-
scribed by Hotelling® in 1933. PCA finds an orthogonal subspaB) that best preserves
the covariancey;) of the dataD. PCA maximizes:

Ji(B) =tr(BTS;B) st. B'B=1I, (13)
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10 F. De la Torre

whereB € R?**, beingd the number of features, number of samples, aridthe dimen-
sion of the subspace. Typically < min(n,d). The columns oB form an orthonormal
basis that spans the principal subspac®of PCA can be computed in closed-form by
calculating the leading eigenvectors of the covarianceimgi.! 1 The PCA projections,
C=B"D(I, - 11,17) € R**", are decorrelated, thatGC” = A, whereA € R+**
is a diagonal matrix containing the eigenvalue$of

For large data sets of high dimensional data(dn are large), minimizing a least-
squares error functidh3is an efficient procedure (in both space and time) to compute
the principal subspace @. There exist several least-squares error functions suththb
stationary points are solutions of PCA. Consider the furelaal equation of CA, Eq. (1),
whereY =1;, W, =I;, W, =1,,T' = D, andD1 = 0 (zero mean data):

E1(B,A) = ||D - BAT|[% (14)
In this case, Eg. (4) and Eq. (5) transform to:

Ei(A) < tr((ATA)"{(ATDTDA)) (15)
Ei(B)  tr((BTB)~*(BTDD”B)) (16)

The B that maximizes Eq. (16) is given by the leading eigenveatbrovariance matrix
(DDT). Similarly, the optimalA corresponds to the eigenvectors of the Gram matrix
(DTD). Observe that the primal and dual formulation of PCA lead tdean and direct
connection with the estimates of the regression matédcesdB.

Alternated least-squares (ALS) approaches to solve EQ, éltdrnate between solving
for A while B is fixed and vice vers#.253233|n the case of PCA, the ALS equation (Eq.
(10) and Eq. (11)) reduce to solve the following systemsraddr equations:

D’B = AB”B (17)
DA = BATA (18)

This optimization is equivalent to the Expectation Maxiatian (EM) algorithm in proba-
bilistic PCA (PPCA¥***when the noise becomes infinitesimal and equal in all dvesti
OnceA andB are found, the unique PCA solutioB) can be obtained by f|nd|ng aninvert-
ible transformatiorR € R*** that jointly d|agonaI|zeBTB andAT A, whereB = BR
andA = A(RHT. R has to satify the following simultaneous diagonalization:

R'BTBR=1 RTATA)'R=A""

whereA € R¥** is a diagonal matrix containing the eigenvalueSofR. can be computed
by solving the followingt x k GEP(ATA)"'R = BTBRA ..

Alternatively, PCA can also be derived from a least-squapgsnization problem by
consideringEy, Eq. (1), with the followingvalue8: T' = D, W, =I;,, W, =1,, A =
B:

Ey(B) = ||D - B(B'D)||% s.t. BTB =1 (19)
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A Unification of Component Analysis Methods 11

However, Eq. (19) is more challenging to optimize becaugequartic inB. Moreover,
this formulation of PCA does not allow to incorporate rolmests to intra-sample outliéps

4.2. Kernel Principal Component Analysis (KPCA)

Similar to PCA, KPCA can be derived frofty, Eq. (1), by lifting the original data samples,
D, to a feature space, that B,= ¢(D). The kernelized version of Eq. (14) can be written
as:

E3(B,A) =T - BAT||% (20)
The optimalA can be obtained from one of the fundamental equations of QA(H:
F3(A) x tr((ATA)"PATKA) (21)

whereK = I'''T € R7*" is the standard kernel matrix. Each elemept= k(d;, d;) of
K represents the similarity between two samples by means efreekfunction. Observe
that in the case of kernel methods, it is (in general) notiptesso directly solve Eq. (5),
because the covariance in the input sp&dg’ , can be infinite dimensional.

The computational cost of the eigen-decompositioiKos O(n?) (no sparsity is as-
sumed), where is the number of samples. For large amounts of data (layga ALS or
gradient-descent approach to computing KPCA is computaliy more convenient (see
Section 3.2.2). To apply the ALS method in the case of KPCAs-parameterization d8
is needed. Recall that for KPCA can be expressed as a linear combination of the data in
feature spac#';'® that is,B = T'a, wherea € R"** . Substituting this expression into
Eq. (20) results in:

E3(a,A) = ||D(L, — aAT)|[ (22)

Assuming thak is invertible, similarly to the ALS-PCA, we can alternatevween com-
putinga andA € R**" as:

a=AT(AAT)! A= (a"Ka)'a'K (23)

The computational cost of each iteratior$n?k).

4.3. Weighted Extensions

In many situations, it is convenient to weight the featuned/ar samples. For instance,
when modeling faces from images, it is likely that some pixeve more variance than
others (e.g. pixels in the eye regions have more variancegixals in the cheeks) and they
could be weighted less in the model. It could also be the destesbme face images are
outliers, and we would like to reduce their influence in thespace.

Eq. (4) and Eq. (5) provide a partial solution to the weightmoblem. For instance,
consider the weighted PCA case, with a matrix that weights®V,.) and a matrix that
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12 F. De la Torre

weights columnsW.) in Ey, Eq. (1). The closed-form solutions for the weighted PCA is
given by the fundamental equations of CA, Eq. (4) and Eq. (5):

Eo(A) x tr((ATW2A) 1 (ATWZD"WZDW?A)) (24)
Ey(B) x tr(B"W?B) ' (B"WDW?D"W?B)) (25)

Previous equations have a closed-form solution as a GEP. Aorthe GEP is
DTW2DW?2A = AA, and for the dual problem i, the GEP isW2DW?2D7W?2B

= W2BA,. The Generalized Singular Valued Decomposition (GSVD)vjges®>¢ an
alternative approach to solve the weighted PCA problem.

Itis also possible to find a weighted KPCA solution for feagiand samples. Weight-
ing the samples (i.eW,) directly translates to weighting the kernel matlkW?2A =
AA,. If the weighting is in the feature space (e.g. Mahalanabieature space), the
weighting can still be taken into account using the kerriekt#’

In general, for an arbitrary set of weights, the weighted RiAimizes:

Ei(A,B) = ||[Wo (D - BAT)||% (26)

o denotes the Hadamard or pointwise product. Observe thed thao closed-form so-
lution in terms of GEP for the solution of Eq. (28)3¢ Moreover, the problem of data
factorization with arbitrary weights has several local imia depending on the structure
of the weight£438 Minimization of E4, Eq. (26), has been typically used to solve PCA
with missing dat&"32-38or outliers in PCA>3° or LDA.*° Recently, Aguiar et &’ have
proposed a closed-form solution to the data factorizati@lem, when the missing data
has a special structure.

5. LDA, KLDA, CCA, KCCA and Weighted Extensions

This section relates LDA, KLDA, CCA and KCCA to the LS-WKRRRoplem of £y, Eq.
(1), and derives weighted generalizations.

5.1. Linear Discriminant Analysis (LDA)

LetD € R?*" be a matrix, where each column is a vectorized data sampie dre of

c classes.d denotes the number of features andumber of samplesG € R"*¢ is an
indicator matrix such than gi; = 1, gi; € {0,1}, andg,; is 1 if d; belongs to class
4, and0 otherwise. LDA, originally proposed by FisRefor the two-class case and later
extended to the multi-class ca$scomputes a linear transformatioA (€ 2*¢**) of D that
maximizes the Euclidian distance between the means of #sse$$;) while minimizing
the within-class varianceS(,). Rayleigh-like quotients are among the most popular LDA
optimization criterial® For instance, LDA can be obtained by maximizing:

Jo(A) = tr((ATS;A)TATS,A) (27)

where several combinations 8f andS, matrices lead to the same LDA solution (e.g.
S; € {Sw,S:,Sw} andSy € {8y, Sy, S:}). The Rayleigh quotient of Eq. (27) has a
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A Unification of Component Analysis Methods 13

closed-form solution in terms of a GE®; A = S;AA,,*% whereA, are the eigenvalues.

In the case of high-dimensional data (e.g. images), thermowae matrices are likely to
be rank-defficient due to lack of training samples, and stesh@igen-solutions for LDA
can be ill-conditioned. This is the well-known small sampiee (SSS) problem. In re-
cent years, many algorithms have been proposed to dealdt8$S problem, including
PCA+LDA ***3regularized LDA**-*6and many other methods that explore several com-
binations of the Null and Range spaces of the mati&eandS,.4” Seé? for a unifying
review of the optimal solution of Eq. (27) based on the arialg§the four fundamental
spaces 08; andS;.

LDA has been previously formulated as a regression probtamthe two-class case
(Fisher Discriminant}? and extended to the multi-class case using several appatioins
of the covariance®"°° Recently, Y& extended the work of Hastie etl.by finding the
optimal indicator matrixG that corresponds to LDA. This section provides a simpleofpro
of the relation between regression and LDA using a conveémierix formulation®? In
the following, we will assume zero mean dafal( = 0).

ConsiderEy, Eq. (1), wherd = GT, Y =D, W, = (GTG) 2z, W, =I,,, and
D1 =0, E, transforms to:

B5(A,B) =|(GTG)"2(G" - BATD)|[3. (28)

ConsideringC = A”D and after eliminatind3, Eq. (28) can be re-written as:

Es(A) = [|(GTG) 2 G” (I, - C”(CCT) ' C)[[} (29)
tr(ATDDT A)"'ATDG(GTG)'GTDT A) (30)
S S

Eq. (30) is one of the standard Rayleigh quotients for LDA. B) can also be derived
from one of the fundamental equations of CA, Eq. (4). Retwsdt t DA is a supervised
learning problem and the binary indicator mat€ix € R°*"™ is given. LDA can be un-
derstood as using RRR from the data sampptp the labels G), weighted byGT G to
compensate for unequal number of samples in each classrnv@btwt directly optimizing
Eq. (30) (e.g. gradient descent) with respecAtandB in Eq. 28 avoids the small sample
size (SSS) problem and can be a numerically convenientitigofor large amounts of
high dimensional data.

5.2. Kernel Linear Discriminant Analysis (KLDA)

Kernel Linear Discriminant Analysis (KLDAF can also be derived fromty, Eq. (1).
ConsiderEy, Eq. (1), wherd® = GT, Y = ¢(D), W, = (GTG)" 2, W, =1, :

Es(A,B) = [|(G"G)"*(G" - BATp(D))| % (31)
In this case, Eq. (4) translates to the following expression

Es(A) < tr(ATYYTA)TATYG(GTG)'GTYTA) (32)
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14 F. De la Torre

Using the Mercer theore?;'° and assuming that the dimension of the feature space is
larger than the number of samples, it can be shown that tiicoko the KLDA problem

can be expressed # = Y .53 Using this fact, the KLDA can be found as the solution of
the following GEPKG (G”G)'G"K" o = K2aAq, whereK = Y'Y is the kernel
matrix anda the eigenvectors of the GEP.

5.3. Canonical Correlation Analysis (CCA) and Kernel CCA

Canonical correlation analysis (CCA) is a technique toamttcommon features from a pair
of multivariate data. CCA, first proposed by Hotellingi836,* identifies relationships
between two sets of variables by finding the linear combamatiof the variables in the
first set D € R9*") that are most highly correlated with the linear combinagiof
the variables in the second s& (¢ R9-*"). CCA has been used for matching sets of
images in problems such as activity recognition from viefembot navigatior?® and pose
estimatiorr®

Assuming zero mean data (i.B1,, = 0, X1,, = 0), CCA finds a combination of the
original variables (i.eB”D and AZX) that maximize®

J3(A,B) = tr(BTSPXA) st BTSPB=ATSXA =1 (33)
whereS¥ = _L-XX* SP = —L.DD?, andSP* = _L.DX”. The pair of canonical
variates b7 D, a7 X) is uncorrelated with other canonical variates of loweresrdEach
successive canonical variate pair achieves the maximuatiaeship orthogonal to the pre-
ceding pair. Observe that canonical correlations are iamawvith respect to a full-rank

affine transformation oX andD. Eq. (33) has a closed-form solution as two symmetric
GEPs*57

(SX)~1SXP(SP)~1SPXA = AA,; (34)
(SP)~18PX(SX)~1SXDB = BA; (35)

The number of solutions (canonical variates) is givemby (d,., dg).

Borgd proposed a unified eigen-framework for PCA, CCA, and Palrgalst-Squares
(PLS)’ showed that the canonical factors can be obtained as theatgbints of the fol-
lowing Rayleigh quotient:

XD X

J4(U) = tr((UT (gDX g )U)—l(UT (gt OS,P) U)) st U= [g] (36)
Previous eigen-formulation of CCA, Eq. (34), Eq. (35) and E6), is appealing
from an analytical viewpoint; however, solving the eiggistem is not a numerically
convenient method for large amount of high-dimensionahdaflternatively, A and B
can be obtained by performing gradient descent on Eq. (28)performing SVD on
(SP)~#SPX(8X) 2 5758

In general, it is not clear hody, Eq. (1), can recover the canonical variates, because
CCA treats both data sel3 andX symmetrically, whereas LS-WKRRR only normalizes
for X. At this point, it is worth observing that X = G (the indicator matrix), the CCA
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solution of Eq. (35) is equivalent to the LDA solution, Eq7}2Using our matrix notation,
itis straightforward to show that, in this case, Eq. (35) @ACreduces t8PB = SPBA
(assuming zero mean data). Using this fact, we can intetfipét as CCA. LDA finds
the optimal linear subspace that mak&$est correlated with the label mati@. Similar
reasoning can be done for the case of Kernel CCA. Using ttisrohtion, it is simple to
relate CCA to the fundamental equation of CA, Eqg. (1). In otddreat all the variables
symmetrically, we introduce weights in the predicted valegD) (as LDA), and show that
the CCA solution can be recovered using the fundamentalftiequaf CA, £,. Consider
Eo, Eq. (1), wherd =D, Y = X, W, = (DD7)~2, andW, = L,.

Ez(A,B) =[|(D"D)~%(D - BATX)||} (37)

After substituting these values into one of the fundamesgahtions of CA, Eqg. (4), results
in:

F7(A) o tr((ATSXA) LATSXD (SD)~1gDX Q) (38)
which corresponds to the GEP for CCA, Eq. (34). Similarly, Ex) derives in:
B < tr(BT(DDT)'B)'BY(DD?)'XD” (DD?)'DX”(DD”)"'B) (39)
After a change of variabldJ = B(DD7”)~1, Eq. (39) can be re-written as:
E:(U) o tr((U7 (SP)U) " 'UTSPX(8X)1sXPU) (40)

which is the same solution provided by CCA, Eq. (35).
There exist other least-squares formulations of CCA thenarth mentioning. To treat
all the variables symmetrically, a LS function can be olediby minimizing:

Es(B,A) = ||BTD — ATX||% st. BTSPB=1; ATS*A =1, (41)

Assuming SP = DDT is invertible, after optimizing w.rt. the optimah =
SP'DXTB, Eq. (41) transforms to:

Es(B) = tr(BSPB) — tr(BTSPXSX'sXPB) ¢ BTDD'B=1, (42

ChangingUu = SP 3 B, and using the cyclic permutation property of traces, itmashown
that the eigen-problem corresponds with the CCA solutian,(B5), that is:

[N

1 — -1~
Es(U) = —tr(UTSP2gXDgX~!1gbXgD™! *1y) oy ylUu=1, (43)

It is interesting to point out that CCA can also be recoversidgian unweighted re-
gression. Yohai and Garéand Ts8° have shown that the canonical variates minimize:

Fo(B,A) = |D - BATX| s.t. ATXXTA =1,
where|.| denotes determinant. This is equivalent to minimizing EQ.ifT" = D, Y =

X, W, =1, W, = I using the determinant instead of the trace as the loss imcti
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16 F. De la Torre

5.4. Weighted Extensions

Similarly to PCA and KPCA, for LDA and KLDA there are possibieighted extensions,
consider Eq. (4) and Eq. (5) whdh= GT andW, = (GTG)" z:

Eo(A) o tr((ATYW2YTA) " HATYW2G(GTG) IGTW2YTA))
Ey(B) x tr((BT(GTG)'B) (BT (GTG) 'GTW2YT (YW2Y")"'YW?2G(G"G) 'B)

Previous equations extend work on weighted LDA approackeslbwing to weight
the samples rather than the clas®eSimilar expressions can be derived for weighted CCA
and KCCA, exchangin@” for X, and we omit them in the interest of space.

6. K-meansand Spectral Clustering

This section relates the LS-WKRRR to k-means, spectratealungy and proposes a new
clustering method, Discriminative Cluster Analysis (DCA)

6.1. k-means

k-mean&>®3is one of the most popular unsupervised learning algoritionsslve the clus-
tering problem.k-means clustering splits a set ofobjects intoc groups by minimizing
the within-cluster variation. That i-means clustering finds the partition of the data that
is a local optimum of the following energy functi¢f54-66

c

Js(b1, b)) = 30 |ld; — byl (44)

i=1jeC;

whered; is a vector representing th&" data point, andb; is the geometric centroid of the
data points for clasé Eq. (44) can be rewritten in matrix foRfas:

Eo(B,A)=|D-BAT||} =tr(Sy) st. Al.=1, and a;j €{0,1} (45)

whereA € R"*¢ is the indicator matrix and € R?*¢ is the matrix of centroids. Recall
that the equivalence between theaneans error function Eq. (44) and Eq. (45) is only
valid if A strictly satisfies the constraints. Observe that Eq. (4B)maderived from the
fundamental equation of CAyy, Eq. (1), whereX =1, W, =1;, W.=1,,T =D.

The k-means algorithm performs coordinate descentin(B, A). Given the actual
value of the centroidsB, the first step finds for each data poiht, thea’ such that one
of the columns is one and the rest 0, while minimizing Eq. (4&call thata’ refers to a
column vector with thg*” row of A. The second step optimizes o= DA(ATA)~!,
which is equivalent to computing the mean of each cluster.

EliminatingB, Eq. (45) can be rewritten as:

Eip(A) = [[D - DA(ATA) AT} =

tr(DTD) — tr((ATA)"'ATDTDA) > Y74 ), (46)
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where ); are the eigenvalues @7 D. The continuous solution oA lies in thec — 1
subspace spanned by the fiest- 1 eigenvectors with largest eigenvalueslof D 6465
In this case, the erroF,, is equal to the sum of the residual eigenvalues, gy =
Z;’iﬂ‘f’") \;. Observe thatr((ATA)"ATDTDA) is a Rayleigh quotient optimization
problem with a closed-form eigenvalue solution. This is spectral relaxation of thg-
means algorithm.

6.2. Normalized Cuts

Recently, spectral graph methods for clustering have rardsea solid approach to data
clustering, and have grown in popularf§®® Spectral clustering arises from concepts in
spectral graph theory, where the connection between geayghsatrices provides powerful
tools to tackle graph theoretical and linear algebra proble

Spectral clustering, similarly to Laplacian Eigenmapsjstoucts a weighted graph,
M(W, @), with n nodes® = [q1, ..., ¢»], Where nodé represents a sampig, and each
weighted edgeyw;;, measures the similarity between two samptgsandd;. Once the
adjacency or affinity matrix (i.,eW € R"*"™) is computed, the clustering problem can
be seen as a graph cut probléfyhere the goal is to find a partition of the graph that
minimizes a particular cost function. A popular cost fuantis:

cut(M) = Z Wi (47)
G:€R,GGEQ—R

whereg; denotes thé node of the GrapiM/, @ represents all the nodes aRds a subset of
the nodes. Finding the optimal cut is an NP complete probéerd spectral graph methods
use relaxations to find an approximate solution. Howevenjmization of this objective
function, Eq. (47), favors partitions containing isolateatles, and better measures such
as normalized cut$ or ratio-cuté! have been proposed. Normalized €dtnds a low
dimensional embedding better suited for clustering by aatimpg the eigenvector with the
second smallest eigenvalue of the normalized LaplaGari,LS*% ,whereL =S —-W ¢
R™*" andS is a diagonal matrix whose elements are the sum of the rowd pthat

is, si = Y, wij. Ratio-cut$' computes the second eigenvectodof Seé®’?~"4for a
comparison of different spectral clustering algorithms.

Recentlyt® "> established the connection between ketnsleans and normalized cuts,
by means of kernel methods. In this section, we follow a sangerivation of the same
idea with our compact matrix notation, and linked to kern@A¥? ConsiderEy, Eq. (1),
wherel' = ¢(D), ¥ =1,, W, =1;, W,.= diag(I‘TI‘ln)‘%, the weighted kernelized
version ofk-means, Eq. (45), is:

En(B,A) = ||(T - BA")W.|l} (48)

Recall that the weight matri¥V . weights each sample (columnsb¥ differently. In this
case, minimizing Eq. (48) is equivalent to maximizing EQ, (4at is:

En(A) < tr(ATW2A) TATW2TTTW?2A) (49)
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18 F. De la Torre

whereW = I'’T is the standard affinity matrix in spectral graph methodsed change
of variableZ = ATW,, Eq. (49) can be expressed as:

En(Z) x tr((ZZ7)'Z2W . r'TW Z27) (50)

Eqg. (50) is the same expression used in Normalized Cuts gNEf° consideringW . =
S—2 andW = I''T € R"*" whereW is the affinity matrix in Ncuts. Once again, with
a LS view of Ncuts, the connection with kernel-PCA becomedet, and normalization
factors are easier to interpret. Moreover, the LS formatais more general since it allows
for different kernels and weights. For instance, the weightrix could be used to reject
the influence of a pair of data points with unknown similafitg. missing data).

Typically, after the embedding is found, there are severaltimay cut algorithms
(directly splitting the samples intoclusters) to cluster in the embedded sp&cé.Se€”’
for a review of rounding methods and more advanced roundiatggies. In related work,
Rahimi and RecHg showed how Normalized Cu$$, originally presented as a graph-
theoretic algorithm, can be framed as a regression proldehalso point out the prob-
lems of sensitivity to outliers. Zass and ShasRshowed the importance of normalization
of the affinity matrix in spectral clustering. Important emttions have also been made
between clustering and manifold learning. Recefitishowed the connection between the
continuous formulation of spectral embedding and KerneAR@ough learning eigen-
functions. Finally, similar relations could be derived &ther spectral graph methods such
as Ratio-cut& or MinMaxCut®

7. Conclusions

In this chapter, we have shown that the LS-WKRRR is a generatiodel for several CA
methods. In particular, we have shown how the fundamentatémn of CAFEy, Eq. (1),
relates to PCA, LDA, CCAk-means, spectral methods, and kernel extensions. We have
derived the coupled symmetric system of eigen-equatiossli® F, and showed several
alternatives to solve the resulting GEP. The LS formulatib@A has several advantages:
(1) provides a clean connection between many CA techniduakows understanding the
communalities and differences between several CA mettazdaell as the intrinsic rela-
tionships, (2) helps to understandrmalizationfactors in CA methods, (3) suggests new
optimization strategies, (4) yields efficient optimizat@lgorithms to solve CA techniques
that avoid typical problems when the covariance matricesark deficient (e.g. small size
sample problem); (5) allows many straight-forward extensiof CA methods (e.g online
learning versions). We have derived weighted extensionB@A, LDA, CCA, and kernel
extensions. Further work must be done to address the eqona@between methods when
covariance matrices are rank-deficient and not invertdohel, to relate other extensions of
CA (e.g. Partial Least-Squares, maximum variance unfoidggto this framework.
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